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Abstract

We consider a finite-buffer packet multiplexer to which traffic arrives from several independent sources. The traffic from each of the
sources is regulated, i.e. the amount of traffic that can enter the multiplexer is constrained by known regulator constraints. The regulator
constraints depend on the source and are more general than those resulting from cascaded leaky buckets. We assume that the traffic is
adversarial to the extent permitted by the regulators. For lossless multiplexing, we show that if the original multiplexer is lossless it is
possible to allocate bandwidth and buffer to the sources so that the resulting segregated systems are lossless. For lossy multiplexing, we use
our results for lossless multiplexing to estimate the loss probability of the multiplexer. Our estimate involves transforming the original system
into two independent resource systems, and using adversarial sources for the two independent resources to obtain a bound on the loss
probability of the transformed system. We show that the adversarial sources are not extremal on—off sources, even when the regulator
consists of a peak rate controller in series with a leaky bucket. We explicitly characterize the form of the adversarial source for the
transformed problem. We also provide numerical results for the case of the simple regulator. © 2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Consider a finite-buffer packet multiplexer to which
traffic arrives from several independent sources. For the
multiplexer to provide quality of service (QoS) guarantees,
such as limits on packet loss probabilities, it must have some
knowledge about the traffic characteristics of the sources.
Because the reliability of statistical models of traffic is ques-
tionable for many source types, in recent years there have
been several studies on the performance of packet-switched
nodes that multiplex regulated traffic, e.g. traffic which
conforms to known constraints imposed by leaky buckets.
These studies suppose that the traffic from the sources is
adversarial to the extent permitted by the regulators [1—
14,16,19-21,23-27]. Some of these studies assume that
the multiplexer provides deterministic QoS guarantees
(e.g. no packet loss) whereas others assume that multiplexer
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provides less stringent probabilistic QoS guarantees (e.g. a
limit on the packet loss probability).

In a recent paper, LoPresti et al. [16] examine a packet-
switched node with regulated traffic. Motivated by earlier
work of Elwalid et al. [9], LoPresti et al. consider both
deterministic QoS guarantees and probabilistic QoS guaran-
tees. They assume that each source is regulated by a simple
regulator, namely, a regulator that consists of a peak-rate
controller in series with a leaky bucket. For deterministic
QoS, LoPresti et al. show that if the multiplexer has suffi-
cient link bandwidth and buffer capacity toprovide lossless
multiplexing, then the multiplexer’s buffer and bandwidth
can be allocated among the sources so that the resulting
segregated systems are lossless. For probabilistic QoS,
they develop a new approach to estimate the loss probabil-
ity. Specifically, they transform the two-resource (band-
width and buffer) allocation problem into two independent
single-resource allocation problems; they then analyze these
simpler, independent resource problems, taking on-—off
periodic sources for their adversarial sources.

Although the simple regulator is a popular policing
mechanism within several standards bodies, it has been
observed that it is often a poor characterization of a source’s
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Fig. 1. Link of capacity C, buffer of capacity B, and J regulators.

worst-case traffic. A tighter and more powerful characteri-
zation is given by a more general regulator consisting of a
cascade of multiple leaky buckets [10,15,25]. For example,
when the sources are VBR video sources, it is often possible
to admit significantly more connections by replacing the
simple regulator with cascaded-leaky-bucket regulators
[25]. It is therefore desirable to extend the important work
of LoPresti et al. [16] and Elwalid et al. [9] to the case of
more general regulators.

In this paper, we reexamine the model of LoPresti et al.
[16] in the context of generalized regulators, which are even
more general than cascaded leaky buckets. We first re-
examine the lossless multiplexer of LoPresti et al., and
extend their lossless results to generalized regulators.
Using elementary tools from calculus, we show that if the
original multiplexer is lossless, then it is possible to allocate
bandwidth and buffer to the sources so that the resulting
segregated systems are also lossless. We determine the
optimal resource allocations and show that the buffer-band-
width tradeoff curve is convex for generalized regulators.
We also show that the segregation result does not necessa-
rily hold for the delay-based QoS metric, even when the
regulators are the simple regulators.

We then examine the multiplexer for probabilistic loss
guarantees. We use our results for lossless multiplexing to
estimate the loss probability of the multiplexer. As in Ref.
[16], our estimate involves the following three steps: (i)
choose a point on the buffer-bandwidth tradeoff curve and
transform the original system into two independent resource
systems; (ii) use adversarial sources for the two independent
resources to obtain a bound on the loss probability of the
transformed system; and (iii) minimize the bound by search-
ing over all points on the buffer-bandwidth tradeoff curve.
Our principle contribution for probabilistic loss guarantees
is an explicit characterization of the adversarial source for
the transformed problem in Step (ii). Importantly, the most
adversarial source is not a periodic on—off source for the
transformed problem consisting of two independent
resources. In fact, even in the case of simple regulated
sources as studied in Ref. [16], the most adversarial source
is not a periodic on—off source. Thus, in addition to general-
izing the theory in Ref. [16] to the case of general regulated
sources, we provide the true adversarial source for the case
of the simple regulator. We also provide an algorithm to
calculate the estimate of the loss probability, assuming the
truly adversarial sources.

We mention here that in Ref. [9] the original multiplexer
problem is transformed into a bufferless multiplexer
problem, and then the loss probability is bounded with the
Chernoff bound. In this case, the worst-case adversarial
sources are indeed on—off periodic sources. But when the
original problem is transformed into a problem consisting of
two independent resources, one bufferless resource and one
buffered resource, the worst-case sources are no longer on—
off periodic sources, even for simple regulators.

This paper is organized as follows. In Section 2, we define
the model and the generalized regulators. In Section 3, we
address lossless multiplexing. In Section 4, we address lossy
multiplexing. In Section 5, we provide numerical results for
lossy multiplexing of simple regulators, i.e. regulators
consisting of a peak rate controller in series with a leaky
bucket. We summarize our contributions in Section 6.

2. Regulated traffic

We consider a link of rate C which is preceded by a finite
buffer of capacity B. Let J be the number of sources that
send traffic to the buffer, and let j=1,...,J index the
sources. Each source j has an associated regulator function,
denoted by €)1 = 0. The regulator function constrains the
amount of traffic that the jth source can send over an time
interval of length ¢ to €(¢). More explicitly, if A;() is the
amount of traffic that the jth source sends to the buffer over
the interval [0, ¢], then A;(-) is required to satisfy

At + 1) — Ai(1) = (D) forall7=0, r=0.

Fig. 1 shows a multiplexer consisting of a link of rate C, a
buffer of capacity B, and J sources with regulator functions,
€),j=1,...J.

A popular regulator is the simple regulator, which
consists of a peak-rate controller in series with a leaky
bucket; for the simple regulator, the regulator function
takes the following form:

: 1 2 2

For a given source type, the bound on the traffic provided
by the simple regulator may be loose and lead to overly
conservative admission control decisions. For many source
types (e.g. for VBR video [25]), it is possible to get a tighter
bound on the traffic and dramatically increase the admission
region. In particular, piece-wise linear regulator functions of
the form

. 1 2 2 L L;
ej(t) = mm{pj t,o; + pit,..., a'j’ + pj’t}

are easily implemented with cascaded leaky buckets [1,5]
and can lead to improved admission regions [25].

In this paper, we shall consider extremely general regu-
lator functions, which include as special cases the forms
mentioned above. To avoid certain trivialities, however,
we shall always assume that €;(0) = 0, ;(?) is non-decreasing
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in ¢, and that €(¢) is subadditive in ¢ (i.e. €t + 1) =
€(t)) + €(t,) for all #; and t). Also, unless explicitly
mentioned otherwise, we shall assume that each €(1) is
concave in . Let

J

e(t) = > &(0)

J=1

be the aggregate regulator function. Due to the concavity of
the ej(t)' s, the aggregate regulator function e(r) is also
concave.

Before preceding with our analysis of the lossless
systems, it is convenient at this point to introduce some
notation and state a few technical facts. Let e;r(t) denote
the right derivative for €;(¢) and €; () denote the left deri-
vative for (). Let e;-(t) denote the derivative of €;(f) when-
ever the derivative exists at ¢. Similarly define € (¢), € (¢)
and €'(r). We will make use of the following fact: If €(z) is
differentiable at ¢", then all of the ej(t)/s are differentiable at
1" (due to the concavity of the €(1)'s).

3. Guaranteed lossless service and optimal segregation

It is well known [4] that the amount of traffic in the buffer
does not exceed B,,,, where

Binin = max {e(t) — Ct}. ey

(To avoid trivialities we assume that the maximum is
attained in Eq. (1).) Furthermore, due to sub-additivity, it
is possible to define traffic functions A, j=1,....J, such
that the buffer contents will attain B,,. Thus the minimum
buffer size that will guarantee lossless operation is B,
Throughout the remainder of this section we assume that
the multiplexer is lossless, i.e. we assume that the multi-
plexer buffer B satisfies B = B,;,. It will be useful to write
Eq. (1) in a more convenient form. If €(7) is differentiable
then from Eq. (1) we have

Byin = E([max) - Ctmaxv ()

where #,,,, is any solution to €'(r) = C. More generally, there
exists a f,,, such that

€ (tma) = C = € (Iay)s 3)

and any t,,, which satisfies Eq. (2) and also satisfies Eq. (3).
Throughout the remainder of this section, fix a f,, that
satisfies Eq. (3) (and therefore Eq. (2) as well).

We now address the following question: Is it possible to
allocate bandwidth and buffer to the J sources so that each of
the resulting segregated systems is also lossless? We shall
see that the answer to this question is yes, but depends
critically on the concavity of the ej(t)'s.

To address this issue, consider a new system which
consists of a link of rate ¢ preceded by a finite buffer. Suppose
only the traffic from source j is sent to this system. The

minimum buffer size that will ensure lossless operation is

Brin(j, ¢) = r?jlg( {e_](t) — ct}. “4)
We say that a collection of J positive numbers cy, ..., ¢y is

a bandwidth allocation if ¢; + -+ + ¢; = C. For a given
bandwidth allocation, we create J segregated systems,
with the jth segregated system having link rate c; and receiv-
ing traffic only from source j.

Theorem 1.

—

. For all allocations we may have B;, = ZJJ: 1 Bmin U, ¢j).
2. If one or more of the ej(t)'s is not concave then we may

have B, = Zle BinU, ¢;) for all allocations cy, ..., c;.
3. If each €(t) is concave then By, = Zle BinG, ¢}
where cf = e}(tmax) if €(t) is differentiable at t = ty,,
and where

C; = EjJr(tmax) + a[eji (tmax) - €j+ (tmax)]
with
C - €+ (tmax)
€ (Tmax) — € (fmax)

if €(t) is non-differentiable at t = t,,,.

Proof. The proof of the first claim follows from Egs. (1)
and (4):

J
Buin = max {e(t) = Cr} = max ,:21 (g = ¢}

J J
=1 j=1
For the second claim, we offer the following counter-

example with J = 2, C = 1. The envelope function for the
first source is:

t if0=r=1,
1 ifl =¢r=3,
€)= .
1+@—3) if3=tr=4,
2 if t = 4.

The envelope function for the second source is:
2t if0=r=2,
&) = .
4 ift = 2.

It is easily seen that B.;, =3 whereas B;,(l,c;) +
Bnin(2,¢,) = 10/3 for all allocations. Note that both €;(¢)
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and €,(r) are non-decreasing and sub-additive. However,
€,(?) is not concave.

For the third claim, we first show that c], ..., ¢} is a feasi-
ble allocation. Suppose that €(z) is differentiable at 7,,,,,. Due
to the concavity assumption, this implies that each of the
€(t)’s is differentiable at f,,,. Thus

J J
ZC Z max) max) =C.
Jj=1 Jj=1

If €(¢) is not differentiable at t = t,,,,, then it is easy to
show directly from the definition of the ¢ s that ¢} + -+ +
cj = C. It remains to show that B,;, = Z]_ BiinG, c}). For
a fixed transmission rate c, the concavity of the €;()’s and

Eq. (4) imply

Buin(.0) = (") — cf",

where ¢” is any ¢ that satisfies

& () =c=¢ )

By the definition of ¢;,

*

E_;'-F(tmax) = C]: = ej_(tmax)'
Thus, .« 1s a ¢ that satisfies Eq. (5) for ¢ = c;k Therefore,
mmo c )

which in turn implies

max) Cj Imaxs

J

Z [6 i(tmax) — max]

Jj=1

€(tmax) — Clmax

J "
Z Bminq’ C])
Jj=1

=B

min*

From Theorem 1 we know that it is possible to allocate
bandwidth and buffer so that the resulting segregated
systems are lossless, provided that the regulator functions
are concave. This result generalizes a result in Ref. [16], in
which all regulators were assumed to be simple regulators.
This result also provides a motivation for the approach we
take in Section 4 when we study probabilistic QoS.

Theorem 1 also gives fairly explicit formulas for these
optimal allocations. In Section 3.1, we outline an efficient
algorithm for calculating the allocations.

3.1. Algorithm to calculate allocations

In this section, suppose that each of the regulator func-
tions takes the form of cascaded leaky buckets:

. 1 2 2 L L;
€;(1) = min{p; 1, g; + pjt, O'j’ + pj’t}.

Without loss of generality, we may assume that

L:
0=0/ <o/ < <o/ (6)

and
L.
P> p > >y ™
Let
I+1 !

o — 0o
7}12/7”11, l:1,2,,Lj_l

o = pj

In order to avoid trivialities, we assume that

]}.‘ < Tj2 < < Tijfl_ (8)

With these assumptions, Tj' < sz < < TjL/ ! are the
breakpoints of €;(?).

Here is an efficient algorithm for determining the optimal
allocations ¢}..., ¢y defined in Theorem 1. First sort T}, [ =
l,...,L;, j=1,...,J, in increasing order. Number them as
T1,,T,,...,T;. These points are the break points of e(¢). Let k
be the maximum I such that € (T;) = C. Note that to calcu-
late € (7)) it suffices to calculate €; (7)) forj =1,...,J; and
to calculate € (7)), we can determme the l; such that TJ’ =
T < T’Jrl and then set € (T) = ' T’ < T, and set
€ “(T) = pjl if T =

The f,,, in Theorem 1is T,. Once having determlned k,
find & such that 7)) = 7, < 7,"" and set ¢ = p/"" if
TJJ(’<Tk or set cj —pf-l-a(f - ’) 1f Tj’=Tk,
where « is defined in Theorem 1 and can also be determined
directly from the p;s.

3.2. The buffer-bandwidth tradeoff curve

For a given link rate C let B,;,(C) be the maximum buffer
contents defined by Eq. (1).The function B,,;,(C) is usually
referred to as the buffer-bandwidth tradeoff curve [16] (it is
also known as burstiness curve [17]). For a probabilistic
analysis in the Section 4, it will be useful to understand
the behavior of the buffer-bandwidth tradeoff curve. To
this end, for each fixed C let #(C) be a value of t,,, that
satisfies Eq. (3). It is easily seen that #(C) is non-increasing
in C.

Theorem 2. B,,;,(C) is non-increasing and convex in C.

Proof. We first show that B,,;,,(C) is non-increasing. Let
h > 0. From Eq. (2) we have

Bmin(c) -

+ H(C + h)(C + h) — 1(C)C.

Bin(C + h) = €(t(C)) — e(((C + h))
C))

From the concavity of €(r) we have

L €l(O) — e(C + h)
R N GET R I {10
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From Eq. (3) we have

c=e (1(C)). (1)
Combining Egs. (9)—(11) gives

Bin(C) = Byin(C + h) = € ((C)[(C) — «(C + )]

+ t(C + h)(C + h) — t(C)C = C[t(C) — t(C + h)]
+t(C+h)(C+h)—t(C)C=tC+hh=0,

which proves the first statement.
For the convexity of B,;,(C), let C; = C, and let & > 0.
We must show

Bin(Cy + h) = Bpin(C2) = Bpin(Cy + h) — Byin(Cy). (12)
By Eq. (2) it is equivalent to show
€(1(Cy + h) — e(((Cy)) + e(1(Cy)) — e(t(Cy + h))

= 1(Cy + h)(Cy + h) — H(Cy)Cy — t(Cy + h)(Cy + h)

+ #(C)C,.
(13)

Using the arguments in the proof of monotonicity, we
have

€(t(Cy)) — €(t(Cy + h))
HCy) —HCy + h)

=C +h (14)

and

e(t(Cy)) — e(t(Cy + ) _
(O —HCy + ) - (1)

Combining Egs. (13)—(15), we obtain Eq. (12). W

From Theorem 2 we know that B,;,(C) is a decreasing
convex function of C. If each of the regulator functions €;(z)
is piecewise linear, then it is easily shown that B,,;,(C) is a
decreasing convex piecewise-linear function. Using the
arguments in the proof of Theorem 2, it is straightforward
to show that the optimal allocation c; for the jth segregated
system is increasing in C and that the buffer requirement for
the jth segregated system, B;,(j, c}k), is decreasing in C.

3.3. Delay metric

In Section 3.1, we showed how to allocate bandwidth so
that — for lossless operation — the collective buffer
requirement of the segregated system is equal to the buffer
requirement of the multiplexed system. In other words, for
the buffer metric we can find a bandwidth allocation such
that the segregated system performs as well as the multi-
plexed system. In this section, we briefly consider a natural
delay metric. We show that it is not generally true that the
segregated system performs as well as the multiplexed
system for the delay metric.

For the multiplexed system, the maximum delay is d :=
Bin/C. For the jth segregated system with bandwidth c; the

maximum delay is d(j, ¢;) := Bnin(J, ¢;)/c;. For a given allo-
cation, we define the maximum delay of the collective
segregated system to be the maximum of the maximum
delays of the individual segregated systems, that is,
Ay = ]rgjang d(j, c;).

The following theorem draws comparisons between the

maximum delay of the multiplexed system, d, and the maxi-
mum delay of the collective segregated system, dq,.

Theorem 3.

1. For all allocations d = max<j<;d(j, c;).

2. There exist concave €(t)’s such that d < max, <j<;d(j, c;)
for all allocations.

3. If €,(t) = --- = €;(t) (homogeneous regulator functions),
then d = max,<;<;d(j, c/J).

Proof. From Theorem 1 we have
J
Bmin = Z Bmin(j5 Cj)'
=1

Dividing both sides of the above by C =c¢; + -+ + ¢;
and using the inequality

Xy +--+x X
= =
yy+ -y 1=j=Iy;

we obtain
J
Z Bmin(]’ Cj) B (] )
< (e .
d=’"— < max { ™" 71 — max d(j,c)),
c . J
1=j=J C; 1=j=J

which establishes the first claim.
For the second claim, we offer the following example:
C=1,J=2,¢((t)=10forall t =0 and

2t if0=¢r=5,
&) = .
10 ift=>5.

From Eq. (1) we have d =15, d(1,c¢;) = 10/c;, and
d(2,c,) = 10/c, — 5. It is easily seen that for all allocations
max(10/cy, 10/c, — 5) > 15.

The third statement follows directly from Eq. (1) and the
definitions of d and d(j,C/J). W

For the remainder of the paper, we will use the original
buffer metric.
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4. Statistical multiplexing with small loss probabilities

For VBR sources the admission region can typically be
made significantly larger by allowing loss to occur with
minute probabilities, e.g. loss probabilities on the order of
1077, In this section, we use our results of Section 3 to
derive the worst-case loss probabilities for the multiplexer
with regulated traffic.

We consider the same system as defined in Section 2: the
multiplexer consists of a link of rate C which is preceded by
a finite buffer. There are J sources and the jth source has an
associated regulator function, denoted by (1), t = 0. In this
section, we suppose that the system resources are not suffi-
cient to provide guaranteed lossless service. In other words,
we assume B < B.;,(C), so that there exists arrival
processes which meet the regulator constraints but cause
the buffer to overflow. Let Py, denote the expected fraction
of time during which the buffer overflows. Our goal is to
determine a bound for Py that holds for all combinations of
arrival processes which meet the regulator constraints. To
this end, we follow the methodology in Ref. [16] (which in
turn is inspired by the paper [9]).

Let a;() be the rate at which source j transmits traffic at
time 7. We view {a;(r),f = 0} as a stochastic process. Our
goal is to find independent rate processes {a;(#),t = 0} j =
1,...,J, which maximize the loss probability over the class
of all rate processes that meet the regulator constraints. To
simplify the analysis, however, we only consider rate
processes of the form

a(t) = bi(t + ),

where b;(7) is a deterministic periodic function with some
period T}, and 6; is a random variable, uniformly distributed
over [0, T;]. We assume that the phases 6, ..., 6, are inde-
pendent, which implies that the rate processes {a;(1),t = 0},
j=1,...,J, are also independent. We refer to bj(t) as a
source-j rate function.

We say that a source-j rate function b;(?) is feasible if

t+T
J bi(s) ds = (1) forall7=0, t=0. (16)
Note that for a given rate function b;(f) and phase 6; the
amount of source-j traffic sent to the multiplexer over the
interval [0, 7] is

a0 = b+ 0)as

Thus the regulator constraint

At + 1) —A(n) = () forall 7=0, 1=0

is satisfied if and only if b;(7) is a feasible rate function.
As in Ref. [16], our derivation of a bound for P
involves the following three steps: (i) choose a point on
the buffer-bandwidth tradeoff curve and transform the origi-
nal system into two independent resource systems; (ii) use
adversarial rate functions for the two independent resources

to obtain a bound on the loss probability for the transformed
system; (iii) minimize the bound by searching over all
points on the buffer-bandwidth tradeoff curve. LoPresti et
al. use an on—off rate function for their worst case rate
function. Our approach differs from that of LoPresti et al.
[16] in two respects. First, we allow for generalized regula-
tors as opposed to simple regulators. Second, we derive the
true adversarial rate functions, and employ these true adver-
sarial rate functions in the bound for P, for both simple and
generalized regulators.

4.1. The virtual segregated system

Fix a point (C,,B,) on the buffer-bandwidth tradeoff
curve, and consider a lossless multiplexer with total amount
of bandwidth C, and buffer space B,. Because the system
resource pair (B, C) lies below the buffer-bandwidth tradeoff
curve, we must have either C, > C or B, > B or both. For
this lossless system, we use Theorem 1 to allocate band-
widths c{,...,cj from C, and buffers b7,...,b; from B,
such that each of the corresponding J segregated systems
is lossless. This collection of J segregated systems is called
the virtual segregated system [16].

For each j=1,...,J, fix a feasible rate function bj(t).
Each rate function generates a stochastic arrival process

For this arrival process, let U; be a random variable that
corresponds to the steady-state utilization of the jth segre-
gated system; similarly, let V; be the random variable that
corresponds to the steady-state buffer contents of the jth
segregated system. Because the 6,’s are independent across
the sources, Uj,...,U; are independent of each other and
Vi, ..., V; are independent of each other.

For these fixed rate functions it can be argued [16] that

J J
PIOSSSPV(ZUJ»>C) +P,,(ZVJ->B). 17)

=1 Jj=1

(The argument in Ref. [16] is for a simple regulator. It can
be easily extended to our generalized regulators.)
P,,(Zle U; > C) is the probability that the sum of the band-
width processes Uy, ..., U; exceeds the nodal bandwidth C.
The subscript v indicates that the steady-state random vari-
ables Uy,...,U; are computed based on the allocation of
bandwidth C, to the J segregated systems. Similarly,
P,,(Zle V; > B) is the probability that the sum of the buffer
processes Vi,...,V; exceeds the nodal buffer capacity B.
Again, the subscript v indicates that the steady-state random
variables V1, ..., V; are computed according to the allocation
of buffer B, to the J segregated systems.
The Eq. (17) is the starting point of our own analysis.
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Mw
Toﬂ' TJ

Fig. 2. Example of a rate function in Set §; when To =3 and €(1) =
min{3¢,2.5 + 0.5¢}.

2T; ¢t

Using the Chernoff bound we get

J J
[T [TM5
. =1 . j=
Ploss = glzl{)l T + ?218 T ’ (18)

where M, U (a) and MV (o) are the moment generating func-
tions of U and Vi respectlvely, ie. MU (@) = E[*Y/] and
M\V/j(a) = E[e /1. Since Eq. (18) is vahd for all points
(C,,B,) on the buffer-bandwidth tradeoff curve, we have

J J
[0 [1M5 @
P = N R R D
loss = n;lm,,) I;lznol e“€ I;lzu(} e*B
(19)

We emphasize that the right-hand side of Eq. (19)
depends on the fixed feasible rate functions. In order to
give a bound that holds for all feasible rate functions we
need to maximize the right-hand side of Eq. (19) over the set
of all feasible rate functions. To this end, we introduce the
notion of a source-j adversarial rate function.

Corresponding to each choice of (v, «), we say that a
source-j rate function is adversarial if (i) it is feasible,
and (ii) it has the largest value of M;’/j(a) and M"ﬁ/_(a)
among all feasible source-j rate functions. Now suppose
that we can find the source-j adversarial rate functions for
each choice of (v, a); let U/, V;, j = 1,...,J, be the corre-
sponding steady-state random variables. We then have the
following bound on PIOS;

l"[MUma) 1"[MV (o)

j=1 .=l
Piloss = mln min + min

B | =0 eC =0 B

(20)
Note that by using M, i «(ar) and MV (@), which corresponds
to the source-j adversarial rate function, we have obtained in
Eq. (20) a bound on P, that is valid for all combinations of

feasible arrival functions. We now proceed to characterize
the adversarial rate functions.

4.2. Adversarial sources

Throughout this section fix a v, & and j. We now focus on

determining a feasible rate function which maximizes both
Mlvjj(a) and M‘V/j(a) over the set of feasible rate functions.
We assume that the regulator functions have the form

L L;
o, tp; t}.

Note that €;(f) is non-decreasing, concave, piecewise-linear
and sub- addltlve (The analysis that follows can easily be
extended to the case of more general €;(¢) which are non-
decreasing, concave and sub-additive.) Without loss of
generality, we also assume that Egs. (6)—(8) hold. Note
that the manner in which the allocations (ci,...,cy) are
chosen (see Theorem 1) ensures that ij/ =c¢ = p} for all
j=12,..,J.

For a given feasible rate function b;(¢) with period T}, the
arrival rate at time ¢ is a;(¢) = bj(t + 6;) where 6; is
uniformly distributed over [0, T;]. Corresponding to this
a;(t) arrival rate process, let v;(f) be the buffer contents
and u;(f) be the link utilization at time ¢. Note that v;(?)
and u;(?) are periodic with period T;. Also the steady-state
random variables corresponding to v;(¢) and u;(¢) have distri-
butions

. 1 2 2
éj(t) = mln{pj t, 0’} + pj t,

1 (%
mwswszﬁmwsﬂw
J
and
1 (%
PU =x)= — 1(u;(s) = .
(U; = x) Tj,[o (u;(s) = x) ds

Note that these distributions do not depend on the phase 0,
and are completely determined by the rate function b;(¢) and
the link rate c;.

Throughout the remainder of this section we treat the case
cL > p . In Section 4.3, we deal with the simpler case ¢; =

Let
&)
— A v
o = max{t >0: . = ¢ } 2n
. L . . . .
Note that since p;" < ¢ = p} and since €;(-) is an increasing
concave function, §; is a uniquely defined, finite and strictly

positive number. We now define an important class of rate
functions. Let T, be such that 0 < Ty =< &; and let

Ej(Toff)
7 L -
Pi

Now consider a rate function b;(#) with period T; defined as
follows:

+

€@ 0=t=Ty,
bj(l‘) _ - off
0 Ty =t=T,.

Such a rate function is pictured in Fig. 2.

This rate function is completely characterized by the
parameter 7.4 Note that the average arrival rate for this
rate function is simply pj Let S; be the collection of all
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rate functions of this form. Each rate function in §; is iden-
tified through its 7,¢ parameter.

We will show that the set S; has the following important
properties:

1. Each member of §; is a feasible source-j rate function.

2. All members in S; have identical M(”]j(a), and the
members of S; maximize Ml’}j(a) over the set of all feasi-
ble source-j rate functions.

3. The member in S; which has the largest Mv(a) has, in
fact, the largest MV () among all feasible source-j rate
functions.

Hence, we will have shown that in order to find the source-j
adversarial rate function corresponding to each choice (v, )
we need only consider the rate functions in the set §;.
Further, since the rate functions in S; are characterized by
a single parameter, T, this essentlally involves a single-
parameter optimization problem. We now proceed to
formally state and prove the properties listed above.

Theorem 4. Every member of S;is a feasible rate function.

Proof. Fix a T, and let b;(¢) be the corresponding member
of §;. It follows immediately from the definition of b;(¢) that

2
J bi(s)ds = ¢ forall0 =7 =T, (22)
0 -

We can, in fact, show that
2

J bi(s) ds = (1) for all r = 0. (23)
0

To see this consider any arbitrary ¢ = nT; + s, where n is
some non-negative integer and 0 = s = T;.

t Tj nTj
J bj(s)ds:J bi(s)ds + ... +J
0 0

bi(s) ds
(=11,

nTj + s )
+ J bi(s) ds = nTip + €(s)

T

= ((nT; + 5) — €(5) + €(s) = €(1).

The first inequality follows from Eq. (22) and from the
fact that the average rate of b;(¢) over any period is p]j The
second 1necL[uahty follows because the slope of €;(?) is never
less than p;’

Also, because b;(t) is non-increasing over each of its
periods, we have

t+ 7 t
J bi(s)ds = J bi(s) ds forall7=0, t=0. (24)
. 0 "

Combining Eqgs. (23) and (24) gives the desired
result. MW

Theorem 5. Each member of S; maximizes M {’,},(a) over
the set of all feasible rate functions.

Proof. Each rate function in S; leads to the following form
for u;(1), the utilization of the jth segregated system: u;(?) is
periodic with period T}; and

¢ 0=t=D,,
ui(r) =
0 Dy=t=T,

where D, = €(Tyg)/c] = (pj"'/c;’)Tj.
The corresponding steady-state random variable is

L;

with probability
ct
J
U = . 25)
0  with probability (1 - pj).
C

J

v
G

Note that E[U;] = p;".

For any feasible source, the steady state rate at which
traffic leaves the jth segregated system, U.;- (say), must
have a peak value less than or equal to ¢;. Further, because
the segregated system is lossless, the long-run average rate
at which traffic departs the jth segregated system must equal
the long-run average rate at which traffic enters the system
which is at most p] Hence, we must have E[U 1=p.
Among all random variables which have a peak value less
than or equal to ¢; and a mean value less than or equal to p ,
Uj as defined in Eq. (25) has the highest moment generating
functlon MU (). This is shown in the following argument
(adapted from Ref. [18]). Let U be any non-negative
random variable with d1str1but10n Fyi(x) with a peak
value ¢’ = ¢/ and mean value w = pé" . Then, since @ = 0,

J

/ / !
iv e — iv - J (e™ = 1) dF(x)
¢; ¢ 0 !

1 (¢ »
= — J k(™ — 1) — ¢/ (e™ — D] dFyi(x) = 0.
C: 0 J
|

Let b;(t) be a rate function in S; that has the largest
M\’;j (o).

pL/ p C’
Ml"/](a)—M;/_(a)z (Lv)ea"f’ - L +1 —J e dF i (x)
! ¢ ¢ 0 !

v

Theorem 6. b}‘(t) maximizes M"}j(a) among all feasible
rate functions.

Proof. Consider any feasible source-j rate function b;(t)
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with period 7;. The actual arrival rate at time ¢ is a;(¢) =
bi(t + 6) where 0; is the random phase. Here, we are
concerned only with the steady-state distribution of the
buffer contents and the utilization rate of the jth segregated
system which are independent of the phase. Hence, in the
rest of the proof, we will, without loss of generality, set the
phase to zero and consider b;(¢) to be the arrival rate at time
t. The corresponding buffer contents process, v;(?), is also
periodic with period 7.

In general, both b;(r) and v;(r) can have rather compli-
cated forms with several intervals within a period where
each is non-zero. However, we will first show the desired
result for feasible rate functions that give a buffer content
process of the form v;(#) > 0 for 0 <7 < 7; and ;(?) =
for ; =t = T, for some 0 < 7; < T;. For rate processes of
this form we have

t
b(s)ds—clt 0=st=r
V(1) = ,[0 ) j

0 =t=T,.

Note that, since vi(t) >0 forall0 <t < 7,, we must have

5=3 @)

We show next that My, v, (a) corresponding to such a feasi-
ble rate function is smaller than that corresponding to b ®).
We do this by showing that there is a rate function in the set
S;, Bj(t), with steady-state buffer contents Vj- which is
stochastically larger than V; and which, hence, has a larger
MGF (moment generating function).

Let T, be such that €;(To) = c;7;. From Egs. (21) and
(26) we get, €(To) < €(7)) if 77 < ; and €;(To) = ej(Sj) if
7, = §;. Hence, since € ) is non-decreasing and §; i
uniquely defined, T = 7; = §;. By definition, the rate
function in §; corres ondmg to this T,4 is periodic with
period T; = €(To)/p;” and has the form

.+ = =
bt) = (1) 0=1="Ty,
0 Top =t = T

The corresponding buffer contents at time #, ¥;(¢), is given

as
() —cjit  0=1=Tyy,
0(1) =1 €Tor) — ¢t Tog =1 =1,
0 =t=T.

Denote the corresponding steady-state random variable as
V.

Clearly, v;(t) = v;(¢) for all 0 = t = T. Note, also, that
we cannot have Vi (t) > v;(¢t) for any To = t =< 7; since that
would require v; (t) to decrease at a rate strlctly faster than
c}’, in order for both v;(?) and V;(¢) to be zero at 7;. Hence, we
get

vi(1) = v(1) foral0=t=r

. 27)

Also, we can show that
T, = Tj. (28)

To see this, note that the utilization rate of the jth segre-
gated system with arrival rate b;(7) is C;’ whenever v;(7) is
non-zero. Hence, P(U; = c”) = 7;/T;. Also, since the aver-
age utilization rate must be equal to the average arrival rate,
which in turn is smaller than p] ,

, T;
b = EWU) = P =) = ¢
J

and so,

. e(Ty) -

Y S\loft)
hi=z-p =3 =T,

p; pj

Egs. (28) and (27) imply that

P(V;>x) = P(V; > Xx) for all x = 0.

We have thus shown that V; is stochastically smaller than
V; and hence has a smaller MGF. It is immediate from the
deﬁmtron of b (1) that Mv () is smaller than the MGF of
b ().

We now extend this argument to the case of a general
feasible rate function b;(¢). Assume, without loss of gener-
ality, that the corresponding buffer content process v;(z)
has m (some positive integer) non zero portions within a
single period, identified by vl ,...,vj'" in the following

manner:
[0 0=t=t,
1 1 1 1 1
vit—t) ti=t=t +,
2 2 2 2 2
vit =) ff=t=1t+m1,

vj(t) =

J J
0 H+=q

Vit =1 f'=t=1"+ 17,
=

where 1">0 i=12,..,m, andt>tll+7§_1,i=
2,...,m. Here tj and 1 + ’Tl: represent the end points of
the zth non-zero portlon

We can express each non-zero portion vj(t) as a periodic

function, with period T, of the following form:

zj'.+t
, J bi(s) ds — cjt 0<t<T,,
viy=4174

0 n=1=T,

Let VJ’ denote the corresponding steady-state random
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variable with MGF My (). It is easily seen that

|
V! with probability | —2— |7,
&7
‘/j = <
, . 7'
V" with probability | —<— |T;,
&7
and hence,
m ll‘
=3 | ' |My. (29)

m .
=1 Z 7-;
i=1 "

Now, the ith non-zero portion, when viewed in isolation,
has the simple form assumed in the earlier part of the proof,
and can be viewed as the buffer contents at time ¢ of the jth
segregated system subject to the following arrival rate:

0=st=7

bi(t; + 1) i

bi(t) = 4
0 ﬁsrsTj.

Note that b;(t) is also a feasible source-;j rate function with
period T;. Hence, from our earlier argument, we know that
Myi(@) is smaller than the MGF that corresponds to b;f(t).
Hence, from Eq. (29), we get that M‘V/j(a) is also smaller than
that corresponding to b; (f). We have thus shown that b; (1)
maximizes M"jj (a) over the set of all feasible source-j rate
functions. W

From Theorems 5 and 6 the following corollary is
immediate.

Corollary 1. There exists a rate function belonging to S;
which maximizes both M ["]j(a) and M"}j (@) over the set of all
feasible source-j rate functions. This rate function is the
required source-j adversarial rate function corresponding
to (v, ).

L . .

Thus, when cJ-V > pj’ , in order to find the source-j adver-
sarial rate function corresponding to any choice of (v, a) we
need only consider the rate functions in set S;.

4.3. The case of ¢j = ij’

. . L

We Jow deal with the special case of ¢; = p;’. When
¢ = pj’ it is easily seen that the adversarial source-j rate
function has the following form:

b =& (1)

Clearly, this rate function satisfies Eq. (16). We will drop
the requirement of periodicity for this special case and
consider this rate function to be feasible. (Alternatively,

forall t = 0.

we could consider this rate function to be trivially periodic
with a period of +00.) This rate function leads to the follow-
ing degenerate form of the corresponding steady-state
random variables:

Ur=¢

J J

with probability 1

Vi =b]

f with probability 1

with corresponding MGFs
My (@ =e" My (a)=e™

which are clearly the largest possible values for these quan-
tities.

In Section 5, we consider input sources that are
constrained by simple regulators and describe a heuristic
procedure to efficiently compute Py, for this case.

5. Simple regulators

In the last section, we showed that for each segregated
system there exists a rate function in S; which is adversarial
to the greatest extent permitted by the regulator constraint
€;(1). The set S; includes the extremal periodic on—off rate
functions studied in Ref. [16]. It is therefore natural to pose
the following question: Is the extremal periodic on—off rate
function adversarial?

In this section, we focus our attention on simple regula-
tors €(1) = min{p}t, O'j2 + pft}. We first show that the
adversarial rate function in S; is not the extremal on—off
rate function used in LoPresti et al. This implies that the
use of on—off rate functions, as in LoPresti et al., can lead to
overly optimistic admission regions. We then present an
algorithm for calculating P using the adversarial rate
functions for each of the sources. This involves, for each
source j, a search to find the T,y that leads to the most
adversarial behavior.

We also note at this juncture that the sub-adversariality of
the on—off rate functions was first observed by Doshi [6,7].
He provides a counter-example that shows that a feasible
rate function that is not on—off can lead to larger losses than
a feasible on—off rate function. We provide an explicit and
computationally efficient characterization of the most
adversarial rate function.

5.1. Sub-adversariality of on—off rate functions

Fix a segregated system j. For ease of notation, let P; =
p}, p; = pjz and 0; = 0']-2; the traffic constraint function is
thus given by E;(r) = min(P;t, 0; + p;t). We study three
different rate functions, all complying with the imposed
traffic constraint function. All these rate functions belong
to S;. Fig. 3a gives the plots of the traffic constraint function,
€;(1), and the actual arrivals, A;(?), of the studied rate func-
tions. Fig. 3b depicts the arrival rate function b;(7). Fig. 3¢
gives the link utilization u;(r). Fig. 3d shows the buffer
contents of the segregated system. Note that traffic leaves
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Aj(t)
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/ 1 /
i
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J
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b;(t)
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Fig. 3. Illustration of rate functions 1, 2 and 3. (a) Amount of traffic arriving to the segregated system A;(?). (b) Arrival rate process b;(¢). () Utilization process

u;(t). (d) Buffer content process v;().

the segregated system at rate ¢; whenever the buffer is none-
mpty. For the remainder of this section, we remove the
subscript j from all notations.

Rate function 1 is the extremal on—off rate function used
by Elwalid et al. [9] and LoPresti et al. [16]. It transmits at
peak rate P for T, = o/(P — p), at which time the token
pool is completely emptied. The rate function then turns off
and waits for To, = o/p, allowing the token pool to be

Table 1
On and off times of rate functions and corresponding segregated systems

refilled with o tokens. The rate function then transmits the
next burst of size PT,, at peak rate. The buffer is filled at
rate P—c while the source transmits at rate P. The maximum
buffer contents is therefore b = (P — c)T,,,. After the
source has turned off, the buffer is drained at rate c¢. The
utilization of the segregated systemis ¢ for D, = T, + blc
and O for Do, = Ty, — b/c. Rate Function 1 and the other
two rate functions are summarized in Table 1.

Rate function Ton Tot T D, Do
1 o T oP P 1—p+P(1—1/c)
P—p p p(P = p) c(P—p) p(P = p)
5 o o ac o o
c—p p plc —p) c—p p
3 " o ut T o+ up (up + o)(c — p)
p P 4 pc
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Fig. 4. Comparison of our approach with Elwalid et al. [9] and LoPresti et al. [16].

Rate function 2 transmits at peak rate P for T, , it then
continues sending traffic at rate p into the segregated system
until the corresponding buffer process hits zero. As is the
case for rate function 1, the buffer is filled up to b at rate P —
c; it is now however drained at rate ¢ — p. The source trans-
mits therefore greedily for T, = T,,, + b/(c — p). It then
shuts off, waits until the token pool is replenished, and
repeats the described transmission pattern.

Rate function 3 generalizes the rate function behaviors
discussed so far. It transmits greedily for u, T, = u = Ty,
that is, it transmits at rate P for T, and then at rate p for
u — Ty, . The corresponding buffer process is shown in Fig.
4d. The buffer is filled to b at rate P — c. It is then drained at
rate ¢ — p during the interval [T, ,u]. Let v(u) denote the
buffer contents at time u; clearly, v(u) = o + u(p — ¢). The
remaining traffic v(u) is drained at rate c. Loosely speaking,
rate function 3 lies between the extremes of rate function 1
and rate function 2: it is equivalent to rate function 1 for u =
T,y,, and is equivalent to rate function 2 for u = T, .

We now turn our attention to the buffer processes of the
described rate functions. Let V;, V5, and V; be random vari-
ables denoting the buffer contents corresponding to rate
function 1, 2, and 3. It can be easily verified that V| and
V, have identical distribution functions:

PV, Sx)zP(VZSx)Zl—aH-x%,OSbe, (30)

where w = p/c is the long run probability that the segregated

system is busy. The distribution function of V3 is given by
P (V3 = )C)

Po

e . A—
b (P — p)pu + o)

for 0 = x = v(u),
co " u,o2 _ p2
Yup+0)  (c—plup+o) (c—pe

1 —w+x2 for v(u) = x = b.
b (c—p

Next, we show that Vj is strictly stochastically larger than V;
and V, whenever T,, < u < T,,. First, note that
Po

S S—— foru>T,
(P — p)pu + o)

on;*

Furthermore, it can be shown that

w co up2
X— +
b (c—pup+o) (c—p)up+ o)
2
__r - °
(c = p) b

for u < T,,, and x < b. Hence,

P(V; =x) <PV, =Xx) for0=x=5b. 31

Thus Vj is strictly stochastically larger than V; and V.
This implies that the moment generating function of Vj is
larger than that of V; and V,. The loss probability computed
with rate function 3 is therefore larger than that corresponding
to rate functions 1 and 2. Rate function 1, which is used in
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Table 2

The moment generating function of the buffer process V; and its derivatives

251

wo p(c — P) 1

M, 1-— + av(u) + ab
w(@ T ablput ) P —plc—p° —o =g}

oM —P 1 P

v, (@) ; 0o { plc = P) [av() — 1]e™® + (ha — 1)e® + }

da a“b(pu + o) (P — p)c — p) 1-w P—
M -

vlz(a) 3 wo i plc — P) [ () — 2av(u) + 20e™® + #(azbz —2ab + 2)e® + 2710}

da a’b(pu + o) (P — p)c — p) 1-w P—p
ﬂMVl(a) wo P(P —0) w av(u) ab Pp
v + a0+ —— g S

u ablpu+ o) L(p—py [P Tt e T =

LoPresti et al., can therefore lead to overly optimistic admis-
sion decisions.

5.2. Finding the most adversarial rate function

In this section, we espouse the problem of finding the
most adversarial rate function among the rate functions
fitting the template of rate function 3. Toward this end we
need to find the on-time u that maximizes the moment
generating function of V;. The moment generating function
of V3, defined as My (a) = E [e“V3], and its derivative with
respect to u are given in Table 2. The table gives further-
more the first and second derivative of My, () with respect
to a. These expressions are needed for the computation of
Py, (see Section 5.3).

Setting dMy, (@)/du to zero, we obtain

w —oe—
) e a(c—pu
l—w

It can be shown that Eq. (32) has exactly one solution in
[Ton,> Ton,)- It can be computed efficiently with Newtons
method [22] using (T, + Ton,)/2 as initial solution. We
observed in our numerical investigations that (7, +
Toy,)/2 provides in many cases a good approximation of
the solution of Eq. (32). Rate function 3 with u = (T, +
Ton,)/2 may therefore be used as an approximation of the
most adversarial rate function.

(P — p)e® — P(1 — w)
(1 — w)(P — c)e*”
(32)

(apu + ao +

5.3. Numerical examples

In this section, we report on some numerical investiga-
tions with the most adversarial rate function. For the compu-
tation of P, we essentially follow the numerical procedure
outlined in LoPresti et al. [16]. In addition to the computa-
tions conducted by LoPresti et al., however, we solve Eq.
(32) in order to find the most adversarial rate function.

Table 3
Leaky bucket parameters of sources

Class p (Mbps) P (Mbps) o (cells)
1 0.15 1.5 225
0.15 24.4

We compare our approach with that of Elwalid et al.
[9] and LoPresti et al. in Fig. 4. We use the same two
source classes (see Table 3) as LoPresti et al. in [16, Fig.
15]. They in turn use the same parameters as Elwalid et
al. in Ref. [9, Fig. 13]. The bandwidth and buffer size are
C =45Mbps and B = 1000 cells (1 cell = 53 bytes) in
this example. The figure depicts the admission region
corresponding to the admission control criterion P, =
1077, We observe that employing the truly adversarial
rate function results in an admission region that lies
generally between that of Elwalid et al. and LoPresti et
al. Because we are using the truly adversarial sources, our
approach has a smaller admission region than LoPresti et
al. Our approach admits slightly less connections than the
approach of LoPresti et al. in the range 0 = k; = 75. For
ky =0, we admit 172 connections of class 2 while
LoPresti et al. allow 175 connections. The gap between
the two approaches widens for k; > 75. This is due to the
fact that the optimal resource allocation according to
Theorem 1 allocates ¢; = p, in this region. Rate function
3 degenerates to the form described in Section 4.3 for this
allocation. The moment generating function of this rate
function is significantly larger that corresponding to rate
function 1, resulting in a noticeably smaller admission
region for our approach. The gap is at its widest for k; =
81. Our approach admits 41 connections of class 2 while
LoPresti et al. admit 51 connections.

In Fig. 5 we consider a single source class with P =
5 cells/s, p = 2.5 cells/s and o = 20 cells. (This choice of
parameters is inspired by Oechslin [19,20].) We consider
transmitting the traffic of 200 of these sources over a link
of capacity C = 575cells/s. The figure shows Pju
computed according to our approach (RRR) and LoPresti
et al. as a function of the buffer size B. We observe that
both approaches give about the same loss probability for
buffers smaller than 800 cells. For large buffers,
however, the approaches differ greatly. For B =
1400 cells the loss probability computed according to
LoPresti et al. is about one order of magnitude smaller
that computed with the most adversarial rate function.
For B = 1700 cells the gap widens to roughly two orders
of magnitude. We conclude from the figure that the
approach of LoPresti et al. can significantly underesti-
mate the loss probability.
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Fig. 5. Py, as a function of buffer size B.

6. Conclusion

We have studied a buffered multiplexer that is fed by
regulated traffic streams. We have considered both lossless
and lossy multiplexing. For lossless multiplexing, we have
shown how to allocate bandwidth and buffer to the individual
traffic streams such that the resulting segregated systems are
lossless. For lossy multiplexing we have re-examined the
three step procedure (originally proposed by LoPresti et al.
[16]) for estimating the loss probability: (i) choose a point on
the buffer-bandwidth tradeoff curve and transform the origi-
nal system into two independent resource (buffer and band-
width) systems; (ii) use adversarial sources for the two
independent resources to obtain a bound on the loss probabil-
ity of the transformed system; (iii) minimize the bound by
searching over the buffer-bandwidth tradeoff curve. One of
our contributions is to generalize this three step procedure
developed in Ref. [16] for the simple regulator (i.e. a peak
rate limiter in series with a leaky bucket) to more general
traffic regulators, that are even more general than cascaded
leaky buckets. For these general traffic regulators, we provide
an explicit result and efficient algorithm to transform the
system in step (i). We also study the properties of the
buffer-bandwidth tradeoff curve in this more general setting.

Our main contribution is an explicit characterization of
the adversarial sources for the transformed problem in step
(ii). We prove that the most adversarial source is not a
periodic on—off source. Even for the simple regulator, the

most adversarial source is not a periodic on—off source.
Thus using a periodic on—off source in step (ii) of the
three step procedure may underestimate the loss probability
and lead to overly optimistic admission decisions. We
provide an efficient algorithm to calculate the estimate of
the loss probability based on the truly adversarial sources.
For the simple regulator, we conduct numerical evaluations
of the estimation procedure involving the truly adversarial
sources. Our numerical results indicate that using on—off
sources instead of the truly adversarial sources my over-
estimate the number of admissible streams by up to 23%
in some scenarios.
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