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ABSTRACT

We investigate Maximum Likelihood (ML) methods for blind and
semi-blind estimation of multiple FIR channels. Two blind De-
terministic ML (DML) strategies are presented. In the first one,
we propose to modify the lterative Quadratic ML (IQML) algo-
rithm in order to "denoise” it and hence obtain consistent chan-
nel estimates. The second strategy, called Pseudo-Quadratic ML
(PQML), is naturally asymptotically denoised. Links between these
two approaches are established and their global convergence is

We assume that M > M+ N <1 in which case the channel con-
volution matrix 7 (k) has more rows than columns. A channel
will be said irreducible if the Hz), : = 1, ..., m have no zeros

in common, and reducible otherwise. For obvious reasons, the col-
umn space of (h) is called the signal subspace and its orthogonal
complement the noise subspace.

2. BLIND DETERMINISTIC ML

proved. Furthermore, we propose semi-blind ML techniques com-
bining PQML with two different training sequence estimation meth-

The Deterministic Maximum Likelihood (DML) method was in-
troduced for blind channel estimation in [1]. In DML, both chan-

ods and compare their performance. These semi-blind techniqueshe! coefficients and input symbols are considered as deterministic

exploiting the presence of known symbols, outperform their blind
version. They also allow channel estimation in situations where

blind and training sequence methods fail separately. Simulations

quantities, which are jointly estimated dlugh the criterion:

. 2
max [(YIh) & win|]Y & T(k)A| @)

are presented to demonstrate the performance of all the proposed ] o ) ) ) )
algorithms, and comparisons between them are discussedin a blind (Y| ) is the complex probability density function (which exists

and/or semi-blind context.

1. INTRODUCTION

Considera sequence of symbael#) received througln channels
of length N and coefficients(s):

y(k) = > h(i)a(ken) +v(k), @

v(k) is an additive independentwhite Gaussian noige,(k<1) =
Ev(k)v(:)” = 021, 6xi. Assume we receivd/ samples, con-
catenated in the vectdf »;(k):

Y (k) = Tar(h) Avrynv—1(k) + Var(k) @

Y u(k) = [y (keM+1)---y" (k)]7, similarly for V u(k),
andAxr (k) = [a” (kaMEN+2)- - a® (k)] where(.)” de-
notes hermitian transpose. The channel tranfer functibiiig =
SN h(i)z T =[HI(2)- - - HE(2)]7. Tar(h) is a block Toeplitz

1=0
matrix filled out with the channel coefficients groupedtin=
[RT(N&l) --- R (0)]7. We shall simplify the notation in (2)

with k = M &1 to:

Y = T(h)A+V. ®)
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asV is circular). We consider here that the blind DML identifia-

bility conditions are verified: the channel is irreducible, the input

symbols are persistently exciting and the burst sufficiemthgl

The channelis then identifiable up to a scale factor and we assume

the regularizing constrainit:)| = 1. Optimizing (4) w.r.t. A and

replacing in (4), we get the following DML criterion fér.
min Y PF;, Y (5)
llR]l=1

P%(h) is the orthogonal projection on the noise subspace. The key

to a computationally attractive solution of the DML problem is a

linear parameterization of the noise subspace.

We consider here a linear parameterization in terms of chan-
nel coefficients. LeH *(z) be such a parametrization; it verifies
HY(z)H(z) = 0and T (RT)T(h) = 0; T (k") is filled with the
coefficients ofH* () and spans the noise subspace. An example
is [2]:

SHz(z)  Hi(z) 0 0
HY(s) = 0 eHa(x) Ha(z) :
: i . 0
Hy. (2) 0 0 <Hi(z)
(6)
SinceP%(h) = Pyrp1y, (5) can be written as:
min Y7 TH(hHRYT (MY @

ll7]l=1
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linear ink, a matrix) filled out with the elements of the observa- criterion is equivalent to (11): asymptotic global convergence ap-
tion vectorY” can be found such thath = T(h*)Y. Then (8) plies fork and forA which tends to 1.
becomes:

min, REYAR* Y (8)  2.2. Pseudo-Quadratic ML (PQML)

The principle of PQML has been first applied to sinusoids in noise
2.1. Denoised lterative Quadratic ML (DIQML) estimation [5] and then to DML in [6]. The gradient of the DML

The Iterative Quadratic ML algorithm (IQML) solves (8) itera- cost function may be arranged @h)h, where P(h) is (ide-

- ) : ally) positive semi-definite. The ML solution verifi@d(h)h = 0,
tively in such a way that at each step a quadratic problem ap-_ -7/~ ; >
pears. Indeed, at each iteration of IQML, the denomindor which is solved under constraifjb|| = 1 by the PQML strategy

computed thanks to the previous iteration, is considered as con2® follows: in a first stef’(h) is considered constant, andagh)

o . ._is positive semi-definite, the problem becomes quadratie cho-
stant and he_nce c_ntenon ®) be°°m¢s qua_dratlc. Under Cor15tr"’"”*sen in [6] as the eigenvector corresponding to the smallest absolute
k]| = 1, h is estimated as the minimal eigenvector of the ma-

trix YERTY. IQML requires a very good itialization. In [3] elglen\_/alue_oﬂ?(h). Thtls saolutlon_ll_i usde_#_to lreevaluz_;ﬂ{h_) aff‘dd.
the channel is initialized by the SRM method [4] and the IQML other iterations may be done. The difficulty consists in finding
. : A . the rightP (k) and especially with the positive semi-definite con-
estimate is proved to be consistent at high SNR. But at low SNR traint. In our problem:
conditions, this method is biased because the true channel is not ' P '
a stationary point of the algorithm and performs poorly even if P(h) = VERYY «BEB (13)
initialized by a consistent channel estimate. Wepase here a
method to “denoise” the DML criterion: this denoised criterion 7H(ht)B = B*h* with B = [T(hL)TH(hL)]Jf T(RYY
solved in the IQML way will be consistent. (* denotes the conjugate operation). Asymptotically, the effect of
Consider the asymptotic situation where the number of data the second term is to remove the noise contribution present in the
M is infinite. By the law of large numbers, the DML criterion is  first one, theriP(h) = X¥RTX. The asymptotic criterion is
equivalent to its expected value which i§B -+ ., E(Y'Y ")}, similar to the DIQML one (11) and the global convergence applies
E(YYH)= XX 1527, whereX = 7 (h)Ais the noise-free  here also: again, any initialization (%) results in a consistent
received signal. The denoising strategy consists in removing this PQML channel estimate and the second iteration finds the global
asymptotic noise term from the DML criterion which becomes: ~ minimizer.
) g s The matrix P(k) is indefinite for finiteM, and applying di-
”21”121 tr{ Py (na) (YY =y ])} ©) rectly the PQML strategy will not work as stated in [6], except for
) ] o high SNR. PQML is closely related to IQML as the first term of
Note that this operation does not change the DML criterion so- (10) and (13) are the same af{B” B) = ¢2D. By analogy
lution asotr{ Py (1)} = oo (M(m&L)eN+1)1 is constant.  ith QML for which Q(h) was also indefinite for finitél/, we
(9) is solved in the IQML way: considering as constant, the  jntroduce an arbitrarp and PQML becomes the following mini-

optimization problem is quadratic: mization problem:
i, B AYIRTY @ ouD b (10) min k¥ {YIR*Y ©ABTB} h (14)
- lIRli=1,A

whereh Dh = tr{TH(hL)RJr T(h*)}. ) with semi-definite positivity constraint on the central matixis

Asymptotically in the number of data, DIQML is globally con-  ihe minimal generalized eigenvector Bf R*Y and % B, and
vergent. Indeed, asymptotically it is equivalent to the denoised ) the minimal generalized eigenvalue. Asymptotically, there is
criterion: o uH+ global convergence fdr, as described previously, and far

”21”121 R X R Xh 11) The stationary points of PQML are the same as those of DML,

this is why PQML has the same performance as DML. Asymptot-
ically PQML gives the global ML minimizer. DIQML does not
give the global ML minimizer and its performance are lower than
PQML and DML.

whereX’ is filled out with the noise-freeeceived signal and such
thatXh = 7(h')X. The first iteration of DIQML gives a con-
sistent estimate: whatever the valugbfind hence of the channel
initialization, the solution of (11) i&,, the true channel vector, (if
Null(R*) n Im(X) = 0, which can be easily guaranteed). A

second iteration gives the global ML minimizer. Of course at high 3. SEMI-BLIND ML METHODS
SNR global convergence is also guaranteed as it is for the original _ o o )
IQML. Unlike purely blind approaches, semi-blind estimation techniques

In practice, with large but finitdZ, the central matrix in (10)is ~ €xploit the knowledge of certain symbols in the burst and appear
indefinite. So instead of removing the exact asymptotic noise term Superior to purely blind and training sequence methods as men-
o2 D, we remove a quantityD, which as already mentioned does tioned in [7]. Furthermore, they allow correct estimation when

not change the criterion, sufficient to rend@fh) = V¥ RTY & both blind and training sequence methods fail separately. We pro-
AD positive semi-definite with one singularity.is solution of: pose two semi-blind ML techniques both combining the previously
) Ho{a ot d(_ascrlbed bll_nd PQML and a training sequence based criterion. We
||h1T|1ir11 R h {y RTY @AD} h (12) will not consider DIQML, as PQML performs better. We assume
’ that the training sequence is grouped and for simplicity reasons, is
with constraint thaQ(k) is positive semi-definiteh is the min- situated at the beginning of the burst.= [AF AF]¥, whereAy
imal generalized eigenvector ¥ R*Y and D, and the gen- groups theld, known symbols andt,, the M,, unknown symbols

eralized minimal eigenvalue. Asymptotically, — o2, and the of the burst.



3.1. PQML Least-Squares (PQML-LS)

This first approach remains in a deterministic perspective. We
apply the DML approach toY = [YE, YEH, Y75 =
Trs(h)Ar+V rs groupsthe observations containing known sym-
bols only. Y 5 groups the observations containing unknown sym-
bols: itsN <1 first componentsinclude a mixture of both unknown
and known symbols. We do not exploit the knowledge of this sym-
bols which will be treated as unknown. Some information is then
lost. Note that this loss of information could be critical especially
when the training sequence is very short, of less thasymbols!

As Yrs andY 5 are decoupled in term of noise, the DML
criterion forY is the sum of the DML criterion fo¥ rs andY 5:

min Y8 PrrpnY s+ ||Yrs ©Trs(h)Acl>  (15)

This semi-blind criterion is solved in the PQML way. The general
semi-blind PQML strategy applies as follows: the gradient of the
cost function may be written a@(h)h + S(k) where Q(h) is
(ideally) positive definite. At each iteration, you supp@3gh)
and S(h) as constant, andl is the solution of a linear system,
which gets used to reevaluag@(h) and S(h) to perform other
iterations. Our quantities of interest are:

Q(h) = VEREYs ©BEBs + A s Ars andS(h) = AfsYrs

(16)
where: Trs(h)Ar = Arsh. The blind part of the criterion is
solved in the PQML way and the training sequence part in the
least-squares way.

We introduce the same generalized eigenvalue strategy as in

the previous section which allow@() to be positive semi-definite.
At a given iterationf has for expression:

h= (VEREYpABE Bo+ AloArs) ™ Alsyrs  (17)

Y ss = Tsn(h)Ass + Vs, whereAsp = [AF AL], A,
are the unknown symbols i s5. Y sp is GaussianY s ~
N(Tse(h)AZgr, Cyspyvsp ), AZp is the mean of the symbols,
C 4.4 their covariance matrixG'y, . vap = Ts5(R)Caa TE5(h)+
o21. GML considers the joint estimation éfando? through the
minimization criterion:max, ,> f(Y|h, o2)or

min,, ;2 {Indet Cy.vsp

+(Ysp ©Tsn(h)A%p)" O

YspYss

(Ysp Tsn(h)A%p))

(18)
We use PQML to solve (18). In the gradient of the cost function,
the two terms coming from the derivation©t-, , v, , canceleach
other asymptotically, and we neglect them. The quantities of inter-
estare:

P(h) = ASpCY. v, AspandS(h) = Cy. v Ysp (19)

The (approximate) PQML criterion is equivalent to the optimally
WLS problem:min,, .z ||Y & 7Ts5(h)ASp|| -1 . This cri-
Y YsBYs

terion outperforms the LS criterion of the previous section: it con-
tains all the equations of the LS criterion and allows to incorporate
all the information coming from the known symbols. The mixed
criterion writes:

min Y5 Pru(,yY 540, | Y @TSB(h)AgBH?C;I

h,ad sBYsSB

(20)

Only the information coming from the unknown symbols present
in the mixed sequence previously described is lost, which is negli-
gible as the number of observatiokss will be usually large. At
each iteration, the solution féris:

h=(VEREYeeABE B+l AR5yl v Asp) T AZpYsn
(21)

where the different quantities are computed thanks to the previousThis criterion needs only one symbol to work.

iteration. This criterion needs at lea$tknown symbols to work.

PQML-WLS will give better performance than PQML-LS be-

cause the training sequence part of the criterion gives better per-
formance. Asymptotic convergence studies are possible from two
points of view. If you conside#{,, as asymptotic andlf;. as finite,

The PQML-WLS mixes a deterministic and a Gaussian point of criteria (15) and (20) are equivalentto the blind one, and inherits its
view. In the Gaussian model [7], [8], the input symbols are con- convergence properties. The scale factor, not blindly identifiable,
sidered as Gaussian random variables. This hypothesis allows tayets estimated by training sequence, this is why the estimate is not
robustify the problem w.r.t. to the deterministic model: an irre- consistent. If you consider now, boM,, andM;, as infinite (with
ducible channel can be estimated up to a phase factor and for onlyhypothesis 2« — 0), a first iteration of the algorithm gives a

/I,
one known symbol, notlocated at the edges of the burst, any changsistent estimate and a second one gives the global minimizer

nel, irreducible or not, becomesidentifiable. DML can estimate re- (result that can be obtained by the same asymptotic reasoning as
ducible channels up to a scale factor, and you need atidgst3 in the blind section).

known symbols, wher&/, is the number of channel zeros, to iden-
tify a reducible channel [9]. Furthermore, ML based on this Gaus-
sian model (GML) [7], [8] gives better performance than DML [9].
Let decompos®” asY = [YH; Y )7, Y 5 groups all the
observations where unknown symbols only app&ags groups
all the observations containing known symbols, and especiady
1 observations where a mixture of both known and unknown sym-
bols appear. The symbols ¥ 5 are treated as deterministic and
DML is appliedtoY 5. InY s, the known symbols are treated as
deterministic and the unknown symbols as i.i.d. Gaussian random
variables of meaf and variance2. GML applied toY sz allows
to take into account the known symbols that PQML-LS does not. 4.1. Blind algorithms
As Y rs andY g are decoupled in term of noise, the mixed ML
criterion will be the sum of DML fofY 5 that we solve by PQML
and GML forY sp.

3.2. PQML Weighted-Least-Squares (PQML-WLS)

4. SIMULATION RESULTS

We consider a burst length éff = 200, an irreducible channel
H; and an ill-onditioned channeH >, which subchannels have
one nearly common zero, of lengii = 4 with m = 2 subchan-
nels. Both channels are complex and randomly generated. The
input symbols is drawn from an i.i.d. QPSK symbols sequence.
The SNR is defined ag|||*72)/ (ma2).

Blind estimation gives a channel estimatesith ||l§|| =1, we ad-
just the right scale facter so thath’ («h) = hZ k. (see [7]): the



final estimate is: = ah. We plot the Normalized MSE (NMSE):  present show the curves. We do not plot also the cost functions:
NMSE= ||k < h|?/||h]|* as well as cost function of the DML  they approximately reach their steady-state after one iteration, but
criterion averaged over 100 Monte-Carlo runs in Fig.1. small fluctuations could be seen afterwards.

We consider the channdf, only. The initialization of the
DIQML/PQML algorithms is done by a SRM channel estimate.
In Fig. 1, we illustrate the performance of DIQML and PQML
at a SNR of 10 dB and 20 dB and compare it to the blind CRB
computed with constraiit? A = h i, [7], corresponding to the .
way we have previously adjusted the scale factor. Animprovement =,
w.r.t. to the SRM initialization is clear for both algorithms and es-
pecially for PQML which outperforms DIQML. Performance can
be seen to be close to the blind CRB. The evolution of the DML~ "] eRg T B S i i s
cost function for DIQML is not always monotonic: small fluctua- :
tions after the first iteration are observed. For the PQML algorithm Figure 2: NMSE or PQML LS PQML- WLS W|th 10 known sym-
the cost function was found to be always monotonic. After 1 or 2 bols
iteration, DIQML and PQML reach their steady-state. We noticed
also that the averaged least dominant generalized eigenvalue of
DIQML tends to the noise varianee and the one of PQML to

ChannelH , - SNR=10dB ChannelH ; - SNR=10dB

PQML-LS

Blind POML

PQML-LS

ML-WLS
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