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Abstract

Distributed computing has emerged as a key enabler of modern communication
and data-driven systems and networks, supporting large-scale applications
such as wireless networks, machine learning, and real-time data processing. As
data volumes and computational demands continue to grow, distributing com-
putations across multiple users and processing nodes has become increasingly
essential. In such systems, servers must collaboratively execute computational
tasks while exchanging intermediate results over communication links with
limited bandwidth. This intrinsic interplay between local computation in
servers and information transmission from the servers to the user(s) leads to
a fundamental challenge: how to efficiently balance computation and commu-
nication costs in multi-user distributed computing systems, which naturally
introduces a trade-off between computation and communication costs.

Existing approaches have mainly studied this trade-off for linear and
linearly-separable computations, and matrix multiplications. However, we
examine a broader class of functions (non-linearly separable functions) as well
by leveraging their structural properties. Particularly, this thesis investigates
the communication-computation trade-off in a distributed computing frame-
work with a master node that coordinates multiple servers to perform user
demand(s) through three complementary approaches, detailed below.

Sensitivity-based Approach: We study the role of the influence of
datasets in the distributed computation of Boolean functions. By adopting a
sensitivity-based perspective, we show that the placement of input datasets
across servers fundamentally impacts both computation and communication
costs. Leveraging tools from Boolean function analysis, we derive bounds and
design schemes that enable more efficient task allocation than the state of
the art by prioritizing highly influential datasets, thereby reducing redundant
computations and communication overheads.

Sparse Tensor Factorization Approach: We address the problem of
non-linearly separable distributed computation by introducing a sparse tensor
factorization framework. In this setting, users demand arbitrary real-valued
multivariate polynomials, whose coefficients are modeled by high-dimensional
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tensors. We develop achievable schemes based on fixed-support tensor decom-
positions and structured multi-dimensional tiling, complemented by combina-
torial assignment techniques that eliminate redundant computations across
servers. This approach significantly reduces the required number of servers
compared to classical matrix factorization-based methods, highlighting the
importance of exploiting higher-dimensional structure in distributed systems.

Straggler-Resilient Coded Distributed Matrix Multiplication: We
study distributed matrix multiplication in the presence of straggling workers.
Building on prior structured source-coding techniques for distributed matrix
computation, we consider a distributed structured PolyDot (DSPolyDot) code
construction that combines structured source-side processing with polynomial-
based coded distributed computing. The resulting scheme enables recovery of
the desired matrix product from a sufficiently large subset of worker responses,
thereby removing the need to wait for the slowest workers while preserving
the asymptotic orders of the communication and computation requirements.

Overall, this thesis establishes new connections among distributed com-
puting, Boolean function analysis, tensor-based methods, information theory,
source coding, and coding theory.
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Résumé

Le calcul distribué s’est imposé comme un élément clé des systèmes et réseaux
modernes de communication et de traitement des données, soutenant des
applications à grande échelle telles que les réseaux sans fil, l’apprentissage
automatique et le traitement de données en temps réel. À mesure que
les volumes de données et les besoins de calcul continuent de croître, la
répartition des tâches computationnelles entre plusieurs utilisateurs et nœuds
de traitement devient de plus en plus indispensable. Dans de tels systèmes, les
serveurs doivent exécuter de manière collaborative des tâches de calcul tout
en échangeant des résultats intermédiaires via des liens de communication
à bande passante limitée. Cette interaction intrinsèque entre le calcul local
effectué par les serveurs et la transmission d’information des serveurs vers le(s)
utilisateur(s) conduit à un défi fondamental : comment équilibrer efficacement
les coûts de calcul et de communication dans les systèmes de calcul distribué
multi-utilisateurs, ce qui introduit naturellement un compromis entre ces deux
ressources.

Les approches existantes ont principalement étudié ce compromis dans
le cadre de calculs linéaires, de fonctions linéairement séparables et de la
multiplication matricielle. Toutefois, nous considérons dans cette thèse une
classe plus générale de fonctions, incluant les fonctions non linéairement
séparables, en exploitant leurs propriétés structurelles. Plus précisément,
cette thèse analyse le compromis calcul–communication dans un cadre de
calcul distribué comprenant un nœud maître coordonnant plusieurs serveurs
afin de satisfaire les demandes des utilisateurs, à travers trois approches
complémentaires détaillées ci-dessous.

Approche fondée sur la sensibilité. Nous étudions le rôle de l’influence
des ensembles de données dans le calcul distribué de fonctions booléennes. En
adoptant une perspective fondée sur la sensibilité, nous montrons que le place-
ment des données d’entrée sur les serveurs impacte de manière fondamentale
les coûts de calcul et de communication. En mobilisant des outils issus de
l’analyse des fonctions booléennes, nous établissons des bornes théoriques
et proposons des schémas d’allocation plus efficaces que l’état de l’art, en
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privilégiant les données les plus influentes, ce qui permet de réduire les calculs
redondants et les surcoûts de communication.

Approche par factorisation tensorielle creuse. Nous abordons le
problème du calcul distribué non linéairement séparable en introduisant un
cadre de factorisation tensorielle creuse. Dans ce contexte, les utilisateurs
demandent des polynômes multivariés réels arbitraires, dont les coefficients
sont modélisés par des tenseurs de grande dimension. Nous développons des
schémas réalisables fondés sur des décompositions tensorielles à support fixe
et des structures de pavage multidimensionnel, complétés par des techniques
combinatoires d’affectation permettant d’éliminer les redondances de calcul
entre serveurs. Cette approche réduit significativement le nombre de serveurs
requis par rapport aux méthodes classiques fondées sur la factorisation ma-
tricielle, mettant en évidence l’intérêt d’exploiter les structures de dimension
supérieure dans les systèmes distribués.

Multiplication matricielle distribuée codée et résiliente aux
nœuds retardataires. Nous étudions la multiplication matricielle distribuée
en présence de nœuds de calcul retardataires. En nous appuyant sur des
techniques antérieures de codage de source structuré pour le calcul matriciel
distribué, nous considérons une construction de codes PolyDot structurés
distribués (DSPolyDot) qui combine un traitement structuré au niveau des
sources avec des techniques de calcul distribué codé fondées sur des codes
polynomiaux. Le schéma obtenu permet de reconstruire le produit matriciel
recherché à partir des réponses d’un sous-ensemble suffisamment grand de
nœuds de calcul, évitant ainsi d’attendre les nœuds les plus lents, tout en
préservant les ordres asymptotiques des coûts de communication et de calcul.

Dans son ensemble, cette thèse établit de nouveaux liens entre le calcul
distribué, l’analyse des fonctions booléennes, les méthodes tensorielles, la
théorie de l’information, le codage de source et la théorie des codes.



xi

Acknowledgements

Reaching the end of the doctoral journey, I would like to take a moment to
sincerely thank all those who, in one way or another, have supported and
accompanied me throughout this path.

First and foremost, I am honored and sincerely grateful to the jury
members of my thesis for accepting our invitation. I would like to express my
special thanks to Dr. Rawad Bitar and Prof. Ana Bušić for taking the time to
review this manuscript and to provide detailed feedback. I am also grateful
to Dr. Maxime Guillaud and Prof. Melek Önen for their participation in the
examination of this thesis. It was a privilege to benefit from their expertise,
insights, and thoughtful evaluations.

I would like to express my sincere appreciation to Prof. David Gesbert,
Dean and Director at EURECOM and my thesis supervisor at L’EDITE
de Paris (ED130), Sorbonne Université, for his continuous support and for
creating an environment that is both intellectually stimulating and genuinely
inspiring. His visionary management has made EURECOM a great place
where ambitious ideas can be pursued and developed.

This dissertation is a direct result of working with my thesis co-supervisor
at EURECOM, Prof. Derya Malak, over the past ≳ 3.5 years, whom I appre-
ciate for her unwavering support, thoughtful guidance, and high standards.
Her proficiency in writing and presenting technical papers has substantially
influenced the quality of this thesis. I am especially thankful for her patience
and encouragement over the past years. My heartfelt thanks go as well to
Prof. Petros Elia for his collaboration, insightful discussions, and valuable
feedback, all of which have enriched parts of this thesis. I am equally grateful
to Prof. Ali Khalesi at Institut Polytechnique des Sciences Avancées (IPSA)
and LINCS Lab for his collaboration and for the insightful exchanges that
have contributed to shaping part of this thesis.

Earlier in my academic journey, I had the privilege of working under the
supervision of my Master’s thesis advisor, Prof. Lotfollah Beygi, at K. N. Toosi
University of Technology (KNTU). I would like to sincerely thank him for his
mentorship and support. He played a paramount role in sparking my interest



xii Acknowledgements

in digital communications, applied coding, and information theory, and his
practical perspectives helped me bridge theory with real-world applications
in a meaningful way.

I am also thankful to Prof. Mahmoud Ahmadian Attari and Prof. Bahareh
Akhbari at KNTU for their inspiring teaching during my graduate studies.
Their courses in coding theory and information theory were decisive in shaping
my academic interests. Their passion for the subject and depth of knowledge
left a lasting impression on me and guided me toward pursuing further studies
in this field. Furthermore, during my Master’s studies at KNTU, I had
the privilege of meeting Dr. Mostafa Ayaz, whose thoughtful and profound
scientific discussions had a meaningful impact on my academic journey and
led to important milestones along the way. I am also grateful to him for his
sincere friendship, intellectual generosity, and the many inspiring exchanges
we had during our studies at KNTU and beyond.

I would also like to warmly thank the administrative staff and HR team
at EURECOM for their constant support throughout my doctoral studies.
I am especially grateful to Madam Sophie Salmon for her kindness, respon-
siveness, and invaluable assistance in handling administrative matters related
to Sorbonne University, including the procedures that ultimately made this
thesis possible.

I want to express my deepest gratitude to my family and close friends,
including the Iranian community at EURECOM and those around the globe,
including Iran. Their unwavering support and encouragement have been my
greatest source of resilience and strength throughout this journey. Their belief
in me has meant more than words can express.

Last but not least, I want to thank myself for believing in me, for doing
all this hard work, for having ∼ no days off, for never quitting, for always
being a giver and trying to give more than I receive, for trying to do more
right than wrong, and for just being me at all times.

Finally, I would like to conclude these acknowledgments with a Persian
poem—a quatrain from the Rubaiyat of Omar Khayyam—whose words first
awakened in me a deep curiosity and a lifelong pursuit of truth.

English version:

“The secrets eternal, neither you know nor I
And answers to the riddle, neither you know nor I
Behind the veil, there is much talk about me and you
When the veil falls, neither you remain nor I.”



Acknowledgements xiii

Persian version:

Biot, September 10, 2026, Ahmad Tanha





xv

Contents

Abstract vii

Résumé ix

Acknowledgements xi

List of Figures xix

List of Tables xxiii

Acronyms and Abbreviations xxv

Notations xxvii

1 Introduction 1
1.1 Sensitivity-based Approach . . . . . . . . . . . . . . . . . . . . 5
1.2 Sparse Tensor Factorization Approach . . . . . . . . . . . . . 5
1.3 Straggler-Resilient Coded Distributed Matrix Multiplication . 6
1.4 Summary and Thesis Outline . . . . . . . . . . . . . . . . . . 7

2 Sensitivity-based Approach 11
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . 12
2.1.2 Motivation and Contributions . . . . . . . . . . . . . . 13
2.1.3 Organization . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.1 Distributed Computing Phases . . . . . . . . . . . . . 15
2.2.2 The Interplay between Placement and Communication

Cost . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.3 A Primer on Sensitivity and Influences . . . . . . . . . . . . . 21
2.4 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4.1 Joint Sensitivity and Influences . . . . . . . . . . . . . 22



xvi Contents

2.4.2 The Communication-Optimal Configuration . . . . . . 23
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 Sparse Tensor Factorization Approach 31
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.1.1 Related Works . . . . . . . . . . . . . . . . . . . . . . 34
3.1.2 Our Contributions . . . . . . . . . . . . . . . . . . . . 36

3.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.3 Basic Tensor Definitions . . . . . . . . . . . . . . . . . . . . . 44
3.4 Problem Formulation in Tensor Form . . . . . . . . . . . . . . 47
3.5 A Primer on Multilinear SVD . . . . . . . . . . . . . . . . . . 53
3.6 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.6.1 Achievable System Rate . . . . . . . . . . . . . . . . . 55
3.6.2 Refined System Rate via a Combinatorial Reduction

Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.7 Numerical Analysis and Evaluation of Algorithm 1 . . . . . . 83
3.8 Multi-Shot Scenario with T > 1 . . . . . . . . . . . . . . . . . 86

3.8.1 System Model . . . . . . . . . . . . . . . . . . . . . . . 86
3.8.2 Problem Formulation in Tensor Form . . . . . . . . . . 87
3.8.3 Main Results . . . . . . . . . . . . . . . . . . . . . . . 88

3.9 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . 91

4 Straggler-Resilient Coded Distributed Matrix Multiplication 93
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.3 Structured Source Coding Preliminaries . . . . . . . . . . . . . 99

4.3.1 General two-help-one source network . . . . . . . . . . 99
4.3.2 The modulo-two adder . . . . . . . . . . . . . . . . . . 101
4.3.3 Common linear encoding construction . . . . . . . . . . 102
4.3.4 Gains from computing instead of reconstructing . . . . 103
4.3.5 Algebraic interpretation and finite-field formulation . . 104
4.3.6 Application to the proposed DSPolyDot codes . . . . . 105

4.4 DSPolyDot Codes . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.5 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.5.1 Computation Cost of DSPolyDot Codes . . . . . . . . 111
4.5.2 Communication Cost of DSPolyDot Codes . . . . . . . 114

4.6 Numerical Evaluations of DSPolyDot Codes . . . . . . . . . . 115
4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116



Contents xvii

5 Conclusion and Future Research Directions 119
5.1 Summary of Contributions and Future Outlooks for Chapter 2 119
5.2 Summary of Contributions and Future Outlooks for Chapter 3 120
5.3 Summary of Contributions and Future Outlooks for Chapter 4 121
5.4 Overall Applicability, Limitations, and Outlook . . . . . . . . 122
5.5 Drafts and Publications . . . . . . . . . . . . . . . . . . . . . 126
5.6 Disclaimer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128





xix

List of Figures

1.1 MapReduce architecture in a distributed computing cluster [33].
Input data is partitioned into splits, processed in parallel by
mapper nodes, reorganized through a shuffle stage, and finally
aggregated by reducer nodes to generate the corresponding
output. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1 A generic distributed computing system model. . . . . . . . . . . 17
2.2 Configuration S(1) (Π1 in the figure): cyclic. The violet colored

boxes represent the assigned datasets to the servers. . . . . . . 19
2.3 Configuration S(2) (Π2 in the figure): acyclic. The violet

colored boxes indicate the assigned datasets to the servers. . . 20

3.1 The lossless (K,N, T, L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]) distributed com-
puting setting with a coordinator node, N servers, and K
users. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.2 Corresponding to Example 3, the distributed computing sys-
tem is illustrated for a set of system parameters, including
computation cost Γ = 2, communication cost ∆ = 2, and
multiplication costs Λ1 = Λ2 = 2 for distributed computation
of multivariate polynomial demands with the maximum degree
ranges P1 = P2 = 4. . . . . . . . . . . . . . . . . . . . . . . . . 50

3.3 Corresponding to Example 3, the tensor F̄ forming all user
demands is illustrated here. . . . . . . . . . . . . . . . . . . . 52

3.4 The figure on the left illustrates the support constraints I
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Chapter 1

Introduction

Recent predictions indicate that global network traffic will continue to rise
dramatically over the coming years [1], [2], [3], reinforcing the need to process
data closer to where it is generated rather than relying solely on centralized
computation. Furthermore, in many large-scale systems, transferring raw
datasets or reconstructing them at a single location is prohibitively expensive.
This requires the efficient allocation of computational tasks across multiple
distributed nodes, rather than being centrally stored and processed.

The rapid growth of data-intensive applications has fundamentally re-
shaped the architecture of modern computing systems. In such systems,
multiple servers or devices must collaborate to compute functions of decentral-
ized datasets, often under stringent constraints on storage, communication,
computation [4], latency [5], [6], and reliability [7].

Distributed computing systems are therefore increasingly shaped by two
fundamental limitations:

1. The cost of data transmission across the communication network,

2. The limited computational capability of each distributed node.
These challenges have become more prominent with the explosive growth of
data traffic generated by numerous modern applications, e.g., large language
models (LLMs) [8], [9], mixture of experts [10], over-the-air function compu-
tation [11], [12], [13], [14], federated learning [15], [16], privacy-preserving,
secure, and robust machine learning (ML) [17], [18], [19], [20], [21], ML-based
data-driven modeling and prediction in complex physical systems [22], cloud
services [23], [24], edge computing [25], [26] and internet-of-things [27], com-
pressed sensing [28], [29], distributed learning in wireless networks [30], and
coded computing in vehicular networks [31]. These aspects are closely related
to broader questions of decision and control under resource and demand
uncertainty in large-scale networked systems [32].



2

Figure 1.1: MapReduce architecture in a distributed computing cluster [33].
Input data is partitioned into splits, processed in parallel by mapper nodes,
reorganized through a shuffle stage, and finally aggregated by reducer nodes

to generate the corresponding output.

To address these challenges, several distributed computing frameworks
have been developed [33], [34], [35], [36], [37], [38], [39]. Among them,
MapReduce [33] remains one of the most widely adopted paradigms due to its
simple abstraction, scalability, and foundational implication in many modern
distributed computing systems, e.g., [40], [41], [42], [43]. As illustrated in
Figure 1.1 1, it structures computation into three main stages:

1. Map, where nodes process their local data and generate intermediate
outputs;

2. Shuffle, where these intermediate results are exchanged across nodes;

3. Reduce, where the final outputs are aggregated.

This decomposition not only enables scalable and fault-tolerant compu-
tation but also highlights the central role of communication in distributed
computing over communication networks.

While existing distributed architectures, including MapReduce [33], Apache
Hadoop [34], [35], TeraSort [36], [37], AlphaSort [38], and Apache Spark [39],
provide powerful and scalable solutions, they also bring to the forefront a

1The figure was created by the author using ChatGPT (OpenAI, GPT-5.5).
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fundamental challenge. At the heart of these systems lies a critical question:
How should data be encoded and decoded across distributed nodes to balance
computation and communication in an efficient and principled manner?

Information theory has traditionally focused on the reliable transmission
and reconstruction of data [44], [45]. In many modern systems, however,
the goal is not to recover the entire dataset but rather to compute a task-
relevant function of it. To that end, various approaches have been proposed
from both information-theoretic and coding-theoretic viewpoints to exploit
computational structure and reduce communication overhead in distributed
systems, which are described as follows.

Körner introduced the notion of graph entropy, using graph-theoretic rep-
resentations of source ambiguity to characterize the minimum communication
rate required for zero-error compression [46]. This framework established a
fundamental connection between coding, graph coloring, and entropy, and
later inspired the use of characteristic graphs in distributed function com-
putation and functional compression with side information, e.g., [47], [48],
[49]. Information-theoretic studies also established fundamental limits for
distributed function computation from a source coding perspective for spe-
cial classes of functions by exploiting their structure. In particular, Körner
and Marton demonstrated that computing certain functions, such as the
modulo-two sum of correlated sources, can require substantially lower com-
munication rates than reconstructing the underlying sources [50]. Later,
Han and Kobayashi further elaborated the relationship between function
computation and source reproduction by identifying conditions under which
computing a function may be strictly easier than recovering the sources them-
selves [51]. Other structured coding frameworks exploit algebraic structure
and source dependencies to improve communication efficiency in distributed
computation [52], [53]. For example, index coding [54], [55], [56] leverages
side information and lattice-based coding techniques [57], [58], [59] benefits
from algebraic structures to reduce communication load. Moreover, network
coding [60], [61] further exploits network interactions across network nodes
and statistical correlations across distributed data sources to exploit the
fundamental limits of compression for function computation. More details
about this research direction can be found in [62].

In another line of research, coding-theoretic approaches have been utilized
for computing functions to mitigate communication bottlenecks, improve
resilience, and exploit coding advantages across servers. In coded distributed
computing (CDC) [63], [64], [65], [66], [67], [68], [69], coding schemes are
created through carefully designed data placement and computation assign-
ment across servers, enabling coded multicasting during the shuffle phase and
thereby reducing communication load. Similarly, Lagrange coded computing
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(LCC) [70], [71] introduces structured redundancy into the computation itself
by encoding data through polynomial-based constructions, providing resilience
against straggling workers while also enabling, in certain settings, privacy
guarantees. More recently, function-correcting codes (FCCs) [72], [73] have
been introduced to safeguard computing a function of a message against com-
putational errors by exploiting the structure of the function itself, providing
a function-aware framework by utilizing error-correcting codes (ECCs) for
reliable function computation, similarly as in [74], [75], [76]. Additionally,
sketching-based methods and task-oriented compression and quantization
techniques [77], [78], [79], [80], [81], [82], [83], [84], [85], [86] enable com-
pressed task-aware representations for approximate distributed computing or
learning, which reduce communication costs while allowing controlled lossy
reconstruction of the demanded functions.

A major portion of the existing literature on CDC has focused on settings
in which the demanded functions are linearly-separable or have algebraically
convenient structures. Representative examples include gradient aggregation
and gradient coding [87], [88], [89], [90], convolutional coding [91], [92], [93],
and matrix multiplication [94], [95], [96], [97], [98]. Although these models have
led to elegant coding constructions, many practically relevant computations
are not linearly-decomposable. Non-linear functions, multivariate polynomial
evaluations, and structured distributed processing may involve interactions
among the inputs that cannot be properly captured through simple additive
decompositions. In such settings, data placement, functional structure, system
heterogeneity, and the joint design of computation and communication become
particularly important. This thesis is motivated by the need to study such
computation models and to develop coding and representation techniques
that enable scalable distributed computing under stringent communication
and computation constraints.

This dissertation studies the communication–computation tradeoff in
distributed computing through three complementary approaches, each cor-
responding to a distinct modeling viewpoint and application regime. The
first approach investigates the role of computation placement in distributed
computation of Boolean functions, focusing on how function sensitivity and
data allocation affect communication costs. The second approach studies non-
linearly separable distributed computation through a structured tensor-based
framework, exploiting computation structure in distributed system design
under communication and computation constraints. The third approach
considers coded distributed matrix multiplication (DMM) in the presence of
straggling workers, developing a structured coding strategy that combines
source-side transformations with polynomial-based redundancies to enable
recovery from a sufficiently large subset of worker responses. Together, these
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three directions provide the foundations for the subsequent chapters of this
thesis.

We next present an overview of the first proposed approach.

1.1 Sensitivity-based Approach
The first technical part of the thesis in Chapter 2 adopts a sensitivity-based
perspective and studies the influence of data placement on the distributed
computation of Boolean functions, which is based on the author’s publications
in [99], [100]. In this setting, the key observation is that communication cost
is not determined solely by the number of datasets stored at each server, but
also by how strongly the demanded Boolean function depends on each input
dataset and how these influential datasets are distributed across the servers.
By exploiting the notions of sensitivity and influence of Boolean functions,
this work reveals that placement is not merely a storage decision; it is also
an intrinsic component of the communication design itself. The resulting
framework identifies placement strategies that minimize communication cost
and clarifies how leveraging the function structure can help to jointly optimize
placement and communication cost.

In particular, in this chapter, we explore a distributed setting, where a
user seeks to compute a linearly-separable Boolean function of degree M from
N servers, each with a cache size M . Exploiting the fundamental concepts of
sensitivity and influences of Boolean functions, we devise a novel approach to
capture the interplay between dataset placement across servers and server
transmissions and to determine the optimal solution for dataset placement
that minimizes the communication cost.

In particular, for the partitioned placement setting considered in Chapter 2,
we showcase the achievability of the minimum average joint sensitivity 2, which
is N

2M−1 , as a measure for the communication cost.

1.2 Sparse Tensor Factorization Approach
The second part of the thesis in Chapter 3 develops a tensor-theoretic frame-
work for distributed computation of non-linearly separable functions, which
is based on the author’s publications in [101], [102], [103]. Here, the objective
is to move beyond linearly-separable functions and matrix-based abstrac-
tions [104], [105] and to capture the higher-order structure of multi-user poly-

2Average joint sensitivity quantifies how, on average, different combinatorial groups of
datasets affect the function outcome, as detailed in Chapter 2.
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nomial computations naturally based on the structure of the users’ demands.
Particularly, this chapter considers the N -server distributed computing setting
with K users requesting functions that are arbitrary multi-variable polynomial
evaluations of L real (potentially non-linear) basis subfunctions, where each
function output is raised to a bounded power. Our aim is to seek efficient
task allocation and data communication techniques that reduce computation
and communication costs. Through this process, tensor structure becomes a
natural tool for representing non-linearly separable functions and for deriving
explicit achievability constructions under computation and communication
constraints. Towards this, we take a tensor-theoretic approach, in which we
represent the requested non-linearly decomposable functions using a properly
designed tensor F̄ , whose sparse decomposition into a tensor Ē and matrix
D directly defines the computational task assignment, connectivity, and
communication patterns.

In Chapter 3, the designed lossless achievable construction integrates
fixed-support singular value decomposition (SVD)-based tensor factorization
with multi-dimensional tiling of Ē and D, and a bipartite graph matching-
based recursive assignment of tiles. This step transforms an overlapping
decomposition into a disjoint one and reduces the resulting sum-rank of tiles,
thereby decreasing the number of required servers. Under mild dimensionality
conditions, we derive an explicit zero-error characterization of the achievable
system rate K/Nach. Numerical simulations demonstrate the computational
and communication savings over existing state-of-the-art matrix factorization
approaches across a wide range of system parameters.

1.3 Straggler-Resilient Coded Distributed Ma-
trix Multiplication

The third part of the thesis, presented in Chapter 4, focuses on straggler-
resilient coded DMM, which is based on the author’s publications in [106], [107],
[108]. In distributed computing systems, differences in worker computation
times and communication delays may cause some stragglers to dominate the
overall completion time. This setting motivates a hybrid construction that
combines prior structured source coding techniques for distributed matrix
computation, particularly Körner–Marton-style coding and its application to
structured matrix computation [50], [109], [110], with polynomial-based CDC
techniques for straggler-resilient matrix multiplication [111]. The resulting
framework illustrates how source-side structure and worker-side computation
redundancy can be jointly incorporated into the design of a DMM scheme.
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More specifically, building on these prior structured coding techniques, we
consider the distributed structured PolyDot code (DSPolyDot code) construc-
tion for the distributed computation of the matrix product A⊺B, where A
and B have entries in the finite field Fq and are stored at two separate source
nodes. The construction applies structured transformations independently at
the two sources and combines the resulting descriptions with the PolyDot-
code framework in [112]. The workers then compute coded intermediate
matrix products, from which the receiver can recover the desired result after
collecting a sufficiently large subset of responses. Consequently, the receiver
need not wait for the slowest workers. In the asymptotic regime with a large
number of workers, the DSPolyDot construction preserves the communication
and computation orders of conventional PolyDot codes while providing a
structurally different encoding mechanism for straggler-resilient DMM.

1.4 Summary and Thesis Outline
This thesis explores sensitivity-based methods, tensor-theoretic approaches,
and structured coded computing in three distributed computation scenarios.
Although these three parts address different problems, they are unified by a
common principle:
Distributed computation can be made significantly more communication and
computation-efficient by exploiting the structure of the demanded functions,
such as separability of the desired functions in their arguments (i.e., inputs
representing the datasets), non-separability, where capturing the structure
allows us to optimize data placement, transmission design, and coded compu-
tation strategies, and finally understand the role of task allocation with respect
to the nature of the functions in achieving performance guarantees.

This structure is captured through sensitivity and influence in the first
part, sparse tensor representations and structured factorization in the second
part, and the combined use of source coding and polynomial coding for
straggler-resilient DMM in the third part.

Across all three directions, the thesis shows that the performance of
distributed systems depends critically on how computation tasks are repre-
sented, how datasets are placed, and how coding is adapted to the underlying
functional dependencies.

As a summary, the contributions of this dissertation advance the under-
standing of distributed computing beyond conventional linearly-separable
models. They provide new sensitivity-based approaches for analyzing the
role of placement in distributed computation, new tensor-based methods for
non-linearly separable distributed computing, and new hybrid coding designs
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for cooperative matrix multiplication. Through these contributions, this thesis
develops new approaches to distributed computation by drawing on tools
from information theory, coding theory, combinatorics, and high-dimensional
representations, and highlights several new directions for efficient non-linear
function computation over communication networks.

The rest of this thesis is organized as follows.
In Chapter 2, we investigate the role of dataset placement in the dis-

tributed computation of Boolean functions. Leveraging a sensitivity-based
perspective, we analyze how the influence of input datasets on the demanded
function affects both computation and communication costs. We derive
fundamental bounds and propose efficient placement strategies from a com-
munication perspective that prioritize highly influential datasets, thereby
reducing redundancy and improving overall system efficiency.

Chapter 3 addresses the problem of non-linearly separable distributed
computing. We introduce a tensor-based formulation that captures the multi-
dimensional structure of user demands and develop an achievable scheme based
on sparse tensor factorization and structured multi-dimensional tiling, which
reduces the number of required servers. To further reduce the number of re-
quired servers and eliminate redundant computations induced by overlapping
supports, we incorporate combinatorial assignment techniques for disjoint
allocation of the computational tasks to the servers. We also provide the-
oretical bounds and demonstrate the gains of the proposed approach over
conventional matrix factorization-based methods in [105]. Chapter 3 is devel-
oped in more detail than the other technical chapters because it contains the
main mathematical framework of the thesis, including the tensor formulation,
two achievable constructions, the combinatorial tile-assignment algorithm,
and the extension to the multi-shot setting.

In Chapter 4, we study DMM in the presence of straggling workers,
where some worker nodes may respond slowly or fail to return their assigned
computations to the receiver. Building on prior structured source coding
techniques for distributed matrix computation, particularly Körner–Marton-
style coding and its application to structured matrix computation [50], [109],
[110], we combine these techniques with polynomial-based coded computation
for straggler-resilient DMM. The resulting DSPolyDot construction in [108]
enables the receiver to recover the desired matrix product from a sufficiently
large subset of worker responses, thereby reducing the need to wait for
slow or unavailable workers. It also preserves the asymptotic orders of the
communication and computation requirements relative to the PolyDot-code
construction in [112].

Finally, Chapter 5 concludes the thesis by summarizing the main findings
and discussing several promising directions for future research.
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Relation to author’s prior publications. The technical chapters of this
dissertation are based on research works carried out during the PhD and on
manuscripts that have been published or are currently being prepared for
submission in collaboration with co-authors. Chapter 2 is mainly based on the
conference paper in [100], Chapter 3 is mainly based on the conference paper
in [102] and the extended manuscript in [103], and Chapter 4 is mainly based
on the conference paper in [108]. The presentation in this dissertation has been
revised and adapted to provide a unified thesis narrative, consistent notation,
detailed explanations of the system models, and additional clarifications of
the assumptions, proofs, and limitations. Some technical statements, theorem
formulations, proofs, and figures are reused or adapted from these publications
where appropriate, with citations provided within the corresponding chapters.
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Chapter 2

Sensitivity-based Approach

In this chapter, we introduce a novel perspective for analyzing distributed
computing systems based on the sensitivity of functions to their underlying
datasets. Rather than treating all input data identically, this approach quan-
tifies how variations in individual datasets influence the overall computation,
thereby capturing the relative importance of different input datasets. Building
on this sensitivity-based viewpoint, we develop a framework that links the
influence of datasets to the allocation of computational tasks and the resulting
communication overhead.

This perspective reveals that the placement of highly influential datasets
plays a decisive role in determining system efficiency. By prioritizing such
datasets in the design of computation and communication strategies, one can
significantly reduce redundant operations and unnecessary data exchanges.
The proposed analysis thus provides both fundamental insights and practi-
cal guidelines for optimizing distributed computing systems under resource
constraints.

Relation to the author’s prior publications. This chapter is mainly
based on [99], [100]. The presentation has been substantially revised and
expanded for this thesis, with unified notation, a reformulated system model,
additional explanations, and updated conclusions. Unless otherwise indicated,
the technical statements, theorem formulations, proofs, examples, and figures
in this chapter are adapted from [100].

2.1 Introduction
Recent technological developments have made distributed computing increas-
ingly important for handling computationally intensive tasks. Instead of
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processing an entire workload at a single node, the task is partitioned into
smaller components and assigned to multiple workers connected through a
network. This paradigm appears in applications such as distributed ML
over server networks [113] and large-scale cloud computing platforms [42].
Practical frameworks such as MapReduce [33] have demonstrated the effec-
tiveness of distributed processing. However, supporting continuously growing
computational demands requires a more fundamental understanding of how
data should be placed, compressed, and communicated across the network
to enable efficient computation. These issues form the main focus of this
chapter.

2.1.1 Related Work
We begin by reviewing the literature on functional compression, followed by
existing methods for distributing datasets across workers to support different
computational tasks.

From source compression to functional compression The fundamental
limits of conventional data compression are well studied in both centralized [44]
and distributed settings [45]. Functional compression, however, is concerned
with recovering a desired function of the sources rather than reconstructing
the sources themselves. Its analysis therefore requires techniques that account
for the specific structure of the target computation. One such approach is
based on graph entropy, introduced by Körner to distinguish source sym-
bols according to whether they lead to different function values [46], [114],
[115]. Graph coloring techniques have subsequently been applied to several
distributed functional compression problems, including those studied in [48],
[49], [109], [116], [117]. Nevertheless, graph-based formulations are not readily
applicable to arbitrary functions. An alternative line of work exploits the
algebraic structure of particular functions through specially designed coding
schemes [50], [51]. Since these constructions generally depend on the function
being computed, a different encoder may be required for each task, which can
limit their practical flexibility.

Graph-based functional compression and the sensitivity-based formulation
considered in this chapter address complementary aspects of function-aware
distributed computation. Characteristic-graph approaches distinguish source
realizations according to whether they must remain distinguishable for the
computation of a specific function, with the objective of reducing the required
source coding rate. In contrast, the present chapter focuses on dataset place-
ment: the datasets are distributed across servers with limited storage, and
the objective is to understand how the placement of the Boolean function’s
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inputs affects the communication required for exact computation. Sensitivity
and influence are therefore used here to characterize the dependence of the
demanded function on its inputs and to guide the placement phase, rather
than as part of a graph-based construction. We discuss graph-based func-
tional compression to position the proposed approach among function-aware
communication methods while highlighting this difference in the underlying
design objective.

On the other hand, building on the CDC framework of [118], several studies
have examined the interplay among storage, computation, and communication.
These include cyclic placement strategies for linearly-separable functions [119],
[120], secure computation of Boolean functions [65], linear coding approaches
for jointly optimizing data placement and transmission [104], placement
delivery arrays [4], and tessellation-based constructions [105]. Although
neural network-based methods have been used to estimate communication
rate regions in certain settings, as in [121], characterizing the achievable rate
region for general distributed computing systems remains largely unresolved.

The role of placement in distributed computation A widely used
strategy for assigning datasets to distributed servers is cyclic placement, as
considered, for example, in [119]. Under this scheme, the data assigned to each
server are obtained by applying a fixed circular shift to the placement at the
preceding server. This structured replication ensures that an appropriately
chosen subset of servers collectively stores all datasets required to evaluate
the functions requested by the user.

Although most existing studies focus on the encoding, transmission, and
decoding stages under a fixed data assignment, the manner in which datasets
are placed across servers can itself have a substantial impact on the resulting
communication cost [104], [105].

2.1.2 Motivation and Contributions
Motivated by the role of dataset placement in determining the communication
cost of distributed computing systems [104], [105], we employ the notions of
sensitivity and influence of Boolean functions [122], [123] to identify placement
configurations that minimize the required communication. Our analysis
focuses specifically on linearly-separable Boolean functions.

In this chapter, we develop a distributed computing framework consisting
of a master node, multiple servers, and a user seeking the exact evaluation of
a linearly-separable Boolean function. The master node assigns the datasets
to the servers, which then carry out local computations on their stored data.
The proposed framework accounts for the joint influence of different subsets
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of datasets on the requested function under an arbitrary number of servers
with equal cache capacities. This characterization allows us to establish
the relationship between data placement and communication cost and to
determine placement configurations that exploit the structure of the target
Boolean function.

2.1.3 Organization
The remainder of this chapter is structured as follows. Section 2.2 intro-
duces the distributed Boolean computation model and explains how dataset
placement affects the required transmissions. Section 2.4 then develops an
influence-based method for evaluating the communication cost of linearly-
separable Boolean functions under different placement configurations. Finally,
Section 2.5 outlines possible directions for extending this framework to broader
classes of functions.

Notation. We denote by W = (W1, . . . ,WK) ∈ FK
2 the random vector

collecting the K binary datasets. For each server n, the set Sn ⊆W contains
the datasets assigned to that server. The k-th standard basis vector is denoted
by ek ≜ (0, . . . , 0, 1, 0, . . . , 0) ∈ FK

2 , where its k-th entry equals 1 and all other
entries equal 0. The symbols ⊕ and ⨁︁ denote addition and summation over
F2, respectively. Hence, W⊕ ek denotes the binary vector obtained from W
by flipping its k-th entry.

We next detail the system model and key system parameters.

2.2 System Model
We consider a distributed computing system composed of a master node,
N distributed servers indexed by [N ], and a user. The system contains K
independent and identically distributed datasets,

Wk ∼ Bern
(︃1

2

)︃
, k ∈ [K].

The master assigns a possibly overlapping subset of these datasets to each
server. All servers have the same storage capacity and can store at most M
datasets.

The user wishes to compute a Boolean function 1

f : FK
2 −→ F2

1A function is Boolean if both its domain and codomain are binary [123].
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of the complete dataset vector

W = (W1,W2, . . . ,WK).

Throughout this chapter, we represent a general Boolean function in its
multilinear polynomial form over F2 [123]:

f(W) =
⨁︂

P⊆[K]
cP

∏︂
k∈P

Wk, (2.1)

where cP ∈ F2 is the coefficient associated with the subset P ⊆ [K]. For
P = ∅, we adopt the convention ∏︂

k∈∅
Wk = 1,

so that c∅ represents the constant term.
Throughout this chapter, the demanded Boolean function is assumed to be

known to the master node and to the servers before the encoding phase. This
allows the servers to design their local subcomputations in a function-aware
manner. The placement is uncoded, datasets are binary and independent
unless otherwise stated, and the user is required to recover the demanded
Boolean function with zero error. The objective is not to characterize the
communication-computation trade-off for arbitrary Boolean functions, but
rather to investigate the role of placement through sensitivity and influence
for the considered class of linearly-separable Boolean functions.

2.2.1 Distributed Computing Phases
The distributed computation of f(W) proceeds in three phases: dataset
placement, server encoding and transmission, and user decoding.

Dataset Placement During the placement phase, the master assigns a sub-
set of the datasets to each server without coding across different datasets. This
strategy is commonly referred to as uncoded placement; see, for example, [124].
For each server n ∈ [N ], let

Sn ⊆W , |Sn| = M ,

denote the datasets assigned to that server. The corresponding placement
function is

ρn : FK
2 −→ FM

2 , n ∈ [N ] , (2.2)
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with

Sn ≜ ρn(W) =
(︂
Wk : Wk ∈ Sn

)︂
. (2.3)

Therefore, server n stores the M datasets in Sn. The assigned subsets may
overlap across different servers. We denote the overall placement configuration
by

S ≜ {Sn : n ∈ [N ]}.

Encoding and Transmission After the placement phase, each server
computes a message using its locally stored datasets and the requested
Boolean function f . We assume that all servers know the computation task
in advance and can design their local subcomputations accordingly.

For server n ∈ [N ], the encoding operation is represented by

Ef
n : FM

2 −→ F|Zn|
2 , (2.4)

where

Zn ≜ Ef
n(Sn) =

(︂
Zn,1, . . . , Zn,|Zn|

)︂
(2.5)

denotes the message transmitted by server n to the user. The collection of all
server transmissions is denoted by

Z ≜ (Z1, . . . , ZN), (2.6)

whose total length is

|Z| ≜
∑︂

n∈[N ]
|Zn|. (2.7)

The user combines these transmissions to recover the requested function value.

Decoding Once the user has received the messages from all servers, it
applies a decoding function designed according to the placement configuration
and the server encoding functions. The decoder is represented by

D : F|Z|
2 −→ F2. (2.8)

We require lossless recovery of the requested Boolean function for every input
vector W ∈ FK

2 . Therefore, a valid placement, encoding, and decoding scheme
must satisfy

D(Z) = D
(︂
Ef

1 (S1), . . . , Ef
N(SN)

)︂
= f(W), ∀W ∈ FK

2 . (2.9)
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Master Node

Server Nodes

User

Figure 2.1: A generic distributed computing system model.

We illustrate the distributed computing model in Figure 2.1. In this
chapter, we focus on linearly-separable Boolean functions whose component
functions are monomials of degree d. Specifically, we consider

f(W) =
N⨁︂

n=1
fn(W), fn(W) =

∏︂
k∈Pn

Wk, (2.10)

where
Pn ∈ Kd, n ∈ [N ],

and

Kd ≜ {P ⊆ [K] : |P| = d} . (2.11)

denotes the collection of all d-element subsets of [K].
For the main analytical result in Section 2.4, we specialize to the homo-

geneous setting d = M and K = NM . However, the illustrative example
presented next is not restricted to these assumptions. Furthermore, for the
main analytical result in Section 2.4, we further assume that the supports of
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the component functions form a partition of the dataset indices, i.e.,
Pn ∩ Pn′ = ∅, n ̸= n′, (2.12)⋃︂

n∈[N ]
Pn = [K], (2.13)

|Pn| = M, n ∈ [N ]. (2.14)
We also restrict the admissible placement configurations in the main analytical
result to disjoint partitions of the datasets:

Sn ∩ Sn′ = ∅, n ̸= n′, (2.15)⋃︂
n∈[N ]

Sn = {W1, . . . ,WK}, (2.16)

|Sn| = M, n ∈ [N ]. (2.17)
Thus, every dataset is assigned to exactly one server in the main analytical
setting. However, the illustrative example in Subsection 2.2.2 is not restricted
to this partitioned placement model.

We refer to the resulting model as a (K,N,M,S, f) distributed computing
scheme, where S = {Sn : n ∈ [N ]} denotes the placement configuration. We
next define achievability for lossless distributed computation of f(W).
Definition 1 (Achievable distributed computing scheme). A (K,N,M,S, f)
distributed computing scheme is said to be achievable if, under the placement
configuration S, there exist encoding functions Ef

n , n ∈ [N ], and a decoding
function D such that the user recovers f(W) without error for every W ∈ FK

2 .
Equivalently,

D
(︂
Z1, . . . , ZN

)︂
= f(W), ∀W ∈ FK

2 , (2.18)
where

Zn = Ef
n(Sn), n ∈ [N ],

is the function-aware and placement-dependent message transmitted by server
n. The encoding and decoding operations may be non-linear in general.

Let Z = (Z1, . . . , ZN ) denote the collection of all server transmissions. We
define the total number of transmitted symbols under placement configuration
S as

τS ≜ |Z| =
N∑︂

n=1
|Zn|. (2.19)

We next present an example that illustrates how the placement configura-
tion S affects τS for a given (K,N,M,S, f) distributed computing scheme.
In Section 2.4, we then establish the relationship between τS and the commu-
nication cost measure used throughout this chapter.
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Configuration

6 Tx.

Figure 2.2: Configuration S(1) (Π1 in the figure): cyclic. The violet colored
boxes represent the assigned datasets to the servers.

2.2.2 The Interplay between Placement and Communi-
cation Cost

In this subsection, we first present an example, with two different placement
configurations, namely S(1), which is cyclic, and S(2), for computing a Boolean
function. We next contrast the total number of transmissions needed in each
configuration to demonstrate the role of placement and transmissions.

Example 1. Consider a distributed computing system with 9 datasets, 3
servers, each with cache size 6, for evaluating

f(W) = W1W4W7 ⊕W2W5W8W7 ⊕W3W6W9 (2.20)

with different placement configurations as follows.

(i) Configuration S(1) :
The dataset assignment is cyclic such that

S(1)
1 = {W1,W2,W3,W4,W5,W6} ,
S(1)

2 = {W4,W5,W6,W7,W8,W9} ,
S(1)

3 = {W1,W2,W3,W7,W8,W9} ,

satisfying the cache size constraint with equality. To successfully compute
(2.20) in this configuration, it suffices that the servers need to compute
and transmit data as shown in Table 2.1 and Figure 2.2. Hence, this
scenario requires τS(1) = 6 transmissions in total.
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Configuration

4 Tx.

Figure 2.3: Configuration S(2) (Π2 in the figure): acyclic. The violet
colored boxes indicate the assigned datasets to the servers.

Assigned subsets Transmitted data
S(1)

1 Z
(1)
11 = W1W4, Z(1)

12 = W3W6, Z(1)
13 = W2

S(1)
2 Z

(1)
21 = W5W8W7, Z(1)

22 = W7, Z(1)
23 = W9

S(1)
3 No transmissions

Table 2.1: Server-transmission details for S(1).

(ii) Configuration S(2) :
The dataset assignment satisfies

S(2)
1 = {W1,W2,W4,W5,W6,W7} ,
S(2)

2 = {W3,W4,W5,W6,W8,W9} ,
S(2)

3 = {W1,W2,W3,W7,W8,W9} .

To successfully compute (2.20) in this setting, without the presence of
stragglers, a viable transmission scheme is shown in Table 2.2 and Fig-
ure 2.3. Thanks to a better arrangement of the datasets that is sensitive
to the function in S(2) versus S(1), the total number of transmissions is

τS(2) = 4 < τS(1) = 6 .
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Assigned subsets Transmitted data
S(2)

1 Z
(2)
11 = W1W4W7, Z(2)

12 = W2W5W7

S(2)
2 Z

(2)
21 = W3W6W9, Z(2)

22 = W8

S(2)
3 No transmissions

Table 2.2: Server-transmission details for S(2).

Example 1 is intended solely to illustrate how dataset placement affects
the required number of transmissions, particularly under a cyclic placement
with replicated dataset assignments. It is not restricted to the homogeneous
setting d = M and K = NM , which is utilized later for the main analytical
result presented in this chapter.

We infer from Example 1 how a cleverly conducted placement phase in
distributed computing settings could dramatically reduce the total number of
transmissions needed for error-free recovery of the Boolean function at the
user-side.

To evaluate the communication cost of the proposed (K,N,M,S, f) dis-
tributed computing scheme, we will next detail a novel approach that relies
on the average joint sensitivity of the computation task abstracted by the
Boolean function.

2.3 A Primer on Sensitivity and Influences
Definition 2. (Sensitivity [123]). The sensitivity of a Boolean function
f(W) for a fixed input W ∈ FK

2 with the kth entry of W being flipped is given
by

Sk(f,W) = 1f(W⊕ek )̸=f(W) . (2.21)

The sensitivity of f on input W is then expressed as

S(f,W) =
K∑︂

k=1
Sk(f,W) = |{k : f(W⊕ ek) ̸= f(W)}| . (2.22)

Here we note that the sensitivity of f(W) to the set W is the number
of input variables in W such that a flip in a given input entry Wk, k ∈ [K]
by keeping W\Wk fixed causes a flip in the outcome or value of f . Hence,
sensitivity is a measure of the dependence of the value of f on individual
entries of W.
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Definition 3. (Influence [123].) The influence of the kth variable on
Boolean function f(W) over uniformly distributed input vectors W ∈ {0, 1}K

is expressed as

Infk(f) = P[f(W⊕ ek) ̸= f(W)] = EW[Sk(f,W)] . (2.23)

We note that Infk(f) captures the sensitivity of f(W) on the number of
input vectors W via flipping a predetermined index k. A high value of Infk(f)
means that the value of f depends on the kth variable on many distinct input
vectors.

Theorem 1. (An information-theoretic interpretation of influence
[125, Theorem 4].) For any Boolean function f and for any input vector
W, composed of independent random variables Wk, k ∈ [K], we have:

Infk(f) = H(f(W) |W\Wk)
H(Wk) , (2.24)

demonstrating that Infk(f) equals the amount of information needed to de-
termine f given all the datasets except Wk, normalized by the measure of
uncertainty of Wk, i.e., H(Wk).

Definition 4. (Average sensitivity [123].) The average sensitivity of
f(W) is the expected sensitivity of f(W) over a uniform distribution of the
input vector W ∈ {0 , 1}K:

as(f) = EW[S(f,W)] =
K∑︂

k=1
EW[Sk(f,W)] =

K∑︂
k=1

Infk(f) . (2.25)

2.4 Main Results
In this section, to determine the role of the placement configuration on the
communication cost, we first provide a primer on the sensitivity of a Boolean
function on its input, and the influence of a set of input variables on the
outcome of the function. We then present our main results.

2.4.1 Joint Sensitivity and Influences
Building on the classical notions of sensitivity, influence, and average sensitiv-
ity tailored for capturing the sensitivity of a Boolean function by modifying one
dataset at each time [122], [123], we will exploit the joint behavior of datasets
across servers, as in [126]. A Boolean function f(W) depends on its kth input
variable if there exists at least one W ∈ FK

2 such that f(W⊕ ek) ̸= f(W).
To that end, we next define the sensitivity of f(W) on a set of Wk’s.
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Definition 5. (Joint sensitivity.) The joint sensitivity of f(W) to the
set S of subsets of datasets is defined as

SenS(f,W) =
|S|∑︂

n=1
SenSn(f,W) , (2.26)

where eSn ≜
⨁︁

{k:wk∈Sn}
ek describes the multi-dataset flipped vector, the measure

SenSn(f,W) = 1f(W⊕eSn ) ̸=f(W) captures the sensitivity of f(W) on input W
with the jointly flipped entry datasets with indices k such that Wk ∈ Sn ⊆ S.

Definition 6. (Joint influence.) The joint influence of the datasets of Sn

on the function f is defined as

InfSn(f) = P[f(W⊕ eSn) ̸= f(W)] = EW[SenSn(f,W)] .

Definitions 5-6 allow us to introduce our next key metric.

Definition 7. (Average joint sensitivity.) The average joint sensitivity
of f(W) to the set S = {Sn : n ∈ [N ]} of all possible datasets specified by ρn

given a cache size constraint M is given as follows:

asS(f) = EW[SenS(f,W)] =
|S|∑︂

n=1
InfSn(f) . (2.27)

Utilizing Definitions 5-7, we can next present our approach for formulat-
ing an optimal dataset placement configuration from a communication cost
perspective.

2.4.2 The Communication-Optimal Configuration
To evaluate the tradeoff between placement and communication cost for
computing a Boolean function f , we first present a Lemma that focuses on
each product subfunction fn given in (2.10) to obtain the joint influence of
datasets on fn.

Lemma 1. (Joint influence on a product subfunction.) Let fn(W) =∏︁
k∈Pn

Wk be a product subfunction of degree d. For any Sn ⊆W satisfying
{k : Wk ∈ Sn} ∩ Pn ̸= ∅, the joint influence of multiple datasets in a subset
Sn on a product subfunction fn of degree d equals the influence of each dataset
on fn, i.e., we have

InfSn(fn) = Infk(fn) = 1
2d−1 , k ∈ Pn.
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Proof. Let A ≜ {k : Wk ∈ Sn} ∩ Pn ≠ ∅ denote the set of indices of the
variables in Sn that also appear in the product subfunction.

The event fn(W⊕ eSn) ̸= fn(W) can occur only if flipping the variables
indexed by A changes the value of this product. Since fn(W) = 1 if and only
if all the d variables in the product are equal to one, there are two possible
ways in which the value of the product can change after jointly flipping the
variables in A. First, the product can change from 1 to 0. This happens only
when all variables in Pn are initially equal to one. In this case, flipping at
least one variable in A changes at least one factor from 1 to 0, and hence
the product becomes zero. Second, the product can change from 0 to 1.
This happens only when all variables in A are initially equal to zero and all
variables in Pn \ A are initially equal to one. After flipping the variables in
A, all d variables become equal to one, and hence the product becomes one.
Consequently, among the 2d possible assignments of the d variables involved
in the product, the only two assignments that lead to a change of the product
under the considered joint flip are

(1, 1, . . . , 1) and
(︂
Wk = 0 for k ∈ A, Wk = 1 for k ∈ Pn \ A

)︂
.

Therefore,

InfSn(fn) = P[fn(W⊕ eSn) ̸= fn(W)] = 2
2d

= 1
2d−1 .

Similarly, for an individual variable Wk appearing in fn, the influence is

Infk(fn) = P

⎡⎣ ∏︂
i∈Pn\{k}

Wi ̸= 0
⎤⎦ =

(︃1
2

)︃d−1
,

since all the remaining d− 1 variables must be equal to one. Hence,

InfSn(fn) = Infk(fn) = 1
2d−1 ,

which proves the claim.

Towards determining the joint influence of datasets on f in (2.10), we
next present another Lemma that contrasts the joint influence of datasets for
the summation of two product subfunctions, namely fn and fn′ where n′ ̸= n,
for different dataset placement configurations. To that end, we denote the set
of variables included in the subfunction fn as

Ifn ≜ {Wk : k ∈ Pn} .
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Lemma 2 (Increase in joint influence due to mixing product subfunctions).
Let f(W) = ⨁︁N

j=1 fj(W) be the Boolean function demanded by a user, where
the product subfunctions have disjoint supports and degree d ≥ 2. Consider
two distinct subfunctions fn and fn′, where n ̸= n′, and let

Ifn ≜ {Wk : k ∈ Pn} , Ifn′ ≜ {Wk : k ∈ Pn′} ,

where fn and fn′ are product subfunctions of degree d ≥ 2.
Consider the reference subset S1 = Ifn, and a mixed subset obtained by

replacing one variable of Ifn by one variable of Ifn′ , namely

S ′
1 =

(︂
Ifn \ {Wa}

)︂
∪ {Wb} , Wa ∈ Ifn , Wb ∈ Ifn′ .

We therefore have
InfS′

1
(f) ≥ InfS1(f) .

More generally, the same inequality holds for any subset obtained from
Ifn by replacing one or more of its variables with variables belonging to other
product subfunctions.

Proof. By Lemma 1, grouping the variables that appear in the same product
subfunction yields

InfS1(f) = 1
2d−1 .

We now consider the mixed subset S ′
1, which differs from S1 by one variable.

Without loss of generality, write

S ′
1 =

(︂
Ifn \ {Wa}

)︂
∪ {Wb}, Wa ∈ Ifn , Wb ∈ Ifn′ .

Let
fj =

∏︂
Wk∈Ifj

Wk, j ∈ {n, n′}.

Then, flipping the variables in S ′
1 affects fn through the d − 1 variables of

Ifn \ {Wa}, while it affects fn′ through the variable Wb.
Consequently,

InfS′
1
(f) = P

[︂
f(W⊕ eS′

1
) ̸= f(W)

]︂
.

Expanding the two product terms gives

InfS′
1
(f) = 2

(︃1
2

)︃d−1 [︄
1−

(︃1
2

)︃d−1]︄
.
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Since
2
(︃1

2

)︃d−1 [︄
1−

(︃1
2

)︃d−1]︄
≥
(︃1

2

)︃d−1
,

we obtain
InfS′

1
(f) ≥ InfS1(f) .

More generally, consider a subset S that intersects t ≥ 1 distinct product
subfunctions. Let these subfunctions be indexed by j1, . . . , jt, and define

Ai ≜ {k : Wk ∈ S} ∩ Pji
, i ∈ [t],

where Ai ≠ ∅ for every i ∈ [t]. Since the supports {Pj}j∈[N ] are disjoint,
flipping the variables in S affects each product subfunction fji

only through
the variables indexed by Ai.

By Lemma 1, for every i ∈ [t], the probability that fji
changes under this

joint flip is

p ≜
1

2d−1 (2.28)

Importantly, this probability does not depend on the cardinality of Ai, pro-
vided that Ai is nonempty. Moreover, because the product supports are
disjoint and the datasets are independent, the change events associated with
fj1 , . . . , fjt are independent.

Since the overall function is the XOR of the component product sub-
functions, its value changes if and only if an odd number of these t product
subfunctions change. Therefore,

InfS(f) =
t∑︂

m=1
m : odd

(︄
t

m

)︄
pm(1− p)t−m

= 1− (1− 2p)t

2 . (2.29)

To compare this quantity with the influence obtained when all flipped
variables belong to a single product subfunction, recall (2.28). Consequently,
for d ≥ 2, we have d−1 ≥ 1, and thus 2d−1 ≥ 2, which implies 0 < p = 1

2d−1 ≤
1
2 . Consequently, we have 0 ≤ 1 − 2p < 1. Since t ≥ 1, raising a number
in [0, 1] to the power t cannot increase it, and hence (1− 2p)t ≤ 1− 2p. It
follows that

InfS(f) = 1− (1− 2p)t

2 ≥ 1− (1− 2p)
2 = p = 1

2d−1 .

Therefore, a subset that mixes variables from several product subfunctions
cannot have smaller joint influence than a subset whose variables belong to a
single product subfunction. This completes the proof.
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From Lemma 2, the subsets with the lowest joint influence include datasets
from the same fn. We next derive a lower bound on the average joint sensitivity
for the proposed setting using Lemmas 1-2, and present the communication-
optimal placement configuration in Theorem 2.
Theorem 2 (Joint influence-optimal and communication-optimal placement
configuration). Consider the partitioned placement setting described above,
with d = M ≥ 2, K = NM , and

f(W) =
N⨁︂

n=1
fn(W), fn(W) =

∏︂
Wk∈Ifn

Wk,

where the sets {Ifn}n∈[N ] form a partition of {W1, . . . ,WK}. Define

S⋆ ≜ {S⋆
n : n ∈ [N ]}, where S⋆

n = Ifn .

Then, for every admissible partitioned placement S = {Sn : n ∈ [N ]},

asS(f) ≥ asS⋆(f) = N

2M−1 , (2.30)

τS ≥ τS⋆ = N. (2.31)
Proof. We establish the two claims separately.

Optimality of the average joint sensitivity. Under S⋆, every server
stores exactly the variables appearing in one product subfunction. By
Lemma 1,

InfS⋆
n
(f) = 1

2M−1 , n ∈ [N ].

Therefore,

asS⋆(f) =
N∑︂

n=1
InfS⋆

n
(f)

= N

2M−1 . (2.32)

Moreover, Lemma 2 shows that replacing variables from one product subfunc-
tion by variables belonging to other product subfunctions cannot decrease
the corresponding joint influence. Consequently, every placement subset Sn

intersects at least one product support and satisfies

InfSn(f) ≥ 1
2M−1 .

Summing over all n ∈ [N ] therefore gives

asS(f) =
N∑︂

n=1
InfSn(f) ≥ N

2M−1 = asS⋆(f).
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Achievability of N transmissions. Under S⋆, server n can compute and
transmit the single binary symbol

Z⋆
n = fn(W) =

∏︂
Wk∈S⋆

n

Wk.

The user then recovers
f(W) =

N⨁︂
n=1

Z⋆
n.

Hence,

τS⋆ =
N∑︂

n=1
|Z⋆

n| = N.

Communication converse. Consider an arbitrary admissible partitioned
placement S, and fix a server n ∈ [N ]. Choose any dataset Wk ∈ Sn.

Since the function supports {Ifj
}j∈[N ] partition {W1, . . . ,WK}, the vari-

able Wk appears in exactly one product subfunction, say fj.
We can choose two global dataset realizations W and W′ that differ

only in their k-th entry and satisfy f(W) ̸= f(W′). For example, set all
other variables appearing in fj equal to one, and force every other product
subfunction to zero by setting at least one of its variables equal to zero.
Flipping only Wk then changes the value of fj, and hence changes the value
of the Boolean function f .

Because the placement sets form a partition, the local observations of all
servers n′ ≠ n are identical under W and W′. Their transmitted messages
are therefore also identical. To permit zero-error recovery, server n’s message
must distinguish these two local realizations. Consequently, its encoding
function cannot be constant, and hence

|Zn| ≥ 1.

Since this argument holds for every n ∈ [N ],

τS =
N∑︂

n=1
|Zn| ≥ N .

Together with the achievable construction under S⋆, this proves

τS ≥ τS⋆ = N .

Remark 1. The average joint sensitivity and the total communication cost are
optimized by the same placement configuration S⋆ in the considered partitioned
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setting. However, the result does not imply a general one-to-one or monotonic
relationship between the individual message length |Zn| and the joint influence
InfSn(f). The optimality of the average joint sensitivity follows from Lemmas 1
and 2, whereas the communication lower bound follows from the zero-error
distinguishability argument in the proof of Theorem 2.

2.5 Conclusions
In this chapter, we used the notions of sensitivity and influence to study
the relationship between data placement and communication cost in the
distributed computation of Boolean functions. In particular, we showed that
the placement configuration plays a central role in determining how much
information the servers must transmit for the user to recover the requested
function. For a class of linearly-separable Boolean functions, we characterized
a placement strategy that minimizes the communication cost by exploiting the
structure of the function and its sensitivity to groups of the underlying datasets.
The proposed approach groups datasets so as to minimize the aggregate joint
influence within each group, thereby assigning strongly interacting datasets
to the same server whenever beneficial. This sensitivity-based perspective
provides a systematic way to connect the algebraic structure of a Boolean
function with the design of communication-efficient placement configurations.

Possible future research directions include extending this framework to
non-linear Boolean functions of arbitrary degree and to probabilistic models
in which the datasets are non-uniformly distributed or statistically correlated.
In such settings, the influence of each dataset depends not only on the
algebraic structure of the requested function but also on the underlying source
distribution, potentially leading to new placement–communication tradeoffs.
Another relevant direction is to consider heterogeneous servers with different
storage/computational capacities and communication constraints.
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Chapter 3

Sparse Tensor Factorization
Approach

This chapter focuses on multi-user distributed computing systems in which
users request the evaluation of non-linearly separable real-valued functions.
Unlike linearly decomposable settings, these functions exhibit complicated
multi-variable interactions that cannot be captured through simple additive
or separable structures, thereby introducing significant challenges in both
computation and communication design.

To address this complexity, we reformulate the problem through a tensor-
theoretic lens, where user demands are represented as high-dimensional tensors
encoding the interactions among multiple input variables. Within this frame-
work, the computation task is framed as a sparse tensor factorization problem,
where the goal is to decompose the demand tensor into structured components
that can be efficiently distributed across servers and computed.

The proposed formulation explicitly incorporates system-level constraints,
including limited computational capabilities at each server and restricted
communication bandwidth to the users. These constraints naturally translate
into sparsity and structural restrictions on the factorization, governing both
the number of active dimensions processed by each server and the number of
users it can simultaneously serve. By leveraging this structured sparsity, we
design efficient achievable schemes that significantly reduce the required com-
putational resources compared to conventional approaches, while preserving
the exact computation of the desired functions.

Relation to author’s prior publications. This chapter is based on [101],
[102] and their extended version in [103]. The presentation has been sub-
stantially revised and expanded for this thesis, with unified notation, a
reformulated system model, additional explanations, and updated conclusions.
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Unless otherwise indicated, the technical statements, theorem formulations,
proofs, examples, and figures in this chapter are adapted from [103].

3.1 Introduction
The increasing scale and complexity of modern computational workloads have
made distributed computing an indispensable paradigm [127], particularly in
the context of large-scale ML systems. General-purpose frameworks such as
MapReduce [33] and Spark [39] offer parallel execution across multiple servers
and have enabled a broad range of distributed computation applications; see,
for example, [4], [69], [74], [80], [88], [105], [128], [129], [130], [131], [132], [133],
[134], [135]. Nevertheless, the finite computational capacity of the servers and
the limited communication resources of the underlying network remain key
constraints in the design of efficient distributed computing schemes.

Motivated by the complementary limitations of computation and com-
munication, as well as the growing complexity of distributed workloads, we
investigate multi-user distributed computation for non-linearly separable func-
tions. The system consists of N servers with constrained computation and
communication resources and K users, each requesting a polynomial function
of L real-valued, potentially non-linear, basis subfunctions. A coordinator dis-
tributes the required computation tasks among the servers so that every user
can recover its requested function without error. Our objective is to reduce
the number of required servers N , or equivalently, to maximize the achievable
system rate K/N . Within this framework, we develop task-assignment and
communication strategies and derive bounds on the achievable system rate.

Before introducing the general formulation, we begin with a simple example
that highlights the main system constraints and performance metrics.

Example 2. We first examine the structure of the demanded functions through
this example. Consider a system setting with L = 4 basis subfunctions

f1(·) ≜ ex1 , f2(·) ≜ log(x2) , f3(·) ≜
√
x2 , f4(·) ≜ cos(x3) ,

which operate on fixed input vectors x1, x2, x3 ∈ RB and generate the output
files 1 {Wℓ = fℓ(·)}ℓ∈[4]. Let us consider the demanded function

F1(W) = 7W 2
1W

3
2 + 8W1W

2
3W4 + 6W3W

4
4 + 4W 4

1W
2
4 (3.1)

by a first user, which is obviously non-linearly separable over the variables in

W = (W1,W2,W3,W4) .
1All operations are naturally component-wise here.
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Our construction is characterized by the number of basis subfunctions L,
with L = 4 in this example, and by the per-output exponent bounds {Pℓ}ℓ∈[L].
Specifically, the exponent of Wℓ is restricted to

(pℓ − 1) ∈ {0, 1, . . . , Pℓ − 1}, ℓ ∈ [L].

Equivalently, (Pℓ − 1) denotes the maximum degree of Wℓ in W that may
appear in any demanded polynomial as a computational task.

In Example 2, the maximum degrees of the basis subfunctions in (3.1) are

P1 − 1 = 4, P2 − 1 = 3, P3 − 1 = 2, P4 − 1 = 4, (3.2)

or, equivalently,
(P1, P2, P3, P4) = (5, 4, 3, 5).

As an illustration, P3 = 3 means that the exponent of W3 cannot exceed 2.
This maximum exponent appears in the monomial W1W

2
3W4, which is the

second additive term of the requested function F1(W) in (3.1).
Next, suppose that a second user requests a function of the form

F2(W) = 3W2W
3
3 + 2W 3

1W3 + 11W 2
1W2 + 13W 2

2W
3
4 . (3.3)

We observe that the specified degree limits 4, 3, 2, 4, which must be satisfied
by all requested functions, are violated by the second polynomial in (3.3).
Indeed, its maximum degrees are

P ′
1 − 1 = 3, P ′

2 − 1 = 2, P ′
3 − 1 = 3, P ′

4 − 1 = 3,

corresponding to
(P ′

1, P
′
2, P

′
3, P

′
4) = (4, 3, 4, 4).

In particular, the degree of W3 exceeds the declared maximum of 2 in (3.2).
Consider K = 2 users requesting F1(W) and F2(W), respectively, and

N = 3 distributed servers. The network topology, illustrated in Figure 3.1,
allows each server to communicate with at most ∆ ≤ K users. In this example,
we set ∆ = 1. Each user must then recover its requested function by linearly
combining the signals received from the connected servers.

A second system parameter is the computation budget Γ ≤ L, which limits
the number of basis subfunctions that each server can evaluate. Setting Γ = 2
would make the exact computation of F1(W) impossible, since its second term,
8W1W

2
3W4, depends jointly on three basis subfunctions and therefore could

not be generated at any server. Hence, this example requires Γ = 3.
Finally, we impose an additional computation constraint through the

exponent ranges Λℓ associated with each output file Wℓ, for ℓ ∈ [L]. These
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parameters restrict the powers of the output file that can be locally generated at
a server and, consequently, determine the number of multiplications required
to produce the desired exponents.

The main challenging procedure in this chapter is to determine which basis
subfunctions, together with which range of their powers, should be assigned
to each server, while also designing the corresponding linear encoding and
decoding operations at the servers and users. One possible alternative is
to “linearize” the requested polynomials and cast the problem as a linearly-
separable computation task 2 of the type studied in [105]. Instead, we develop
a more general formulation in which the original problem is represented
as a sparse tensor decomposition. This tensor-based approach can provide
substantial improvements over direct linearization. The gain is illustrated in
Example 4 of Section 3.4 and is further demonstrated through the numerical
results in Section 3.7 over a range of system parameters.

3.1.1 Related Works
Earlier works in the literature have extensively studied the fundamental limits
of distributed computation for linearly-separable functions. These studies
cover gradient computation [74], [88], [129], [130], distributed matrix mul-
tiplication [80], [133], [134], [136], and polynomial computation [100], [105],
[137]. Among these works, the framework in [105] most closely relates to
our setting. For linearly-separable functions, the authors connect distributed
computation under support-sparsity constraints to a sparse matrix factoriza-
tion problem and develop tessellation-based constructions that satisfy these
constraints. Their approach partitions the demand matrix into submatrices of
suitable dimensions and uses the sparsity pattern and rank of each submatrix
to determine the required computational resources 3. However, a matrix-
factorization approach treats each distinct monomial as a separate effective
basis subfunction. This representation enlarges the underlying space and may
require excessive resources when the requested functions contain non-linear
interactions among the original basis subfunctions. We therefore develop a
new framework that directly captures the structure of non-linearly separable
functions. Emerging ML applications [132], [138], [139], particularly large
language models, further motivate this framework because their distributed

2For the example above, linearization would introduce L′ = 8 effective subfunctions.
The first two would be W 2

1 W 3
2 and W1W 2

3 W4, respectively, with the remaining monomials
treated in the same manner.

3For an A×B submatrix, the maximum possible rank equals min(A, B), where A and
B denote the numbers of rows and columns, respectively.
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execution requires many non-linear operations. For example, activation func-
tions [140] and attention mechanisms [141] may involve higher-order terms
and products of the underlying basis subfunctions [142].

Many existing methods, including the matrix factorization-based scheme
in [105] and coded computing schemes such as [70], [143], [144], [145], assume
that the users’ requested functions are linearly-separable. Non-linearly sep-
arable functions, however, require a richer representation that records the
degree of each basis subfunction within every monomial. These additional
indices naturally lead to a tensor representation, which directly captures
the non-linear interactions among the basis subfunctions. From a practical
point of view, the communication system models have also used tensors to
describe high-dimensional signal interactions and access patterns, particularly
in massive random access [146].

Some of the existing approaches, such as the tessellated distributed com-
puting (TDC) framework [105], also impose structural or disjoint support
conditions on the users’ demands. Under these assumptions, the relevant
supports occupy separate regions of the demand matrix. Such separation
does not generally hold for non-linearly separable functions, whose monomials
can produce overlapping supports and overlapping submatrices. Applying
rigid matrix partitions in this setting may therefore lead to inefficient de-
compositions and prevent the construction of low-rank representations. In
particular, the ranks of the resulting submatrices can grow rapidly with the
combinatorial structure of the demand tensor, or of its matricized form 4.
These difficulties also reflect the computational hardness of the underlying
decomposition problems. Minimizing the rank of sparse or structured matrices
is NP-hard [147], [148], while tensor rank minimization remains NP-hard
even to approximate [149]. Consequently, existing methods generally resort
to heuristic constructions or simplified decomposition strategies.

Therefore, the distinction from TDC is also representational: while TDC
operates on a matrix factorization-based formulation after expressing the
demand through effective linearly-separable subfunctions, the proposed tensor-
based formulation in this chapter retains the original polynomial interactions
as modes of a higher-order tensor and subsequently exploits this multi-way
structure through the sparse tiling and combinatorial assignment procedures
developed in Section 3.6.1 and Section 3.6.2, respectively.

4Matricization, also known as unfolding or flattening, reshapes a tensor into a matrix
by grouping a subset of its modes into the row index and the remaining modes into the
column index.
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3.1.2 Our Contributions
In this work, we develop a framework for the lossless distributed computation
of non-linearly separable functions. We summarize our main contributions
below.

• Tensor representation of user demands: We represent the users’
demands through a full-rank tensor F̄ that preserves their underlying
polynomial structure. By assigning the exponent range of each basis
subfunction to a separate tensor mode, this representation captures a
broad class of non-linearly separable functions.

• Sparse tensor factorization framework: We formulate the dis-
tributed computing problem through the sparse factorization F̄ =
Ē ×1 D, where Section 3.4 defines the mode-1 product ×1. For each
server n, the encoding tensor Ē specifies the subset of basis subfunc-
tions and the corresponding power terms that the server computes.
The decoding matrix D determines the set of users, of cardinality at
most ∆, to which each server transmits. The support constraints on
Ē and D therefore capture the computation and communication costs,
respectively.

• Achievable scheme and system-rate bound: We develop a lossless
sparse tensor factorization scheme in Section 3.6.1. The scheme parti-
tions F̄ into carefully selected subtensors and factorizes each of them
into compatible components of Ē and D. Using tools from fixed-support
sparse matrix factorization and multilinear singular value decomposi-
tion [150], [151], we derive a lower bound on the achievable system rate
K/N in Theorem 3.
A direct alternative would first matricize the demand tensor. How-
ever, this transformation produces a very large matrix whose effective
subfunction space grows exponentially with the number of basis sub-
functions and combinatorially with their degree bounds. It therefore
introduces substantial rank and computation overhead. In comparison
with the sparse matrix factorization method of [105], our tensor-based
construction achieves an exponential reduction in the total computation
cost, as shown in Proposition 1, while also reducing the required number
of servers and communication resources, as illustrated in Cases I and II
of Example 4.

• Assignment-based combinatorial reduction: We introduce a tile-
assignment framework in Algorithm 1, described in Section 3.6.2, to
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resolve overlaps among the subtensors, or tile closures. Rather than
assigning the same index tuple, and therefore the same demand coeffi-
cient, to several tiles, the algorithm assigns each tuple to exactly one
feasible tile while respecting the corresponding capacity constraints.
This disjoint assignment reduces the sum rank of the resulting subtensors
and, consequently, the number of required servers, as established in
Theorem 4. The method removes redundant contributions created by
overlapping supports without imposing disjoint-support assumptions or
solving a general rank-minimization problem. By combining structured
tensor factorization with a global tuple-to-tile assignment, the proposed
scheme uses the available computational resources more efficiently than
the default tensor decomposition of Theorem 3. Section 3.7 further
demonstrates the gains obtained by this overlap-resolution step.
We also extend both single-shot constructions to a multi-shot setting
with T shots in Section 3.8 (see Theorems 5 and 6).

• Numerical evaluation of the assignment algorithm: In Sec-
tion 3.7, we evaluate the exact number of servers Nalg produced by
Algorithm 1 under several system configurations. The results show that
the assignment-based construction reduces N compared with both the
TDC scheme of [105] and the default tensor factorization scheme with
overlapping subtensors given in Theorem 3.

Notation. For a matrix X ∈ Rm×n, we define its binary support
matrix as Supp(X)(i, j) ≜ 1{X(i, j) ̸= 0}, (i, j) ∈ [m] × [n]. Hence,
Supp(X) ∈ {0, 1}m×n indicates the locations of the nonzero entries of X.
These support and indexing conventions extend naturally to tensors. In par-
ticular, for an order-d tensor X̄ ∈ RI1×···×Id , the notation X̄ (i1, . . . , id) denotes
its entry indexed by (i1, . . . , id), while a colon represents all indices along
the corresponding mode. For example, X̄ (i1, :, . . . , :) denotes the subtensor
obtained by fixing the first-mode index to i1. Similarly, Supp(X̄ ) denotes the
binary support tensor indicating the locations of the nonzero entries of X̄ .
Finally, ∨ denotes the logical “OR” operation.

3.2 System Model
Motivated by practical distributed systems like MapReduce [33], we consider a
distributed computing system with N servers and K users. Each user requests
the exact evaluation of an arbitrary multivariate polynomial constructed from
L real-valued, potentially non-linear basis subfunctions {fℓ(·)}ℓ∈[L].
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The user demands in this chapter are arbitrary real-valued multivariate
polynomial functions of L basis subfunctions, subject to prescribed degree
limits {Pℓ − 1}ℓ∈[L]. These degree limits are part of the system model and
define the size of the demand tensor. The computation constraint Γ limits
the number of active basis subfunctions that can be handled by a server,
while Λℓ limits the range of powers of Wℓ assigned to a server. The proposed
construction is lossless and assumes that the demand coefficients are known
to the coordinator when assigning computation and communication tasks.

A coordinator node orchestrates the distributed computation of the de-
manded functions through three phases, described next.

a) Demand Phase.
The demand phase is the initial phase in which each user k ∈ [K] inde-
pendently requests the evaluation of one real-valued function expressed
in the following multivariate form

Fk(W1, . . . ,WL) =
∑︂

p∈
∏︁

ℓ∈[L][Pℓ]
ck,p

∏︂
ℓ∈[L]

W pℓ−1
ℓ (3.4)

where
Wℓ ≜ fℓ(x), ℓ ∈ [L],

denotes the real-valued output of the basis subfunction fℓ(·) evaluated
at a common input vector x ∈ Rd. We refer to {Wℓ}ℓ∈[L] as the ℓ-
th output file. The vector x represents the underlying data instance,
such as a feature vector or signal, on which all basis subfunctions are
evaluated. Here, ck,p ∈ R denotes the basis coefficient associated with
the monomial ∏︂

ℓ∈[L]
W pℓ−1

ℓ ,

where
p ≜ (p1, . . . , pL)

indexes the exponent vector (p1 − 1, . . . , pL − 1). Defining

W ′(p) ≜
∏︂

ℓ∈[L]
W pℓ−1

ℓ ,

allows us to rewrite (3.4) as

Fk =
∑︂

p∈
∏︁

ℓ∈[L][Pℓ]
ck,p W

′(p). (3.5)
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This representation casts the problem as a classical multi-user gradi-
ent coding problem by treating each monomial W ′(p) as a separate
basis subfunction. In contrast, our formulation works directly with
the high-dimensional structure in (3.4) and explicitly incorporates the
multiplication cost required to generate the different powers of the
output files. Accounting for these costs introduces additional algebraic
challenges, which we describe in the following phases.

b) Non-Linear Computing Phase.
The coordinator then assigns each server n a subset of basis subfunctions
Sn ⊆ [L] for local evaluation. Accordingly, server n computes

{Wℓ = fℓ(x)}ℓ∈Sn .

We measure the resulting local workload through the computation cost

Γ ≜ max
n∈[N ]

|Sn| (3.6)

where Γ denotes the maximum number of basis subfunctions that
any server can evaluate locally. We therefore impose the per-server
computation constraint

|Sn| ≤ Γ ≤ L, n ∈ [N ].

Consistent with this constraint, we restrict each nonzero monomial in a
user’s demand to involve at most Γ basis subfunctions. More precisely,

ck,p = 0

in (3.4) whenever the support of the exponent vector (p1−1, . . . , pL−1)
has cardinality greater than Γ. Thus, every monomial with a nonzero
coefficient depends on at most Γ basis outputs, in accordance with the
local computation budget.
The coordinator further assigns each server n ∈ [N ] a set of exponent
vectors

Pn ⊆
∏︂

ℓ∈[L]
[Pℓ].

For every p ∈ Pn, server n computes the required power terms

{W pℓ−1
ℓ }ℓ∈Sn
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and multiplies them to form the corresponding monomial∏︂
ℓ∈Sn

W pℓ−1
ℓ .

These local power terms and multiplication operations make the com-
putation phase inherently non-linear.
To quantify the multiplication cost, we assume that, for each Wℓ with
ℓ ∈ Sn, server n computes an ordered set of exponents of cardinality 5

Λℓ. Specifically, for every ℓ ∈ Sn, the server evaluates the ordered set

[[qΛℓ + 1 : (q + 1)Λℓ]], q ∈ N. (3.7)

Equivalently, when server n generates a positive power term Wα
ℓ required

by a user’s demand, it expresses the exponent α as

α ≜ qΛℓ + r, q ∈ N, r ∈ [[1 : Λℓ]]. (3.8)

The case α = 0 corresponds to W 0
ℓ = 1 and requires no multiplication.

Based on the exponent range available at the server in (3.7), we rewrite
the demanded power as

Wα
ℓ = W qΛℓ+1

ℓ W r−1
ℓ .

Using the standard square-and-multiply method, this gives the following
cost for computing Wα

ℓ :

⌊log2(qΛℓ + 1)⌋+ (wt2(qΛℓ + 1)− 1) + (r − 1), (3.9)

where wt2(a) denotes the Hamming weight of the binary representation
of the positive integer a, i.e., the number of its non-zero binary digits.
The term ⌊log2 a⌋ counts the squaring operations, while wt2(a)−1 counts
the additional multiplications associated with the non-leading binary
digits equal to one. The subtraction of one arises because the leading
binary digit initializes the computation with Wℓ and therefore requires
no multiplication. Hence, the first two terms account for computing the
anchor power W qΛℓ+1

ℓ using the square-and-multiply method, whereas
the final r − 1 term accounts for the successive multiplications by
Wℓ needed to reach the desired exponent within the assigned range.
Consequently, the number of self-multiplications required for the output

5If the servers have heterogeneous computational capabilities, this cardinality may
depend on both ℓ and n, and can be denoted by Λℓ,n.
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of basis subfunction fℓ(·) at each server scales as O(logα+ Λℓ), whereas
naive repeated multiplication incurs a cost of O(α). When the cost
of generating the assigned exponent range dominates the logarithmic
anchor-computation cost, the overall complexity behaves as O(Λℓ).
For example, when α = 851 and Λℓ = 100, we have q = 8, r = 51, and
qΛℓ + 1 = 801. Since

801 = (1100100001)2 and wt2(801) = 4,

the cost expression in (3.9) gives

⌊log2(801)⌋+ (4− 1) + (51− 1) = 9 + 3 + 50 = 62

multiplications, compared to α − 1 = 850 multiplications under the
naive method. Moreover, in the high-degree regime of interest, we
assume that the number of exponent levels of each output file is much
larger than the number of basis subfunctions involved in a monomial,
i.e.,

Λℓ ≫ Γ, ∀Γ ≤ L.

Once the required power terms

{W pℓ−1
ℓ }ℓ∈Sn

have been generated, combining them into the monomial∏︂
ℓ∈Sn

W pℓ−1
ℓ , p ∈ Pn,

requires at most |Sn|−1 ≤ Γ−1 additional multiplications. This cost is
therefore negligible compared with the cost of generating the individual
power terms, which scales with the cardinality of the exponent ranges,
described by {Λℓ}ℓ∈Sn .
We therefore use the cardinality of the assigned exponent range as the
multiplication cost parameter at each server, defined as

Λℓ ≜ max
p∈Pn

pℓ − min
p∈Pn

pℓ + 1 , ℓ ∈ Sn (3.10)

These parameters specify the exponent ranges of the output files

{Wℓ}ℓ∈Sn
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that server n must generate. They therefore determine the largest local
multiplication cost required to evaluate any multiplicative term in (3.4).
For each ℓ ∈ [L], we impose the multiplication constraint

Λℓ ≤ Pℓ,

which ensures that the exponent range of Wℓ assigned to a server does
not exceed the maximum exponent range per output file each server
can evaluate.

c) Communication Phase.
After completing its assigned local computations, each server n ∈ [N ]
constructs the signals

zn ≜
∑︂

p∈Pn
en,p

∏︂
ℓ∈[L] W

pℓ−1
ℓ , n ∈ [N ] (3.11)

where the coefficients en,p ∈ R, for n ∈ [N ] and p ∈ Pn, determine the
non-linear computation and encoding performed by server n. For every
ℓ /∈ Sn, we set pℓ = 1, and hence W pℓ−1

ℓ = W 0
ℓ = 1. This convention

indicates that neither the corresponding basis subfunction nor any of its
nonzero power terms contributes to the multiplicative terms computed
by server n.
Server n then transmits zn to a subset of users

Tn ⊆ [K]

over an error-free shared link. In the final decoding stage, each user
k ∈ [K] linearly combines the signals received from its connected servers
to recover

F ′
k ≜

∑︂
n∈[N ] dk,nzn (3.12)

where the decoding coefficients dk,n ∈ R, for n ∈ [N ], determine how
user k linearly combines the server transmissions. We set

dk,n = 0, k /∈ Tn,

since user k does not receive the signal transmitted by server n whenever
k lies outside its intended recipient set Tn.
We measure the communication burden at each server through the cost

∆ ≜ max
n∈[N ]

|Tn| (3.13)
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Figure 3.1: The lossless (K,N, T, L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]) distributed
computing setting with a coordinator node, N servers, and K users.

where ∆ denotes the maximum number of users that any server can
serve. Accordingly, the communication constraint satisfies

∆ ≤ K.

We emphasize that Γ, ∆, and Λℓ, ℓ ∈ [L] impose strict per-instance
constraints on the considered distributed system. Every valid scheme must
therefore satisfy them for each problem setting. Accordingly, the costs defined
in (3.6), (3.13), and (3.10) lead to a system characterized by the normalized
constraints

γ = Γ
L
, δ = ∆

K
,

{︄
λℓ = Λℓ

Pℓ

}︄
ℓ∈[L]

(3.14)

where γ, δ, λℓ ∈ [0, 1], ℓ ∈ [L]. Accordingly, for each server n, the scheme must
determine the assigned basis subfunction set Sn, the corresponding exponent
vector set Pn, and the intended user set Tn.

Serving a large number of users with a limited number of servers increases
the load on the system. We capture this burden through the system rate,
defined as

R ≜
K

N
. (3.15)
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We consider the system model shown in Figure 3.1, characterized by the set
of system parameters

(︂
K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
. Our objective is to design

a scheme that enables every user to recover its requested function without
error while satisfying the predetermined computation, communication, and
multiplication constraints. For arbitrary values of {Λℓ, Pℓ}ℓ∈[L] and any Γ ≥ 1,
one possible approach is to apply the matrix factorization framework of [105].
In particular, we can rewrite (3.4) in the linearly-separable form of (3.5) by
treating each monomial W ′(p) as a separate output file. Representing all
multiplicative terms in (3.4) in this manner requires

L′ ≜
∏︂

ℓ∈[L]
Pℓ (3.16)

new basis subfunctions, one for each exponent tuple p ∈ ∏︁ℓ∈[L][Pℓ].
For the single-shot setting, Theorem 1 of [105] requires

N = K

∆
L′

Γ min(∆,Γ) (3.17)

servers. The number of effective basis subfunctions for representing user
demands in linearly-separable form (cf. (3.16)) grows exponentially with L as
the exponent bounds Pℓ are always larger than one. Consequently, the number
of servers required by this linearized construction will also scale exponentially
with the number of original basis subfunctions.

We next introduce the basics of tensors and review the definitions required
to formulate our problem in tensor form.

3.3 Basic Tensor Definitions
We first introduce a tensor in the following definition.

Definition 8. An order-N tensor, X̄ ∈ RI1×···×IN , is a multi-way array with
N modes, with the n-th mode of dimensionality In, for n ∈ [N ]. Special cases
of tensors include matrices as order-2 tensors (e.g., X ∈ RI1×I2), vectors as
order-1 tensors (e.g., x ∈ RI1), and scalars as order-0 tensors (e.g., x ∈ R).

We next define the matrix unfolding of a tensor.

Definition 9. A mode-n unfolding of a tensor is the procedure of mapping the
elements from a multidimensional array to a two-dimensional array (matrix).
Conventionally, such a procedure is associated with stacking mode-n fibers
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(modal vectors) as column vectors of the resulting matrix. For instance, mode-
1 unfolding of X̄ ∈ RI1×I2×···×IN is represented as X̄(1) ∈ RI1×I2I3···IN , and
given by

X̄(1)
(︂
i1, i2i3 . . . iN

)︂
= X̄ (i1, i2, . . . , iN) . (3.18)

Note that the overlined subscripts refer to linear indexing (or Little-Endian
ordering) [152], where the linear index is given by

i1i2 . . . iN = 1 +
N∑︂

n=1
(in − 1)

n−1∏︂
k=1

Ik (3.19)

= 1 + i1 + (i2 − 1)I1 + · · ·+ (iN − 1)I1 . . . IN−1.

We proceed to define tensor folding of a vector as follows.

Definition 10. Any given vector x ∈ RI1I2...IN can be folded into an N-th
order tensor, X̄ ∈ RI1×I2×···×IN , with the relation between their entries defined
by

X̄ (i1, i2, . . . , iN) = x(i), ∀in ∈ [In] (3.20)
where i = 1 +∑︁N

n=1(in − 1)∏︁n−1
k=1 Ik.

We next formally define the stacking operation in tensors.

Definition 11. Consider grouping J order-N tensor samples X̄j ∈ RI1×···×IN ,
j ∈ [J ], so as to form an order-(N + 1) data tensor, Ȳ ∈ RI1×···×IN ×J . This
stacking operation is denoted by

Ȳ = stackN+1
(︂
X̄1, . . . , X̄J

)︂
. (3.21)

In other words, the combined tensor samples introduce another dimension,
the (N + 1)-th mode of Ȳ, such that its mode-(N + 1) unfolding Ȳ(N+1) ∈
R(I1I2···IN )×J is

Ȳ(N+1)
(︂
i1i2i3 . . . iN , j

)︂
=
[︂
x1, . . . ,xJ

]︂
(3.22)

where xj ∈ RI1I2···IN denotes the vectorization of the tensor X̄j, obtained by
stacking all its entries into a single column vector in Little-Endian order
consistent with (3.19).

We next define the mode-n product for tensors.

Definition 12. The mode-n product takes as input an order-N tensor,
X̄ ∈ RI1×I2×···×IN , and a matrix A ∈ RJ×In, to produce another tensor, Ȳ, of
the same order as the original tensor X̄ . The operation is denoted by

Ȳ = X̄ ×n A (3.23)
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where Ȳ ∈ RI1×···×In−1×J×In+1×···×IN . The mode-n product is comprised of 3
consecutive steps:

X̄ → X̄(n) , Ȳ(n) = AX̄(n) , Ȳ(n) → Ȳ . (3.24)

To see the transition to the sparse tensor factorization, we next introduce
the tensor contraction product.

Definition 13. ([153]) Tensor Contraction Product (TCP) is at the core
of tensor decompositions, an operation similar to the mode-n product, but
the arguments of which are multidimensional arrays that can be of a dif-
ferent order. For instance, given an N-th order tensor X̄ ∈ RI1×···×IN

and an M-th order tensor Ȳ ∈ RJ1×···×JM , with common modes In = Jm,
then, their (n,m)-contraction denoted by ×m

n , yields a third tensor Z̄ ∈
RI1×···×In−1×In+1×···×IN ×J1×···×Jm−1×Jm+1×···×JM of order (N + M − 2), Z̄ =
X̄ ×m

n Ȳ with the entries

Z̄(i1, . . . , in−1, in+1, . . . , iN , j1, . . . , jm−1, jm+1, . . . , jM)
=

∑︂
in∈[In]

X̄ (i1, . . . , in−1, in, in+1, . . . , iN)

× Ȳ(j1, . . . , jm−1, in, jm+1, . . . , jM) . (3.25)

The overwhelming indexing associated with the TCP operation in (3.25)
becomes unmanageable for larger tensor networks, whereby multiple TCPs are
carried out across a large number of tensors. Manipulation of such expressions
is prone to errors and prohibitive to the manipulation of higher-order tensors.

We next generalize the TCP operation for the cases where there is more
than one common mode between two tensors. Recall that this operation is
used in (3.32).

Definition 14. Generalized TCP is an operation similar to TCP, but it
contracts a whole ordered block of modes (a multi-index) between two ten-
sors. For instance, given an N-th order tensor X̄ ∈ RI1×···×IN and an
M-th order tensor Ȳ ∈ RJ1×···×JM , assume the tails match pairwise, i.e.,
(In, . . . , IN) = (Jm, . . . , JM) and N − n + 1 = M − m + 1. Then, their
([[n : N ]], [[m : M ]])-contraction, denoted by ×[[m:M ]]

[[n:N ]] , yields a third tensor
Z̄ ∈ RI1×···×In−1×J1×···×Jm−1, where

Z̄ = X̄ ×[[m:M ]]
[[n:N ]] Ȳ

of order (n+m− 2), with entries
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Z̄(i1, . . . , in−1, j1, . . . , jm−1)
=
∑︂
i∈I
X̄ (i1, . . . , in−1, in, . . . , iN)

× Ȳ(j1, . . . , jm−1, in, . . . , iN) (3.26)

where N ≜ [[n : N ]] denotes the range of contracted modes, i ≜ (in)n∈N =
(in, . . . , iN ) refers to their corresponding indices, and I ≜

∏︁
n∈N [In]. The sum

ranges over all i ∈ I and contracts N − n+ 1 paired modes (from n to N),
resulting in an order-(n+m− 2) tensor Z̄.

Our next step is to formulate the problem in tensor and matrix forms,
which allows us to proceed to obtain the results accordingly.

3.4 Problem Formulation in Tensor Form
In the (K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]) framework, the desired functions in (3.4)
are fully represented by a tensor F̄ ∈ RK×P1×...×PL of all function coefficients
{ck,p} across all the users, which is an order-(L+ 1) tensor, i.e., a multi-way
array with L + 1 modes. With F̄ in place, we must decide on the compu-
tation assignment (encoding) and the communication protocol (decoding).
For the error-free case, from [151], this task is equivalent — directly from
(3.11),(3.12)— to solving a sparse tensor factorization problem subject to
the sparsity constraints Γ,∆, and {Λℓ}L

ℓ=1, as specified in (3.6), (3.13), and
(3.10), respectively. This problem takes the form

F̄ = Ē ×1 D (3.27)

where Ē ∈ RN×P1×...×PL is the computing tensor, capturing the non-linear
encoding tasks of servers that holds the coefficients en,p from (3.11), D ∈
RK×N is the communication matrix derived from the decoding coefficients
dk,n in (3.12), capturing the communication and linear decoding task done
by each user, and finally, the operation ×1 denotes the mode-1 product6 of Ē
and D and is comprised of three consecutive operations:

Ē → Ē(1) , F̄(1) = DĒ(1) , F̄(1) → F̄ (3.28)

where the matrix Ē(1) ∈ RN×P1P2...PL represents the mode-1 unfolding of the
encoding tensor Ē ∈ RN×P1×...×PL .

6The mode-n product is defined similarly to (3.28) with respect to the mode-n unfolding
of the tensor (cf. Definition 9 in Section 3.3).
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To motivate the underlying idea behind the tensor construction, we next
form tensors of desired function outputs, transmissions, and retrieved function
outputs, as detailed below.

a) Desired Function Outputs in Vector Form.
We exploit the representation in (3.4), and consider the following vector
of desired function outputs

f ≜ [F1, F2, . . . , FK ]⊺ ∈ RK (3.29)

and for all p ∈ ∏︁ℓ∈[L][Pℓ], the tensor of basis coefficients

F̄k(p) ≜ ck,p , F̄k ∈ RP1×P2×...×PL , k ∈ [K] (3.30)

as well as the tensor of multiplicative terms of {Wℓ}ℓ∈[L]

W̄(p) ≜
∏︂

ℓ∈[L] W
pℓ−1
ℓ , W̄ ∈ RP1×P2×...×PL . (3.31)

Next, using (3.29)-(3.31) leads us to the vector of function outputs

f = stack1(F̄1, . . . , F̄K)×[[1:L]]
[[2:L+1]] W̄ (3.32)

where stack1(F̄1, . . . , F̄K) forms an order-(L + 1) tensor F̄ ∈
RK×P1×...×PL composed by stacking the K tensors {F̄k}k∈[K] (each of
order L) along a new first mode. In the above, the operation ×[[1:L]]

[[2:L+1]]
simply generalizes the tensor contraction product7 (cf. [151]) by cap-
turing an ordered set of common modes between two given tensors
F̄ ∈ RK×P1×P2···×PL and W̄ ∈ RP1×P2···×PL . This generalized tensor con-
traction product yields a lower order tensor. Particularly, the ×[[1:L]]

[[2:L+1]]-
contraction product of F̄ and W̄ is obtained by contracting modes
[[2 : L + 1]] in F̄ and [[1 : L]] in W̄, corresponding to the indices
p ∈ ∏︁ℓ∈[L][Pℓ], yielding an order-1 tensor (i.e., a vector) f ∈ RK with
entries

Fk =
∑︂

p∈
∏︁

ℓ∈[L][Pℓ]
F̄(k,p) W̄(p) , k ∈ [K] . (3.33)

b) Transmissions in Vector Form.
7Tensor contraction product operation extends matrix multiplication to higher-order

tensors by summing over shared modes.
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In the communication phase, similarly to above, from (3.11), the trans-
mission from server n takes the following form zn = Ēn ×[[1:L]]

[[1:L]] W̄ ∈ R,
thus yielding the overall transmission vector

z ≜ [z1, z2, . . . , zN ] = Ē ×[[1:L]]
[[2:L+1]] W̄ , z ∈ RN (3.34)

where for all p ∈ ∏︁ℓ∈[L][Pℓ], the encoding coefficients en,p from (3.11)
satisfy

Ēn(p) ≜ en,p, Ēn ∈ RP1×P2×...×PL . (3.35)

c) Retrieved Function Outputs in Vector Form.
In the decoding phase, from (3.12), each retrieved function output takes
the form F ′

k = d⊺
kz ∈ R, thus resulting in the vector of all outputs

taking the form

f ′ ≜ [F ′
1, F

′
2, . . . , F

′
K ] = [d1,d2, . . . ,dK ]⊺z ∈ RK (3.36)

where the decoding coefficients dk,n from (3.12) satisfy

dk ≜ [dk,1, dk,2, . . . , dk,N ]⊺ ∈ RN , k ∈ [K] . (3.37)

The tensors of basis coefficients in (3.30), the tensors of encoding
coefficients (3.35), and the vector of decoding coefficients in (3.37) allow
us to form the respective tensors

F̄ ≜ stack1(F̄1, . . . , F̄K) ∈ RK×P1×P2×...×PL , (3.38)
Ē ≜ stack1(Ē1, . . . , ĒN) ∈ RN×P1×P2×...×PL , (3.39)
D ≜ [d1, . . . ,dK ]⊺ ∈ RK×N . (3.40)

We are now ready to establish the connection between the tensor forms
in (3.38), (3.39), and (3.40) and the tensor factorization problem. We note
that employing the definitions of f and f ′ from (3.32) and (3.36), respectively,
and setting the recovery error to zero, i.e., ∥f ′− f∥2 = 0, we see that resolving
our distributed computing problem requires that F̄ be decomposed as (3.27).

In terms of the corresponding connection to the sparsity of D and Ē , we
recall from (3.6), our metric Γ, which directly from (3.35) and (3.39), implies
the computation constraint as

max
n∈[N ]

∑︂
ℓ∈[L]

⃓⃓⃓⃓
1

(︃
supp

(︂
Ē(n, :, . . . , :⏞ ⏟⏟ ⏞

ℓ−1 terms

, pℓ, :, . . . , :⏞ ⏟⏟ ⏞
L−ℓ terms

)
)︂
̸= ∅

)︃⃓⃓⃓⃓
≤ Γ , pℓ ∈ [2 : Pℓ]
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Figure 3.2: Corresponding to Example 3, the distributed computing system
is illustrated for a set of system parameters, including computation cost

Γ = 2, communication cost ∆ = 2, and multiplication costs Λ1 = Λ2 = 2 for
distributed computation of multivariate polynomial demands with the

maximum degree ranges P1 = P2 = 4.

Furthermore, from (3.13), we recall ∆, which from (3.37) and (3.40),
implies a communication constraint

max
n∈[N ]

⃓⃓⃓
supp

(︂
D(:, n)

)︂⃓⃓⃓
≤ ∆ .

Finally, from (3.10), we recall Λℓ, which from (3.35) and (3.39), suggests,
for all ℓ ∈ [L] , pℓ ∈ [Pℓ], the multiplication constraints

∥Ē(n, p1, p2, . . . , pℓ−1, :, pℓ+1, . . . , pL)∥0 ≤ Λℓ .

We next explain in detail a full example, motivating the proposed tensor
factorization approach by the exact recovery of the user demands.
Example 3. Let us consider the system model depicted in Figure 3.2, where
we have N = 12 servers, K = 4 users, L = 2 basis subfunctions whose
maximum range of degrees are specified by P1 = P2 = 4. Let us assume each
server is able to compute up to Γ = 2 basis subfunctions, Λ1 = Λ2 = 2 number
of multiplications, and transmit to up to ∆ = 2 users in one shot T = 1.

Consider that in the demand phase, each user requests to compute a linear
combination of the multiplicative terms of output files in W = (W1,W2),
corresponding to

F1(W) = 2W1 + 4W2 + 2W1W2 + 2W 3
1W2 +W 3

1W
2
2 ,
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F2(W) = 2W1W2 +W1 +W2 + 2W 2
1W

2
2 + 5W 2

1W
3
2 +W 3

1W
3
2 ,

F3(W) = 2W1W2 + 4W1W
2
2 + 6W 2

1W
2
2 + 5W 3

1 ,

F4(W) = 3W1W2 + 2W1W
2
2 + 5W 3

1W
3
2 (3.41)

where each user demand can be captured by the Frobenius inner product of
two matrices Fk and M as

Fk(W) = ⟨Fk,M⟩F =
∑︂

p1∈[P1]

∑︂
p2∈[P2]

Fk(p2, p1) M(p2, p1), k ∈ [4] ,

where

M(W) =

⎡⎢⎢⎢⎣
1 W1 W 2

1 W 3
1

W2 W1W2 W 2
1W2 W 3

1W2
W 2

2 W1W
2
2 W 2

1W
2
2 W 3

1W
2
2

W 3
2 W1W

3
2 W 2

1W
3
2 W 3

1W
3
2

⎤⎥⎥⎥⎦ , M ∈ RP2×P1

captures the computational tasks, whose elements are the multiplicative terms
of the output files W1 and W2. Furthermore, the coefficients in (3.41) are
described in matrix form as

F1 =

⎡⎢⎢⎢⎣
0 2 0 0
4 2 0 2
0 0 0 1
0 0 0 0

⎤⎥⎥⎥⎦ , F2 =

⎡⎢⎢⎢⎣
0 1 0 0
1 2 0 0
0 0 2 0
0 0 5 1

⎤⎥⎥⎥⎦ ,

F3 =

⎡⎢⎢⎢⎣
0 0 0 5
0 2 0 0
0 4 6 0
0 0 0 0

⎤⎥⎥⎥⎦ , F4 =

⎡⎢⎢⎢⎣
0 0 0 0
0 3 0 0
0 2 0 0
0 0 0 5

⎤⎥⎥⎥⎦
where Fk = F̄(k, :, :) ∈ RP2×P1 is indeed a subtensor (here matrix) of the
entire demand tensor F̄ ∈ RK×P2×P1, which captures all coefficients in all
users’ demands in (3.41) with the first and second dimension reflecting W2
and W1, respectively, as illustrated in Figure 3.3.

In the computation phase, the coordinator allocates the set of basis sub-
functions Sn to server n = 1, . . . , 12, determined as

S1 = {1}, S2 = {2}, S10 = {1}, S[3:13]\{10} = {1, 2}

along with the set Pn of index tuples p = (p1, p2) corresponding to the multi-
plicative terms W p1−1

1 W p2−1
2 to be computed by server n = 1, . . . , 12, which is

described as

P1 = {(2, 1)}, P2 = {(1, 2)}, P3 = P4 = {(2, 2)}, P5 = {(4, 2)}, P6 = {(4, 3)},
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Figure 3.3: Corresponding to Example 3, the tensor F̄ forming all user
demands is illustrated here.

P7 = {(3, 3), (3, 4), (4, 4)}, P8 = {(2, 3)}, P9 = {(3, 3)}, P10 = {(4, 1)},
P11 = {(2, 3)}, P12 = {(4, 4)} .

Next, the coordinator node asks server n = 1, . . . , 12 to compute zn ac-
cording to

z1 = 2W1 , z2 = 4W2 , z3 = W1W2 , z4 = W1W2 , z5 = 2W 3
1W2 ,

z6 = W 3
1W

2
2 , z7 = 2W 2

1W
2
2 + 5W 2

1W
3
2 +W 3

1W
3
2 , z8 = 4W1W

2
2 ,

z9 = 6W 2
1W

2
2 , z10 = 5W 3

1 , z11 = 2W1W
2
2 , z12 = 5W 3

1W
3
2

where
zn = ⟨En,M⟩F

is the computational output that server n evaluates, and the encoding coeffi-
cients above are described in the matrix form with the non-zero entries

E1(1, 2) = 2 , E2(2, 1) = 4 , E3(2, 2) = 1 , E4(2, 2) = 1 , E5(2, 4) = 2 ,
E6(3, 4) = 1 , E7(3, 3) = 2 , E7(4, 3) = 5 , E7(4, 4) = 1 , E8(3, 2) = 4 ,
E9(3, 3) = 6 , E10(1, 4) = 5 , E11(3, 2) = 2 , E12(4, 4) = 5

where En = Ē(n, :, :) ∈ RP2×P1 denotes the encoding subtensor (here matrix) of
the entire encoding tensor Ē , which captures the assignment of computational
tasks to all the servers n = 1, . . . , 12, and En(p2, p1) demonstrates the (p2, p1)-
th entry of the encoding matrix En, where p2 ∈ [P2], p1 ∈ [P1].
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In the communication phase, the coordinator requests server n to send zn

to the users in Tn, where T1 = {1}, T2 = {1}, T3 = {1, 2}, T4 = {3, 4}, T5 =
{1}, T6 = {2}, T7 = {2}, T8 = {2}, T9 = {3}, T10 = {3}, T11 = {4}, T12 = {4}.

Each user is then going to decode by linearly combining zn’s according to

F ′
1 =z1 + z2 + 2z3 + z5 + z6 , F ′

2 = 1/2z1 + 1/4z2 + 2z3 + z7 ,

F ′
3 =2z4 + z8 + z9 + z10 , F ′

4 = 3z4 + z11 + z12 .

To decode, each user k = 1, 2, 3, 4 utilises a linear decoding algorithm
according to the elements on the k-th row of the decoding matrix D, where

D ≜

⎡⎢⎢⎢⎣
1 1 2 0 1 1 0 0 0 0 0 0

1/2 1/4 2 0 0 0 1 0 0 0 0 0
0 0 0 2 0 0 0 1 1 1 0 0
0 0 0 3 0 0 0 0 0 0 1 1

⎤⎥⎥⎥⎦ .

It can be easily verified that Fk = F ′
k, k = 1, 2, 3, 4, confirming the lossless

reconstruction of the demands of all users.

As illustrated above, the design of the task assignment sets Sn, Pn to
the servers, which governs the sparsity of encoding tensor Ē , and the design
of connectivity sets Tn, which governs the sparsity of decoding matrix D is
central to the proposed distributed computing framework. Our goal is to
guarantee lossless recovery of all user demands under sparsity constraints
while requiring significantly fewer servers than existing solutions [105].

Before proceeding with the achievable scheme construction, we provide
a brief review of the fundamental concepts related to SVD decompositions
for high-dimensional data, which will be useful for the proofs of Theorems 3
and 4, presented in Section 3.6.1 and Section 3.6.2, respectively.

3.5 A Primer on Multilinear SVD
To prove our main results (cf. Theorems 3 and 4), we need the notion of
multilinear SVDs. The multilinear SVD (MLSVD) extends the concept of the
matrix SVD into the multilinear domain [151]. This decomposition provides
a powerful tool for analyzing tensors and obtaining low-rank multilinear
approximations.

For matrices, the SVD is well-known and expressed as

M = UΣV⊺ (3.42)
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where M ∈ RJ1×J2 is an arbitrary real-valued matrix, Σ ∈ RI1×I2 is a diagonal
matrix with the entries σ1 ≥ σ2 ≥ . . . ≥ σmin(I1,I2) ≥ 0 in descending order,
and U ∈ RJ1×I1 and V ∈ RJ2×I2 are orthogonal matrices.

Using mode-n tensor-matrix products, we have:

M = Σ×1 U×2 V⊺ . (3.43)

The MLSVD generalizes this decomposition to higher-order tensors. In
the literature, e.g., [151], it is also referred to as the higher-order SVD or
Tucker decomposition, though “Tucker decomposition" has evolved into a
broader term. The MLSVD of a N -th order tensor is represented as

T̄ = S̄ ×1 U(1) ×2 U(2) . . .×N U(N) (3.44)

where T̄ ∈ RJ1×J2×...×JN , S̄ ∈ RI1×I2×...×IN , and U(n) ∈ RJn×In , n ∈ [N ].
Similar to the matrix case, where U and V serve as orthonormal bases for
the column and row spaces, the MLSVD computes N orthonormal mode
matrices U(n) ∈ RIn×Jn , n ∈ [N ], each spanning the subspace of mode-n
vectors. These mode matrices are directly analogous to the singular vector
bases in the matrix SVD. Concretely, the MLSVD unfolds the tensor along
each mode, applies the matrix SVD to the resulting unfolding, and collects the
mode-n singular vectors to form the factor matrices, yielding an orthogonal
decomposition of the tensor into a core tensor and its mode matrices. The
subtensors S̄in=α of S̄ are obtained by fixing the n-th index to α with the
following properties:

• All-orthogonality 8: Subtensors S̄in=α and S̄in=β are orthogonal for all
possible n, α, β if

⟨S̄in=α, S̄in=β⟩ = 0 when α ̸= β (3.45)

where the scalar product of two tensors T̄ , S̄ ∈ RI1×...×IN is defined as

⟨T̄ , S̄⟩ ≜
∑︂
i1

. . .
∑︂
iN

ti1...iN
si1...iN

(3.46)

where t and s represent the elements of tensors T̄ and S̄, respectively.

• Ordering:

σ
(n)
1 ≥ σ

(n)
2 ≥ . . . ≥ σ

(n)
In
≥ 0 (3.47)

8Arrays with a scalar product of zero are considered orthogonal.
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where symbols σ(n)
i represent the n-mode singular values of S̄, and are

equal to the Frobenius-norms ∥S̄in=i∥, i ∈ [In], where the Frobenius-
norm of tensor T̄ is described by

∥T̄ ∥ ≜ ⟨T̄ , T̄ ⟩ . (3.48)

The mode-n rank (or n-rank) of a tensor is defined using the matrix-based
methods. Specifically, it is the rank of the mode-n unfolding of the tensor, i.e.,
the dimension of the subspace spanned by its mode-n vectors. The mode-n
vectors of T̄ are precisely the column vectors of its mode-n matrix unfolding
T̄(n). We thus have:

rankn(T̄ ) = rank(T̄(n)) . (3.49)

We proceed to present the main results in the next section.

3.6 Main Results
In this section, we present the main findings of this chapter, which are
summarized as follows.

First in Section 3.6.1, we devise a sparse tensor factorization scheme for the
proposed lossless (K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]) distributed computing setting,
by upper bounding the required number of servers N , which is the common
dimension between Ē , D, directly impacting our sparse tensor factorization
approach (cf. Theorem 3). We then examine Theorem 3 numerically to
illustrate the intuition and the performance of the proposed scheme (cf.
Example 4). Next, we compare the proposed sparse tensor factorization
approach with the sparse matrix factorization scheme of [105] in terms of the
total computation cost (cf. Proposition 1).

We then present a tighter achievable rate result in Section 3.6.2 by leverag-
ing a combinatorial reduction algorithm (cf. Algorithm 1 in Theorem 4). Next,
we give a numerical elaboration and illustration of the proposed Algorithm 1
(cf. Example 5). Finally, we conclude this section by analyzing the complexity
of the proposed Algorithm 1 (cf. Remark 5). All the results hold without
any restriction on the dimensions, provided that each subtensor of F̄ has full
rank, a condition that is easily justified in our real-valued function settings.

3.6.1 Achievable System Rate
We now characterize the achievable system rate for lossless distributed com-
putation in a

(︂
K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
distributed system. We focus on
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the homogeneous setting in which

Pℓ = P and Λℓ = Λ, ∀ ℓ ∈ [L],

and assume the divisibility conditions

∆ | K and Λ | P.

These assumptions simplify the construction by allowing the users and expo-
nent indices to be partitioned into groups of equal size.

Before presenting the achievable scheme, we clarify how a bound on the
required number of servers translates into an achievable rate result. Let

N⋆ ≜ min

⎧⎪⎨⎪⎩N :
there exists a lossless distributed computing scheme
satisfying the prescribed computation, communication,
and multiplication constraints

⎫⎪⎬⎪⎭
denote the minimum number of servers required by the system. Since the
system rate is defined as

R = K

N
,

the largest achievable rate is

R⋆ = K

N⋆
.

Suppose that a particular construction achieves lossless recovery using Nach
servers. This establishes the upper bound

N⋆ ≤ Nach.

Because K/N is decreasing in N , it follows that

R⋆ = K

N⋆
≥ K

Nach
.

Therefore, an upper bound on the minimum required number of servers yields
a lower bound on the maximum achievable system rate. Equivalently, the
rate

Rach ≜
K

Nach

is achievable through the proposed construction. The following result specifies
such a construction and the corresponding achievable rate.
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Theorem 3 (Achievable number of servers and system rate). Consider the
lossless

(︂
K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
distributed computing system under

Pℓ = P and Λℓ = Λ, ∀ ℓ ∈ [L],
with ∆ | K and Λ | P . There exists a lossless distributed computing scheme
using Nach servers, where

N⋆ ≤ Nach ≜
K

∆

(︄
L

Γ

)︄
min

{︂
∆,ΛΓ

}︂(︃P
Λ

)︃Γ
. (3.50)

Consequently, the corresponding rate

Rach ≜
K

Nach
(3.51)

is achievable. Therefore, the maximum achievable system rate R⋆ satisfies

R⋆ ≥ Rach = K

Nach

= ∆(︄
L

Γ

)︄
min

{︂
∆,ΛΓ

}︂(︃P
Λ

)︃Γ . (3.52)

Proof. This proof has two parts. We first, in Part I, define the n-th rank-one
contribution support, representative rank-one support, or tile, along with
their related parameters. These tiles represent equivalence classes of rank-one
contribution supports, which show how any support constraint on D and Ē
contributes to the supports on Ē ×1 D. The correspondence above is shown
via Lemma 3.

Then in Part II, to design the decoding matrix D and encoding tensor Ē
for lossless reconstruction of the demand tensor F̄ , the following steps are
involved.

1. Designing the sizes of the tiles for the product tensor F̄ = Ē ×1 D.

2. Creating and filling the non-zero elements of the tiles in the product
tensor F̄ .

3. Placing the filled tiles in D and in Ē , accordingly.

4. The number of servers required is obtained by associating the rank of
each tile with the servers and then summing the ranks over all tiles 9.

9Quickly recall that for a (L + 1)- dimensional tensor Ē , then Ē(n, :, . . . , :) represents
a L dimensional subtensor and D(:, n) for a matrix D is its n-th column, and Supp(D)
(Supp(Ē)) is a binary matrix (tensor), indicating the support of D (Ē). Also, when we refer
to a support constraint, this will be in the form of a binary matrix (tensor) that indicates
the support (the position of the allowed non-zero elements) of a matrix (tensor) of interest.
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Throughout the proof, the design borrows concepts and definitions from
tensor theory in Section 3.3, and the blockwise SVD approach of [150],
generalized to the multilinear scenario in [151] by utilizing tensors, as detailed
in Section 3.5.

We now proceed with Part I of the proof for Theorem 3.
Part I (Basic Concepts and Definitions). We here present the basic

concepts and preliminaries of our proposed scheme. We first introduce the
concept of rank-one contribution support, which is essential in our tile design
procedure by capturing the constitutive components of each tile.
Definition 15. Given two support constraints I ∈ {0, 1}K×N and J̄ ∈
{0, 1}N×P1×P2×...×PL, then for any n ∈ [N ], we refer to

S̄n(I, J̄ ) ≜ J̄ (n, :, . . . , :)×1 I(:, n) (3.53)
as the n-th rank-one contribution support.

We note that when the supports are implied, we may shorten S̄n(I, J̄ ) to
just S̄n. The aforementioned I and J̄ will generally represent the support
of D and Ē respectively, while S̄n(I, J̄ ) will generally capture some of the
support of Ē ×1 D and thus of F̄ . We have the following lemma for this.
Lemma 3. For I ≜ supp(D) and J̄ ≜ supp(Ē), then

∪N
n=1S̄n(I, J̄ ) = ∪N

n=1J̄ (n, :, . . . , :)×1 I(:, n)
⊇ Supp(Ē ×1 D) . (3.54)

Proof of Lemma 3 . The above follows from Definition 15 and

Ē ×1 D =
N∑︂

n=1
Ē(n, :, . . . , :)×1 D(:, n) .

We continue with the proof of Theorem 3 by introducing the concept
of equivalence classes of rank-one supports, which we will utilize later for
enumerating the number of required servers.
Definition 16. Given two supports I ∈ {0, 1}K×N and J̄ ∈ {0, 1}N×P1×P2×...×PL,
the equivalence classes of rank-one supports are defined by the equivalence
relation i ∼ j on [N ], which holds if and only if S̄i = S̄j, as represented in
Figure 3.4.

The above splits the columns of D (and correspondingly the rows of Ē)
into equivalence classes such that i ∼ j holds if and only if

J̄ (i, :, . . . , :)×1 I(:, i) = J̄ (j, :, . . . , :)×1 I(:, j) .
We next introduce a basic assumption on D and Ē , termed the disjoint

support assumption, which will be used to derive the result of Theorem 3.
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Definition 17. (Disjoint Support Assumption.) We say that the matrix D ∈
RK×N and the tensor Ē ∈ RN×P1×...×PL accept the disjoint support assumption
if and only if for any distinct pair of columns D(:, i),D(:, i′), i, i′ ∈ [N ] of
D and the respective two subtensors Ē(i, :, . . . , :⏞ ⏟⏟ ⏞

L terms

), Ē(i′, :, . . . , :⏞ ⏟⏟ ⏞
L terms

) of Ē, then

either we have supp(Ē(i, :, . . . , :) ×1 D(:, i)) = supp(Ē(i′, :, . . . , :) ×1 D(:, i′))
or supp(Ē(i, :, . . . , :)×1 D(:, i)) ∩ supp(Ē(i′, :, . . . , :)×1 D(:, i′)) = ∅.

Next, we describe the high-dimensional tiles and their corresponding
component columns and rows, which are essential in our tensor factorization
procedure.

Definition 18. For two supports I ∈ {0, 1}K×N , J̄ ∈ {0, 1}N×P1×P2×...×PL,
and for C being the collection of equivalence classes as in Definition 16, then
for each class P ∈ C, we call S̄P to be the representative rank-one support
of class P, which will also be called the tile labeled10 by P. Furthermore, for
each tile S̄P , let cP ≜ I(:, n), n ∈ P (resp. rP ≜ J̄ (n, :, . . . , :), n ∈ P) be the
corresponding component column (resp. component row) of the representative
rank-one support. Finally, CP ≜ supp(cP) ⊂ [K] describes the set of the
indices of the non-zero elements in cP , while RP ≜ supp(rP) ⊂ ∏︁

ℓ∈[L][Pℓ]
describes the set of indices of the non-zero elements in rP . This is illustrated
in Figure 3.5.

We then indicate how each equivalence class of tiles covers the product
tensor, composed of the union of the representative rank-one supports.

Definition 19. For every set C ′ ⊆ C of equivalence class, let us define the
union of the representative rank-one supports

SC′ ≜
⋃︂

P∈C′
S̄P (3.55)

to be the point-wise logical OR of the corresponding S̄P .

In the above definition (cf. (3.55)), SC′ is simply the area of the product
tensor covered by all the tiles P ∈ C ′.

We conclude Part I by introducing the maximum rank of a representative
rank-one support of an equivalence class C, which will be used to determine
the number of servers and derive the upper bound in the proof of Theorem 3.

10Note that S̄n = S̄P for any n ∈ P . Furthermore, the term tile will be used interchange-
ably to represent both S̄P and P.
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Figure 3.4: The figure on the left illustrates the support constraints I and
J̄ on D and Ē respectively. The constraints I(:, 1) and J̄ (1, :, :) on the
columns and rows of D and Ē respectively are colored green, I(:, 2) and
J̄ (2, :, :) are colored cyan and I(:, 3) and J̄ (3, :, :) are colored red. The

product of a column with a row of the same color yields the corresponding
rank-one contribution support S̄n(I, J̄ ), n = 1, 2, 3, as described in

Definition 15, and as illustrated on the right side of the figure.

Figure 3.5: This figure illustrates three different rank-one contribution
supports S̄1, S̄2, S̄3, where the first two fall into the same equivalence class

S̄P1 = S̄1 = S̄2, while S̄P2 = S̄3.

Definition 20 ([150]). The maximum rank of a representative rank-one
support of class P ∈ C is obtained as

rP ≜ min(|CP |, |RP |) . (3.56)

The above simply says that for the case of I = supp(D) and J̄ = supp(Ē),
then the part of tensor Ē ×1 D covered by tile S̄P can have rank which is at
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most rP .
With the above in place, we proceed with Part II of the proof of Theorem 3

to describe the method used to design the matrix D and the tensor Ē for our
sparse tensor factorization F̄ = Ē ×1 D.

Part II (Construction of D, Ē). We next detail the four-step procedure
for deriving the decoding matrix D and the encoding tensor Ē .

a) Step 1: Designing the sizes of the tiles for the K ×P1× . . .×PL

product tensor Ē ×1 D.
The family of all tiles is initially specified by the set of equivalence
classes C (cf. Definition 16), defined as

C ≜
{︃
Pi,j,r ⊆ [K]× [P1]× · · · × [PL]

}︃
(3.57)

where Pi,j,r ≜ CPi,j,r
×RPi,j,r

represents a high-dimensional tile, which
is initially indexed by (i, j, r) and identified by CPi,j,r

,RPi,j,r
, where

CPi,j,r
≜

[︂
1 + (i− 1)∆ : min(i∆, K)

]︂
⊆ [K] , i ∈

[︃⌈︃
K
∆

⌉︃]︃
(3.58)

represents the indices of the corresponding columns of I (cf. Defini-
tion 18), j ≜ (j1, . . . , jL) with each jℓ indexing the ℓth basis subfunction
in tensor F̄ , and

RPi,j,r
≜

∏︂
ℓ∈[L]

[1] ∪
(︃
1(ℓ ∈ Qr)× [1 + (jℓ − 1)Λℓ : min(jℓΛℓ, Pℓ)]

)︃

⊆ [P1]× · · · × [PL] , ∀jℓ ∈
[︃⌈︃

Pℓ

Λℓ

⌉︃]︃
, r ∈

[︃(︄
L

Γ

)︄]︃
(3.59)

demonstrates the set of indices of the corresponding rows of J̄ (cf.
Definition 18), wherein Qr ≜ {ℓ1, . . . , ℓΓ} ⊆ [L] denotes a choice of Γ
active coordinates among all L dimensions, i.e., Γ basis subfunctions
with the exponent terms {pℓ − 1 > 0}ℓ∈Qr .
The set of equivalence classes C in (3.57), depending on the dimensions
of F̄ , include the equivalence classes Cs, s ∈ [4], which follow from
Definition 16 for all possible scenarios where ∆ | K, Λℓ | Pℓ, ∆ ∤ K,
and Λℓ ∤ Pℓ. We note that for the cases ∆ | K and Λℓ | Pℓ, we divide
each (Γ + 1)-dimensional space corresponding to each Qr, r ∈ [

(︂
L
Γ

)︂
] to

K
∆ ×

∏︁
ℓ∈Qr

Pℓ

Λℓ
tiles each with dimensions ∆× Λℓ1 × . . .× ΛℓΓ . A similar
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procedure holds for the residual space for the general cases ∆ ∤ K and
Λℓ ∤ Pℓ.
The number of representative rank-one supports for tiles P in each
equivalence class is thus

|C1| = ⌊
K

∆ ⌋
(L

Γ)∑︂
r=1

∏︂
ℓ∈Qr

⌊Pℓ

Λℓ

⌋ , |C2| =
(L

Γ)∑︂
r=1

∏︂
ℓ∈Qr

⌊Pℓ

Λℓ

⌋ ,

|C3| = ⌊
K

∆ ⌋
(L

Γ)∑︂
r=1

∏︂
ℓ∈Qr: Λℓ|Pℓ

⌊Pℓ

Λℓ

⌋ ×
∏︂

ℓ′∈Qr: Λℓ′ ∤Pℓ′

⌈Pℓ′

Λℓ′
⌉ ,

|C4| =
(L

Γ)∑︂
r=1

∏︂
ℓ∈Qr: Λℓ|Pℓ

⌊Pℓ

Λℓ

⌋ ×
∏︂

ℓ′∈Qr: Λℓ′ ∤Pℓ′

⌈Pℓ′

Λℓ′
⌉ . (3.60)

The above information will be essential in enumerating our equivalence
classes and associating each such class with a collection of servers.
The next step is to fill the tiles in the product tensor, using the consti-
tutive component columns and rows, as follows.

b) Step 2: Filling tiles in Ē ×1 D as a function of F̄ .
Recall that we have a tile S̄P(RP , CP) corresponding to the non-zero
elements of S̄P . This tile is “empty” in the sense that all non-zero
entries of S̄P are equal to 1.
To avoid assigning any entry of F̄ to more than one tile, we fix a strict
total ascending order ≺ on the tiles {P}, e.g., lexicographic on (i, j,Qr),
and maintain a binary mask M̄ (same size as F̄), initialized to zero.
We process tiles in the order ≺, and for each tile P , we zero–force the
previously owned positions as

S̄◦
P ≜ S̄P ⊙ (1̄− M̄) (3.61)

where 1̄ denotes an all-ones tensor of appropriate dimensions.
Consequently, all entries already assigned by earlier tiles are set to zero.
If S̄◦

P = 0̄, with 0̄ denoting an all-zeros tensor of appropriate dimensions,
we skip P . Otherwise, we define the induced index sets

C◦
P ≜{k : ∃p s.t. (k,p)∈Supp(S̄◦

P)} , ∀p ∈
∏︂

ℓ∈[L]
[Pℓ] ,

R◦
P ≜{p : ∃ k s.t. (k,p)∈Supp(S̄◦

P)} , ∀k ∈ [K] (3.62)
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to form the cropped subtensor, factorized as
ˆ︁FP ≜

(︂
F̄ ⊙ S̄◦

P

)︂(︂
R◦

P , C◦
P

)︂
. (3.63)

To decompose the high-dimensional tiles in this problem, we consider
the multilinear SVD (MLSVD) approach, detailed in Section 3.5, which
is based on the matrix SVD on mode-1 unfolding of Γ-dimensional tiles
S̄P , denoted as S̄P(1) . We then use the rank properties of the matrix
unfolding of a tensor, where we have the rank budget

r◦
P = rank(S̄◦

P) = rank(S̄◦
P(1)

) = min
(︂
|C◦

P |, |R◦
P |
)︂
. (3.64)

The maximum rank of each representative rank-one support for such
tiles, i.e., of each tile P of Ē ×1 D, from (3.56) and Definition 20,
therefore takes the form

r◦
P =

⎧⎨⎩min
(︂
∆, |R◦

P |
)︂
, P ∈ C1

⋃︁ C3 ,

min
(︂
mod(K,∆), |R◦

P |
)︂
, P ∈ C2

⋃︁ C4
(3.65)

where

|R◦
P | =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∏︁

ℓ∈Qr

Λℓ , P ∈ C1
⋃︁ C2 ,∏︁

ℓ∈Qr:
Λℓ|Pℓ

Λℓ
∏︁

ℓ′∈Qr:
Λℓ′ ∤Pℓ′

mod(Pℓ′ ,Λℓ′) , P ∈ C3
⋃︁ C4 . (3.66)

We then compute the MLSVD of ˆ︁FP as
ˆ︁FP = R̄P ×1 LP (3.67)

with LP ∈ R|C◦
P |×r◦

P and R̄P ∈ Rr◦
P ×|R◦

P (1)|×···×|R◦
P (L)|. The columns of D

reserved for tile P (one column per rank-1 component) are filled with LP
on the rows indexed by C◦

P and zeros elsewhere. The matching frontal
slices of Ē are filled with R◦

P on the indices RP and zeros elsewhere.
Finally, we update the mask by

M̄ ← M̄ ∨ Supp(S̄◦
P) . (3.68)

By construction, the owned supports {Supp(S̄◦
P)}P are pairwise dis-

joint, hence no entry of F̄ is assigned twice. Therefore, the later tiles
automatically see zeros on intersections.
In the third step, we create and fill the non-zero tiles in the decoding
matrix D and the encoding tensor Ē , as follows.
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c) Step 3: Creating and filling the non-zero tiles in D and Ē .
This step starts with MLSVD (as described in Section 3.5) of the cropped
tile F̄P , where this decomposition takes the form

F̄P = ĒP ×1 DP (3.69)

where DP ∈ R|C◦
P |×r◦

P and ĒP ∈ Rr◦
P ×|R◦

P |. In particular, F̄P ,DP , and
ĒP are associated to T̄ , U(1), and S̄ in all complete SVD decomposition
of (3.44). Naturally, rank(F̄P) ≤ r◦

P .
Let

4⋃︂
i=1
Ci ≜ {P1,P2, . . . ,Pm}, m ∈ N (3.70)

describe the enumeration we give to each tile. Then, the position that
each cropped tile takes inside D, is given by

C◦
Pj
,
[︃ j−1∑︂

i=1
r◦

Pi
+ 1 :

j∑︂
i=1

r◦
Pi

]︃
, ∀Pj ∈

4⋃︂
s=1
Cs (3.71)

and the position of each cropped tile in Ē is given by[︃ j−1∑︂
i=1

r◦
Pi

+ 1 :
j∑︂

i=1
r◦

Pi

]︃
, R◦

Pj
, ∀Pj ∈

4⋃︂
s=1
Cs . (3.72)

In particular, these yield

D

⎛⎝C◦
Pj
,
[︃ j−1∑︂

i=1
r◦

Pi
+ 1,

j∑︂
i=1

r◦
Pi

]︃⎞⎠ = DPj
(3.73)

and

Ē

⎛⎝[︃ j−1∑︂
i=1

r◦
Pi

+ 1,
j∑︂

i=1
r◦

Pi

]︃
,R◦

Pj

⎞⎠ = ĒPj
(3.74)

while naturally the remaining non-assigned elements of D and Ē are
zero.
We are now ready to upper bound N .

d) Step 4: An upper bound to the number of servers.
We now proceed to bound the number of rank-one contribution supports
(corresponding to the number of servers), and we do so under our
previously stated assumption of disjoint supports (cf. Definition 17),
which is equivalent to the disjoint-tiles assumption via the following
lemma.
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Lemma 4. For matrix D and tensor Ē, the representative supports
{S̄Pi
}m

i=1 of Ē ×1 D are disjoint (i.e., S̄Pi
∩ S̄Pj

= 0̄, j ̸= i) if and only
if D and Ē accept the disjoint support assumption.

Proof of Lemma 4 .
• Disjoint support assumption =⇒ disjoint representative supports:

Assume that D ∈ RK×N and Ē ∈ RN×P1×...×PL satisfy the disjoint
support assumption of Definition 17. Then, for any i, i′ ∈ [N ],
either the supports coincide, i.e.,

supp(D(:, i)) = supp(D(:, i′)) and
supp(Ē(i, :, . . . , :)) = supp(Ē(i′, :, . . . , :))

or they are disjoint. Consider now the induced supports of the
mode-1 product Ē ×1 D. By construction, either

supp(Ē(i, :, . . . , :)×1 D(:, i)) = supp(Ē(i′, :, . . . , :)×1 D(:, i′))
(3.75)

or the two supports are disjoint. Therefore, the representative
supports {S̄Pi

}m
i=1 are pairwise disjoint, which yields the disjoint

representative support equivalence classes in Definition 16.
• Disjoint representative supports =⇒ disjoint support assump-

tion: Now assume that Ē ×1 D satisfies the disjoint representative
support assumption. Let C = {P1, . . . ,Pm} denote the induced
equivalence classes. By the definition of these classes, for any two
representatives P ,P ′ ∈ C, their supports are either identical or
disjoint. This property propagates back to the column supports
of D and the row supports of subtensors of Ē . Hence, for all
i, i′ ∈ [N ], we have that

supp(D(:, i)) = supp(D(:, i′)) or
supp(D(:, i)) ∩ supp(D(:, i′)) = ∅ , (3.76)

and similarly,

supp(Ē(i, :, . . . , :)) = supp(Ē(i′, :, . . . , :)) or
supp(Ē(i, :, . . . , :)) ∩ supp(Ē(i′, :, . . . , :)) = ∅ . (3.77)

Combining these observations in (3.75), (3.76), and (3.77) shows
that the induced supports of the mode-1 products, described as

supp(Ē(i, :, . . . , :)×1 D(:, i)) ,
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are either identical or disjoint for any distinct pair i, i′, which is
precisely the disjoint support assumption of Definition 17.
This completes the proof of Lemma 4.

Completing the proof of Lemma 4, we next use the equivalence of the
disjoint support assumption and the disjoint representative supports to
finalize the proof of Theorem 3. To that end, we recall from Section 3.4
(see also (3.39)–(3.40)) that each server n ∈ [N ] corresponds to one
column of the decoding matrix D and the associated row of the encoding
tensor Ē . To express N in terms of the scheme parameters, consider
the tiles P ∈ C and the associated submatrices DP defined in (3.69).
From (3.73), these submatrices collectively span ∑︁m

i=1 r
◦
Pi

columns.
The total number of required servers is then obtained as N⋆ ≤ ∑︁P r

◦
P

while the design constraints (Γ,∆, {Λℓ}ℓ∈[L]) are satisfied at each server.
Finally, as one can readily verify, the above design corresponds to

N⋆ ≤
∑︂
s∈[4]

∑︂
P∈Cs

r◦
P (3.78)

= ⌊K∆ ⌋
(L

Γ)∑︂
r=1

min
(︃

∆,
∏︂

ℓ∈Qr

Λℓ

)︃
×
∏︂

ℓ∈Qr

⌊Pℓ

Λℓ

⌋

+
(L

Γ)∑︂
r=1

min
(︃

mod(K,∆),
∏︂

ℓ∈Qr

Λℓ

)︃
×
∏︂

ℓ∈Qr

⌊Pℓ

Λℓ

⌋

+ ⌊K∆ ⌋
(L

Γ)∑︂
r=1

min
(︃

∆,
∏︂

ℓ

Λℓ

∏︂
ℓ′

mod(Pℓ′ ,Λℓ′)
ℓ,ℓ′∈Qr: Λℓ|Pℓ, Λℓ′ ∤Pℓ′

)︃

×
∏︂

ℓ∈Qr: Λℓ|Pℓ

⌊Pℓ

Λℓ

⌋ ×
∏︂

ℓ′∈Qr: Λℓ′ ∤Pℓ′

⌈Pℓ′

Λℓ′
⌉

+
(L

Γ)∑︂
r=1

min
(︃

mod(K,∆),
∏︂

ℓ

Λℓ

∏︂
ℓ′

mod(Pℓ′ ,Λℓ′)
ℓ,ℓ′∈Qr: Λℓ|Pℓ, Λℓ′ ∤Pℓ′

)︃

×
∏︂

ℓ∈Qr: Λℓ|Pℓ

⌊Pℓ

Λℓ

⌋ ×
∏︂

ℓ′∈Qr: Λℓ′ ∤Pℓ′

⌈Pℓ′

Λℓ′
⌉ .

Letting ∆ | K, Λℓ = Λ, Pℓ = P, ℓ ∈ [L], and Λ | P , the upper bound
on N⋆ in (3.78) is simplified to (3.50), which completes the proof of
Theorem 3.
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Figure 3.6: Corresponding to Example 4 (Case I), this figure illustrates the
partitioning of F̄ into 8 tiles of size (2× 2× 2), and the sparse tiling of D

and Ē with tiles Lj and R̄j, respectively, resulting in the full tiling of
F̄ = Ē ×1 D.

We next present basic examples of multi-user non-linearly decomposable
problems and illustrate the interplay among system parameters based on
Theorem 3.
Example 4. Consider the (K = 4, N, L = 2,Γ = 2, {Pℓ = 4,Λℓ = 2}ℓ∈[L])
setting, with N servers tasked with computing non-linear functions of L = 2
basis subfunctions

Fk(.) =
∑︂

(p1,p2)∈[4]×[4]
ck,p W p1−1

1 W p2−1
2 , k ∈ [4] . (3.79)

The coefficients ck,p are described by tensor F̄ , as demonstrated in Fig-
ure 3.6. Given the design constraints, we aim to guarantee lossless reconstruc-
tion of (3.79).

Case I: ∆ = 2 . we directly conclude from (3.50) that we need N ≤ 16
servers. To tackle this challenge of reconstruction, we need to construct

1. The (N × P1 × P2) = (16× 4× 4) computing tensor Ē, specifying the
computational tasks of each server.

2. The (K × N) = (4 × 16) communication matrix D, determining the
server-user connections.

These originate from the decomposition of (K × P1 × P2) = (4 × 4 × 4)
tensor F̄ (cf. (3.38)) as F̄ = Ē ×1 D, representing the requested functions.
The solution is then as follows.
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Figure 3.7: Pertaining to Example 4 (Case II) with N = 16 servers, the
new tessellation pattern allows for a reduced ∆ = 1 reflecting a reduction

from δ = 1/2 in Case I to δ = 1/4.

1. Initially, we partition F̄ into K
∆

P1
Λ1

P2
Λ2

= 2 · 2 · 2 = 8 disjoint ∆×Λ1×Λ2

subtensors S̄j ∈ R2×2×2, j ∈ [8], as depicted in Figure 3.6.

2. Next, using the standard tensor decomposition form (cf. Section 3.5),
we decompose each S̄j as S̄j = R̄j ×1 Lj, where R̄j ∈ R2×2×2,Lj ∈ R2×2

for all j ∈ [8], noting that such full decomposition is feasible since the
maximum rank of each S̄j is min(∆,Λ1Λ2) = 2 .

3. Finally, we construct D ∈ R4×16 and Ē ∈ R16×4×4 by tiling them with
Lj and R̄j, respectively, as in Figure 3.6.

Example 4 provides a glimpse of the general principle behind creating
our scheme. In brief, we begin by splitting our K × P1 × P2 tensor F̄ into
K
∆

P1
Λ1

P2
Λ2

subtensors of size ∆× Λ1 × Λ2. We decompose these subtensors into
submatrices {Lj}j∈[8] and into subtensors {R̄j}j∈[8] that form tiles of D and
Ē , respectively. The tile placement must respect the sparsity constraints
(Γ,∆,Λ1,Λ2) and must yield Ē ×1 D = F̄ . Regarding the required number
of servers, the general rule is that N is the number of subtensors, multiplied
by the rank of each subtensor. Since we had 8 subtensors, each of rank 2,
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Figure 3.8: Corresponding to Example 4 with Λ1 = 4, this figure illustrates
the partitioning of F̄ into 4 tiles of size (∆× Λ1 × Λ2) = (2× 4× 2), and

also illustrates the sparse tiling of D and Ē with tiles Lj and R̄j respectively,
resulting in the full tiling of F̄ = Ē ×1 D.

the proposed construction requires Nach = 16 servers, and therefore N⋆ ≤
16. In contrast, it is easy to show that the linearized approach, employing
sparse matrix factorization of [105], would entail LM = ∏︁

ℓ∈[L] Pℓ = 16 basis
subfunctions and approximately double the number of servers, for the same Γ
and ∆.

At the same time, some reductions in γ, δ may arise naturally. In particular,
multiple tessellation patterns can yield the same required value of N , but
variations in tile size and placement may result in different values of Γ and ∆.
To illustrate this, consider the following case.

Case II: ∆ = 1 . In the same lossless computing setting, we consider
again N = 16 servers, K = 4 users, L = 2 subfunctions. We also maintain a
computational cost of Γ = 2, but now we see that the tessellation pattern in
Figure 3.7 allows for a reduced ∆ = 1 corresponding to δ = 1/4.

On the other hand, once we reduce the computation and communication
capabilities of each server, more servers may be required. Considering different
multiplicative terms for the subfunctions could also significantly change the
number of required servers. For example, for the same setting as in Example 4,
again for K = 4, L = 2, P1 = P2 = 4, and again for ∆ = 2 (corresponding to
δ = 1

2) and Γ = 2 (corresponding to γ = 1
2), if we aim to evaluate different

degrees of subfunctions corresponding to Λ1 = 4,Λ2 = 2, then the required
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number of servers N is now 8 (cf. (3.50)), and the corresponding tessellation
pattern is presented in Figure 3.8, where we see 4 subtensors of rank 2.

We next show in Proposition 1 that, in the matrix factorization approach
of TDC [105], using a potentially large dimension L to accommodate more
basis subfunctions increases the total computational load per server. In
contrast, our proposed model improves computational efficiency by using
fewer basis subfunctions, each with a bounded range of degrees, captured by
the multiplication cost. Our comparison assumes that the time to compute a
basis subfunction is the same as the time to compute one power of its output.

Proposition 1. Consider a lossless
(︂
K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
distributed

computing system with Pℓ = P and Λℓ = Λ for all ℓ ∈ L, where P > 2. Under
the tensor factorization approach proposed in this work, with computation
cost ΓT = L and multiplication cost Λ, the total computation cost is upper
bounded by

NL(Λ + 1) , (3.80)

which scales linearly with L. In contrast, under the matrix factorization
approach in [105], with per-server computation cost ΓM , the total computation
cost is upper bounded by

N
(︃

ΓM +
(︂

P (P −1)
2

)︂L
)︃
, (3.81)

which grows exponentially with L.

Proof. The overall computational cost for the non-linearly separable dis-
tributed computing setting proposed in this work can be upper bounded
as

N
(︂
ΓT + Λ1 + . . .+ ΛL

)︂ (a)
≤ N

(︂
L(Λ + 1)

)︂
because we have N servers each computing a basis subfunction with a com-
putation cost ΓT as well as the powers of all L basis subfunctions each with a
multiplication cost Λℓ and (a) holds because of the assumptions ΓT = L and
Λℓ = Λ, ℓ ∈ [L].

The total computation cost of the matrix factorization approach in [105]
is upper bounded as

N
(︂
ΓM +

∑︂
p∈[2:P1]×...×[2:PL]

p1 × . . .× pL

)︂ (b)= N
(︂
ΓM +

∑︂
p1∈[2:P ]

p1 × . . .×
∑︂

pL∈[2:P ]
pL

)︂
(c)= N

(︃
ΓM +

(︂P (P − 1)
2

)︂L
)︃
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because we have N servers each computing a basis subfunction with a com-
putation cost ΓM as well as the number of multiplications for powers of
each basis subfunction ℓ ∈ [L], ranging from 2 to Pℓ, (b) follows from some
algebraic manipulations, and (c) follows from 1 + . . .+ n = n(n+1)

2 , assuming
n = P − 1.

In the multi-user non-linearly separable distributed computing setting,
the coordinator node must split the global computational demand tensor
into smaller tensor blocks (subtensors) that can be assigned to different
servers. These tensor partitions arise naturally from the need to distribute
the computation across the servers while respecting the support constraints
imposed by the exponent vectors of the requested basis subfunctions. However,
if the partitioning is not carefully designed, the resulting subtensors may
inherit large combinatorial overlaps across multiple dimensions, which in turn
leads to substantial rank inflation and consequently requires more servers to
compute all subtasks without error. Therefore, designing tensor partitions
that minimize the resulting sum rank is central, as the rank of each subtensor
directly determines the computation and communication loads at each server.
We will address this by introducing a novel combinatorial reduction algorithm
based on matching in a bipartite graph.

Next, we address the overlap of the induced subtensors (tile closures),
which leads to ambiguity in the assignment of admissible index tuples and may
result in inefficient designs. To resolve this issue, we introduce a capacitated
tuple-to-tile assignment algorithm that enforces a disjoint decomposition by
assigning each tuple to exactly one feasible tile. This construction yields a
valid achievable scheme and improves the achievable rate of the proposed
approach in Theorem 3.

3.6.2 Refined System Rate via a Combinatorial Reduc-
tion Algorithm

We here present a tighter achievable rate result for the proposed lossless
distributed computing setting of (K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]), focusing on the
simplified case where δ, λℓ ∈ N. In particular, we upper bound the required
number of servers N , which is the common dimension between Ē , D, and
directly impacts our sparse tensor factorization approach. Particularly, we
consider a mode-1 matrix unfolding of tensor F̄ and use its rank properties
to elaborate the number of required servers as the sum of the total number
of tiles with different maximum representative rank-one supports. Since tiles
may have combinatorial intersections, we introduce a combinatorial reduction
approach based on a bipartite graph matching and a recursive assignment
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maps each intersecting index tuple to a tile cell. This procedure results in
tiles with a lower sum rank compared to the tensor factorization approach (cf.
Theorem 3).

Theorem 4 (Achievable scheme via capacitated tile assignment). Con-
sider the lossless distributed computing system with the set of parameters(︂
K,N,L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
under the homogeneous setting Pℓ = P and Λℓ =

Λ, ∀ ℓ ∈ [L], with ∆ | K and Λ | P . Algorithm 1 constructs a feasible assign-
ment of the admissible tuples to the candidate tiles. The resulting disjoint tile
assignment induces a lossless distributed computing scheme using

Nalg ≜
K

∆
∑︂

β∈[nP ]
min

{︂
∆,
⃓⃓⃓
R⋆

Pβ

⃓⃓⃓}︂
(3.82)

servers, where R⋆
Pβ

denotes the disjoint row-index set assigned to tile Pβ by
Algorithm 1. Consequently, the rate

Ralg ≜
K

Nalg
(3.83)

is achievable. Therefore, the minimum required number of servers N⋆ and the
maximum achievable system rate R⋆ satisfy

N⋆ ≤ Nalg, (3.84)

R⋆ = K

N⋆
≥ Ralg = K

Nalg
. (3.85)

Proof. The proof follows from the same parts and steps as the proof of
Theorem 3. However, we have further details in Part II (Construction of
D, Ē), which we will explain here.

We next detail the four-step procedure for deriving D and Ē .

a) Step 1: Designing the sizes of the tiles for the K ×P1× . . .×PL

product tensor Ē ×1 D.
The family of all tiles is initially specified by the same set of equivalence
classes C as in (3.57).
Despite having L basis subfunctions and therefore a L-dimensional
space for each user’s demand, indexed by the tuple p, the computation
cost Γ restricts each server to compute at most Γ basis subfunctions
and their multiplicative combinations. This induces (Γ + 1)-dimensional
tiles, denoted by Pi,j,r, corresponding to Γ active exponent dimensions
and one user dimension.
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Each tile Pi,j,r is geometrically composed of ΛΓ unit cells, corresponding
to exponent tuples with exactly Γ active coordinates. However, for the
purpose of assignment, each tile is associated with a larger row-index
set (closure), denoted by RPi,j,r

, which includes all tuples whose active
support is contained in the tile support and whose active values lie
within the selected windows.

The row-index set of each initial tile has a cardinality
⃓⃓⃓
RPi,j,r

⃓⃓⃓
= ∏︁

ℓ∈Qr

Λℓ,
describing the number of unit cells of size 1× 1 in each initial tile. For
simplicity, we assume {Λℓ = Λ, Pℓ = P}ℓ∈[L] and Λ | P , resulting in⃓⃓⃓
RPi,j,r

⃓⃓⃓
= ΛΓ. The total number of initial tiles of various shapes and

sizes, whose construction is detailed in the proof of Theorem 3, Part
II, a) Step 1, corresponding to each user demand 11 within the set of
equivalence classes C1, is given by

nP ≜

(︄
L

Γ

)︄(︂P
Λ
)︂Γ

(3.86)

which follows from the fact that each tile Pi,j,r is indexed by (i, j, r),
where i labels the column index, j denotes the L-dimensional tuple of
row index set, and Qr specifies the rth tile pattern or configuration of
active dimensions.

Tile closures RPi,j,r
may overlap due to two distinct origins, detailed

below.

1. Combinatorial overlaps: different Γ-subsets Qr ⊆ [L] may contain
the same lower-dimensional support, resulting in combinatorial
overlaps across different support classes Qr,

2. Geometric overlaps: within a fixed support class, different win-
dow selections may also contain the same tuple due to inactive
coordinates taking value 1.

Consequently, a given tuple p may belong to multiple row-index sets
RPi,j,r

, and thus must be assigned uniquely to one tile to ensure a
disjoint support structure for the MLSVD decomposition. Because of
these two forms of overlap, naive layered counting leads to overcounting.
The feasibility graph and the induced unique assignment are therefore
essential for obtaining a valid disjoint tile decomposition.

11Considering all K user demands, K
∆ nPmin(∆, ΛΓ) recovers the result in Theorem 3.
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The maximum rank of each representative support, based on the matrix
unfolding of the tiles, from (3.56) and Definition 20 (assuming ∆ | K),
is given by

rP = min (∆, |RPi,j,r
|) . (3.87)

We aim to assign the L-dimensional index tuples to the Γ-dimensional
tiles in each user’s demand tensor through a combinatorial reduction.
The resulting assigned row-index sets are denoted by R⋆

Pi,j,r
, and the

induced number of required servers N is given by the corresponding
sum rank of the resulting subtensors.
To obtain an upper bound on N , we construct feasible tessellation
patterns by formulating the assignment as a combinatorial problem
based on bipartite graph matching with capacities.
We next introduce the set of admissible index tuples, which is required
in the bipartite graph construction in Definition 21.
Let U denote the set of all admissible index tuples p with at most Γ
active coordinates, i.e.,

U ≜
{︃

p ∈ [P ]L
⃓⃓⃓⃓ ⃓⃓⃓

supp
(︂
I(p)

)︂⃓⃓⃓
≤ Γ

}︃
,

where I(p) ≜
[︂
1(p1 > 1) . . . 1(pL > 1)

]︂
. The total number of admissible

tuples is

nU = |U| =
Γ∑︂

d=0

(︄
L

d

)︄
(P − 1)d. (3.88)

Definition 21 (Tuple–tile feasibility graph with capacities). Let
{Pβ}β∈[nP ] denote the set of candidate tiles, each associated with a
row-index (closure) set RPβ

.
We define the bipartite graph G(U ∪ V , E) as follows:

• Left vertex set: U = {uα}α∈[nU ], where each uα corresponds to
an admissible tuple p

α
.

• Right vertex set: V = {Vβ}β∈[nP ], where each supernode Vβ

corresponds to a tile Pβ.
• Edge set: An edge exists if and only if

(uα,Vβ) ∈ E ⇐⇒ p
α
∈ RPβ

.
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• Capacity: Each tile Vβ has capacity

κβ ≜ |RPβ
| ,

representing the maximum number of index tuples that can be
assigned to that tile.

We seek a disjoint assignment mapping each tuple uα ∈ U to exactly
one feasible tile Vβ such that the capacity constraints are satisfied.
LetM denote the resulting assignment. The induced assigned row-index
set of tile Pβ is

R⋆
Pβ

≜
{︂
p

α
| (uα,Vβ) ∈M

}︂
,

and the corresponding rank contribution is

r⋆
Pβ

= min
(︂
∆, |R⋆

Pβ
|
)︂
.

Thus, the total number of servers induced by an assignment M is

N⋆ ≤ Nalg =
∑︂

β

r⋆
Pβ

which coincides with the sum rank of the resulting tile decomposition.
While minimizing the number of servers is equivalent to minimizing
this sum rank over all feasible assignments, the proposed algorithm
focuses on constructing a feasible assignment and then evaluating the
induced server count. Accordingly, it provides an achievable scheme
rather than minimizing the sum rank objective, which is computationally
challenging.
This problem naturally corresponds to a capacitated bipartite assign-
ment (or flow) problem. At a high level, we iteratively construct a
feasible assignment by combining maximum flow computations with a
simple greedy fallback step.
We adopt an iterative algorithm (Algorithm 1) that alternates between
global matching and local assignment, as summarized below.
We next describe how Algorithm 1 attains global feasibility.

Remark 2 (Resolution of infeasibility via local assignment). When a
global feasible assignment does not exist, the corresponding capacitated
bipartite graph exhibits an imbalance between a subset of tuples and the
available capacity of their neighboring tiles. This can be interpreted as
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Algorithm 1: Capacitated Flow-Based Tuple-to-Tile Assignment
Input: Graph G(U ,V , E) with capacities κβ

1 Initialize: M← ∅, Urem ← U , remaining capacities κβ

2 while Urem ̸= ∅ do
3 Compute a maximum feasible assignment (flow) on the residual

graph
4 if all remaining tuples are assigned then
5 update M and break
6 Select a tuple uα ∈ Urem
7 Assign uα to any feasible tile Vβ with remaining capacity
8 Update M, Urem, and capacities

Output: Assignment M

a generalized violation of Hall-type conditions[154] in the capacitated
setting.
The local assignment step resolves this issue by assigning at least one
tuple to a feasible tile, thereby reducing the size of the remaining in-
stance and modifying the residual capacity structure. Thus, Algorithm 1
progressively eliminates infeasible configurations and eventually restores
global feasibility.

We next address the feasibility-first nature of the assignment provided
by Algorithm 1.

Remark 3 (Feasibility-first nature of the algorithm). Algorithm 1
provides a feasible assignment. Its objective is to map every admissible
tuple to exactly one tile while respecting capacity constraints. The final
number of servers is then computed from the induced tile loads via

r⋆
Pβ

= min(∆, |R⋆
Pβ
|). (3.89)

Next, we discuss the effect of tile capacity and threshold ∆ on the
performance of Algorithm 1.

Remark 4 (Effect of tile capacity and threshold ∆). The relation
between the tile capacity κβ and the threshold ∆ influences the resulting
server count.
When κβ is large relative to ∆, a tile can absorb many tuples while
contributing at most ∆ to the sum rank. In this regime, consolidating
assignments within fewer tiles can significantly reduce the number of
servers.
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In contrast, when κβ < ∆, the contribution of a tile grows approxi-
mately linearly with the number of assigned tuples, and the benefits of
consolidation are reduced.
These observations highlight the role of tile geometry in the achievable
performance, despite Algorithm 1 is primarily designed for feasibility
rather than explicit sum rank minimization.

The above information provided in Remarks 3 and 4 will be essential
in enumerating our equivalence class of tiles and associating each such
class with a collection of servers.
After presenting Algorithm 1, our next step is to fill the tiles in the
product tensor, using the constitutive component columns and rows, as
follows.

b) Step 2: Filling tiles in Ē ×1 D as a function of F̄ .
Having established the set of equivalence classes and the corresponding
(position of the) tiles of F̄ by establishing Algorithm 1, we proceed to
fill (and crop) the tiles in F̄ as follows:

F̄P ≜ (F̄ ⊙ S̄P)(R⋆
P , CP) , ∀P ∈ C . (3.90)

The first step F̄ ⊙ S̄P simply fills up S̄P with the corresponding entries
of F̄ , and the second step (F̄ ⊙ S̄P)(R⋆

P , CP) crops these12.

c) Step 3: Creating and filling the non-zero tiles in D and Ē .
This step starts with the MLSVD decomposition (described in Sec-
tion 3.5) of the cropped tile F̄P where this decomposition takes the
form

F̄P = ĒP ×1 DP (3.91)

where DP ∈ R|CP |×r⋆
P , ĒP ∈ Rr⋆

P ×|R⋆
P |. In particular, F̄ ,D, and Ē are

associated to T̄ , U(1), and S̄ in all complete MLSVD decomposition of
(3.44). Naturally, rank(F̄P) ≤ r⋆

P . Let

C ≜ {P1,P2, . . . ,Pm}, m ∈ N (3.92)

12We here see a small distinction between the previously uncropped tiles, and the tiles that
are cropped here. These cropped tiles will be the outcomes of an MLSVD decomposition
of subtensors of F̄ , yielding our SVD-based factorization.
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describe the enumeration we give to each tile. Then the position that
each cropped tile takes inside D, is given by

CPj
, [

j−1∑︂
i=1

r⋆
Pi

+ 1 :
j∑︂

i=1
r⋆

Pi
] , ∀Pj ∈ C (3.93)

and the position of each cropped tile in Ē is given by

[
j−1∑︂
i=1

r⋆
Pi

+ 1 :
j∑︂

i=1
r⋆

Pi
], R⋆

Pj
, ∀Pj ∈ C (3.94)

This yields

D
(︃
CPj

, [
j−1∑︂
i=1

r⋆
Pi

+ 1 :
j∑︂

i=1
r⋆

Pi
]
)︃

= DPj
, ∀Pj ∈ C (3.95)

and

Ē
(︃

[
j−1∑︂
i=1

r⋆
Pi

+ 1 :
j∑︂

i=1
r⋆

Pi
], R⋆

Pj

)︃
= ĒPj

, ∀Pj ∈ C (3.96)

while naturally the remaining non-assigned elements of D and Ē are
zero.

d) Step 4: An upper bound to the number of servers.
We now proceed to bound the number of rank-one contribution supports
(corresponding to the number of servers), and we do so under our
previously stated assumption of disjoint supports (cf. Definition 17),
which is equivalent to the disjoint-tiles assumption (see Lemma 4).
We recall from Section 3.4 (see also (3.39)–(3.40)) that each server
n ∈ [N ] corresponds to one column of the decoding matrix D and the
associated row of the encoding tensor Ē . To express N in terms of
the system parameters, consider the tiles P ∈ C and the associated
submatrices DP defined in (3.91). From (3.95), these submatrices
collectively span ∑︁m

i=1 r
⋆
Pi

columns.
Therefore, from (3.89), the upper bound on the number of servers is
obtained as

N⋆ ≤
∑︂
P∈C

r∗
P = K

∆
∑︂

β∈[nP ]
min

(︂
∆, |R⋆

Pβ
|
)︂

(3.97)

which corresponds to (3.84).
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(a) (b)

Tiles (with capacities)Index tuples

(c) (d)

Figure 3.9: Illustration of Example 5. (a) Initial construction of
Γ-dimensional tiles in F̄1 and their combinatorial overlaps. (b)

Corresponding index-tuple representation, where a single admissible tuple
may belong to multiple tile closures. (c) Bipartite feasibility graph between
admissible tuples and candidate tiles; each tile node represents a tile with

capacity (illustrated by stacked slots corresponding to its closure size), and
edges indicate feasible assignments based on closure membership. (d) Final
disjoint tile assignment after applying Algorithm 1. The assignment shown is

illustrative and represents one feasible outcome of the algorithm. The
assignment induces disjoint sets R⋆

P , enabling the MLSVD construction.
Tiles with identical colors correspond to the same active subset Qr ⊆ [L] of

cardinality Γ.

We next provide a comprehensive example to illustrate how the system
parameters determine the tile structure, how overlaps arise among admissible
tuples, and how Algorithm 1 resolves these overlaps through a unique tuple-
to-tile assignment.

Example 5 (Detailed tuple-to-tile assignment example). Consider a dis-
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tributed computing setting with the parameters (K = 6, L = 3, {Pℓ = 6,Λℓ =
3}ℓ∈[L],Γ = 2,∆ = 6). To illustrate the representative supports, the induced
overlaps, and the role of Algorithm 1, we focus on the demanded tensor of
one user, e.g., 1, denoted by F̄1, shown in Figure 3.9.

Following the protocol in the proof of Theorem 4, the Γ-subsets of basis
subfunctions are

Q1 = {1, 2}, Q2 = {1, 3}, Q3 = {2, 3}.

Since Γ = 2, every candidate tile is associated with exactly one of these three
support classes.

We detail the solution in the following steps.

a) Step 1: Admissible tuples.
Each index tuple has the form

p = (p1, p2, p3) ∈ [6]3 ,

and must satisfy the sparsity constraint⃓⃓⃓
supp(I(p))

⃓⃓⃓
≤ 2 ,

that is, at most two coordinates may exceed 1. Hence, the admissible
tuple set is

U =
{︃

p ∈ [6]3 :
⃓⃓⃓
supp(I(p))

⃓⃓⃓
≤ 2

}︃
with cardinality |U| = ∑︁2

d=0

(︂
3
d

)︂
(6− 1)d = 1 + 3 · 5 + 3 · 25 = 91.

b) Step 2: Window structure.
Since Pℓ = 6 and Λℓ = 3, the active values {2, 3, 4, 5, 6} are grouped
into the windows

W(1) = {2, 3, 4} , W(2) = {5, 6} .

Thus, for each support class Qr, the active exponent coordinates are
partitioned into window choices, which define the candidate tiles.

c) Step 3: Tile cells versus closures.
Consider the support class Q1 = {1, 2} and the window pair (W(1),W(2)).
The corresponding geometric tile cells are the tuples with exactly two
active coordinates,

P(Q1,W(1),W(2)) =
{︃

(p1, p2, p3) ∈ [6]3 : p1 ∈ W(1), p2 ∈ W(2), p3 = 1
}︃
.
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These are the atomic Γ = 2-dimensional cells displayed geometrically in
Figure 3.9 (a).
However, for assignment purposes, each tile is associated with its larger
row-index set, or closure,

RP(Q1,W(1),W(2)) =
{︃

(p1, p2, p3) ∈ [6]3 : p1 ∈ {1} ∪W(1), p2 ∈ {1} ∪W(2),

p3 = 1
}︃
.

Therefore,
RP = {1, 2, 3, 4} × {1, 5, 6} × {1} ,

and
|RP | = (1 + 3)(1 + 2) = 12 .

This distinction is crucial: the geometric tile contains only fully active
tuples, whereas the closure contains all admissible tuples whose support
is contained in the tile support and whose active entries lie in the selected
windows.

d) Step 4: Why overlaps arise.
As shown in Figure 3.9 (b), overlaps arise for two reasons.
First, a lower-support tuple may be contained in multiple support classes.
For instance, the tuple (2, 1, 1) has support {1}, and hence belongs to
closures associated with both Q1 = {1, 2} and Q2 = {1, 3}.
Second, even within a fixed support class, an inactive coordinate equal
to 1 is compatible with several window choices. For example,

(2, 1, 1) ∈ RP(Q1,W(1),W(1)) ∩RP(Q1,W(1),W(2)) .

Therefore, lower-support tuples may overlap both across support classes
and across window selections. In contrast, fully active tuples are rigid.
For example, the tuple (2, 5, 1) has support {1, 2}, with 2 ∈ W(1), 5 ∈
W(2), so both its support class and its window pair are uniquely deter-
mined. Hence, it belongs to exactly one candidate tile.

e) Step 5: Feasibility graph and capacities.
To resolve the ambiguity, we construct the tuple–tile feasibility graph
of Definition 21. The left vertices correspond to admissible tuples in
U , while the right vertices correspond to candidate tiles. An edge is
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drawn whenever the tuple belongs to the closure of the tile. Figure 3.9
(c) illustrates the resulting bipartite graph for the intersecting tiles.
Each tile node is equipped with a capacity equal to the size of its
closure. In the present homogeneous setting, this capacity depends
on the selected windows. For instance, for the tile above, we have
κβ = |RP(Q1,W(1),W(2))| = 12 .
Algorithm 1 then assigns each tuple to exactly one feasible tile while
respecting these capacities.

f) Step 6: Induced disjoint assignment.
The output of Algorithm 1 is a collection of assigned sets R⋆

Pβ
⊆ RPβ

such that each admissible tuple belongs to exactly one assigned set.
Consequently, the resulting supports are disjoint. A feasible tessellation
pattern for F̄1 is illustrated in Figure 3.9 (d).
This disjointness condition is exactly what is needed to apply the MLSVD
construction described in Section 3.5.

g) Step 7: Induced sum rank and server count.
Once the assignment is fixed, the contribution of each tile is r⋆

Pβ
=

min
(︂
∆, |R⋆

Pβ
|
)︂
. Hence, the per-user sum rank is ∑︁β∈[nP ] min

(︂
∆, |R⋆

Pβ
|
)︂
,

and the total number of required servers is obtained by scaling this
quantity by K/∆, as in Theorem 4.
For this example, applying Algorithm 1 yields a feasible disjoint assign-
ment whose induced tile loads have sum rank

Nalg =
∑︂

β

min
(︂
∆, |R⋆

Pβ
|
)︂

= 66 .

Since K = ∆ = 6, the scaling factor K/∆ is equal to 1, and thus the
total number of required servers is N = 66.

For comparison, the default tensor factorization of Theorem 3 gives

Nach =K∆

(︄
L

Γ

)︄(︃
P

Λ

)︃Γ
min(∆,ΛΓ) = 72 .

Consequently, the assignment-based construction achieves a reduction of 6
servers in this example.

We next examine the computational complexity of the proposed assignment
algorithm (cf. Algorithm 1) for tiling designs.
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Remark 5. The complexity of the proposed algorithm is dominated by the
construction of the tuple–tile feasibility graph and the repeated solution of
capacitated bipartite assignment problems via maximum flow.

The bipartite graph consists of nU left vertices (admissible tuples) and nP
right vertices (candidate tiles). Each edge corresponds to a feasible assignment,
i.e., a tuple belonging to the closure of a tile. Hence, the total number of edges
is

|E| =
∑︂

α∈[nU ]

⃓⃓⃓
{β : p

α
∈ RPβ

}
⃓⃓⃓
.

Each iteration of the algorithm solves a capacitated bipartite assignment
problem, which can be formulated as a maximum flow instance. Using standard
reductions (e.g., node-splitting to handle capacities [155]), this can be solved
in

O
(︂
|E|
√︂
|U|+ |V|

)︂
, where |U| = nU and |V| = nP

by classical algorithms for bipartite matching, such as the Hopcroft–Karp
algorithm [154].

In practice, the algorithm typically converges in a small number of iter-
ations. When the global assignment is feasible, a single flow computation
suffices. Otherwise, the algorithm performs a sequence of residual updates,
each assigning at least one tuple and strictly reducing the number of remaining
tuples. The total complexity is therefore bounded by O

(︂
Niter · |E|

√
nU + nP

)︂
,

where Niter ≤ nU . While this bound is linear in the number of iterations in
the worst case, empirical behavior is significantly more favorable, with Niter
typically remaining small.

In regimes where tile capacities are sufficiently large relative to the number
of admissible tuples, the global assignment succeeds in a single iteration,
yielding overall complexity O

(︂
|E|
√
nU + nP

)︂
. In contrast, in highly constrained

regimes, multiple iterations may be required. However, each iteration strictly
reduces the number of remaining tuples, guaranteeing termination in at most
nU steps.

Finally, in the homogeneous setting with {Pℓ = P, Λℓ = Λ}ℓ∈[L], the
number of edges satisfies |E| = O(nUΛΓ) since each tuple is compatible with
multiple tiles across support configurations and sliding windows.

3.7 Numerical Analysis and Evaluation of Al-
gorithm 1

In this section, we provide numerical evaluations of the required number of
servers for different system configurations using Algorithm 1, and compare
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Figure 3.10: Comparison of the required number of servers N for the
lossless distributed computing setting

(K = 6, L = 3,Γ,∆ = 6, {Pℓ = 6,Λℓ = 3}ℓ∈[L]). The bars compare the
proposed algorithmic achievable scheme, the default tensor factorization
scheme, and the TDC baseline as functions of the computation cost Γ.

the results with the default tensor factorization scheme of Theorem 3 and the
sparse matrix factorization of the TDC scheme [105].

The implementation of the proposed sparse tensor factorization and
assignment-based combinatorial reduction used for these numerical evaluations
is publicly available in the accompanying software repository [156].

We consider homogeneous lossless systems with parameters (K,∆, L,Γ, P,
Λ), where K = ∆ is considered in the first part of the simulation so that the
total number of required servers coincides with the induced sum rank per
block. The performance is evaluated as a function of the computation cost
Γ for two representative cases L = 3 and L = 5. The corresponding results
are illustrated in Figure 3.10 and Figure 3.11. In particular, the gap between
the proposed scheme and the default tensor factorization increases with L,
highlighting the growing importance of assignment in higher-dimensional
settings.

We next discuss the results shown in Figures 3.10 and 3.11, which illustrate
the required number of servers N as a function of the computation cost Γ under
the lossless setting. In both figures, we consider homogeneous parameters with
Pℓ = P and Λℓ = Λ for all ℓ ∈ [L], and we compare the proposed assignment-
based scheme (Algorithm 1) with the default tensor factorization scheme of
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Figure 3.11: Comparison of the required number of servers N for the
lossless distributed computing setting

(K = 8, L = 5,Γ,∆ = 4, {Pℓ = 5,Λℓ = 2}ℓ∈[L]). The bars compare the
proposed algorithmic achievable scheme, the default tensor factorization
scheme, and the TDC baseline with respect to the computation cost Γ.

Theorem 3 and the TDC baseline [105]. We next detail the comparisons.
Moderate dimensionality (L = 3) . In this regime, as shown in

Figure 3.10, the number of admissible tuples grows relatively slowly with Γ,
and all schemes exhibit a moderate increase in N as Γ increases. However, the
proposed assignment-based scheme consistently outperforms the default tensor
factorization scheme of Theorem 3 by eliminating overlap among subtensors.
This gain is particularly visible for intermediate values of Γ, where multiple
tiles share common tuples. By enforcing a disjoint assignment, Algorithm 1
avoids redundant counting and achieves a smaller sum rank of the resulting
subtensors. In contrast, the TDC scheme [105] yields significantly larger
values of N across all Γ since it does not exploit the multiplicative structure
of the underlying functions and instead treats the problem with much larger
dimensionality to capture all multiplicative terms, leading to inefficient use of
computational resources.

Higher dimensionality (L = 5) . The impact of the assignment step
becomes more pronounced as the dimension increases, as illustrated in Fig-
ure 3.11. In this setting, the number of admissible tuples grows combinatorially
with Γ, which leads to a rapid increase in the required number of servers for
the default tensor factorization scheme of Theorem 3. This growth is due
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to the increasing overlap between high-dimensional subtensors, which are
treated independently in the default construction in Theorem 3. The proposed
assignment-based scheme mitigates this effect by consolidating overlapping
tuples into a reduced set of tiles. As a result, the growth of N is significantly
limited compared to the default scheme, especially for Γ = 3 and Γ = 4,
where overlap is most pronounced. Interestingly, for Γ = L, a slight reduction
in N can be observed. This is due to the fact that higher-dimensional tiles
allow more efficient packing of tuples, reducing the number of active tiles
required. Such behavior is not captured by the default scheme of Theorem 3,
which does not perform any global assignment. Furthermore, similarly as in
Figure 3.10, the TDC baseline [105] remains significantly above both tensor-
based schemes and shows limited sensitivity to Γ, reflecting its failure to
leverage the underlying tensor structure.

We next present all the details for the multi-shot scenario with T > 1
shots, which generalizes the results derived for the single-shot scenario.

3.8 Multi-Shot Scenario with T > 1
In this section, we study the multi-shot scenario with T shots in which each
server can compute the assigned tasks and transmit to the users during T
shots, allowing for a reduced number of required servers, compared to the
single-shot scenario. We follow the same procedure as in the single-shot
scenario and highlight the differences in the following.

3.8.1 System Model
In the multi-shot scenario with T shots, we will have en,p,t and zn,t instead of
en,p and zn in (3.11), (3.12), respectively, as well as dk,n,t instead of dk,n in
(3.12), allowing for utilizing the servers by operating both computation and
communication phases across multiple shots t ∈ [T ]. These yield

zn,t ≜
∑︂

p∈Pn
en,p,t

∏︂
ℓ∈[L] W

pℓ−1
ℓ , n ∈ [N ] , t ∈ [T ] (3.98)

and

F ′
k ≜

∑︂
n∈[N ] dk,n,tzn,t . (3.99)

The system will be parametrized by (K,N, T, L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]) for the
multi-shot scenario with T shots. Therefore, for T shots, (3.17), from [105,
Theorem 1], will take the form

N = K

∆
L′

Γ
min(∆,Γ)

T
. (3.100)
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3.8.2 Problem Formulation in Tensor Form
For the multi-shot scenario with T > 1, we have the following differences in
problem formulation details.

In the communication phase, from (3.98), the transmission from server n
during time t ∈ [T ] takes the form zn,t = ēn,t ×[[1:L]]

[[1:L]] W̄ , zn,t ∈ R, where for
all p ∈ ∏︁ℓ∈[L][Pℓ], the encoding coefficients en,p,t yield a tensor of the form

ēn,t(p) ≜ en,p,t, ēn,t ∈ RP1×...×PL , n ∈ [N ], t ∈ [T ], p ∈ Pn (3.101)

thus allowing us to represent all the per-shot encoding tensors in a general
tensor of the form

Ēn(p) ≜ stack1(ēn,1, . . . , ēn,T ) ∈ RT ×P1×...×PL , n ∈ [N ] (3.102)

where stack1(ēn,1, . . . , ēn,T ) forms an order-(L+ 1) tensor Ēn ∈ RT ×P1×...×PL

composed by stacking the T tensors {ēn,t}t∈[T ] (each of order L) along a
new first mode. thus yielding the per-server transmission vector zn ≜
[zn,1, . . . , zn,T ]⊺, obtained as

zn = Ēn ×[[1:L]]
[[2:L+1]] W̄ , zn ∈ RT , n ∈ [N ] (3.103)

and the overall transmitted vector z ≜ [z⊺
1 , z

⊺
2 , . . . ,z

⊺
N ]⊺ ∈ RNT , taking the

form

z = [Ē1, . . . , ĒN ]1 ×[[1:L]]
[[2:L+1]] W̄ (3.104)

where [Ē1, . . . , ĒN ]1 forms an order-(L+1) tensor Ē ∈ RNT ×P1×...×PL composed
by concatenating the N tensors {Ēn}n∈[N ] (each of order (L+ 1)) along their
first mode.

In the decoding phase, similarly, each retrieved function output takes the
form F ′

k = d⊺
kz ∈ R, thus resulting in the vector of all outputs taking the

form

f ′ ≜ [F ′
1, F

′
2, . . . , F

′
K ] = [d1,d2, . . . ,dK ]⊺z ∈ RK (3.105)

where the decoding coefficients dk,n,t from (3.99) lead to

dk,n ≜ [dk,n,1, . . . , dk,n,T ]⊺ ∈ RT , k ∈ [K] , n ∈ [N ] , (3.106)
dk ≜ [d⊺

k,1, . . . ,d
⊺
k,N ]⊺ ∈ RNT , k ∈ [K] . (3.107)

The tensors of encoding coefficients in (3.102), and the vector of decoding
coefficients in (3.107) allow us to form the respective tensors

Ē ≜ [Ē1, . . . , ĒN ]1 ∈ RNT ×P1×P2×...×PL , (3.108)
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D ≜ [d1, . . . ,dK ]⊺ ∈ RK×NT . (3.109)

In terms of the corresponding connection to the sparsity of D and Ē ,
we recall from (3.6), our metric Γ, which directly from (3.102) and (3.108),
implies the computation constraint as

max
n∈[N ]

∑︂
ℓ∈[L]

⃓⃓⃓⃓
1

(︃
∪T

t=1 supp
(︂
Ē((n− 1)T + t, :, . . . , :⏞ ⏟⏟ ⏞

ℓ−1 terms

, pℓ, :, . . . , :⏞ ⏟⏟ ⏞
L−ℓ terms

)
)︂
̸= ∅

)︃⃓⃓⃓⃓
≤ Γ ,

pℓ ∈ [2 : Pℓ] .

Furthermore, from (3.13), we recall ∆, which from (3.107) and (3.109),
implies a communication constraint

max
n∈[N ]

⃓⃓⃓
∪T

t=1supp
(︂
D(:, (n− 1)T + t)

)︂⃓⃓⃓
≤ ∆ .

Finally from (3.10), we recall Λℓ, which from (3.102) and (3.108), suggests
the multiplication constraints⃓⃓⃓
∪T

t=1 ∥Ē
(︂
(n− 1)T + t, p1, p2, . . . , pℓ−1, :, pℓ+1, . . . , pL

)︂
∥0

⃓⃓⃓
≤ Λℓ ,

ℓ ∈ [L], pℓ ∈ [Pℓ] .

3.8.3 Main Results
Default Tensor Factorization For the multi-shot scenario with T shots,
Theorem 3 will reform as follows.

Theorem 5 (Achievable number of servers and system rate in the multi-shot
setting). Consider the lossless

(︂
K,N, T, L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
distributed com-

puting system under the homogeneous setting Pℓ = P and Λℓ = Λ, ∀ ℓ ∈ [L],
with ∆ | K and Λ | P . There exists a lossless T -shot distributed computing
scheme using

Nach ≜
K

∆

(︄
L

Γ

)︄⌈︄
min{∆,ΛΓ}

T

⌉︄(︃
P

Λ

)︃Γ
(3.110)

servers. Consequently, if N⋆ denotes the minimum number of servers required
in the T -shot setting, then

N⋆ ≤ Nach. (3.111)

The corresponding rate

Rach ≜
K

Nach
(3.112)
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is therefore achievable. Hence, the maximum achievable T -shot system rate
R⋆ satisfies

R⋆ = K

N⋆
≥ Rach = ∆(︄

L

Γ

)︄⌈︄
min{∆,ΛΓ}

T

⌉︄(︃
P

Λ

)︃Γ . (3.113)

Proof. The proof follows the same construction as in the proof of Theorem 3.
In the T -shot setting, a single server can contribute at most T rank dimensions
to a given tile. Therefore, a tile whose mode-1 unfolding has rank rP , during
T -shots, requires

⌈︂
rP
T

⌉︂
servers. Substituting

rP = min{∆,ΛΓ}

and summing over all tiles yields (3.110).

Assignment-based Algorithmic Tensor Factorization For the multi-
shot scenario with T shots, instead of Theorem 4, we will have the following
theorem.
Theorem 6 (Achievable scheme via capacitated tile assignment in the multi-
-shot setting). Consider the lossless

(︂
K,N, T, L,Γ,∆, {Pℓ,Λℓ}ℓ∈[L]

)︂
distributed

computing system under the homogeneous setting Pℓ = P and Λℓ = Λ, ∀ ℓ ∈
[L], with ∆ | K and Λ | P . Algorithm 1 constructs a feasible assignment of the
admissible tuples to the candidate tiles. The resulting disjoint tile assignment
induces a lossless T -shot distributed computing scheme using

Nalg ≜
K

∆
∑︂

β∈[nP ]

⎡⎢⎢⎢
min

{︂
∆,
⃓⃓⃓
R⋆

Pβ

⃓⃓⃓}︂
T

⎤⎥⎥⎥ (3.114)

servers, where R⋆
Pβ

denotes the disjoint row-index set assigned to tile Pβ by
Algorithm 1. Consequently, if N⋆ denotes the minimum number of servers
required in the T -shot setting, then

N⋆ ≤ Nalg. (3.115)

The corresponding rate

Ralg ≜
K

Nalg
(3.116)

is therefore achievable. Hence, the maximum achievable T -shot system rate
R⋆ satisfies

R⋆ = K

N⋆
≥ Ralg = K

Nalg
. (3.117)
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Proof. The proof follows from the same parts and steps as the proof of
Theorem 4 of the main document. However, in Part I, the notion of rank-
one contribution support and the related concepts are extended to the NT
server-shot components, indexed by (n − 1)T + t, for n ∈ [N ] and t ∈ [T ].
Each physical server thus contributes T such components, corresponding to
the T shots.

Part I and Steps a) and b) in Part II, including Algorithm 1 will remain
the same, but Steps c) and d) in Part II will incorporate the number of shots
T to design tiles in D and Ē and enumerating the number of required servers,
which we detail next.

c) Step 3: Creating and filling the non-zero tiles in D and Ē .
For T = 1, each tile Pi of rank r⋆

Pi
is assigned to r⋆

Pi
distinct servers, each

contributing one rank dimension. For T > 1, a server may contribute up
to T rank dimensions within the same tile. Since r⋆

Pi
may not be divisible

by T , at most one server per tile may be partially utilized. Associating
such a server with additional tiles may violate the communication,
computation, or multiplication constraints. Therefore, we allocate

⌈︂
r⋆

P
T

⌉︂
servers to each equivalence class of tiles. Therefore, the position that
each cropped tile takes inside D, is given by

CPj
, [

j−1∑︂
i=1

T ⌈
r⋆

Pi

T
⌉+ 1 :

j∑︂
i=1

T ⌈
r⋆

Pi

T
⌉] , ∀Pj ∈ C (3.118)

and the position of each cropped tile in Ē is given by

[
j−1∑︂
i=1

T ⌈
r⋆

Pi

T
⌉+ 1 :

j∑︂
i=1

T ⌈
r⋆

Pi

T
⌉], R⋆

Pj
, ∀Pj ∈ C (3.119)

This yields

D
(︃
CPj

, [
j−1∑︂
i=1

T ⌈
r⋆

Pi

T
⌉+ 1 :

j∑︂
i=1

T ⌈
r⋆

Pi

T
⌉]
)︃

= DPj
, ∀Pj ∈ C (3.120)

and

Ē
(︃

[
j−1∑︂
i=1

T ⌈
r⋆

Pi

T
⌉+ 1 :

j∑︂
i=1

T ⌈
r⋆

Pi

T
⌉], R⋆

Pj

)︃
= ĒPj

, ∀Pj ∈ C (3.121)

while naturally the remaining non-assigned elements of D and Ē are
zero.
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d) Step 4: An upper bound to the number of servers.
We now proceed to bound the number of rank-one contribution supports
in T shots (corresponding to the number of servers), and we do so under
our previously stated assumption of disjoint supports by substituting
N with NT in Definition 17, which is equivalent to the disjoint-tiles
assumption again by substituting N with NT in Lemma 4. We then
recall from Section 3.8.2 (see also (3.108)–(3.109)) that each server–shot
pair (n, t) ∈ [N ]× [T ] corresponds to one column of the decoding matrix
D and the associated row of the encoding tensor Ē . To express N
in terms of the scheme parameters, consider the tiles P ∈ C and the
associated submatrices DP defined in (3.91). From (3.118)–(3.121),
each tile Pi occupies T

⌈︂
r⋆

Pi
/T
⌉︂

server-shot components, corresponding
to
⌈︂
r⋆

Pi
/T
⌉︂

physical servers. Hence, summing over the non-empty tiles
gives

N⋆ ≤
∑︂
P∈C

⌈︃
r⋆

P
T

⌉︃
. (3.122)

Finally, from (3.89) and considering the multi-shot scenario with T
transmissions, the upper bound on the number of servers is expressed
as

N⋆ ≤ Nalg =
∑︂
P∈C
⌈r

∗
P
T
⌉ = K

∆
∑︂

β∈[nP ]

⎡⎢⎢⎢
min

(︂
∆, |R⋆

Pβ
|
)︂

T

⎤⎥⎥⎥ (3.123)

which completes the proof for Theorem 6.

3.9 Discussion and Conclusions
In this chapter, we studied lossless multi-user distributed computation of
real-valued multivariate polynomials in a system with K users and N servers.
We represented the users’ demands through structured tensors and reformu-
lated the computation problem as a sparse tensor factorization. Based on
this formulation, we developed a new achievable scheme and characterized
the achievable system rate Rach = K

Nach
, as stated in Theorem 3. The result-

ing characterization reveals how the computation budget Γ, communication
budget ∆, and multiplication budget Λ jointly determine the system perfor-
mance. By exploiting the interaction among these constraints, the proposed
scheme reduces the number of servers required for lossless recovery of the user
demands. We further introduced the combinatorial assignment procedure in
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Algorithm 1 to eliminate redundant computations imposed by overlapping
subtensors. Theorem 4 establishes the resulting improved achievable rate,
which is tighter than that of Theorem 3.

From a performance viewpoint, the proposed scheme improves on the
existing alternative solutions in two main aspects. First, unlike the TDC
framework of [105], it directly exploits the multiplicative structure of the
requested functions rather than treating each monomial as an independent
effective subfunction. Second, compared to the default tensor factorization
construction, it resolves overlaps among the tensor components through a
consistent assignment rule and thereby avoids redundant computations. The
numerical results show that these structural gains translate into a significant
reduction in the required number of servers.

Several questions remain open for future investigation. A natural extension
is to study the lossy setting, in which users recover approximations of their
requested functions. This setting would introduce new tradeoffs between the
recovery accuracy and the computation, communication, and multiplication
constraints, represented by Γ, ∆, and Λ, respectively. Another important
direction is to derive converse bounds that characterize the fundamental
performance limits of the proposed distributed computing model.
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Chapter 4

Straggler-Resilient Coded
Distributed Matrix
Multiplication

In this chapter, we investigate coding strategies for straggler-resilient DMM.
Our objective is to mitigate the latency caused by slow or unresponsive worker
nodes while enabling efficient recovery of the desired matrix product. In large-
scale distributed systems, the overall computation time is often determined
by the slowest workers, making straggler mitigation a central challenge.

We consider a two-source–workers–receiver architecture in which the
two source nodes separately observe the input matrices and construct coded
descriptions of their respective data. These descriptions are distributed among
multiple workers, which independently perform their assigned computations
and return the resulting intermediate values.

The proposed coding scheme allows the receiver to recover the desired
matrix product from a sufficiently large subset of worker responses, without
waiting for all workers to complete their computations. Its construction
exploits the algebraic structure of matrix multiplication while controlling the
computation assigned to each worker, the amount of communicated data, and
the achievable recovery threshold.

Relation to the author’s prior publications and to the underlying
structured coding framework. This chapter is mainly based on the
author’s joint work in [108], together with the preliminary works in [106],
[107]. The structured source coding mechanisms employed in this chapter
build on the prior distributed structured matrix computation frameworks
developed in [109], [110].

The main contribution considered in this chapter is the DSPolyDot con-
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struction developed in [108], which combines these structured source coding
techniques with PolyDot-style polynomial redundancy across worker nodes
and studies the resulting straggler-resilient recovery mechanism. The work
in [108] was originally motivated by cooperative coded matrix multiplication in
vehicular networks. For the purposes of this thesis, the presentation is reformu-
lated as a general two-source–workers–receiver DMM problem, with emphasis
on the recovery threshold, worker storage, communication cost, computation
cost, and the structural assumptions required by the construction.

4.1 Introduction
Modern distributed computing systems increasingly rely on computationally
intensive workloads, arising in edge and cloud computing [31], [157], [158],
large-scale estimation and learning [16], [87], [129], [159], [160], and data-
intensive signal processing. Many of these applications reduce to large matrix
multiplications that must be completed under stringent delays. To accelerate
these computations, DMM partitions the overall task among multiple worker
nodes operating in parallel. A central master node encodes and distributes
submatrices to the workers, which perform the assigned computations and
return intermediate results. The master then combines the returned results to
recover the desired matrix product. Although parallelization can substantially
reduce the computation time, its performance is often limited by stragglers,
namely workers that respond significantly more slowly than the others or fail
to return their results. This motivates the development of coding schemes
that introduce structured redundancy and enable recovery without waiting
for every assigned computation.

In DMM, a master node partitions a large matrix product into smaller
subcomputations and assigns them to multiple worker nodes for parallel
execution. However, differences in processing speed, communication delay,
and node availability generally lead to nonuniform response times. Some
workers may therefore respond considerably later than others or fail to return
their results altogether, thereby acting as stragglers. In a conventional uncoded
implementation, the master may need to wait for all assigned subcomputations
before reconstructing the desired matrix product. Consequently, even a
small number of slow workers can dominate the overall completion time and
substantially reduce the benefits of parallel processing.

Coded distributed computing mitigates this bottleneck by introducing
structured redundancy into the assigned computations. The master first
encodes the input matrices and distributes coded submatrices among the
workers. Each worker independently computes an intermediate matrix product
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and returns its result to the master. By appropriately designing the encoding
and decoding procedures, the master can recover the desired matrix product
from only a sufficiently large subset of worker responses, without waiting for
the slowest workers. The recovery threshold, defined as the minimum number
of worker results required for successful decoding, therefore becomes a key
measure of the straggler resilience and latency performance of the system.

Several coded computation frameworks have been developed to reduce
the latency caused by straggling workers, including convolutional coding
approaches [92] and polynomial-based constructions for DMM [70], [71], [95],
[111], [112], [161]. Prominent examples include polynomial (Poly) codes [95],
[111], [162] and PolyDot codes [112]. These schemes encode the matrix
partitions through linear combinations whose coefficients are generated using
polynomial evaluations, thereby enabling the master to reconstruct the desired
product from a subset of the returned computations.

Recent studies have extended coded DMM along several complementary
directions. To accommodate large worker populations over small finite fields,
algebraic function fields have been used to generalize polynomial and MatDot
codes, yielding asymptotically near-optimal recovery thresholds while preserv-
ing the per-worker computation order of the classical constructions [163]. Local
expansions of algebraic functions have further enabled algebraic-geometry
variants of polynomial, MatDot, and PolyDot codes, including an algebraic-
geometry-based PolyDot construction with improved recovery thresholds
over earlier algebraic-geometry approaches and comparable communication
costs [164]. Coded schemes for both single and batch matrix multiplication
have also been developed over Galois rings using reverse multiplication-friendly
embeddings, extending coded computation to small finite fields and residue
rings relevant to finite-precision implementations [165].

From a partitioning and system-design perspective, grouped systematic
MatDot codes combine systematic encoding with three-dimensional matrix
partitioning to reduce completion time and memory consumption while re-
taining exact recovery [166]. In parallel, one-sided slicing provides a flexible
implementation framework that supports different combinations of matrix
partitioning and replication without requiring a distinct multiplication algo-
rithm for each data layout [167]. Beyond the multiplication of two matrices,
multivariate polynomial codes have been proposed for distributed matrix-
chain multiplication, revealing tradeoffs between worker-side computation
and the storage overhead associated with univariate extensions [168]. Related
work on distributed batch matrix multiplication has also characterized the
tradeoffs among download rate, encoder randomness, and controlled infor-
mation leakage when one input matrix must remain private from colluding
workers [169]. Collectively, these studies broaden coded matrix multiplica-
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tion through richer algebraic fields, partitioning methods, implementation
frameworks, and computation models.

Classical coded DMM constructions, including polynomial, MatDot, and
PolyDot codes, introduce redundancy across worker computations through
coded matrix partitions and polynomial interpolation, with different partition-
ing choices leading to different tradeoffs among recovery threshold, storage,
communication, and computation costs [95], [112]. More recent extensions
broaden this coded computation framework through richer algebraic fields,
alternative partitioning and implementation strategies, matrix-chain and
batch computation models, and privacy constraints [98], [136], [165]. These
works are discussed here to position the worker-side polynomial redundancy
used in this chapter within the broader coded-DMM literature.

The source-side structured coding component used in this chapter, on the
other hand, builds on the prior structured matrix computation frameworks de-
veloped in [109], [110]. In particular, these works exploit structured source-side
transformations for the distributed computation of matrix products. Building
on this prior framework, Malak subsequently studied structured polynomial
(StPolyDot) codes in [170], where structured linear encoding is combined with
the polynomial-code framework in a source–workers–receiver setting, and the
resulting memory and communication performance is characterized.

While closely related through their common structured coding ingredients,
the present chapter is based on the joint work in [108] and considers the
DSPolyDot construction developed therein. This construction combines the
structured source-coding stage with PolyDot-style polynomial redundancy
across workers and is studied here in the context of straggler-resilient DMM,
with emphasis on its recovery threshold and the associated communication
and computation costs. Accordingly, the contribution considered in this
chapter lies in the particular DSPolyDot construction and its straggler-resilient
implementation and analysis, rather than in the underlying structured source
coding principle.

Our main contributions are summarized as follows.

• Distributed integration of prior structured source coding with PolyDot
redundancy: We consider distributed computation of a sequence of
matrix products generated by two source nodes. The first source observes
the length-n matrix sequence {Ai}i∈[n], while the second source observes
{Bi}i∈[n], where [n] ≜ {1, . . . , n}. The matrix pairs {(Ai,Bi)}i∈[n] are
independently and identically distributed (i.i.d.) over a finite field
according to a joint distribution. For each i ∈ [n], the matrices Ai and
Bi may be statistically dependent, whereas matrix pairs corresponding
to different indices are independent.
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Building on the prior structured source coding frameworks for dis-
tributed matrix computation in [109], [110], which apply separate non-
linear transformations to the two source matrices, and combining these
ideas with the PolyDot-code construction [112], we consider the DSPoly-
Dot code construction for straggler-resilient DMM. The construction
applies to source matrix pairs satisfying the blockwise cross-product
symmetry condition specified in Section 4.4, which is required for the
worker-side post-processing operation to recover valid evaluations of
the desired matrix product. Under this condition, the proposed scheme
preserves the distributed nature of the two sources while introducing
coded redundancy across the worker computations, thereby providing
resilience against straggling workers.

• Straggler-resilient recovery of matrix products: The proposed DSPolyDot
codes enable the receiver to reconstruct each desired product A⊺

i Bi from
a sufficiently large subset of the worker responses. Consequently, the
receiver does not need to wait for every assigned subcomputation and
can complete the decoding process despite slow or unavailable workers.
We characterize the recovery threshold requirement of the proposed
construction and evaluate the resulting tradeoffs among recovery thresh-
old, storage load, computation load, and communication cost. This
analysis shows how the structured encoding stage can be combined
with polynomial coding to provide an alternative straggler mitigation
mechanism for DMM.

• Distributed implementation with bounded worker storage: The proposed
construction inherits the distributed structure of the linear coding
method in [50]. The two source nodes separately transform and encode
their respective matrix sequences without exchanging the uncoded source
matrices. The coded matrix blocks are then assigned to worker nodes,
each subject to a bounded storage and computation capability. This
design supports practical two-source–worker–receiver implementations
in which the source-side encoding, worker-side matrix multiplication,
and receiver-side decoding are carried out as separate stages.

Organization. The remainder of this chapter is organized as follows.
Section 4.2 introduces the DMM model considered in this chapter. Section 4.3
provides a detailed review of the Körner–Marton encoding scheme [50]. Sec-
tion 4.4 describes the construction of the proposed DSPolyDot codes. Sec-
tion 4.5 presents the main theoretical results. Section 4.6 provides the
numerical evaluations, and Section 4.7 concludes the chapter.
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Figure 4.1: DMM framework considered in this chapter. For each worker
ω ∈ Ω, the source nodes encode the length-n vectors F n

1 (ω) and F n
2 (ω) using

a common linear encoding matrix C, following the Körner–Marton coding
principle [50]. Worker ω then applies the corresponding Körner–Marton

decoding operation, constructs the prescribed polynomial pi(ω), and
computes its assigned output subfunction. The worker transmits the

resulting intermediate value to the receiver, which recovers the desired
product A⊺

i Bi for realization i through polynomial interpolation.

4.2 System Model
We consider the distributed computing system illustrated in Figure 4.1,
consisting of two source nodes, N worker nodes, and a receiver. Source
nodes I and II respectively store the length-n matrix sequences

{Ai}i∈[n] and {Bi}i∈[n],

where
Ai,Bi ∈ FmA×m

q , q ≥ 2,

and i ∈ [n] indexes the i-th realization. For each realization, the source nodes
first partition and preprocess their respective matrices. They then separately
construct coded descriptions of the resulting submatrices using the Körner–
Marton encoding principle [50]. These coded quantities are distributed among
the N workers. Each worker constructs and evaluates a specific polynomial
function of its assigned Körner–Marton-encoded inputs and transmits the
resulting intermediate computation to the receiver. Using the responses
returned by a sufficiently large subset of workers, the receiver aims to recover

A⊺
i Bi, i ∈ [n],
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Xn

Y n

Zn = Xn ⊕ Y n

Encoder

f(Xn)

g(Y n)

h(Zn)

Decoder

φ(f, g, h) ˆ︁Zn

Mf

Mg

Mh

Figure 4.2: Two-help-one source network underlying the Körner–Marton
formulation [50]. The three component sources are separately encoded using
f , g, and h, and the decoder uses the resulting messages to reconstruct
Zn = Xn ⊕ Y n. In the Körner–Marton operating point, h(Zn) = h0 is a
constant mapping, so that Mh carries no source-dependent information.

where A⊺
i denotes the transpose of Ai. The detailed preprocessing, encoding,

worker computation, and decoding procedures are presented later in this
chapter in Section 4.4.

4.3 Structured Source Coding Preliminaries
Körner–Marton encoding is a structured distributed source coding method
originally developed for computing the modulo-two sum of two correlated
binary sources [50]. Its main insight is that when a decoder is interested only
in a function of separately observed sources, reconstructing the individual
sources may be unnecessary and communication-inefficient. Instead, the
separate encoders can exploit the algebraic structure of the desired function
and directly provide the decoder with a compressed description of that
function, which is a summation here. The corresponding two-help-one source
network is illustrated in Figure 4.2.

4.3.1 General two-help-one source network
Consider a three-component discrete memoryless source{︂

(Xi, Yi, Zi)
}︂∞

i=1
,
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where the triples (Xi, Yi, Zi) are independently and identically distributed
according to a joint distribution PXY Z . The random variables Xi, Yi, and Zi

take values in the finite alphabets X , Y , and Z, respectively. We denote the
first n realizations of the component sources by

Xn = (X1, . . . , Xn), Y n = (Y1, . . . , Yn), Zn = (Z1, . . . , Zn).
In the two-help-one source network introduced in [50], the three component

sources are encoded separately. An (n, ϵ) coding scheme consists of three
encoding functions

f : X n −→Mf , (4.1)
g : Yn −→Mg, (4.2)
h : Zn −→Mh, (4.3)

together with a decoding function
φ :Mf ×Mg ×Mh −→ Zn. (4.4)

In the Körner–Marton construction, the third encoder is inactive, namely,
h(Zn) = h0, RZ = 0,

while the first two encoders use the same linear transformation,
f(Xn) = CXn, g(Y n) = CY n.

Based on the three encoded messages, the decoder formsˆ︁Zn ≜ φ
(︂
f(Xn), g(Y n), h(Zn)

)︂
. (4.5)

The coding scheme is required to satisfy
Pr
{︂ ˆ︁Zn ̸= Zn

}︂
< ϵ. (4.6)

The corresponding rate triple is defined as(︃ 1
n

log2

⃓⃓⃓
M(n)

X

⃓⃓⃓
,

1
n

log2

⃓⃓⃓
M(n)

Y

⃓⃓⃓
,

1
n

log2

⃓⃓⃓
M(n)

Z

⃓⃓⃓)︃
. (4.7)

A nonnegative rate triple (RX , RY , RZ) is achievable if, for every ϵ > 0 and
every δ > 0, there exists a sufficiently large block length n and an (n, ϵ)
coding scheme whose rate triple is componentwise no larger than

(RX + δ, RY + δ, RZ + δ).
The term “two-help-one” reflects the fact that the encoded descriptions of

Xn and Y n help the decoder recover Zn. The general form of the network
allows the third source to send its own description through h(Zn). The
classical Körner–Marton construction corresponds to the important special
case in which the third encoder sends no information and the decoder computes
Zn using only separately encoded descriptions of Xn and Y n.
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4.3.2 The modulo-two adder
Suppose that X and Y are binary random variables taking values in binary
field F2 = {0, 1}, and define

Z ≜ X ⊕ Y, (4.8)
where ⊕ denotes addition over F2. Equivalently,

Z =
⎧⎨⎩0, X = Y,

1, X ̸= Y.

The resulting source network is referred to as the modulo-two adder.
The original Körner–Marton result in [50] considers a symmetric joint

distribution of X and Y . For some 0 < p < 1,

Pr{X = 0, Y = 0} = Pr{X = 1, Y = 1} = 1− p
2 , (4.9)

Pr{X = 0, Y = 1} = Pr{X = 1, Y = 0} = p

2 . (4.10)

Hence,
Pr{Z = 1} = Pr{X ̸= Y } = p,

and
H(Z) = h2(p), (4.11)

where
h2(p) ≜ −p log2 p− (1− p) log2(1− p) (4.12)

denotes the binary entropy function.
For this symmetric modulo-two adder, the achievable rate region is given

by [50]

RKM =
{︃

(RX , RY , RZ) : RX +RZ ≥ H(Z), RY +RZ ≥ H(Z)
}︃
. (4.13)

In particular, when the third source does not transmit any information, i.e.,
RZ = 0,

the rate region requires
RX ≥ H(Z), RY ≥ H(Z). (4.14)

The rate pair
(RX , RY ) =

(︂
H(Z), H(Z)

)︂
(4.15)

is therefore achievable. This is the operating point commonly associated with
Körner–Marton encoding.
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4.3.3 Common linear encoding construction
The achievability of (4.15) follows from the existence of suitable linear codes
for binary symmetric channels [50]. More precisely, for every ϵ > 0 and every
δ > 0, and for a sufficiently large block length n, there exists a binary matrix

C ∈ Fm×n
2 (4.16)

and a decoding function

ψ : Fm
2 −→ Fn

2 (4.17)

such that

m < n
(︂
H(Z) + δ

)︂
(4.18)

and

Pr
{︂
ψ
(︂
CZn

)︂
̸= Zn

}︂
< ϵ. (4.19)

The matrix C can be interpreted as the parity-check matrix of a linear
channel code. The vector CZn is then the syndrome of Zn, and ψ acts as a
syndrome decoder that recovers the most likely source sequence associated
with the observed syndrome.

The two separate source encoders use the same linear transformation:

f(Xn) = CXn, (4.20)
g(Y n) = CY n. (4.21)

The third encoder is chosen to be a constant mapping,

h(Zn) = h0, (4.22)

and therefore communicates no source-dependent information.
The decoder first adds the two received descriptions over F2. By the

linearity of C,

f(Xn)⊕ g(Y n) = CXn ⊕CY n

= C
(︂
Xn ⊕ Y n

)︂
= CZn. (4.23)

It then applies the source decoder and forms

ˆ︁Zn = ψ
(︂
f(Xn)⊕ g(Y n)

)︂
. (4.24)
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Combining (4.19) and (4.23) yields

Pr
{︂ ˆ︁Zn ̸= Zn

}︂
< ϵ. (4.25)

Since the number of rows of C satisfies (4.18), the rate of each encoder
approaches H(Z). Consequently,(︂

H(Z), H(Z), 0
)︂

is an achievable rate triple.
Another immediate achievable point is(︂

0, 0, H(Z)
)︂
,

which corresponds to directly compressing Zn at the third source. Time
sharing between these two operating points produces

RX = (1− α)H(Z), (4.26)
RY = (1− α)H(Z), (4.27)
RZ = αH(Z), 0 ≤ α ≤ 1. (4.28)

Together with rate enlargement, these points generate the complete region
in (4.13).

4.3.4 Gains from computing instead of reconstructing
A conventional distributed source coding strategy could first reconstruct
Xn and Y n and subsequently calculate their modulo-two sum. Under the
symmetric distribution in (4.9)–(4.10), the minimum sum rate required to
reconstruct both sources is

H(X, Y ) = H(X) +H(Y | X)
= 1 + h2(p). (4.29)

In contrast, when RZ = 0, Körner–Marton encoding directly computes Zn

using the sum rate

RX +RY = 2h2(p). (4.30)

For 0 < p < 1
2 , h2(p) < 1, and thus

2h2(p) < 1 + h2(p). (4.31)
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Therefore, direct function computation requires less communication than
separate reconstruction of the two sources. The saving becomes larger as the
correlation between X and Y increases, since the difference sequence Zn then
has substantially lower entropy than the individual source sequences.

The gain results from two forms of structure. First, the decoder seeks only
the function Xn ⊕ Y n, rather than the individual source sequences. Second,
the two encoders use the same linear transformation, so their separately
generated messages remain algebraically aligned. The sum of the two messages
is therefore a valid compressed representation of the desired function.

4.3.5 Algebraic interpretation and finite-field formula-
tion

Although the original Körner–Marton construction concerns binary sources
and modulo-two addition [50], Han and Kobayashi extended the structured
encoding principle to the computation of sums of q-ary correlated sources over
the finite field Fq [51]. Related refinements of the Körner–Marton approach
for more general binary source distributions were also developed by Ahlswede
and Han [171]. Here, we use the finite-field formulation underlying the former
extension. Let U and V be correlated random variables over a finite field Fq,
and suppose that the desired function is

W = U + V, (4.32)

where the addition is performed over Fq. For the corresponding length-n
sequences Un, V n, and W n, the two source nodes can apply a common linear
transformation

C ∈ Fmn×n
q

and transmit

f(Un) = CUn, (4.33)
g(V n) = CV n. (4.34)

The decoder then obtains

f(Un) + g(V n) = CUn + CV n

= C
(︂
Un + V n

)︂
= CW n. (4.35)

A source decoder matched to the distribution of W can subsequently recover
W n from its compressed linear description.
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The essential property is therefore not limited to the binary field: the
common encoder preserves the algebraic operation that defines the desired
function. For more general functions, the source nodes may first apply local
transformations that produce an additive representation. Specifically, suppose
that separate mappings F1 and F2 satisfy

G(A,B) = F1(A) + F2(B), (4.36)

or that the desired function can be reconstructed from G(A,B). Körner–
Marton encoding can then be applied to the transformed source sequences
rather than directly to the original observations. This principle allows struc-
tured linear source coding to support broader non-linear and bilinear compu-
tations [109].

4.3.6 Application to the proposed DSPolyDot codes
In the distributed matrix multiplication framework considered in this chapter,
the two source nodes separately observe the matrix sequences

{Ai}i∈[n] and {Bi}i∈[n].

For every worker ω ∈ Ω, the source nodes construct local sequences

F n
1 (ω) =

(︂
F1,1(ω), . . . , F1,n(ω)

)︂
, (4.37)

F n
2 (ω) =

(︂
F2,1(ω), . . . , F2,n(ω)

)︂
. (4.38)

The local transformations are designed so that their finite-field sum contains
the structured quantities needed by worker ω:

Gn(ω) ≜ F n
1 (ω) + F n

2 (ω). (4.39)

The two source nodes then apply the same linear source coding matrix C
and transmit

M1(ω) = CF n
1 (ω), (4.40)

M2(ω) = CF n
2 (ω). (4.41)

Worker ω combines the two descriptions as

M1(ω) +M2(ω) = C (F n
1 (ω) + F n

2 (ω))
= CGn(ω). (4.42)
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It then applies the corresponding source decoder to recover Gn(ω). For every
realization i ∈ [n], the decoded structured quantities are used to construct
and evaluate the worker polynomial pi(ω).

Körner–Marton encoding therefore constitutes the source coding stage of
the proposed DSPolyDot construction. It preserves the additive structure
generated by separate source-side transformations, while the polynomial-
coding stage introduces redundancy across the workers. The receiver can
consequently recover A⊺

i Bi from a sufficiently large subset of the returned
worker computations through polynomial interpolation.

We emphasize that the structured source-side mechanism used in this step
builds on the prior distributed structured matrix computation frameworks
in [109], [110]. Its role in the present chapter is to provide the source
coding stage that is subsequently combined with the worker-side polynomial
redundancy in the DSPolyDot construction.

4.4 DSPolyDot Codes
We now describe the DSPolyDot construction developed in [108]. The source-
side structured transformations used in this construction follow the prior
frameworks in [109], [110], while the worker-side redundancy is combined
with the PolyDot-code principle in [112]. Unless stated otherwise, each step
is carried out independently for every realization i ∈ [n].

Splitting source matrices Source node I splits Ai into submatrices αi(j, k)
and source node II splits Bi into submatrices βi(j, k) for j ∈ Sr, k ∈ Sc,
assuming that Sr ≜ {0, . . . , sr − 1}, Sc ≜ {0, . . . , sc − 1}, where sr divides
mA and sc divides m. Matrix Ai is then described as

Ai ≜

⎡⎢⎢⎣
αi(0, 0) . . . αi(0, sc − 1)

... . . . ...
αi(sr − 1, 0) . . . αi(sr − 1, sc − 1)

⎤⎥⎥⎦ , (4.43)

where αi(j, k) ∈ F
mA
sr

× m
sc

q and q ≥ 2. Similarly, matrix Bi is described as

Bi ≜

⎡⎢⎢⎣
βi(0, 0) . . . βi(0, sc − 1)

... . . . ...
βi(sr − 1, 0) . . . βi(sr − 1, sc − 1)

⎤⎥⎥⎦ , (4.44)

where βi(j, k) ∈ F
mA
sr

× m
sc

q .
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Polynomial construction Given the block representation in (4.43), to
determine A⊺

i Bi ∈ Fm×m
q , inspired by PolyDot codes in [112], we define the

following linear pre-processing functions at the source nodes for different
coefficients xω across the workers ω ∈ Ω ≜ {1, · · · , N}.

Ãi(ω) ≜
sc−1∑︂
j=0

sr−1∑︂
k=0

αi(j, k)xj
ωx

sck
ω ∈ F

mA
sr

× m
sc

q , (4.45)

B̃i(ω) ≜
sr−1∑︂
j=0

sc−1∑︂
k=0

βi(j, k)xsc(sr−1−j)
ω xsc(2sr−1)k

ω ∈ F
mA
sr

× m
sc

q .

To devise non-linear mappings of the constructed polynomials in (4.45)
for DSPolyDot codes, each source node uses the following row-block rep-
resentations to construct the corresponding submatrices of the polynomial
evaluations:

Ãi(ω) =
[︄
Ãi1(ω)
Ãi2(ω)

]︄
, B̃i(ω) =

[︄
B̃i1(ω)
B̃i2(ω)

]︄
, ω ∈ Ω , (4.46)

where Ãi1(ω), Ãi2(ω), B̃i1(ω), B̃i2(ω) ∈ F
mA
2sr

× m
sc

q .

Symmetry condition and scope of the DSPolyDot code construction.
The DSPolyDot post-processing operation considered in this section does
not apply to arbitrary pairs of source matrices. Its correctness depends on a
symmetry condition, involving the row blocks of the polynomial evaluations.
In particular, for every realization i ∈ [n] and every worker ω ∈ Ω, we assume

B̃⊺
i1(ω)Ãi1(ω) = Ã⊺

i1(ω)B̃i1(ω). (4.47)

We refer to (4.47) as the blockwise cross-product symmetry condition. To
see why this condition is required, recall that the worker-side post-processing
operation developed below (cf. (4.52)) cancels the two self-product terms and
yields

Ã⊤
i2(ω)B̃i2(ω)⊕q B̃⊤

i1(ω)Ãi1(ω).

On the other hand, the desired polynomial evaluation is

Ã⊤
i (ω)B̃i(ω) = Ã⊤

i1(ω)B̃i1(ω)⊕q Ã⊤
i2(ω)B̃i2(ω).

Therefore, these two expressions coincide precisely under

B̃⊤
i1(ω)Ãi1(ω) = Ã⊤

i1(ω)B̃i1(ω),
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which is exactly the condition in (4.47). Without this condition, an undesired
cross-product term remains and the worker output is not an evaluation of
the polynomial associated with the desired matrix product. Consequently,
polynomial interpolation at the receiver no longer guarantees recovery of
A⊤

i Bi. We emphasize that this symmetry condition is not a general require-
ment of DMM, but a structural requirement of the particular DSPolyDot
post-processing construction considered here. Accordingly, all DSPolyDot
decodability, recovery-threshold, communication-cost, and computation-cost
results in this chapter are established under this condition.

Non-linear pre-processing To devise novel polynomial codes that capture
the computation structure for evaluating A⊺

i Bi, and following [109], source
nodes I and II construct non-linear mappings f1i(ω), f2i(ω) ∈ F

( mA
sr

+ m
sc

)× m
sc

q of
Ãi(ω) and B̃i(ω), for each i ∈ [n], ω ∈ Ω, respectively as

f1i(ω) ≜

⎡⎢⎣ Ãi2(ω)
Ãi1(ω)

Ã⊺
i2(ω)Ãi1(ω)

⎤⎥⎦ , f2i(ω) ≜

⎡⎢⎣ B̃i1(ω)
B̃i2(ω)

B̃⊺
i1(ω)B̃i2(ω)

⎤⎥⎦ . (4.48)

Each source node then reshapes the non-linear mappings f1i(ω), f2i(ω), as
the vector representations of the form

F1i(ω) ≜
[︂
f1i(:, 1) f1i(:, 2) . . . f1i(:, m

sc
)
]︂⊺
,

F2i(ω) ≜
[︂
f2i(:, 1) f2i(:, 2) . . . f2i(:, m

sc
)
]︂⊺
,

where F1i(ω), F2i(ω) ∈ F
( mA

sr
+ m

sc
) m

sc
×1

q .
The source nodes concatenate the above-mentioned vectors to build new

vectors

F n
1 (ω) ≜ [F11, F12, . . . , F1n]⊺ ∈ F

n( mA
sr

+ m
sc

) m
sc

×1
q ,

F n
2 (ω) ≜ [F21, F22, . . . , F2n]⊺ ∈ F

n( mA
sr

+ m
sc

) m
sc

×1
q . (4.49)

Körner-Marton encoding Given two length-n source sequences Xn and
Y n, the Körner-Marton approach addresses the rate region for computing the
sum of binary sources in the i.i.d. setting, provided that the joint distribution
of sources is symmetric [50]. In this framework, both encoders apply the
same linear mapping C ∈ Fk×n

2 to their respective source sequences, and the
decoder reconstructs the sum Zn = Xn ⊕ Y n by exploiting the linearity of
the encoding.
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As shown in [50, Theorem 1], there exist such linear encoders each with
rate k

n
arbitrarily close to H(Z) for which Zn can be recovered with small

probability of error as n→∞, where H(Z) denotes the entropy of the binary
random variable Z = X ⊕ Y .

Extensions of the Körner-Marton framework to finite fields Fq with q > 2
can be found in, e.g., [109], [172].

Each source node then encodes vectors F n
1 (ω), F n

2 (ω), given in (4.49),
with a common linear encoder C ∈ Fkn×n′

q , where dimensions kn and n′ are
expressed as

kn ≜ max
ω∈Ω

Hq

(︂
F n

1 (ω)⊕q F
n
2 (ω)

)︂
,

n′ ≜ n
(︂mA

sr

+ m

sc

)︂m
sc

.

Each source node then transmits the Körner-Marton encoded data, demon-
strated as CF n

1 (ω),CF n
2 (ω) ∈ Fkn×1

q to each worker ω ∈ Ω at an operating
rate of kn

n′ .

Körner–Marton decoding Worker ω first recovers the modulo-q sum
F n

1 (ω) ⊕q F
n
2 (ω) by applying Körner–Marton decoding to the received se-

quence CF n
1 (ω) ⊕q CF n

2 (ω). The validity of this decoding follows from a
generalization of Elias’ lemma [173], which guarantees reliable recovery of
F n

1 (ω) ⊕q F
n
2 (ω) whenever kn

n′ > Hq(F n
1 (ω) ⊕q F

n
2 (ω)). Consequently, the

decoder can reconstruct F1i(ω)⊕q F2i(ω) in an asymptotically lossless man-
ner. Next, from the recovered sum F1i(ω)⊕q F2i(ω), worker ω computes the
corresponding polynomial outputs pi(ω) ≜ {p(1)

i (ω), p(2)
i (ω), p(3)

i (ω)}, given
by

p
(1)
i (ω) ≜ Ãi2(ω)⊕q B̃i1(ω) ∈ F

mA
2sr

× m
sc

q , (4.50)

p
(2)
i (ω) ≜ Ãi1(ω)⊕q B̃i2(ω) ∈ F

mA
2sr

× m
sc

q ,

p
(3)
i (ω) ≜ Ã⊺

i2(ω)Ãi1(ω)⊕q B̃⊺
i1(ω)B̃i2(ω) ∈ F

m
sc

× m
sc

q .

Here, p(1)
i (ω) and p(2)

i (ω) are linear polynomials in the submatrices defined
in (4.46), while p(3)

i (ω) is a parity polynomial obtained through non-linear
processing as defined in (4.48). Although p(3)

i (ω) involves non-linear terms, it
remains linearly separable in Ãi(ω) and B̃i(ω), which enables the asymptoti-
cally lossless construction of pi(ω) using the Körner–Marton encoding.

Post-processing After evaluating pi(ω), each worker ω ∈ Ω locally com-
bines the recovered polynomial components. The correctness of this step relies
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on the blockwise cross-product symmetry condition in (4.47). Accordingly,
the DSPolyDot construction and the resulting recovery guarantees apply only
when (4.47) holds for every i ∈ [n] and ω ∈ Ω.

Using (4.45), (4.46), and (4.50), worker ω computes

pi(ω) ≜
(︂
p

(1)
i (ω)

)︂⊺
p

(2)
i (ω)⊖q p

(3)
i (ω). (4.51)

Substituting the definitions of the three polynomial components in (4.50)
into (4.51) yields

pi(ω) =
(︃

Ãi2(ω)⊕q B̃i1(ω)
)︃⊺(︃

Ãi1(ω)⊕q B̃i2(ω)
)︃

⊖q

(︃
Ã⊺

i2(ω)Ãi1(ω)⊕q B̃⊺
i1(ω)B̃i2(ω)

)︃
= Ã⊺

i2(ω)B̃i2(ω)⊕q B̃⊺
i1(ω)Ãi1(ω). (4.52)

The blockwise cross-product symmetry condition (4.47) converts the re-
versed cross-product B̃⊤

i1(ω)Ãi1(ω) remaining in (4.52) into the desired term
Ã⊤

i1(ω)B̃i1(ω), and as a result, the whole expression in (4.52) becomes
pi(ω) = Ã⊺

i1(ω)B̃i1(ω)⊕q Ã⊺
i2(ω)B̃i2(ω)

= Ã⊺
i (ω)B̃i(ω). (4.53)

Consequently, each worker obtains an evaluation of the polynomial associ-
ated with the desired matrix product and transmits

pi(ω) = Ã⊺
i (ω)B̃i(ω)

=
∑︂

(j,k,j′,k′)∈S
α⊺

i (j, k)βi(j′, k′)xj+sc(sr−1−j′+k)+sc(2sr−1)k′

ω (4.54)

to the receiver, where
S ≜ Sc × Sr × Sr × Sc

denotes the Cartesian product of the corresponding index sets.
We next discuss an important parameter in the context of DMM, known

as the recovery threshold, which is the minimum number of workers needed to
successfully evaluate A⊺B at the receiver, and ensures the successful recovery
of the matrix product in DMM with any subset of the workers.
Definition 22 (Recovery threshold). For a fixed distributed computing scheme
with worker set Ω, the recovery threshold is the smallest integer Nr such that,
for every subset I ⊆ Ω satisfying |I| = Nr, the receiver can recover the desired
matrix product from the outputs of the workers in I.

For the proposed construction, this definition applies to the polynomial-
decoding stage conditioned on successful Körner–Marton decoding at the re-
sponding workers. The corresponding end-to-end recovery guarantee is asymp-
totically lossless as the source coding blocklength tends to infinity.
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Receiver-side decoding The receiver collects evaluations of Ã⊺
i (ω)B̃i(ω)

from a subset of cooperative workers ω ∈ Ω. Once a sufficient number
of such evaluations (equal to the recovery threshold Nr) is obtained, the
receiver applies polynomial interpolation, following the approach in [112], to
reconstruct the desired matrix product A⊺

i Bi (cf. Proposition 3).
Next, we evaluate the computation and communication complexities of

the aforementioned system model.

4.5 Main Results
We next provide mathematical analysis of the memory requirements and the
recovery threshold as well as a cost analysis for computation and communica-
tion of the proposed DSPolyDot framework shown in Figure 4.1, respectively.

4.5.1 Computation Cost of DSPolyDot Codes
In this part, we detail the complexity of computation at the source nodes
as well as the worker nodes, respectively. Note that we ignore the bounded
complexity terms imposed by reshape or concatenation operations.

Proposition 2. (Computation cost per source node.) The total compu-
tation cost of each source node, including the Körner-Marton linear encoding
matrix, equals

N
(︃
mAm+ m2mA

2srs2
c

)︃
. (4.55)

Proof. For each ω ∈ Ω, each source node first computes Ãi(ω) or B̃i(ω)
(cf. (4.45)) with a complexity of sc × sr × mA

sr
× m

sc
. Each source node then

computes one of the non-linear mappings f1i and f2i, each with a complexity
of m

sc
× mA

2sr
× m

sc
. Considering N workers and summing the aforementioned

costs completes the proof.

The encoding process in (4.50), incorporating the dimensions of polyno-
mials, dictates to each worker a storage limit

MDSPolyDot = mAm

srsc

+ m2

s2
c

. (4.56)

The proposed DSPolyDot codes require storage no greater than that of
PolyDot codes in [112], given as

MPolyDot = 2mAm

srsc

,
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when m
sc
≤ mA

sr
.

We next characterize the recovery threshold for DSPolyDot codes.

Proposition 3 (Achievable recovery threshold of DSPolyDot codes). Assume
that the blockwise cross-product symmetry condition in (4.47) holds for every
i ∈ [n] and ω ∈ Ω. Let Nr denote the recovery threshold of the proposed
DSPolyDot construction according to Definition 22. Then,

Nr ≤ N r ≜ s2
c(2sr − 1). (4.57)

Equivalently, N r = s2
c(2sr − 1) is an achievable recovery threshold for the

proposed construction.
In the asymptotic source coding regime, in which the Körner–Marton

decoding error probability tends to zero as n→∞, the receiver can therefore
recover the desired matrix product from the outputs of any N r responding
workers. Consequently, when N ≥ N r, the construction guarantees tolerance
of up to N −N r straggling workers.

Proof. Under the blockwise cross-product symmetry condition in (4.47), the
worker-side post-processing operation produces

pi(ω) = Ã⊺
i (ω)B̃i(ω).

Thus, the value transmitted by worker ω is the evaluation, at x = xω, of the
polynomial

pi(x) ≜ Ã⊺
i (x)B̃i(x)

=
∑︂

(j,k,j′,k′)∈S
α⊺

i (j, k)βi(j′, k′)xe(j,k,j′,k′), (4.58)

where
S = Sc × Sr × Sr × Sc,

with
Sc = {0, 1, . . . , sc − 1}, Sr = {0, 1, . . . , sr − 1},

and

e(j, k, j′, k′) ≜ j + sc(sr − 1− j′ + k) + sc(2sr − 1)k′. (4.59)

The exponent in (4.59) is increasing in j, k, and k′, and decreasing in j′.
Its largest possible value over S is therefore attained at

j = sc − 1, k = sr − 1, j′ = 0, k′ = sc − 1.
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Consequently,

deg
(︂
pi(x)

)︂
≤ (sc − 1) + sc

(︂
(sr − 1) + (sr − 1)

)︂
+ sc(2sr − 1)(sc − 1)

= s2
c(2sr − 1)− 1. (4.60)

Each responding worker provides one evaluation

pi(ω) = pi(xω).

Because the evaluation points {xω : ω ∈ Ω} are distinct, any

N r = s2
c(2sr − 1)

such evaluations uniquely determine every polynomial of degree at most

s2
c(2sr − 1)− 1.

Hence, the receiver can reconstruct pi(x) from the outputs of every subset
I ⊆ Ω satisfying

|I| = N r.

It can then extract the coefficients corresponding to the desired block products
and reconstruct A⊺

i Bi.
Thus, every subset of N r responding workers is sufficient for recovery. By

Definition 22,
Nr ≤ N r = s2

c(2sr − 1),

which proves (4.57).

The achievable recovery threshold in (4.57) coincides with the interpolation-
based recovery guarantee of the original PolyDot construction in [112] when
its partitioning parameters are identified as s = sr and t = sc. This pro-
vides a common recovery guarantee for comparing their communication and
computation costs.

We next evaluate the computation cost of DSPolyDot codes.

Proposition 4. (Computation cost of a worker node.) The computa-
tion cost of the worker ω ∈ Ω is equal to

mAm

srsc

+ mAm
2

2srs2
c

+ 2m2

s2
c

. (4.61)
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Proof. Each worker ω ∈ Ω evaluates the summation of f1i and f2i with a
cost of mAm

srsc
+ m2

s2
c

to build the polynomials p(1)
i (ω), p(2)

i (ω), and p(3)
i (ω). Each

worker then computes pi(ω) (cf. (4.51), (4.54)), exploiting the dimensions of
each computational term, with a cost of m

sc
×mA

2sr
×m

sc
for multiplying

(︂
p

(1)
i (ω)

)︂⊺
and p(2)

i (ω)), followed by the addition of the terms
(︂
p

(1)
i (ω)

)︂⊺
p

(2)
i (ω) ∈ F

m
sc

× m
sc

q

and p
(3)
i (ω) ∈ F

m
sc

× m
sc

q with a complexity of m2

s2
c

. Summing all the costs, the
total computation cost per worker equals (4.61).

4.5.2 Communication Cost of DSPolyDot Codes
We here determine the communication complexity from the source node to
the worker nodes as well as from the workers to the receiver, respectively, as
follows.

Proposition 5. (Communication cost per source node.) The total
communication cost of each source node for transmitting CF1i(ω),CF2i(ω) to
all workers ω ∈ Ω is given by

Hq

(︂
F1i(ω)⊕q F2i(ω)

)︂
= N

(︃
mAm

srsc

+ m2

s2
c

)︃
. (4.62)

Proof. Exploiting the dimensions of each polynomial in (4.50), the commu-
nication cost of each source node for transmitting CF1i(ω),CF2i(ω) to N
workers equals (4.62).

Proposition 6. (Communication cost per worker node.) The com-
munication cost of worker ω ∈ Ω is

Hq(pi(ω)) = Hq(Ã⊺
i (ω)B̃i(ω)) = m2

s2
c

. (4.63)

Proof. Employing (4.54), worker ω ∈ Ω transmits pi(ω) ∈ F
m
sc

× m
sc

q to the
receiver with a cost equivalent to (4.63).

Given Nr responding (active) workers, the total communication cost of
workers is given as

m2

s2
c

×Nr = m2(2sr − 1) . (4.64)

We next present the numerical results for the proposed DMM framework
with DSPolyDot codes and compare them to the state-of-the-art.
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Figure 4.3: Communication cost of workers for computing an element of
A⊺B (normalized: # symbols/m2).

4.6 Numerical Evaluations of DSPolyDot Codes

We now present numerical evaluations of the proposed DSPolyDot codes
and compare their performance with the polynomial code and PolyDot-code
constructions in [95], [112]. The numerical evaluations in this section are
obtained directly from the analytical communication- and computation-cost
expressions and do not depend on particular source-matrix realizations. All
DSPolyDot curves are interpreted under the blockwise cross-product symmetry
condition in (4.47).

In Figure 4.3, utilizing (4.64), we numerically evaluate the total com-
munication cost of workers for computing an element of A⊺B ∈ Fm×m

q , i.e.,
the total number of transmitted symbols normalized by m2. The curves for
PolyDot and DSPolyDot codes overlap because in both approaches worker
ω ∈ Ω computes and then transmits Ã⊺

i B̃i.
Furthermore, for the total communication cost (from source nodes to

workers and workers to the receiver), as shown in Figure 4.4, the proposed
approach incurs a modest increase in cost when only a small number of
workers are active, given the same set of parameters. This modest increase in
communication cost results from the additional structured source coding and
worker-side post-processing operations. However, as the number of responding



116 4.7. Conclusion

0 500 1000 1500

Number of responding workers (N
r
)

800

1000

1200

1400

1600

1800

2000
T

o
ta

l 
C

o
m

m
. 
C

o
s
t

PolyDot

DSPolyDot

Figure 4.4: Total communication cost (from sources to the workers and
from workers to the receiver).

workers increases, the performance converges to that of PolyDot codes [112].
In Figure 4.5, exploiting (4.61), we illustrate the computation cost per

worker for computing A⊺B, i.e., the total number of operations normalized by
N , which demonstrates savings for a limited number of responding workers,
however, asymptotically converging to that of PolyDot codes [112].

Finally, Figure 4.6 illustrates the total computation cost of the proposed
DMM framework, including contributions from the source nodes, workers,
and the receiver. When only a small number of workers participate, the
proposed approach incurs a bounded increase in total computation cost. As
the number of responding workers increases, the computation cost decreases
and asymptotically converges to that of PolyDot codes [112].

4.7 Conclusion
We studied the DSPolyDot code construction developed in [108] for straggler-
resilient DMM. By combining structured source coding with the algebraic
structure of matrix multiplication through a non-linear parity polynomial, the
proposed construction extends conventional polynomial coding approaches to
a distributed setting with two separate source nodes and multiple workers.
Under the blockwise cross-product symmetry condition specified in Section 4.4,
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Figure 4.5: Computation cost per worker for computing A⊺B (normalized:
# operations/N).
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Figure 4.6: Total computation cost (sources-workers-receiver).

the resulting scheme enables recovery of the desired matrix product from a
sufficiently large subset of worker responses and therefore provides resilience



118 4.7. Conclusion

against stragglers. Compared to the polynomial code and PolyDot code
constructions in [95], [112], the proposed DSPolyDot codes preserve the
same asymptotic communication and computation orders while offering a
structurally different encoding mechanism for DMM. These properties make
DSPolyDot codes a promising alternative for delay-sensitive and straggler-
resilient distributed computing systems.

An important direction for future work is to alleviate the blockwise cross-
product symmetry condition and extend the construction to arbitrary pairs
of source matrices with arbitrary source data distributions.
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Chapter 5

Conclusion and Future Research
Directions

In this thesis, we investigated three fundamental problems in distributed
computing under communication and computation constraints, with partic-
ular emphasis on exploiting the structure of the functions being computed.
Specifically, we studied: (i) the role of data placement in the distributed com-
putation of Boolean functions, where a sensitivity-based analysis reveals how
the influence of individual datasets shapes the communication and computa-
tion requirements; (ii) the computation of non-linearly separable multivariate
functions in multi-user systems, where a structured tensor formulation enables
efficient task allocation and reduces the required number of servers; and (iii)
straggler-resilient DMM, where prior structured source coding techniques for
distributed matrix computation are combined with polynomial coding in the
DSPolyDot construction to enable recovery from a subset of worker responses.

Across these problems, we adopted a unified perspective centered on the in-
teraction among function structure, data placement, computation assignment,
and communication cost. The following sections summarize the principal con-
tributions of each technical chapter and discuss the corresponding directions
for future research.

5.1 Summary of Contributions and Future
Outlooks for Chapter 2

In Chapter 2, we investigated the role of distributed input dataset placement
across multiple servers in the distributed computation of Boolean functions
through a sensitivity-based framework. By leveraging notions of influence
and sensitivity of Boolean functions, we established a direct link between the
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structural properties of Boolean functions and the resulting dataset placement
configuration and the incurred communication cost.

We showed that the placement of datasets across distributed servers is not
merely an implementation detail, but a fundamental design parameter that can
significantly impact system performance. Our analysis provided new bounds
and insights into how sensitive datasets should be allocated to the servers
in order to minimize communication overhead while respecting computation
constraints. This approach offered a principled method to characterize and
optimize distributed Boolean computation beyond conventional formulations.

A natural extension of this chapter is to generalize the sensitivity-based
framework to broader classes of functions, including non-Boolean and general
non-linear functions, as well as probabilistic models. Another promising direc-
tion lies in bridging sensitivity measures with information-theoretic quantities,
potentially leading to bounds on communication complexity. Additionally,
exploring adaptive or learning-based placement strategies in dynamic systems
could reveal the fundamental performance limits of practical system designs.

5.2 Summary of Contributions and Future
Outlooks for Chapter 3

Chapter 3 addressed the distributed computation of non-linearly separable
functions through a sparse tensor factorization framework. We introduced
a tensor-based representation of user demands that captures the inherent
multi-dimensional structure of polynomial computations requested by multiple
users. This formulation stems from the observation that non-linearly separable
functions can be expressed as multivariate polynomials over a set of basis
subfunctions, where interactions across these subfunctions prohibit a simple
linear decomposition. To model the resulting computation and communication
constraints, we characterized the system through three key design parameters:
(i) the computation budget Γ, which limits the number of simultaneously active
dimensions (i.e., interacting subfunctions) that each server can process; (ii) the
multiplication budget Λ, which governs the local complexity associated with
forming higher-order terms within each dimension; and (iii) the communication
constraint ∆, which restricts the number of users that can be simultaneously
served per transmission. Together, these parameters provide a structured and
flexible framework to capture the complexity of polynomial-based interactions,
and they play a central role in guiding the design of efficient distributed
computation schemes.

Building on the tensor-based representation, we proposed an achievable
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scheme based on fixed-support tensor decompositions that helps us model
our distributed computing problem as a sparse tensor factorization problem,
combined with multi-dimensional tiling that allows us to construct achiev-
able solutions for the sparse tensor factorization problem. This construction
exploits sparsity and structured overlaps across dimensions, leading to substan-
tial reductions in the required number of servers compared to matrix-based
approaches. Furthermore, we incorporated a combinatorial reduction step
based on bipartite matching and flow formulations, which eliminates redun-
dant assignments and improves efficiency. Numerical evaluations confirmed
that the proposed schemes achieve significant gains by requiring significantly
fewer computational resources.

Future work could focus on developing converse bounds on the number of
required servers to measure the gap between achievable schemes and converse
bounds, particularly through refined counting arguments or geometric interpre-
tations of tensor tilings. Extending the framework to heterogeneous systems,
where computation and communication capabilities vary across servers, is
another natural direction. Moreover, scalable algorithmic implementations of
the combinatorial reduction step, especially for high-dimensional settings, re-
main an open challenge. Connections to learning-based tensor decompositions
may also provide new insights.

5.3 Summary of Contributions and Future
Outlooks for Chapter 4

In Chapter 4, we studied straggler-resilient DMM through the DSPolyDot
construction developed in [108]. The construction builds on prior structured
source coding techniques for distributed matrix computation, particularly
Körner–Marton-style coding and its extensions [50], [109], [110], and combines
them with PolyDot-style polynomial redundancy commonly used in CDC [112].
Accordingly, the contribution of the chapter lies in the particular DSPolyDot
construction and its straggler-resilient analysis, rather than in the underlying
structured source coding principle.

The construction addresses the latency caused by slow or unavailable
workers by introducing redundancy across the distributed computations.
Through the resulting source encoding, worker-side polynomial computation,
and receiver-side interpolation procedures, the desired matrix product can be
recovered from a sufficiently large subset of worker responses without waiting
for all assigned tasks to be completed. We characterized the corresponding
achievable recovery threshold and analyzed the storage, communication, and
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computation requirements of the construction. The analysis also makes
explicit the blockwise cross-product symmetry condition required for the
worker-side post-processing operation.

Several directions remain open for future work. One important objective
is to derive tighter bounds on the recovery threshold and to determine the
regimes in which the proposed structured construction provides gains over
conventional polynomial coding schemes. It would also be worthwhile to study
the effects of heterogeneous worker capabilities, including different storage
capacities, computation speeds, and communication delays.

Another promising direction is to extend the proposed framework to other
bilinear and multilinear distributed computations, such as tensor contractions,
matrix chains, and large-scale signal processing operations. Finally, adapting
the scheme to dynamic distributed systems with worker arrivals, departures,
intermittent connectivity, and time-varying task assignments could further
improve its practical applicability.

5.4 Overall Applicability, Limitations, and
Outlook

The three technical chapters of this thesis examine distributed computation
from different but complementary perspectives. Chapter 2 studies how the
sensitivity of a demanded Boolean function can guide dataset placement.
Chapter 3 develops a tensor-based representation for assigning non-linearly
separable polynomial computations under communication and computation
constraints. Chapter 4 combines structured source coding with polynomial
coding to provide straggler resilience in distributed matrix multiplication.
Although these chapters address different system models, they share a common
principle: the structure of the demanded computation should be incorporated
directly into the design of data placement, task assignment, encoding, and
communication.

Applicability of the proposed frameworks. The sensitivity-based ap-
proach of Chapter 2 is most applicable when the relative importance of the
input datasets can be quantified through the influence that they exert on
the demanded function. Rather than treating all datasets identically, the
framework identifies placements that group strongly interacting variables and
thereby reduce unnecessary transmissions. The resulting viewpoint may be
useful in distributed systems where the requested function is known before
placement or task assignment and where the communication cost depends
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strongly on the particular datasets stored at each server.
The tensor framework of Chapter 3 applies to multi-user settings in which

the requested functions contain non-linear interactions among a finite set
of basis subfunctions. In particular, it provides a natural representation for
multivariate polynomial demands with prescribed degree bounds. By assigning
different exponent dimensions to different tensor modes, the framework avoids
treating every monomial as an unrelated basis function. This representation is
especially relevant when direct linearization would create a prohibitively large
effective function space. The proposed tiling and assignment constructions
then translate the algebraic structure of the demands into explicit computation
and communication assignments.

The structured coding framework of Chapter 4 applies to DMM with
separately observed source matrices and potentially straggling workers. It
illustrates how source-side algebraic structure and worker-side polynomial
redundancy can be combined within the same distributed computation scheme.
Conditional on successful structured source decoding at the responding work-
ers, polynomial interpolation enables the receiver to recover the desired matrix
product from a sufficiently large subset of worker responses. The framework is
therefore relevant to systems in which waiting for every worker would create
an excessive completion delay.

Common modeling assumptions. The results in this thesis rely on several
assumptions that make it possible to obtain explicit analytical guarantees.
First, the demanded functions and their coefficients are assumed to be known
before the placement, encoding, or task-assignment stages. The proposed
schemes are therefore designed for a fixed computation task rather than for
demands that arrive unexpectedly after the placement has been determined.
Second, task assignments and server–user connectivity patterns are generally
treated as static during each problem instance. The models do not explicitly
account for time-varying link qualities, changing server availability, or online
migration of computational tasks.

The constructions also rely on centralized coordination. In Chapters 2
and 3, a master or coordinator determines the placement and computation
assignments. In Chapter 4, the source nodes and the receiver use a predeter-
mined coding construction and a prescribed set of evaluation points. Such
coordination simplifies the analysis and ensures that the local operations are
globally compatible. In a large-scale or rapidly changing network, however,
maintaining a complete and current view of the system may itself require
non-negligible communication and computation resources.

Several of the explicit expressions are additionally derived under homo-
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geneous resource assumptions. For example, the principal constructions in
Chapter 3 assume common computation, communication, and exponent-range
constraints across the servers, together with divisibility conditions that permit
regular tensor partitions. These assumptions yield transparent closed forms
and structured tilings, but they do not capture systems in which servers
have substantially different computational speeds, memory capacities, com-
munication fan-outs, or supported exponent ranges. Although the underlying
tensor formulation can represent more general constraints, the corresponding
assignment and factorization problems become more difficult.

Recovery criteria and robustness. The recovery guarantees also differ
across the three chapters. Chapters 2 and 3 require exact recovery of the
requested functions under their stated algebraic models. Chapter 4 combines
two types of guarantees. Polynomial interpolation is exact once sufficiently
many correct worker evaluations are available, whereas the Körner–Marton
source-coding component provides an asymptotically lossless guarantee whose
decoding-error probability tends to zero as the source-coding blocklength
increases. Consequently, the overall Chapter 4 construction is asymptotically
lossless rather than strictly zero-error at every finite blocklength.

The models primarily address missing or delayed worker responses rather
than arbitrary computational errors. In particular, Chapter 4 treats stragglers
through redundant polynomial evaluations but does not develop protection
against malicious workers that return incorrect results. Similarly, noisy
communication links, finite-precision effects, and quantization errors are not
included in the main analytical models. Extending the proposed frameworks
to approximate, noisy, or adversarial computation would require different
recovery criteria and additional forms of redundancy.

Limits of the current optimality guarantees. The results in Chapter 3
are achievability results. The proposed tensor factorizations and the capaci-
tated tile-assignment algorithm construct valid schemes and provide upper
bounds on the minimum number of required servers, or equivalently lower
bounds on the maximum achievable system rate. However, matching converse
bounds are not established for the general non-linearly separable setting.
The remaining gap therefore leaves open whether the proposed constructions
are optimal or whether other tensor decompositions, task assignments, or
coding mechanisms could further reduce the number of required servers. This
limitation is closely related to the computational difficulty of sparse and
structured factorization problems. The assignment algorithm removes redun-
dant contributions created by overlapping tile closures, but it does not solve
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a general minimum-rank tensor factorization problem. Its output depends
on the set of candidate tiles and the admissible tuple-to-tile relationships
specified by the construction. A broader optimization over tile geometries,
support patterns, and factorization orders could potentially produce further
improvements, although such an optimization may become computationally
intractable for large tensor dimensions.

Chapter 4 also relies on a restrictive structural assumption. The worker-
side post-processing operation requires the blockwise cross-product symmetry
condition specified in that chapter. This condition ensures that the inde-
pendently encoded source components can be combined into the polynomial
evaluations required for decoding. It does not hold for arbitrary pairs of
source matrices. The DSPolyDot construction and its recovery guarantee
must therefore be interpreted within this restricted class of matrix pairs.
Removing or weakening this condition is necessary before the construction
can be applied to general distributed matrix multiplication instances.

Directions for future research. A first cross-cutting direction is to
develop adaptive versions of the proposed schemes. Rather than fixing all
assignments in advance, a system could update its placement, tiling, or
coding decisions according to observed server speeds, network congestion,
user demands, or straggling patterns. Such an extension would connect
the structural methods developed in this thesis with online scheduling and
dynamic resource allocation.

A second direction is to incorporate heterogeneous server capabilities di-
rectly into the analytical constructions. In the tensor setting, this would allow
the computation budget, communication fan-out, and supported exponent
ranges to depend on the server index. The resulting problem could be viewed
as a heterogeneous capacitated assignment in which different servers are
matched to different tensor regions according to their capabilities. Identifying
regimes in which such assignments admit closed-form guarantees would be
particularly valuable.

A third direction is to derive converse bounds for the non-linearly separable
computation model of Chapter 3. Lower bounds based on tensor support,
multilinear rank, communication fan-out, or combinatorial covering arguments
could help quantify the optimality gap of the proposed schemes. Even bounds
that apply only to particular demand tensors or parameter regimes would
clarify when the current constructions are close to optimal.

For Chapter 4, an important objective is to remove the blockwise cross-
product symmetry requirement. This may require a different source-side
transformation, additional worker messages, or a coding construction that
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allows the undesired cross terms to be separated during interpolation. An-
other relevant extension is to quantify the finite blocklength behavior of the
structured source-coding stage, rather than relying only on its asymptotic
guarantee. Furthermore, the exact-recovery formulations considered in this
thesis could be extended to approximate computation. In many learning and
signal processing applications, a controllable approximation error may be
acceptable in exchange for lower communication, computation, or latency.
Combining function sensitivity, tensor approximation, and progressive coded
computation may provide a unified framework in which the quality of the
recovered result improves as additional server responses become available.

Finally, experimental validation on distributed computing platforms would
help assess the practical trade-offs that are abstracted by the analytical models.
Such studies could account for encoding and decoding overhead, memory
access, synchronization, finite-field arithmetic, network congestion, and the
computational complexity of the assignment algorithms. This would clarify
the operating regimes in which exploiting functional and algebraic structure
provides measurable end-to-end gains.

Overall, the results of this thesis provide structured foundations rather
than universally optimal solutions for all distributed computing systems.
They demonstrate that substantial gains can be obtained by moving beyond
function-agnostic placement and coding and by explicitly representing the
interactions present in the demanded computations. At the same time,
the assumptions and open problems identified above highlight the need for
adaptive, heterogeneous, and decentralized formulations. Addressing these
issues may further bridge the gap between the theoretical limits of structured
distributed computation and its deployment in large-scale networked systems.

5.5 Drafts and Publications
The main contributions of this thesis have led to the following drafts and
publications.

Journal Draft (Submitted to IEEE Transactions on Communica-
tions):

• A. Khalesi, A. Tanha, D. Malak, and P. Elia, “Distributed Computing
under Communication Constraints: A Sparse Tensor Factorization
Approach”, 2026. arXiv version ([103]) [Online] arXiv:2601.16171v2

https://arxiv.org/abs/2601.16171v2
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Conference Papers:

• A. Tanha and D. Malak, “The Influence of Placement on Transmission
in Distributed Computing of Boolean Functions,” in Proceedings, IEEE
International Workshop on Signal Processing Advances in Wireless
Communications (SPAWC), Lucca, Italy, Sep. 2024. ([100])
[Online] arXiv:2406.07088.

• A. Khalesi, A. Tanha, D. Malak, and P. Elia, “Non-Linearly Separable
Distributed Computing: A Sparse Tensor Factorization Approach,” in
Proceedings, IEEE International Symposium on Information Theory
(ISIT), Guangzhou, China, Jun. 2026. ([102])
[Online] arXiv:2601.16171v1.

• A. Tanha, M. R. D. Salehi, M. Dutta, and D. Malak, “Cooperative Coded
Matrix Multiplication in Secrecy-Constrained Vehicular Networks,” in
IEEE Vehicular Technology Conference (VTC), to appear, 2026. ([108])
[Online] HAL:hal-05641781.

Recent Result Posters:

• A. Tanha and D. Malak, “Sensitivity of Distributed Computing to Place-
ment”, Recent Results, IEEE European School of Information Theory,
1-5 July 2024, Eindhoven, The Netherlands & France PhD Workshop
on Information Theory, 7 June 2024, Paris, France. ([99])
[Online] EURECOM/publication/7747 & EURECOM/publication/7754

• M. R. D. Salehi, A. Tanha, D. Malak, “Structured Polynomial Codes”,
Recent Results, IEEE International Symposium on Information Theory
(ISIT), 7-12 July 2024, Athens, Greece. ([106])
[Online] EURECOM/publication/7724

• A. Khalesi, A. Tanha, D. Malak, and P. Elia, “Tessellated Distributed
Computing of Non-Linearly Separable Functions”, Workshop on Dis-
tributed Computing, Optimization & Learning (WDCL), 3-5 September
2025, Munich, Germany. ([101]) [Online] EURECOM/publication/8357

• A. Tanha, M. R. D. Salehi, D. Malak, “Structured Coded Matrix Mul-
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