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Abstract—The work considers the N-server distributed com-
puting scenario with /K users requesting functions that are arbi-
trary multi-variable polynomial evaluations of L real (potentially
non-linear) basis subfunctions of a certain degree. Our aim is to
reduce both the computational cost at the servers, as well as the
load of communication between the servers and the users. To do
so, we take a novel approach, which involves transforming our
distributed computing problem into a sparse tensor factorization
problem F = £ x;1 D, where tensor F represents the requested
non-linearly-decomposable jobs expressed as the mode-1 product
between tensor £ and matrix D, where D and £ respectively
define the communication and computational assignment, and
where their sparsity respectively allows for reduced communi-
cation and computational costs. We here design an achievable
scheme, designing £ D by utilizing novel fixed-support SVD-
based tensor factorization methods that first split 7 into properly
sized and carefully positioned subtensors, and then decompose
them into properly designed subtensors of £ and submatrices
of D. For the zero-error case and under basic dimensionality
assumptions, this work reveals a lower bound on the optimal
rate /N with a given communication and computational load.

Keywords—Distributed computing, MapReduce, sparse ten-
sor factorization, low-rank tensor approximation, tessellations,
tensor decomposition, random matrix theory, capacity, bulk
synchronous parallel.

I. INTRODUCTION

There is a growing demand for massive parallel comput-
ing approaches that effectively distribute computations across
distributed servers [1]], [2]. To address this pressing need, nu-
merous works have introduced novel methods tackling various
aspects of distributed computing, including scalability [3[]-[6],
privacy and security [7[]-[|13|], completion time [|14f], as well as
latency and straggler mitigation [15]—[17], among others. For
a comprehensive overview of such related works, the reader
is encouraged to consult [[18]], [[19].

Beyond these considerations, the renowned computation-
versus-communication tradeoff lies at the heart of distributed
computing as a foundational principle with far-reaching impli-
cations. This tradeoff emerges as a critical limiting factor in
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numerous distributed computing scenarios [20], [21]], including
the practical settings of multi-user, multi-server distributed
computation of linearly-separable functions, addressing sev-
eral classes of computing problems, e.g., gradient coding [22]-
[25], linear-transform computation [26]]—[28]], matrix multipli-
cation, or multivariate polynomial computation [15[, [29]-
[31], as well as training of large-scale machine learning
algorithms and deep neural networks with massive data [20],
where communication and computation are often the two
interdependent bottlenecks that significantly shape overall per-
formance.

While multi-user linearly-separable settings have been ex-
tensively studied from various perspectives, such as coding
theory [32]-[34]], compressed sensing [35]], and tessellation-
based schemes for fixed-support matrix factorization [36], to
our best knowledge, for the broader scenario of non-linearly
separable functions, which nicely captures several classes of
computing problems in approximation theory [37], [38]], neural
networks [39]], [40], non-linear optimization [41], the prior
work has not explored the coding gains and the achievable
bounds on the computation cost. This work is the first to
address non-linearly-separable functions.

A. Multi-User Non-Linearly Separable Distributed Computing

We focus on the very broad and arguably practical N-server
distributed computing framework with K users requesting
from distributed servers arbitrary multi-variable polynomial
evaluations of L real (potentially non-linear) basis subfunc-
tions of a certain degree, as we will detail below.

Our setting, as depicted in Figure [I] initially considers a
master node that coordinates, in three phases, a set of N
distributed servers that compute functions requested by the
K users. During the initial demand phase, each user k € [K]|
independently requests the computed output of a single real
function Fj(.). Under the real-valued non-linear separability
assumptio these functions take the basic form

>

PE[P1]X...x[PL]

Fi() = fop WETHWEETE (D)

where Wy = fo(x),x € D, denotes the real-valued output
file of fy(-) for a multi-variate input x from any domain set
D, fi(-) denotes a (basis or component) subfunction, and

I'This nicely captures non-linearly separable functions, where each FJ(.),
taking L subfunctions as input, can be written as a non-linear combination
of L univariate basis subfunctions.



frp denotes a real-valued basis coefficient. Moreover, the
range of degrees for each basis subfunction W, in each user’s
demand is equal to [0 : P, — 1],¥¢ € [L]. In (1), each
basis subfunction fy(-) has a degree p, — 1 that introduces
a multiplication cos to computation. Hence, the cost of
computing the py-th power of each f,(-) for each server is
considered a multiplication cost of p, versus the computation
time of fy(-). Capturing these multiplication costs enables us
to analyze the critical communication-computation tradeoff for
distributed computing of general multi-variable polynomials.

Subsequently, during the computing phase, the master as-
signs to each server n € [N], a set of subfunctions S,, C [L] to
compute locall and also assigns to each server n € [IV], a set
of function M e ollees, [P o generate the corresponding
[ees, W7 ! from the computed output functions. M deter-
mines how to compute the powers of different subfunctions,
and how to multiply the output subfunctions computed locally
on each server. Then during the communication phase, each
server n forms signals
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as dictated by the encoding coefficients e,p; € R,n €
[N],t € [T], which we will design later on, where

P2 {p | H Wé‘”*l is computed in server n} .
LeS,

We note that pp = 1,V ¢ S, reflecting the cases where
given the absence of certain basis subfunctions, it does not
apply to consider their powers. The n'” server subsequently
proceeds to transmit zj; during time-slott =1,2,...,T,toa
subset of users 7,, C [K], via an error-free shared link. Finally,
during the decoding part of the last phase, each user k linearly
combines its received signals to get

FI:: Z dk:,n,tzn,t (3)
n€[N],te[T)

(1>

as dictated by the decoding coefficients di,: € R,n €
[N],t € [T,k € [K]. Naturally di ,, = 0,Vk ¢ Ty, simply
because user k € [K| does not receive any symbols from
server n € [N]| during any time ¢t € [T]. Note that both
encoding and decoding coefficients are determined by the
master node after the demand phase, and thus are dependent on
the functions requested, but remain independent of the instance
of the input to the requested functions.

Furthermore, we consider computation, communication, and
multiplication costs

' £ max ISn| , A £ max [Tnl s 4)
n€[N] n€[N]

IThe cost of computing powers of each basis subfunction for each server
is considered as a multiplication cost.

2We will interchangeably use S, to describe sets of indices of subfunctions,
as well as the subfunctions themselves.

325 means the power set of S, where we here consider the cardinality of
the range of degrees for basis subfunctions belonging to sets Sy,.
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Fig. 1. The K-user, N-server, T-shot setting. Each server n com-
putes the subfunctions in Sn = {fi, (), fin2()s--- fi,, |5, ()} and
Pi, 11 : — i -1
multiplicative terms finﬁ’l () fin o ()Fin2 b Fin 151 ()Finlsal
where (1,..., Lpin1r Lo, Lpig, 551, l’pimlsnl ,1) communicates
to users in 7, ¢, under computational constraint |Sn| < TI' < L, communica-
tion constraint |7, | < A < K and multiplication constraint Ay < Pp,V{ €

Q;, yielding a system with normalized constraints v = %, 6= %, e = %ﬁ,
where v, 8, A\p € [0, 1].
A¢ = max p, — minpy + 1 5)
PEPR PEPH

respectively representing the maximum number of basis sub-
functions to be locally computed at any serveﬂ the maximum
number of users that a server can communicate to, and
finally, the range of powers of basis subfunctions that must
be computed locally at each server among all multiplicative
statements in (I). After normalization, we here consider the
normalized costs
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The above three parameters are bounded. In brief, v is the
fraction of subfunctions that must be computed locally, § is
the fraction of available links to be activated, and Ag, ¢ € [L]
is the normalized range of degrees of each basis subfunction
to be computed by each server. Having v = 1 corresponds
to the centralized scenario of having to locally calculate all
subfunctions, while 6 = 1 matches an extreme parallelized
scenario that activates all available communication links. From
(3), when Ay = P, = 2, leading to Ay = 1,V/¢ € [L], we cap-
ture the special case of multi-user linearly separable settings
of [36]]. In particular, it has been shown in Proposition [2] that
the proposed scheme in this paper surpasses the performance
of the initial Tessellated Distributed computing scheme due to
better computational resource allocations.

In a system defined by K, N, and L, our goal is to find
schemes that can recover any set of desired functions without
error, with the smallest possible computation, communication,

o} , 05

4We highlight that the constraints I, A, and A, are strict, meaning they
must be satisfied for every instance of the problem.



and multiplication loads ~,d, and Ay. To do so, we must
carefully decide which subfunctions each server computes, and
which combinations of computed outputs each server sends to
which users. Having to serve many users with fewer servers
naturally places a burden on the system (suggesting higher
~,0, and Ag), bringing to the fore the concept of the system
rate

K
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and the corresponding system capacity C representing the
supremum of all rates.

B. Connection to sparse tensor factorization

Toward analysing our distributed computing problem, we
can see from (I) that the desired functions are fully repre-
sented by a tensor F € REXFP1X--XPL of the aforementioned
coefficients fy p. With F in place, we must decide on the
computation-assignment and communication (encoding and
decoding) protocol.

As we have seen in [42], for the error-free case, this task
is equivalent — directly from 2),(3)— to solving a (sparse)
tensor factorization problem of the form

Ex1D=F ®)

where, as we will specify later on, the NT x P; X ... x P
computing-and-encoding tensor € holds the coefficients e, p ;
from @), while the K x NT communication matrix D holds
the decoding coefficients d , ; from (3). Furthermore, we aim
to decompose a given tensor F as a mode-1 product of a tensor
€ and a matrix D, satisfying sparsity constraints +y, §, and .
Particularly, we leverage tensors as high-dimensional arrays to
precisely capture the multiplicative terms associated with each
basis subfunction in each user’s demands.

Summary of our contributions: Having made the connec-
tion between tensor factorization and distributed computing,
we here identify the fixed support tensor factorization problem
to be key in the resolution of our real-valued multi-user
distributed computing problem.

In this paper, we only focus on the lossless case. By
employing an achievable scheme using novel concepts and
algorithms introduced in [42]), [43]], Theorems|[T]and [2]establish
the single-shot system capacity for both cases P, > A, and
P, = Ay, where these general cases are interesting because
the tessellation patterns we design must accommodate tiles of
various sizes and shapes.

C. Paper Organization

The paper is organized as follows. Section [[I} formulates the
system model for multi-user distributed computing of non-
linearly-separable functions. Section addresses the error-
free case, presenting schemes for single-shot scenarios, leading
to Theorems [I] and [2] We compare our tensor-based solutions
with the matrix approach in [36]], highlighting significant gains
in computation cost and server requirements for both cases
where P, > A, and P, = A, (cf. Propositions [T] and ]2).
Finally, Section concludes the paper.

Notations. We define [n] = {1,2,...,n} and p =
(p1y---+Pes---,p1). [[a : b]] demonstrates the ordered set of
integers, ranging from « to b. For matrices A and B, [A, B]
indicates the horizontal concatenation of the two matrices. For
any matrix X € R™*", then X (4, j), i € [m], j € [n], repre-
sents the entry in the ith row and jth column, while X(i,:),7 €
[m], represents the ith row, and X(:,j), j € [n] represents
the jth column of X. For two index sets Z C [m],J € [n],
then X(Z, J) represents the submatrix comprised of the rows
in Z and columns in J. We will use supp(xT) to represent
the support of some vector xT € R"”, describing the set
of indices of non-zero elements, and supp(X) to represent
the support of some matrix X € R™*™, describing the set
of two-dimensional indices (i,j) € [m] x [n] of non-zero
elements. I(X,)) € R™*"™ represents a matrix that all of its
elements are zero except the elements, 1(7,j),s € X,j € ).
Supp(A) € {0,1}™** A € R™*™ is a binary matrix
representing the locations of non-zero elements of A. All the
above matrix notations are extended to tensors. For tensors &;
and &, [51,52]1 represents the mode-1 concatenation of the
two tensors. The operation ® represents a Hadamard product.
For a real number € R, [x], |z], represents respectively
the ceiling and floor function of z. X’ represents a tensor.
Xn,n € N is the mode-n tensor product and x H:H] represents
the generalized tensor contraction product operation. 1 is the
indicator function and 1(¢ € Q) then returns 1 if £ € Q.
Subset([L], ") denotes the subsets of L subfunctions with car-
dinality I'. stack, stands for joining multiple tensors together
along dimension 1, creating a higher-dimensional tensor.

II. PROBLEM FORMULATION

We here describe in detail the main parameters of our model,
defining matrix D and tensors g , F and the various metrics,
rigorously linking the distributed computing problem and the
factorization in (8) for our error-free case. Let us consider

f=[F,F,..., Fg]T e RE | ©)

Fi(p) = frp € RIVI2XXPL | e [K] (10
W(p) & WP wh=—t L wpeT e RPP P

Vp € [P1] X [Pa] x ... x [PyL] (11)

where f represents the vector of desired function outputs Fy
from (T)), F represents the tensor of function coefficients f
from for the function requested by user k, and W denotes
the tensor of multiplicative terms of the output files W, = fo(-)
again from (I). Then recalling the encoding coefficients e,, p ¢
and transmitted signals z,; from (@), as well as the decoding
coefficients dy, ,, ; and decoded functions F}, from (@), we have

én,t(E) £ en,E,t H Wéniil, VE € Pn y
LeS,

En € RPVXPL e [N t € [T (12)

Zn £ [Z’mla'--vzn,T}T ERT, n e [N} s



g_n é sraCkl(én,17"'aén,T) € RTXPlX“.XPL ’ (13)
din £ ks dinr]T €RT, k€ [K],n € [N], (14)
dp £[d] |,...,d] y]T € R, k € [K] (15)
and thus from (9), we have the output vector taking the form
f = stacky (F1, Fa, ..., Fic) X[l W (16)

as well as the transmitted vector by server n taking the form

2 = En X[ W (17)

This allows us to form the tensors
.}:ésackl(]?l,.. ,Fro) € RExPixPax..xPr (18)
Eﬁ [E1,...,En]L € RNTXPurx.xPr 19)
2(dy,...,dg]T € REXNT (20)

where F represents the K x P; x ... x P, tensor of all
function coefficients across all the users, & represents the
aforementioned NT'x Py X. ..x Py, computing tensor capturing
the computing and linear encoding tasks of servers in each
shot, and D represents the K x NT' communication matrix
capturing the communication protocol and the linear decoding
task done by each user. All presented results and schemes
assume our multi-user non-linearly-separable distributed com-
puting problem and assume, in their entirety, linear encoding
at the servers and linear decoding at the users.

To see the transition to the tensor factorization problem, we
first note that from @ and (I7), the overall transmitted vector

z 2 [z],2,...,2}]7 € RVT takes the form
_[e & [[1:L]] [[1:L]] -
Z—[gl,...,gN]l X[[2L+1 W gx[2L+1]]W (21)

and then that given the decoding phase from (3), each retrieved
function takes the form

F,=dlz (22)

thus resulting in the vector of all retrieved functions taking the
form f' = [d;,ds,...,dk]7z. We aim to make sure that

£ =f. (23)

Directly from the above and as in , we see that for the error-
free case, we must solve the tensor factorization problem

F=Ex1D. (24)

In terms of the corresponding connection to the sparsity of D

and &, we recall from (@) our metrics I' = max, ¢y |Sn|,

A = max,en |'T| and Ag = max p; — min py + 1,
PE<

n PEFn

which directly from (I3 and from , imply the
communication constramt as

max | Uy supp(D(;, (n = DT+ 1)) <A, (25)
ne
and the computation constraint as
ma LU supp(E((n— )T +t,:,...,:,[2: P,
mae 3~ [1(UL supp(€((n — 1) 2: P/

£eQi £—1 times

oot ) #E0)LT (26)
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and the multiplication constraint as

”g(plvp?a v ~7PL)||O < AZ’ Ve Q; )

Vp € [P1] x
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and thus we see how the normalized costs §,~, Ay from (6)
form the upper bounds on the fraction of non-zero elements
of the columns of D, special non-zero support of subtensors
of &, and non-zero elements of each 1-dimensional subtensors
of &, respectively.

Finally, from ( . we recall the system rate R = N, the
corresponding system capacity C' representing the supremum
of all rates for error-free function reconstruction.

III. MAIN RESULTS

We present the achievable rate results for the proposed
distributed computing settings for the simplified single-shot
cases, assuming 0, \¢; € N in Theorem [[Jand § € N, A, =1
in Theorem [2] respectively. For the general multi-shot cases,
we refer the reader to Theorem [3| for 6, \; ¢ N and Theorem
for § ¢ N, \; = 1 both in Appendix [C| available online
in [44]. All the results hold without any restriction on the
dimensions and under the assumption that each subtensor
of F has full-rank, a condition that is easily justified in
our real-function settings. Particularly, we consider a mode-
1 matrix unfoldmﬂ of tensor F and use its rank properties
to elaborate the number of required servers as the sum of the
total number of tiles with different maximum representative
rank-one supports. Since in general we have I' < L, our tiles
have some combinatorial intersections, where we introduce
a combinatorial optimization based on a bipartite matching
approach to assign the intersecting subtitles to one of the tiles
for each Q; € Subset([L],T), Vi € [(F)]. This procedure
results in tiles with dimensions |X;op| and | X7/ | for the
cases Ay|Pp and Ay t Py, respectively. All the results hold
under the basic disjoint support assumption on matrix D and
tensor &£ (cf. Definition [9]).

Theorem 1. The optimal achievable rate of the lossless
K, N, T = 1,L,P, > Ay, T',A/ Ay, 0 € Q; distributed
computing system for the broad settings in which A|K, A¢|P;
takes the form C' = K /N, where

0 . P,
N < ZZ (min(a, TT 40 T (5 -1)
i=1 teQ;  teq; Ff
P,
+min(A, [ Xool) ] (A—f—l)) 7)

where L; = {{ € Q; | jo = 1}, and j; is the index in tensor
F corresponding to the (*" basis subfunction.

Unfolding, also referred to as matricization or flattening, is the process of
rearranging the elements of a multi-dimensional array into a matrix format.
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Proof. Due to lack of space (partly because our proofs require
a sizable set of definitions), we choose to present the proof
in the supplementary document (cf. Appendix| [C| available
online in [44].), which describes the achievability of the
corresponding decomposition £ x; D = F, and how this is
translated into our distributed computing setting while abiding
by the constraints communication cost ¢, computation cost -,
and multiplication cost Ay. To provide some insight, we present
a proof sketch.

Sketch of the proof: The proof consists of an achievable
scheme, consisting of three main steps. In the first step,
the master node divides F into properly sized hypercubic
subtensors (corresponding to ‘tiles’) where the tiles must
remain disjoint, cover all elements of F, and maintain a width
limit A and modal constraint Ay, V/ € Q; for I' modes in
subset Q; of L modes. In the second step, the master node
performs a multilinear singular value decomposition (SVD)
for each tile (for each of the aforementioned subtensors of
]t'), so that this SVD defines the way each tile is the mode-
1 product of a subtensor by a submatrix (the so-called left
factor and right factor of the multilinear SVD). Finally, in the
third step, the left and right factors are carefully positioned to
form the desired € and D that in turn define the computation
and communication protocol of the distributed computing
problem. O

We next argue in Proposition [I] that considering a potentially
large dimension L in multi-user linearly separable settings
[36] to accommodate a greater number of basis subfunctions
results in a higher total computational load per server. In
contrast, our proposed model achieves improved efficiency
in total computation cost by fewer basis subfunctions, each
with a bounded degree, captured by the multiplication cost.
Our comparison assumes that the time of computing a basis
subfunction is the same as the time of computing one power
of its output.

Proposition 1. In a distributed computing system with
K,N,AL,P; =P > 2 Ay = A, V¢ € [L], considering the
tensor solution in this work with a computation cost I' = L
and the multiplication costs A, the total computation cost is
upper bounded by NL(A + 1), which linearly scales with L.
While the matrix approach of [36|]] with a computation cost
I results in an upper bound N(I" + (%)L) on the
total computation cost, which exponentially grows with L.

Proof. See |Appendix| [E] available online in [44]. O

Theorem 2. The optimal achievable rate of the lossless
K.NT = 1,L,P, = Ay, T',AAp,0 € Q; distributed
computing system for the broad settings in which A|K takes
the form C' = K /N, where

(r)
Nop < % ;min(A, | Xiopt]) -

(28)

We next discuss under which conditions our proposed tensor
approach’s performance outperforms the matrix approach’s
result in [36] for the scenario where P, = Ay = 2,VI € [L].

Proposition 2. In a distributed computing system with K, A >
1,L,P, = Ay = 2, V¢ € [L], letting Ny and Ny denote the
required number of servers using the matrix approach in [36|]
and the proposed tensor approach in this work, respectively,
we have Ny > Nr in the following regimes:
o Asymptotic case (large L):
In this case, Ny > Nr happens only if A grows rapidly
relative to L and T, i.e.,

when 1< A<T,

A>L
T (29)
I'“>L when A>T.

o Non-asymptotic case (small L):
In this case, Ny > Ny holds if and only if:

- (h
=

In the case of large L, if we set I' = O(\E), our scheme
can achieve v = O(1/+/L), which becomes arbitrarily small
as L increases. This corresponds to a broad asymptotic regime
where Kk £ K /L remains fixed, and L — oo. In this
scenario, to meet (29), the parameter § only needs to satisfy
the condition § > O(r/+/L), which also captures an arbitrarily
small normalized communication cost.

Proof. See Appendix O

A > when 1< A<T.

IV. CONCLUSION

In this work, we investigated the fundamental limits of
lossless multi-user distributed computing of real-valued multi-
variable polynomials by making clear connections to the
problem of fixed support tensor factorization and tessellation
theory. The error-free system capacity C' = %m, as presented
in Theorems [I] and 2] identifies the minimal computational
and communication resources -y, d needed to support a specific
number of users and subfunctions, considering a normalized
multiplication cost A;. The general results for arbitrary pa-
rameters T, K, L, A, T, Ay, ¢ € [L] are detailed in Theorem
for the case P, > Ay, and in Theorem [ for P, = A,. Both
theorems are elaborated in Appendix| |C| available online in
(44]].

Our approach achieves an exponential reduction in compu-
tation cost compared to the Tessellated Distributed Computing
approach when P, > A, while having equal computation
times. Additionally, it outperforms the previous scheme for
large L in the case where P = A = 2, leveraging a bipartite
matching algorithm for efficient resource allocation.

Our future directions include exploring the lossy case,
where the users can recover the requested functions with a
bounded error, as well as the converse bounds on the optimal
number of servers, revealing a fundamental tradeoff between
communication, computation, and multiplication costs.
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APPENDIX

A. Basic Tensor Definitions

Definition 1. An order-N tensor, X € RI1>**IN g a multi-
way array with N modes, with the n-th mode of dimensional-
ity I,,, for n € [N]. Special cases of tensors include matrices as
order-2 tensors (e.g., X € RI¥12) yectors as order-1 tensors
(e.g.,x € R’1), and scalars as order-0 tensors (e.g., € R).

Definition 2. A mode-n unfolding of a tensor is the pro-
cedure of mapping the elements from a multidimensional
array to a two-dimensional array (matrix). Conventionally,
such a procedure is associated with stacking mode-n fibers
(modal vectors) as column vectors of the resulting matrix.
For instance, mode-1 unfolding of X € RI1x2xxIn jg
represented as )E(l) € RIvxIzlsIn “and given by

Xy |:i1,7;27:3...iN:| = Xi1,ia,...,iN] - (30)
Note that the overlined subscripts refer to linear indexing (or
Little-Endian) [45], given by

N n—1
iy in =14 |(in—1) [] In
n=1

n’=1

=1+i+(Ge—1)L+-+Gnv—1L...In-1.

€2y

Definition 3. Any given vector x € R172+IN can be folded
into an N-th order tensor, X € RIXI2XXIN = with the
relation between their entries defined by

X[Z.17i2a"'aiN} = Ty, vz’ﬂ € [In] (32)
where i = 1 + Z,]Ll(in -1) Z: Iy

Definition 4. Consider grouping J order-IV tensor samples,
X € RIv*In 50 as to form an order-(N + 1) data tensor,
Y € RO xInxJ This stacking operation is denoted by

Y = stacky 1 (X[1],...,X[J]) . (33)

In other words, the so combined tensor samples introduce
another dimension, the (N + 1)-th mode of ), such that the
mode-(N + 1) unfolding of Y becomes

Vi1 = [vec(f[u), . vec(f[J])} . (34)

Definition 5. The mode-n product takes as input an order-
N tensor, X € RIixI2X-xIn and a matrix, A € R7*In to
produce another tensor, Y, of the same order as the original
tensor X'. The operation is denoted by

5) =X Xn A (35)
where ) € RI1X X In—1XJxIni1x-XIN The mode-n product
is comprised of 3 consecutive steps:

X — ./’E'(n) R
Vi) = AXw)
Yy =Y.

(36)

Definition 6. Tensor Contraction Product (TCP) is at the core
of tensor decompositions, an operation similar to the mode-
n product, but the arguments of which are multidimensional
arrays that can be of a different order. For instance, given an
N-th order tensor X € R{1**In and another M-th order
tensor ) € R71X%Jn  with common modes I,, = J,,,, then
their (n, m)-contraction denoted by X, yields a third tensor
z c RI XX Ty X1 X XIN X T1 X X Tyt X1 X X I g of

order (N + M —2), Z = X x™ Y with entries

R yeroyin—1 ity NI 15 dm—1oIme 1y d M

= E , Lit,oin—1,inying 1y N Yi1oeordm—1yin,Jmetin
in€[In]

(37)

The overwhelming indexing associated with the TCP oper-
ation in (37) quickly becomes unmanageable for larger tensor
networks, whereby multiple TCPs are carried out across a
large number of tensors. Manipulation of such expressions is
prone to errors and prohibitive to manipulation of higher-order
tensors.

Definition 7. Generalized Tensor Contraction Product is an
operation similar to TCP, but the common modes of two
tensors are considered as the ordered sets of integers. For
instance, given an N-th order tensor X € R X*In and
another M-th order tensor ) € R71X*JM  with common
modes I, = J,,Vp € [[n : Nl]l,¢ € [[m : M]], then
their ([[n : NJ|, [[m : M]])-contraction denoted by XHZLJ%H,
yields a third tensor Z € RI1X - XIn-1XJ1xX-XJm—-1 of order
n+m—2), Z2=2Xx Hnm%” ) with entries

B o1, J1 s i1 E Lisyin—1,p Yd1,im—1,ip
ip€[lp]

where i, = [[i5, : in]] and I, = [[I), : IN]].

Quickly recall that for a L + 1 dimensional tensor A, then
A(:,...,n) represents a L dimensional subtensor and B(:, n)
for a matrix B is its nth column, Supp(A)(Supp(A)) is the
binary matrix (tensor) indicating the support of A (A). Also,
when we refer to a support constraint, this will be in the
form of a binary matrix (tensor) that indicates the support
(the position of the allowed non-zero elements) of a matrix
(tensor) of interest [36]].

Before proceeding with the scheme, we here also give a
very brief reminder on the basic concepts regarding SVD
decompositions.

B. A Primer on Multilinear SVD

The multilinear singular value decomposition (MLSVD)
extends the concept of the matrix singular value decomposition
(SVD) into the multilinear domain [42]. This decomposition



provides a powerful tool for analyzing tensors and obtaining
low-rank multilinear approximations.
For matrices, the SVD is well-known and expressed as

M=UXVT (38)

where M € R71*72 is an arbitrary real-valued matrix, ¥ €
R11>12 i5 a diagonal matrix with the entries o > o9 > ... >
Owmin(1,,1;) = 0 in descending order, and U € R/**!t and
V € R72X!2 are orthogonal matrices.

Using mode-n tensor-matrix products, we have:

M:2X1UX2VT. (39)

The MLSVD generalizes this decomposition to higher-order
tensors. In the literature [42], it is also referred to as the
higher-order SVD or Tucker decomposition, though “Tucker
decomposition” has evolved into a broader term. The MLSVD
of a N*" order tensor is represented as

T=8x u® ><2U(2)..-><NU(N) ) (40)

where T € R71x2x-xJIn - § ¢ RIvxIax..xIn apd UM ¢
R/»*In yn € [N].

Similar to the matrix case, where U and V serve as
orthonormal bases for the column and row spaces, the MLSVD
computes N orthonormal bases U(™) € R'»*In ¥ € [N] for
the NV subspaces of mode-n vectors. These bases are analogous
to those in the matrix SVD. The MLSVD essentially interprets
a tensor as a collection of mode-n vectors and performs the
matrix SVD for each mode. The subtensors S;, —, of S are
obtained by fixing the n'* index to o with the following
properties:

o All-orthogonalit} Subtensors S;, —, and S;,—g are or-

thogonal for all possible n, a, 5 if

(Sin—a,Si,—5) =0 when a#f, 41)

where the scalar product of two tensors 7,8 €
RIX--xIn g defined as

<7_—, S> é Z . Ztilmilesilmijv 5

where t and s represent the elements of tensors 7 and
S, respectively.
o Ordering:

(42)

o> > 20 >0
where symbols az(n) represent the n-mode singular values
of S, and are equal to the Frobenius-norms ||S;, =i ||, Vi €
[I,], where the Frobenius-norm of tensor 7 is described
by

; (43)

1T =T, T) -

The n-rank of a tensor can be examined using matrix-based
methods. The rank of a higher-order tensor follows the fact
that a rank-n matrix can be decomposed as a sum of n rank-1

(44)

! Arrays with a scalar product of zero are considered orthogonal.

elements. The n—mode_vectors of T are the column vectors of
the matrix unfolding 7,). We thus have:

rank, (7) = rank(7(,)) - (45)

C. Scheme for Lossless Reconstruction and Achievability
Proof for Theorem

We proceed to describe the design of the communication
matrix D and the computing tensor £ that yield £ x; D = F,
while maintaining N, T" as well as a maximum of A non-zero
elements in any column of D and a maximum of A, non-zero
elements in any row of subtensors of £ for any subset of L
subfunctions with cardinality I". These constraints guarantee
that each of the N servers can locally calculate up to a range
Ay of T subfunctions and can engage in communication with
at most A users. The design borrows concepts and definitions
from the blockwise SVD approach of [43]], generalized to the
tensor scenario in [42].

In this proof we first in Part [CI|begin with defining the n-th
rank-one contribution support, representative rank-one support,
or tile and their related parameters. These tiles are actually
classes of rank-one contribution supports which shows how
any support constraint on D, £ contributes to the supports on
€ x1 D. The aforementioned correspondence is shown via
Lemma [I] Then in Part [C2] we show how to design the tiles
for the product matrix € x1 D, create and fill the non-zero tiles
in D and £ and place the filled tiles in D and in & for both
single-shot. The number of servers required for the single-shot
required the rank of each tile to the servers and then summing
the ranks over all tiles. Example [I] illustrates the performance
of our scheme in the cases where A|K, Ay|P;, and T = 1.

1) Basic Concepts and Definitions: We first present the
following deﬁnition

Definition 8 ( [43]]). Given two support constraints I €
{0, 1}EXNT and J € {0, 1}NT>xPrxPex.XPL - then for any
n € [NT], we refer to S,,(I, J) = T (n,:,...,:) x1 I(:,n) as
the n-th rank-one contribution support.

We note that when the supports are implied, we may
shorten S, (I, J) to just S,. The aforementioned I and J
will generally represent the support of D and & respectively,
while S,,(I, J) will generally capture some of the support of
€ x1 D and thus of 7. We have the following lemma for this.

Lemma 1. For I £ supp(D) and J £ supp(€), then

UNE S, (L) =UNE T(n,:,...00) x1 1(;,n)

D supp(€ x1 D) . (46)

Proof. The above follows from Definition [3| and from the fact
thaté’xlD:Zgglg(n,:,...,:)><1 D(:,n). O

We also need the following definitions.

2We quickly recall that for a matrix A, A(:,n) represents its n-th column,
and for a Tensor 7, 7 (n,:,...,:) demonstrates its n-th row, supp(A) the
binary matrix indicating the support of A, while for a vector a, then supp(a)
represents the set of indices of a with non-zero elements.



Definition 9. (Disjoint Support Assumption.) We say that
matrix D € REXNT gnd tensor £ € RNTXPr.xPL 40
cept the disjoint support assumption if and only if for any
two columns D(:,4),D(:,i'),4,i’ € [NT] of D and the

respective two subtensors £ (4, :,...,:),E(',:,...,:) of €, then

L times L times
supp(é'_(i,_', ')XlD(' )) supp(é'_( 7_:7" )XID( ))
or supp(&(i,:, ..., 1) X1 D(:,4)) Nsupp(E(',:, ..., 1) x1 D(:
i) =0.

Definition 10. Given two supports I € {0, 1}5*NT and J €
{0, 1}NT*PixPax...XPL the equivalence classes of rank-one
supports are defined by the equivalence relation ¢ ~ 5 on
[NT], which holds if and only if S; = Sj, as represented in

Figure [2]

The above splits the columns of D (and correspondingly
the rows of £) into equivalence classes such that i ~ j holds
if and only if J(4,:,...,:)x1I(:,4) = T (4,5 .-, 1) X1 I(:, 5).

Definition 11. For two supports I € {0,1}5*NT 7 ¢
{0, 1}NTxPixPex..xPL - and for C being the collection of
equivalence classes as in Definition then for each class
P € C, we call Sp to be the representative rank-one support
of class P, which will also be called the tile labele by
P. Furthermore for each tile Sp, let rp 2 I(:,n),n € P
(resp. cp = J(n,:,...,:),n € P) be the corresponding
component column (resp. component row) of the representative
rank-one support. Finally, Rp = supp(rp) C [K] describes
the set of the indices of the non-zero elements in rp, while
Cp 2 supp(cp) C [P1] x...x[Pyr] describes the set of indices
of the non-zero elements in cp. This is illustrated in Figure [3]

Definition 12. For every set ' C C of equivalence classes,
let us define the union of the representative rank-one supports
Scr £ Upee'Sp to be the point-wise logical OR of the
corresponding Sp.

In the above, S¢ is simply the area of the product tensor
covered by all the tiles P in C’. Furthermore, we have the
following definition.

Definition 13 ([43]]). The maximum rank of a representative
rank-one support of class P C C is

rp £ min(|Cp|, |Rp|) . (47)

The above simply says that for the case of I = supp(D)
and J = supp(€), then the part of tensor £ x; D covered by
tile Sp can have rank which is at most rp.

With the above in place, we proceed to describe the method
used to design the matrix D and the tensor .

2) Construction of D, £: The steps will involve

o Designing the sizes of the tiles for the product tensor
£ x1 D, and placing them.

o Creating and filling the non-zero tiles in D and &.

o Placing the filled tiles in D and in &

'Note that S,, = 37: for any n € ‘P. Furthermore, the term tile will be
used interchangeably to represent both Sp and P.

R B B
o : —

Fig. 2. The figure on the left illustrates the support constraints I and J on
D and & respectively. The constraints I(:,1) and J(1,:,:) on the columns
and rows of D and & respectively are colored green, I(:,2) and J(2,:,:)
are colored cyan and I(:,3) and J(3,:,:) are colored red. The product of
a column with a row of the same color, yields the corresponding rank-one
contribution support S, (I, J),n = 1,2, 3, as described in Deﬁmtlonl 8] and
as illustrated on the right 51de of the ﬁgure
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Fig. 3. This figure illustrates three different rank-one contribution supports
&1, 82,83, where the first two fall into the same equivalence class Sp;, =
S1 = So, while 8732 = S3.

We first address the case of 7' = 1, which we then generalize
to larger 7. There will also be a clarifying example that
follows the description of the design.

3) Designing D, & for the case of T = 1:

a) Step 1: Designing the sizes of the tiles for the
K x P; x ... x Py, product tensor £ x, D, and placing the
tiles: We initially partition the set of equivalent classes C (cf.
Definition [I0) into the following set of equivalence classes

C 2 {Pg, [Rpy, = [1+ (k—1)A : min(kA, K)],

Cro, = 11 UL E Qi) x [+ (G — Ay :
t€(L)
min(jeAs, Pr))),

Q; ={i1,...,ir} C[L], |Qi| =T, Vze[(ﬁ)]} (48)

where Rp,, are the indices of the corresponding columns of
L Cp,, are the indices of the corresponding rows of 7, which
are defined in Definition [[T] and j, is the corresponding index
to the /! subfunction in tensor F. To cover all the possibilities
for our tensor-based tiling problem, we first consider the
broader scenario where P, > A, V{ € [L] and find the general
form for the required number of servers Ny as the sum of the
total number of tiles with different maximum representative
rank-one supports. We then consider the special case where
Py, = A, and evaluate the required number of servers similarly.



To decompose the high-dimensional tiles in this problem,
we consider the multilinear SVD approach, detailed in Ap-
pendix which is based on the matrix SVD on mode-1
unfolding of tensor F = £ x; D, described as

]?(1) S RKX(PI"'PL) .

We then use the rank properties of the matrix unfolding of a
tensor, where we have

rank(F) = rank(F)) .

Despite having L subfunctions, the computation cost I' re-
stricts the servers to compute up to I' subfunctions, which
is equivalent to having I'-dimensional tiles with some com-
binatorial intersections, described as subtiles. We, therefore,
need to find such subtiles and assign them to only one of
the existing tiles with the corresponding indices Cp, in
different hyperplanes corresponding to each Q; to ensure
disjoint support assumption for SVD-decomposition. To that
end, we consider two disjoint sets of tiles P’ and P” such that

C’pgi = Cp/gi U Cp//gi

and

C’P/Qi m C'P//Qi = @

where we first consider tiles P’ with no combinatorial inter-
section and represent their corresponding column indices as

Cplgi = {CPQi | je>1, WVl e Ql} .

The maximum rank of each representative rank-one support
for such tiles (i.e. of each tile P’ of £ x; D) from and
Definition [13] therefore takes the form

rpr = (49)

min(A,eel_éi Ag) , Pely,

(ki dn) € (L)) % TT (U (100 € Qi)x
Le[L]
2: 1)),

min(mod(K, A), TI Ag> . Pleds,

LeQ;
Jr) € T1 MU (1L e Qi) x

Le[L]
min(A,He ATl mod(ng,Agf)) . Plels,
L0€Q;: AgIP@, AZ/J(PZ/
Ju) € LE) % TT v (1 e @)x
Le[L]
({2 TR UL Py x 22 121)
min(mod(K,A),Hz AeTl, mod(Pg/,A4/)> . Pely,
LA EQ;: Ag'Pg, AZ/J[P(/

e I v (1ee 0)x

Le[L]
({12 TR UALAP) x 21 [£2]1))

(ks g1, g2, - - 2: L%J]) ;

(kajthv"'

(kaj17j2>"‘

where the equivalence classes C;, i € [4] follow Definition
for all possible scenarios where A|K, A/|P;, At K, and
Ay ¥ P,. We note that for the case Ay|Pp, we divide each
I"-dimensional space corresponding to each Q,;, Vi € [(#)] to

I1 % tiles with dimensions A;, x...xA;.. We do the same
LeQ;
for the residual space for the general case Ay 1 P;.

The number of representative rank-one supports for tiles P’
in each equivalence class is therefore

IC'1| = L Z 1T «
i=140€Q;
€] = Z IT «
i= IZEQL
’ Py
|C3|—L Z H (LA*J—U
i=10€Q;: APyt
Pg’
H ((AZ’-‘ - 1) )
0eQ;: Ael'fpel
(4 5
cu=> II (FI-v
1=1£0€Q;: A¢| Py
Py
[ 01-1. (50)
e/
0eQ;: AZ’+PZ’

e then consider tiles with combinatorial intersections,
We th der tiles P” with binatorial int t
representing their corresponding column indices as

Cprg, ={Cpo, | Fje =1, VL€ Qi} .

To capture the number of intersecting subtiles in each
hyperplane, we define the following set.

£ié{€€Qi|jg:1}.

The number of intersecting subtiles in each hyperplane is
then equal to |£;].

There are two variants of tiles in the family of tiles P”, for
the simple case with the assumption Ay|P; (corresponding to
equivalence classes C"’1 and C”5), as follows.

(S

1) Tiles P’ nain With dimensions

X2 I (Ae—1(0e L), (52)
LeQ;
where Q; € Subset([L],T), Vi € [(F)].
2) Subtiles P”;,; with dimensions
jwial & ] (Ae—1(CeLy), (53)

LeKq

where /C;q € Subset(Q;,d) ,Vi € [(%)]

To utilize the disjoint support assumption for SVD-
decomposition of tiles P”o,, we need to make these tiles,
which naturally have combinatorial intersections, disjoint. To
that end, we need to decide how to aggregate the intersections



A-IX;l

A-1X;]

Fig. 4. The schematic for the assignment graph G(UUV), where d € [I'—1]
for each subset |a::l d| of vertices in V. In this figure, we assume that each
pair of consecutive subsets of vertices in U share the same subsets of V.

of such tiles, denoted by subtiles P”;;; to some of their adja-
cent tiles P ain to construct disjoint tiles with the minimum
possible sum rank. To that end, we devise a combinatorial
optimization for tile assignment based on a bipartite matching
approach as follows.

Considering different possibilities for the rank of tiles in
each hyperplane corresponding to each Q; and assuming A|K
(corresponding to equivalence classes C”; and C”3), we have
the following steps:

1) We first consider tiles X7 € X+ 2 {X; | |X;| > A}
with the corresponding subsets Q;F € QF C [L]. Since
the rank of these tiles equals min(A, | XF|) = A, we
assign =7, Vd € [I' — 1] to the n'" tile in X+, where
x, corresponds to the subsets of Q; with cardinality
d. We store the corresponding indices to set 7 of the
accumulated assigned subtiles to tile X" in a set P,'.
We then continue doing this procedure with excluding
Ur_L Pt from set T for other n'” tiles in X+, Vn €

[|X*]|]. We finally have
Xt
praUlt Ipt

to utilize in the next phase.

2) We next consider tiles X, € X~ £ {X; | |X;| < A}
with the corresponding subsets Q;, € 9~ C [L].
The tile assignment procedure for these tiles is done by
matching in a bipartite graph as follows.

Definition 14. (Assignment graph.) We devise a bipartite
graph G(U U V'), demonstrated in Figure 4| comprising the
set of vertices

U={(A-1X,]), vne[|x7[]},

and
V= {la,,l, Vne x|, de [ -1]} .

The edges of this bipartite graph are described by a family of
sets A, including A,, 4, Vn € [|X 7], d € [ —1].

Our goal is to find the maximal matching, and perfect
matching in the above-mentioned assignment graph if it satis-
fies Hall’s marriage theorem, described in (58)). To that end, we
need to determine a system of distinct representative (SDR) for
the sets (aiq,.. Qx| r—1) With

.,a17p_1,...,a|X7‘71,..

the following properties:

1) Representative Property:

nd € Ang, Vn € [|X7]], de T —1] . (54)
2) Distinct Property:
Ony dy F Ong.des V(N1,d1) # (n2,d2) . (55)
For any set
DC{(n,d) |ne(lx],de[l -1} (56)
of indices, we have:
A(D) = UeepAe . (57

Hall’s marriage theorem is then expressed as follows.

Lemma 2. (Hall’s marriage theorem [46].) A family of finite
sets A has an SDR if and only if it meets the condition

|A(D)| = |D] . (58)

We next check the matching condition in @ If it holds,
there exists a perfect matching and we can use the Hopcroft-
Corp algorithm [47], which is a graph matching algorithm
that efficiently finds the maximum matching in a bipartite
graph G by identifying a maximum cardinality matching,
i.e., a collection of edges with the maximum possible size,
where no two edges share a common endpoint. Otherwise,
we first sort | X, |s from max to min, or equivalently from
min(A — | X, |) to max(A — | X, |), Vn € [|[X~|]. We then
assign the remaining subtiles = ,, Vd € [I" — 1], successively
to the corresponding tiles X, € X'~, where z, , corresponds
to the subsets 7\P*+ of Q,. We then continue checking
Hall’s marriage theorem and repeating this procedure until it
is verified. We denote the result of the matching procedure by
Xp,opt for each hyperplane corresponding to Q.

It is worth mentioning that the set of indices Cp~ is updated
in each step of the tile assignment.

Similar to the equivalence classes C’ in for the gen-
eral case A 1 K (corresponding to equivalence classes Co
and C",), we simply substitute A in the above steps with
mod(K, A) for the residual tiles.

We next consider the general case Ay 1 P, (corresponding to
equivalence classes C”3 and C”4), where we have two variants
of tiles P” as follows.

1) Tiles P’ nain With dimensions

RAETE | VRS ((2y#)
LeQ;: M| Py
[I  mod(Pu Aw), (59)
0eQ;: AE/+PZ’

where Q; € Subset([L],T), Vi € [(F)].
2) Subtiles P”;,; with dimensions

= H (Ag—l(ﬂéﬁl))

e q: Ag‘Pg

[zia



(60)

II

Vek;q: AZ’TPZ’

where K;q € Subset(Q;,d) ,Vi € [(#)}

mod(Py, Ay)

A similar procedure for matching in a bipartite graph is
done with the above definitions of |X]| and |2/,|. We denote
the result of the matching approach for this case by [ X/’ .

The maximum rank of each representative rank-one support
for such tiles (i.e. of each tile P of £ x; D) from #7) and

Definition [I3] therefore takes the form

rpr = (61)
min(A7 |Xi,0pt|> , P'el’y,
(kydsas - odn) € [0 ¢ TT 11U (100 € QL)X
Le[L]
2: 1£1])
min(mod(K A), X, opt|) Precty,
(kajhj?v"'a.]lz) € H [ ] (1(4 S Qz\‘cl) X [2 : I_%J]) )
te[L]
min(A |X”Opt|> Prel’s,
(ky oy odn) € [0 ¢ TT 11U (100 € QL)X
Le[L]
({2 TR U{IAdP) x 2: 1211)
min(mod(K, A), |Xf’opl|> . Plecy,
(kygusdas--in) € T1 U (L(E€ Q\Li)x
Le[L]
({12 TR U{LAP) x 25 [21])) -

The number of representative rank-one supports for tiles P”
in each class is then

C/ll‘ _ JZ H
i=10€9Q;\L;
c"y \—Z 11 LfJfl
=1 0€Q,;\L;
(r)
R D SN | RN (EETER)
i=12€Qi\Li: A¢|Py ¢
Py
I ag1-n.
0'eQi\Li: AprtPyr
(5) P
C"a =" 11 (LA*J -1)
1=12€Q;\Li: Ay|Pp ¢
I (- (©2)

0€QN\Li: AprtPyr

Having established the classes and the corresponding (position
of the) tiles of F, we proceed to fill (and crop) the F tiles, as

follows:

Fp 2 (FOSp)(Rp,Cp), VP cU_,C;uC"; . (63)

The first step F ©Sp simply fills up Sp with the corresponding
entries of F, and the second step (F ® Sp)(Rp,Cp) crops
thesel]

b) Step 2: Creating and filling the non-zero tiles in D and
E: This step starts with the SVD decomposition as (described
in Section [B)) of the cropped tile F» where this decomposition
takes the form

Fp=Ep x1Dp , (64)

where Dp € RIR?IXr? £, ¢ R *XICP| In particular, F, D,
and & are associated to T U(l) and S in all complete SVD
decomposition of [@0). Naturally, rank(Fp) < rp.
c) Step 3: Placing the filled cropped tiles Dp and Ep in
D and £: Let
Ui, C Ul = {P1,Pa,...,

Pnt, meN (65

describe the enumeration we give to each tile. Then the
position that each cropped tile takes inside D, is given by

Rp,. ZT [+ 1 ZT , VP e Ul Cliuc”,
(66)
and the position of each cropped tile in £ is given by
Jj—1 r J r
[ZT{%} +1:3 T[-E), Cp,, ¥Ry € UL CUC,
i=1 i=1
(67)
In particular, for T' = 1 this yields
Jj—1 J
D(Rp,, [y rp. + 1, rp]) = (68)
i=1 i=1
and
j—1
ED _rp +1 ZW Cp,) = Ep, (69)
i=1 =1

while naturally the remaining non-assigned elements of D and
& are zero. Finally, as one can readily verify, the above design
corresponds to

N = Z > el |+Z > rpolc”y]

4 Prec 1) Prec,
JZmln(A H Ag) H J — 1)
LeQ; LeQ;
me(mod (K,A) H Ag) H —j -1)
i=1 leQ; leQ; Aé

'We here see a small distinction between the previously uncropped tiles, and
the tiles that are cropped here. These cropped tiles will be the outcomes of an
SVD decomposition of subtensors of F, yielding our SVD-based factorization.



()
L%J > min(A, [12 ][ mod(Py, A@,))
i=1

0,0'€Q;: Ng|Po, NyrtPys
P Py
I ag/-v II g 1-9
LEQ: M| Py 0€Q;: AytPy
(4
Jerm(mod (K, A) HAZHmod Py, Af/))
i=1 14

4, ZIGQ,L A[‘Pg A[/fpzl

GRS

T -

L

0€Q;i: Ay| Py 0€Q; AptPy
(*
K . P,
+ LZJ Zmln(A, |Xi,opt‘) H (L/TEJ — 1)
i=1 LeQ;\L;
(¥ P,
+Y min (mod(K, A), |Xi,opl|) 11 (g )1
i=1 LeQ\L;
< ® 5
FlplXmm(alxel) T (-0
i=1 LEQ\Li: A¢|Py

Py
I (-9
Z/
LeQi\Li: NytPy
*)
£ min(mod(K. A). [ Xy )
i=1

T -

LeQi\Li: A¢|Py

I (x-y.

LeQ\Li: AprtPyr

corresponding to Theorem |3| for the case of T' = 1.

Similarly, when P, = Ay, which means containing only one
tile P” with |C{| = 1 in each hyperplane including Q;, we

have:
N = Z Z Tp//|CHi|

i€[4] P eC’;
(r)
= ng Zmin(A, |Xi,0pt‘)
i—1
(r)
+3 min (mod(K, A), \Xi,opt|)

=1
e
U min (A, 1X )
i=1

(r)
+ Z min (mod(K, A), \X”opt|)

i=1

(71)

For the general multi-shot case, we have the following
results.

Theorem 3. The optimal achievable rate of the lossless

K N,T,L,P; > Ay, T, A, Ay, £ € Q; distributed computing
system for the general settings in which At K, Ay 1 Py takes
the form C = K/N,,, where

P (%) min(A,eH Ag)

ZJ [ TEQi

i= eQ;

min(mod(K7 A), 11 Ag)
[RIGIE

" leQ;
T
LeQ;

<#> min (. TT, A T, mod(Py, Ar))

" LL'€Q;: Ng| Py, Ayr{Py -‘
T

Py
I 051-0
0eQ;: A(/'TP[I
(£) min (mod(K, A), [T, Ae ], mod( Py, Agl))
00€Q;: AglP(, Al’+PZ’
w2 G W

I -y I 051-y
0€Qi: AytPy
() min(A | Xi.opt|
K | Xiopt P,
A { ( T >W H (L/T@Jfl)

LeQ\L;

[RIEGAED

—

+

= —~
[ M"Jh
— )

I>\N

=1

T 2

Ay
LeQ;: No| Py

<.

N Z [min (mod(K:,FA), |Xi70,,,|)

K &) min(A, |X;c,,,,\)
L) pf i)

I oy

’7 LEQ\Li: M| Py
Pé/

I ag1-v

CEQNL: AptPy

F mm(m d(K, A) |prt|)

Iy

Ay
i=1 LeQ\L;i: A¢|Pe

! <ff§ﬂ—1>

L€QN\Li: AyrtPys

(72)

where L; 20 € Q; | jo=1}, and j, is the index in tensor
F corresponding to the (*" basis subfunction.

Theorem 4. The optimal achievable rate of the lossless
K, N, T,L,P, = Ay, T, A, Ay, ¢ € Q; distributed computing
system for the general settings in which A { K takes the form
C = K/N,y, where

=l
~—

( min(A, | X; Up,|)

D e

Nopt§|_
i=1

( min(mod(K,A), | X; ,,,,t|)

w2 |

=1

b=
i

el
~—
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Fig. 5. Corresponding to Example [I] this figure illustrates the partitioning of
F1 into two dimensional tiles with some combinatorially intersecting parts.

—~
e

) min(A,|X7,,,])

I

i=1

+1

b=
i

—~
i
~—
2
=

&, .(mod(Kj,ﬂAHXffopJ)W. .

D. Example

We provide a simple yet nontrivial example to clarify
the protocol for the multi-user distributed computing settings
proposed in this work.

Example 1. Let consider a distributed settings in which K =
6,A =6,L =31 =2P =6,Ay =3,V € [L]. The
demanded tensor of user 1 denoted by F; reveals the following
details, as demonstrated in Figure [5] Following the protocol
detailed in Appendix [C|] we have the following subsets of
subfunctions with cardinality I" = 2:

. Ql = {1,2}
. Qg = {1,3}
. O5=1{23}.

We next divide each I'-dimensional space corresponding to

each Q;, Vi € [3]to [] % = 4 areas with dimensions 3 x 3.
LeQ;
We first consider the nonintersecting tiles with dimensions

IT 1+ Ap:2A,) =1[4:6] x [4:6] in each hyperplane as
LeQ;

e Q;: Corresponding to j; = js = 2.

e Qy: Corresponding to j; = j3 = 2.

o Q3: Corresponding to jo = j3 = 2.

For the intersecting tiles, because we could assign the
multiplicative terms including powers of one of Ws, to more
than one Q;, we have the following possibilities:

o Q1, Qo, and 93, (j1,Jo,J3) = (1,1,1):

We have a main tile X; : [2: A1} X [2: Ag] in O, a
main tile X5 : [2: A1] X [2: As] in Qy, and a main tile
X3 : [2 : AQ] X [2 : Ag] in Qg.

1) (j17j2) = (17 1) and (jlaj?)) = (1,1)

There is an intersecting subtile z17 : [2 : Aq] x [1],

where we need to decide to assign it to one of main
tiles X7 and Xo.
2) (j1,72) = (1,1) and (ja, j3) = (1,1):
There is an intersecting subtile xo; : [1] X [2 : Ag],
where we need to decide to assign it to one of main
tiles X7 and Xs.
3) (r.js) = (1,1) and (ja. js) = (1, 1)
There is an intersecting subtile z3; : [1] x [2 : Ag],
where we need to decide to assign it to one of main
tiles X2 and Xs.
Since |X1| = |X2| = |X3| = 4 < A, we directly use
the bipartite matching procedure with a bipartite graph
G=(UUV), where U = {A — |X;|} and V = {|z;4|}.
Vi € [3],d € [1], which is depicted in Figure [6] As we
can see, there are four possible edges for each node in
V', meaning that Hall’s marriage theorem is satisfied and
there exists a perfect matching. We consider a possible
solution as follows.
We denote the tiles with X, after the
matching procedure. We will then have tiles
Xl,opt : [2 : Al] X [1 : Ag], X2,0pt : [1 : Al] X [2 : Ag],
X3,0pt : [2 : AQ} X []. : Ag]

Q1 and Qo, (j17j2) = (27 1) and (jlaj?)) = (27 1)

We have a main tile X7 : [1+A; : 2A1] X [2: Ag]in Oy
and a main tile X : [1+Aq : 2A4]%[2 : Az] in Q5. There
is also an intersecting subtile x17 : [1 4+ Ay : 2A4] x [1],
where we need to decide to assign it to one of main tiles
X4 and X,.

Since | X1| = | X2| = 6 = A, we could assign x1; to any
of X7 and X5. We choose to assign it to X;. We then
will have tile X7 oo @ [1:Ag] % [1:As].

Q1 and Qs, (j1,7j2) = (1,2) and (j2,73) = (2,1):

We have a main tile X7 : [2: Aj] x [14+ Ay :2A5] in Oy
and a main tile X5 : [14+Ag : 2A2]x[2 : Ag] in Q. There
is also an intersecting subtile x17 : [1] x [1 4+ Ag : 2A5]
in Q; or equivalently [1 + Az : 2A5] x [1] in Qg, where
we need to decide to assign it to one of main tiles X
and X3.

Since | X1| = | X3| = 6 = A, we could assign x1; to any
of X7 and X3. We choose to assign it to X;. We then
will have tile X7 oo @ [1: A1) X [14+ Ay : 2A5).

Q> and Qs, (j17j3) = (172) and (]2a.73) = (172)

We have a main tile X5 : [2: Aj] x [14+ Az :2A3] in Qs
and a main tile X3 : [2: Ag]x[14+Ag : 2A3] in Q. There
is also an intersecting subtile x17 : [1] X [1 + Agz : 2A3],
where we need to decide to assign it to one of main tiles
X2 and X3

Since | X2| = | X3| = 6 = A, we could assign z17 to any
of X5 and X3. We choose to assign it to Xo. We then
will have tile X oo @ [1: Aq] X [14+ Az : 2A3].

We also note that the tiles built after the assignment and



Fig. 6. Corresponding to Example I} this figure illustrates the bipartite graph
used for the assignment of intersecting subtiles to the tiles.

K=6A=6L=3T=2 P, =6A, =3, ¥ e[L]
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1
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Fi = )

(P1/P2p3)=[B1IXI31]XI[3]]

Fig. 7. The tiling result for Example [I} The same colors represent the tiles
in the same plane, corresponding to the same subset Q; of L subfunctions
with cardinality T, Vi € [(£)].

matching process are disjoint and we could easily apply the
multilinear SVD approach described in Appendix [B| to F.
Finally, the tiles in F; are shaped as shown in Figure
Considering the above steps for all 6 users, the total number
of required servers for this problem based on Corollary (1] is

K< ) P
N = ZZ (mln(A, H Ag) H (E — 1)
i=1 LeQ; LeQ;
fmin(A [ Xl) [[ (G2 -1)
5 AZ
LeQ\L;
= 3min(6,9) + 3min(6, 6) + 3min(6,6) + 3min(6,9)

=4x3x6="7T2. (74)
E. Proof of Proposition [I|

The total computation cost of non-linearly separable settings
proposed in this work is obtained as
(@) ®)

O S NTH+A+...+AL) = N(L(A+1))
where (a) holds because we have N servers each computing
a basis subfunction with a computation cost I' as well as the
powers of all L basis subfunctions each with a multiplication

cost Ay and and (b) holds because of the assumptions I' = L
and Ay = A.

The total computation cost of linearly separable settings
proposed in [33]] is obtained as

©)
QNI Y pm)
PE[P1—2]x...x[Pp—2]
@N(F/+ Z pLX ... X Z )
p1E[P1—2] prelPr—2]
(i) N(F/ + (W)L>

where (c) holds because we have N servers each computing
a basis subfunction with a computation cost I as well as the
number of multiplications for powers of each basis subfunction
¢ € [L], ranging from 1 to Py —2, i.e., [1 : P, —2], (d) follows
S(zme ;ﬂgebraic manipulations, and (e) follows 1 + ...+ n =
n(n+1

—5—,assuming n = P — 2.

F. Proof of Proposition

Considering the tensor solution in this work with a com-
putation cost I' and the multiplication cost A, the number
of required servers for our non-linearly separable scheme,
assuming A > (A — 1), takes the form

(Zma(()-(5)

« Thin (A, (A-1)F + FE_IIM - WQ%J

el (5)-(5))

where (a) holds because of Theorem [2| and (b) follows the

fact that after proceeding with matching in the bipartite graph

with the set of nodes u; = {A — (A — 1)'}, Vi € () and

via = {(A—1)?}, Vi € (), d € [[' — 1], where depending on
L

the ratio (%), we will have the following possibilities:
r

—

(75)

d=1

r—1
o Case L. There are ((%) -y mod((g)7 (?))) tiles with

—1

T L
Ko = (A= 1)+ 5 45| (A= 1)
e

« Case IL. There exist 3 mod( (%), (15)) tiles with
d=1

—

~—|

()
=41+ o= 0(| D]
d=1 r



ol (5)-(5)

Summing the total number of tiles above with different
maximum representative rank-one supports results in (73).

Plugging in A = 2 into (73)), we have:

(-5 m(() (0))

« mm(A,H:f [EEM) + (Fzm‘)d((@ (ﬁ))>

=1 d=1

o3 5| ) moa((5). (1))

=1

K
Ny < —
T="A

(76)

While the matrix approach to multi-user linearly separable
scheme in [36] results in

x min(A,T) . a7

We first compare the approximate expressions for Ny and
Nr for the asymptotic case (large L) and analyze when Ny >
Nt as follows.

K LF—l
Ny~-—+———— -min(AT).
MY R T oy AT
K LT .
NTN K . F 'mln(A71) .
Considering Ny > Ny, we have:
K L1 . K LT .
Z . m . IHIH(A,F) > Z . F . mln(A, 1)

Using the relation I'! =T' - (T" — 1)!, we have:

Lr-1 1
T -min(A,T) > T -min(A, 1) . (78)
Because A > 1, the relation in (78) simplifies to:
L
min(A,T) > T (79)

Considering the possible ranges for A, we have:

e Case I. Small A where 1 < A <T:

min(A,T) =A .
The inequality then takes the form
L
A>— .
r

This condition holds if A grows faster than %
o Case II. Large A where A > I

min(A,I') =T".
The inequality then takes the form
r’>r.

This condition holds only if T' > /L.

We next compare the approximate expressions for Ny, and
Nt for the non-asymptotic case (small L) and analyze when
Ny > Nt as follows.

For small L, we consider the dominant term in /Ny as

o 5 (5 sy - 5 (1),

The ratio of Ny to N» is then approximated as
iz (a)

Num % -min(A,T)
Nr (r) '

Under the condition 1 < A < T, because min(A,I') = A,
the condition {¥ > 1 holds if and only if

r-(r)

A > — .
ast ()
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