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Abstract—Morphological operators are crucial in image anal-
ysis. Their integration into deep learning pipelines could im-
prove performances by extracting or enhancing important image
features, either within network architectures or loss functions.
However, the difficulties in rendering those operators differ-
entiable hinder their integration. In this paper, we present
SoftMorph, a novel framework designed to convert any binary
morphological operator defined as a Boolean expression into
its differentiable and probabilistic counterpart, compatible with
gradient-based optimization. Specifically, we define probabilistic
operators as the expectation of the binary operator with respect
to the probability of generating each binary configuration. This
expectation can be computed trivially from the truth table of
the binary morphological filter, as a multi-linear polynomial
function. Moreover, we approximate the probabilistic opera-
tors with quasi-probabilistic operators directly translated from
the Boolean expressions leveraging Fuzzy logic. These quasi-
probabilistic operators therefore maintain the computational
complexity of the original binary operator. We demonstrate
the efficiency and reliability of our method through validation
experiments, and evaluate the backpropagation capability of the
proposed operators. Finally, we showcase several applications
of morphological operators integrated into neural networks for
image segmentation tasks.

Index Terms—Morphological operations, Image analysis, Deep
Learning, Fuzzy logic.

I. INTRODUCTION

MATHEMATICAL morphology is a fundamental theory
used to process images by extracting or enhancing in-

formation based on geometrical shapes, structures, and spatial
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relationships [1]. Its methodology revolves around two funda-
mental operations: dilation expands the foreground objects in
an image, increasing their size and connectivity, while erosion
shrinks the foreground, eliminating small objects. Dilation and
erosion can be combined or iterated to achieve more complex
operations. These operations can enhance the essential shape
and characteristics of an image, and extract shape features
such as edges, holes, cracks, and corners [2]. Morphological
operations operate on a Structuring Element (SE) that defines
the pattern of the image feature to be processed, encompassing
a large variety of shapes and sizes. Originally defined on
binary images, morphological operations have subsequently
been extended to gray-scale images. An important extension
involves fuzzy morphological operators [3], [4], which adapt
the operations to continuous values, mainly by replacing
erosion and dilation with minimum and maximum operations.

Therefore, morphological operations are particularly useful
for many image analysis and processing tasks such as im-
age segmentation [5]–[8], feature extraction [9]–[12], noise
reduction [13]–[16], or image enhancement [17]–[20]. For
instance, morphological filters were applied in radar imaging
for image restoration by effectively removing noise while re-
taining critical information [21]. Similarly, new morphological
operations were designed for edge detection in noisy medical
imaging [22]. In medical applications, skeletonization is the
operation that extracts the centerline of a segmented structure
such as vessels or the heart. It is often used to assess the
organ’s topology, connectivity and trajectory [23].

Morphological operations can enhance the performance of
convolutional neural networks (CNNs) by extracting mean-
ingful structural information to analyze images. Researchers
have started integrating these operations into loss functions to
improve specific characteristics of segmentation tasks [24],
[25]. Moreover, some operations such as dilation and erosion
could be integrated as pre-processing, intermediate, or post-
processing layers within CNN architectures. This allows to
handle different patterns and tasks than traditional convolu-
tional layers, and hereby refine complex image analysis [26],
[27]. However, traditional binary morphological operations are
based on Boolean expressions, and some are implemented
using minimum and maximum operations, ill-suited for the
gradient-based optimization methods used in deep learning
models. Indeed, that optimization process requires differen-
tiable functions that are smooth and continuous to compute
gradients effectively during the training phase [28], [29].
Binary decisions and min/max operations introduce discon-
tinuities, making them inherently non-differentiable.

https://github.com/lisaGUZZI/SoftMorph2
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To address this, fuzzy morphological neurons were de-
signed to align operators with gradient-based optimization,
by approximating thesoft minimum and maximum functions
[30], [31]. Standard min/max operations can also be seen
as piece-wise differentiable, directly replacing erosion and
dilation with min and max-pooling layers, and combining
them to achieve more complex operations [24], [25], [32],
[33]. Although these methods can successfully incorporate
morphological �lters in neural networks, they cannot handle
general morphological operators. Additionally, the use of min
and max-pooling only can lead to discontinuous skeletons
and homotopy inaccuracies [34], [35]. Others have focused
on Learning Morphological Operationsby training CNNs to
replicate speci�c morphological �lters [36], [37]. These mod-
els can backpropagate gradients and be integrated into deep
learning pipelines. However, they correspond to approximative
morphological �lters trained on a speci�c domain and may
require �ne-tuning. Lastly, one may considerConvolution-like
approachessuch as successive convolutional layers with pre-
de�ned kernels to replicate a particular operation [34], but
this method can be hard to apply to some complex operations.

To the best of our knowledge, there is no existing approach
to seamlessly integrate any morphological operation with any
SE into a CNN in a smooth and differentiable manner.

To address these limitations, we recently proposed a novel
framework [38] to extend binary morphological operations on
probability maps that can be seamlessly integrated into neural
networks either as a loss function or as a �nal morphological
layer. This framework translates any morphological operation
based on Boolean expressions into a single multi-linear or
proxy polynomial. The resulting soft morphological �lters are
differentiable, require no hyperparameter tuning, and can be
derived from any binary morphological �lter. We demonstrated
their effectiveness on two medical segmentation applications,
comparing them against state-of-the-art morphological �lters.

In this paper, we signi�cantly extend the work by [38]
to SoftMorph, a family of operators based on various fuzzy
logics, providing a generalized approach for translating any
binary morphological operator with any SE into differentiable
and probabilistic equivalents. The new contributions of this
work are summarized as follows:

� We provide a detailed explanation for the de�nition of
probabilistic morphological �ltersas the expectation of
the binary �lter over the probability of generating each
possible binary con�guration, expressed as a multi-linear
polynomial deduced from the truth table.

� We de�ne quasi-probabilistic operatorsfor intractable
truth tables of binary morphological �lters. We use
various fuzzy logic operators to convert the Boolean
expression de�ning the morphological operation into a
soft, differentiable expression. This quasi-probabilistic
operator approximates the probabilistic operator while
maintaining the complexity of the original binary �lter.
Unlike previous works on fuzzy morphological operators
that applied to erosion and dilation only, our proposed ex-
pressions apply to any Boolean expression, hence easily
adaptable to new custom operations.

� We quantify the backpropagation capabilityof the Soft-
Morph operators to ensure their smooth integration into
deep learning pipelines.

� We extend the applications of this frameworkbeyond the
medical domain for various segmentation tasks, across 7
different 2D and 3D datasets. We integrate the SoftMorph
operators as �nal layers of a neural network's architecture
and in loss function applications.

Overall, these contributions make the SoftMorph framework
a powerful tool for integrating morphological �lters into deep
learning models.

In section II, we review related works to make soft, dif-
ferentiable morphological operations and their integration into
CNNs. Section III details the methodology of SoftMorph. We
provide experiments in section IV-B to validate our morpho-
logical operations and the backpropagation capability of the
proposed operator representations, and in section IV-C we
demonstrate several applications of the proposed framework,
speci�cally for segmentation tasks.

II. RELATED WORKS

A. Continuous Fuzzy Morphological Operators

Mathematical morphology has been extended from binary to
gray-scale image processing partly through fuzzy set theory, as
introduced by [3]. In this context, gray-scale images are treated
as fuzzy sets, where each pixel value is interpreted as a degree
of membership to a set, and morphological operators are
rede�ned within that fuzzy space. This approach enables more
nuanced image analysis and has led to various representations,
employing fuzzy conjunction and disjunction operators. The
most notable are the minimum and maximum operations to
represent erosion and dilation respectively [4].

B. Differentiability of Morphological Filters

Subsequent works have addressed the differentiability of
morphological �lters through different techniques to integrate
them into deep learning pipelines.

Counter Harmonic Mean:The counter harmonic mean
(CHM) has been studied to approximate the erosion and
dilation operations in [39]. This approach involves raising the
pixel values of an image to a certain power, combining them
with weights, and normalizing the result. Thus, morphological
dilation and erosion correspond to the limit cases when the
power tends to+ 1 (dilation) and�1 (erosion). The differ-
entiable nature of the CHM formulation facilitates gradient-
based optimization and its application in CNNs [40]–[42]. A
morphological neuron, the so-called Pconv layer, implements
the CHM �lter to learn the appropriate power value and weight
parameters to optimize the operations. However, this method is
subject to exploding gradients due to the power function [32].

Log-Sum-Exp:The morphological �lters have also been ap-
proximated using differential approximations of the minimum
and maximum operations with the Log-Sum-Exp function.
In [31] and [43], it has been tailored to optimize the SE of the
morphological operations. In [44], it is furthermore improved
to learn non-�at SEs by applying bias variables to correct the
rounding errors caused by the soft approximation of min/max.
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Non-smooth minimum and maximum operators:In theory,
minimum and maximum operations are not fully differentiable.
While they are differentiable almost everywhere, they lack
a well-de�ned gradient at points where multiple arguments
of the operations are equal. In practice, these operations
are treated as piece-wise differentiable. That means that the
gradient is propagated only towards the maximum or minimum
element during backpropagation. When multiple arguments
share the same maximum or minimum value, different strate-
gies are employed depending on the context. In typical mini-
mum/maximum operations, the gradient is distributed equally
between those arguments. In commonly used max-pooling lay-
ers, the gradient is assigned exclusively to the �rst occurrence
of the maximum value within each pooling window. Therefore,
some researchers argue that these non-smooth operators can
be used in deep learning pipelines to replicate the erosion
and dilation operators, while still ensuring the optimization
of models. For example, in [24], the combination of min
and max-pooling layers allows to obtain the borders of the
foreground. Similarly, the pooling layers are iterated to extract
the skeleton in [25]. It is obtained by iteratively getting the
difference between the erosion of the image and the opening
of that erosion. However, this method leads to inconsistencies
creating disconnected skeletons and topological errors. As the
standard pooling layers are �xed with a square SE, [32]
and [33] propose to replace them with learned morphological
pooling layers that can optimize the SE. In [32] non-�at SEs
are optimized to learn the exact morphological operators.

Learning-Based Emulation of Morphological Operations:
Morphological operations trained from data by neural net-
works inherently support gradient-based optimization. It can
provide differentiable solutions for complex operations such as
skeletonization, trained in CNNs for example by [36] and [37].
Other works try to optimize the morphological operation and
the SE learned from some training data, by alternating dilation
and erosion-like convolution layers [45]. However, training
from data is always prone to domain shift and can produce
topological errors [34].

Convolution-like approaches:A speci�c operation can be
emulated by applying several convolution layers with pre-
de�ned kernels to detect expected con�gurations and patterns
in an image. For example, [34] detects simple points, corre-
sponding to pixels that can be removed from the foreground
to obtain a skeleton, only using convolutional and matrix
operations followed by non-linear functions. They de�ned spe-
ci�c kernels to recognize 2D and 3D con�gurations and their
rotational equivalent to check the presence of simple points.
That process requires 57 convolutions to match the Boolean
rules for simple point detection. The reparametrization trick
is employed as the detection is based on binary criteria.
Depending on the operation to replicate, this method can be
computationally expensive due to the high number of convo-
lutions required. Designing speci�c kernels to detect various
con�gurations and their rotational equivalents can be complex
and time-consuming, potentially limiting its adaptability.

C. Morphological Filters in Deep Learning applications

Through the aforementioned methods to approximate dif-
ferentiable morphological operations de�ned on continuous
values, several applications of these operators have been
explored in neural networks [26], [46], [47].

Deep morphological neural networks:There has been a
growing interest in replacing traditional convolutional layers
of CNNs with morphological operations. Deep Morpholog-
ical Neural Networks (DMNNs) leverage the inherent non-
linearity of morphological operations to substitute the linear
convolution and non-linear activation functions typically used
in CNNs. These networks de�ne morphological �lters or
layers that approximate the erosion or dilation operations
and optimize the SE based on target data. In some works,
the appropriate sequence of erosion and dilation within the
network architecture is also learned [40], [44], [48]. DMNNs
can alternate morphological layers with standard convolutional
layers, and can also incorporate fully connected layers for
classi�cation tasks [27], [32], [41], [42], [44]. Other main
applications of these networks include image restoration [30],
[32], [33], [40], [48] and edge detection [32]. Besides, [42]
consider these networks more interpretable than usual CNNs
because the learned sequence of morphological operations can
be explicitly recovered and analyzed.

Loss functions with morphological operators:Lastly,
some morphological operations can extract speci�c image
features to be used in the loss function of a CNN to improve
particular characteristics of the model. The clDice loss
function in [25] requires the extraction of the skeleton to
compute its intersection with the foreground volume, to
maximize the topological preservation in the segmentation
of tubular structures. In [24], they extract the boundaries of
the segmentation to minimize the perimeter difference of the
prediction with the ground truth volume. The segmentation of
small and thin structures is enhanced in [49] by integrating
the white top-hat operation to detect small structures. The
�nal loss corresponds to the weighted linear combination of
the usual cross-entropy function and its application on small
objects only.

Compared to existing methods, our approach does not in-
volve optimizing the SE or learning the morphological opera-
tions. Instead, we focus on adapting any known binary operator
into a differentiable and probabilistic form, that one might
want to use in a CNN to optimize an image analysis problem.
It provides a solution to precisely replicate the binary operator,
that can be integrated either in the loss function of a CNN or as
a post-processing layer within the network. One key innovation
of our approach is de�ning the differentiable operators on
probability maps, enhancing their applicability. Additionally,
we ensure to de�ne quasi-probabilistic operators that match
the computational complexity of the binary operators. Previous
methods either approximate those operations, resulting in a
mismatch with the exact binary operator, or are challenging
to apply to complex operations. Overall, our method offers a
more precise and �exible solution to incorporate morphologi-
cal operations into deep learning frameworks.
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III. M ETHODOLOGY

A. De�nition of binary morphological �lters

We de�ne an imageX consisting ofN voxels f X n g, n =
1: : : N and its corresponding binary segmentation imageY
with Yn 2 f 0; 1g.

A binary morphological operatorF () is applied to the
binary imageY resulting in a �nal binary segmentationZ
such thatZ = F (Y ) 2 f 0; 1gN .

This operatorF () takes as inputk binary variables se-
lected from the neighborhood functionN (i; n ), providing
the index of the i th neighbor of the voxeln in Y as
YN (1 ;n ) ; : : : ; YN (k;n ) . It outputs a binary variableZn =
F (YN (1 ;n ) ; : : : ; YN (k;n ) ) 2 f 0; 1g. The neighborhood function
corresponds to the SE ofF . In mathematical morphology, it
de�nes the domain of the geometrical features processed in the
morphological operation. For instance, in a 2D image, typical
neighborhoods are de�ned ask = 4 + 1 (Fig 1a) ork = 8 + 1
(Fig 1b). Similarly, in 3D they are de�ned ask = 6+1 ; 18+1
or 26 + 1.

Y1
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Y5

Y6Y7

Y8
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0

0
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Fig. 1. De�nition of the neighborhood variables in a 2D image. (a)4 + 1
neighborhood. (b)8+1 neighborhood. (c) Representation of the truth table of
FEx on a hypercube. Each dimension corresponds to a binary input variable
of the morphological operator.

The binary operatorF () is a Boolean function that has2k

different possible input values and outputs a binary variable.
The exhaustive list of those valuesF (a) 2 f 0; 1g, for
a 2 f 0; 1gk is called thetruth table of F () and can be
provided exhaustively for small values ofk. Besides, it can
be shown that any Boolean function can be written as a
propositional formula involving thek binary variables with
the logical operator AND (̂), OR (_) and NOT (: ). In fact,
two operators are suf�cient in Boolean logic, since the AND
and OR operators can be expressed with the remaining two

according to De Morgan's theorem [50]. Similarly, the XOR
(� ) operator can rewritten as:(A � B ) = ( A _ B ) ^: (A ^ B ).

Based on the notation de�ned in Fig.1, the dilation operator
acting on a4 + 1-neighborhood of a 2D image can be written
asf Dil = Y0 _ Y1 _ Y2 _ Y3 _ Y4 whereas the erosion operator
is f Ero = Y0 ^ Y1 ^ Y2 ^ Y3 ^ Y4.

As an example, the operatorf Ex will be reused throughout
this section to illustrate key concepts. The operatorf Ex is
de�ned on a 1x3 grid such thatZn = f Ex (Yn � 1; Yn ; Yn +1 ) =
FEx (Y1; Y2; Y3). It is computed with the Boolean expression:

FEx = Y2 ^ ((Y1 ^ : Y3) _ (: Y1 ^ Y3))

Consequently, withk = 2 + 1 , there are 8 possible input
con�gurations represented on the 3-hypercube of Fig 1c.

B. De�nition of probabilistic morphological �lters

We want to extend these morphological �lters to the output
of segmentation algorithms. Typically, the output of a neural
network consists of probabilitiesyn , which correspond to the
posterior probabilityyn = p(Yn = 1 jX ) 2 [0; 1] of the binary
variablesYn 2 f 0; 1g.

We seek to formalize the de�nition of a probabilistic
morphological �lter F ?() applied on the probabilistic seg-
mentation imageY = f yn g 2 [0; 1]N and generate a new
probabilistic imageZ = f zn g 2 [0; 1]N = F ?(Y). This
�lter should generalize the given binary �lterZ = F (Y ) such
that both give the same result when the input probabilistic
image is binaryZ = F (Y ) = F ?(Y ). More precisely,
we aim to apply the deterministic morphological operator
F () on a binary imageY only known through its posterior
probability Y = p(Y jX ). Therefore we estimate the posterior
zn = p(Zn = 1 jX ) of the �nal segmentationZ knowing that
it results from the application of the morphological operation
Z = F (Y ).

Lemma 1 The posterior probabilityzn can be obtained
through the law of total probability as the expectation of
�ltered binary segmentationF (a) :

zn = p(Zn = 1 jX ) =
1X

Y1 =0

: : :
1X

YN =0

p(Zn = 1 jY ) p(Y jX )

=
X

a2f 0;1gN

F (a) p(ajX ) = Ea� p(Y jX ) F (a)

Lemma 1, as represented in Fig.2, de�nes implicitly the
relationshipzn = F ?(Y) of the soft morphological �lter.

C. Soft operators using Multi-linear polynomials

It is furthermore required to make the �lter differentiable,
i.e. to estimate the derivatives@F ? (Y )

@ym
. To provide a closed-

form expression of a soft �lter de�ned in Lemma 1, we
propose to adopt a polynomial representation of the Boolean
function F (a), a 2 f 0; 1gk . Indeed we can associate with
any Boolean functionF (a) a multilinear polynomialF ?(x),
x = ( x1; : : : ; xk )T 2 Rk de�ned as:

F ?(x) =
X

a2f 0;1gk

F (a)
kY

i =1

xa i
i (1 � x i )1� a i (1)
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Fig. 2. Given a 2x2 input grid with probabilistic values, the probability of each possible binary con�guration is calculated. By applying a speci�c morphological
operator to each binary con�guration, we compute the expectation over all con�gurations to estimate the result of the soft operator on the probabilistic input.

It is easy to see thatF (a) = F ?(a), i.e. that the
polynomial F ?(x) coincides by construction with the
Boolean function on the hypercubef 0; 1gk . Each monomial
F (a)

Q
i :a i =1 x i

Q
i :a i =0 (1 � x i ) is equal to 0 ifx 6= a and

equal toF (a) otherwise. Besides, it is of degreek and linear
with each variablex j , making the polynomial multilinear. This
property leads to the following result:

Theorem The expectation of a Boolean functionF (a) 2
f 0; 1g, a 2 f 0; 1gk over a set ofk independent variables
with a � Bernoulli(p), p 2 [0; 1]k is F ?(p)

Proof It is easy to show thatEa i � Bernoulli(pi ) (� + �a i ) = � +
�p i using the linearity of expectation. Thus, we have :

Ea1 (F (a)
kY

j =1

aa j
j (1 � aj )1� a j )

= F (a)pa1
1 (1 � p1)1� a1

kY

i =2

aa i
i (1 � ai )1� a i ):

By taking the expectation over each variableai , we get :

Ea(F (a)) =
X

a2f 0;1gk

F (a)
kY

i =1

pa i
i (1 � pi )1� a i = F ?(p):

�

Therefore, assuming that the marginal posteriorsyn =
p(Yn jX ) are independently distributed (which is the case when
dealing with the output of segmentation neural networks or
mean �eld approximations), we de�ne the soft morphological
�lter associated with the binary �lterF () as the polynomial
valueF ?(yN (1 ;n ) ; : : : ; yN (k;n ) ) 2 [0; 1].

With our example binary operatorFEx , we get the multi-
linear polynomial representation of the soft operator :

F ?
Ex (y1; y2; y3) =

X

a2f 0;1g3 ;F (a)6=0

3Y

i =1

ya i
i (1 � yi )1� a i

= y1y2(1 � y3) + (1 � y1)y2y3

= y1y2 + y2y3 � 2y1y2y3

This function de�ned over the 3D cube can be seen as the
trilinear interpolation of the binary truth table as illustrated
in Fig. 3a. More generally, the probabilistic morphological

operator de�ned in Theorem 1, can be interpreted as the
multilinear interpolation of the binary operatorF over the
hypercube. Multilinear interpolation is among the most basic
interpolation methods and is symmetric with respect to all
variables, which makes it a natural extension of the binary
operatorF to the probabilistic context.

D. Limitations of Multi-linear polynomial representation

The construction of the multilinear polynomialF ?()
(Eq.(1)) requires the summation over non-zero elementsF (a)
of the truth table of size2k . For non-trivial truth tables, writing
such polynomials requires the use of symbolic computation
software such as SymPy or Maple. But the complexity of
such polynomials grows exponentially with the numberk of
variables. For example, ifk = 26+1 in a 3D images, there are
227 = 134 217 728possible input con�gurations. In practice,
whenk > 10 for non-trivial �lters, the number of monomials
often becomes prohibitively large.

E. Quasi-probabilistic operators using fuzzy logic

The computation ofF ? is based on the exhaustive list of
positive binary con�gurations which can become intractable to
produce. We are looking for alternative computation methods
that have the same complexity as the binary �lterF (a),
a 2 f 0; 1gk . To this end, we notice that the probabilistic
version of the AND operator is the product of the probabilities
AND(X 1; X 2) �! x1x2 while the OR operator is transformed
into OR(X 1; X 2) �! x1+ x2� x1x2 = 1 � (1� x1)(1� x2) and
the NOT operator as NOT(X 1) �! 1 � x1. For any Boolean
operatorF () represented by a proposition formula, involving
the AND, OR and NOT operators, we propose to create a soft
quasi-probabilisticoperatorF � () by substituting the logical
operators AND, OR, and NOT by their probabilistic versions.
This soft operator is a polynomial expression which can be
of a degree greater thank, and is not necessarily multilinear.
However, its computation complexity is the same as the one
of the propositional form of the operator since we have
substituted a simple logical expression with another simple
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polynomial one. Thequasi-probabilistic polynomial corre-
sponds to a compact and factorized form whereas the multi-
linear polynomial corresponds to its polynomial expansion
combined with the application of the idempotence rulex i = x,
8i > 0 on all probability variables. The quasi-probabilistic
polynomial can be interpreted as an alternative non-linear
interpolation method of the values over the hypercube whereas
the probabilistic polynomial is a (multi) linear one.

While AND, OR and NOT operators were substituted by
their probabilistic versions, one could think of other ways to
replace the 3 logical operators with algebraic expressions of
continuous values in the range[0; 1]. This has been the focus
of the Fuzzy logic [51] and Fuzzy set theories. They introduce
Triangular Norms (T-norms), and Triangular Conorms (S-
norms) as substitutes for the AND and OR operators with
the complementation operator1 � x as the substitute for
the NOT operator. T and S-norms are de�ned on the unit
square[0; 1] � [0; 1] with values on the unique segment[0; 1],
and follow the commutativity, monotonicity, associativity and
element identity properties. Besides, an S-normS() is dual
of a T-norm T() under the action on the complementation
operator,S(x1; x2) = 1 � T(1 � x1; 1 � x2), which can be
seen as the generalization of the De Morgan's rules.

There exist many different T/S-norms proposed in the
literature, and they can be ordered pointwise as follows:

T1 � T2 if T1(a; b) � T2(a; b) for all a; b2 [0; 1]:

The expressions of the main T and S-norms are listed in
increasing order in Table I and their graphs on the unit square
are displayed in Fig. 4. Theproduct T-norm corresponds to
the probabilistic AND operators introduced previously and
it is easy to see on Fig. 4 that the Drastic T-norm is the
smallest whereas the Minmax logic is the largest. A number
of those T-norms have additive generators [52], which means
that there exists a functionf : [0; 1] �! R+ such that
T(x; y) = f � 1(f (x) + f (y)) . This is the case for the product
logic (with f (x) = � log(x)) and this allows to easily factor-
ize multiple applications of the T and S-norms. For the product
rule, we have for instance : AND(Y0; Y1 : : : ; Yl ) � y0y1 : : : yl ,
OR(y0; y1 : : : ; yl ) � 1 � (1 � y0)(1 � y1) : : : (1 � yl )

With each T-norm, we can substitute the AND, OR, and
NOT operations of the binary functionF () to obtain an
approximationF � () of the associated probabilistic operators
F ?() . Both functions coincide on the vertices of the unit hyper-
cube, but they correspond to different interpolation functions
inside the hypercube. Thus, we callSoftMorphthe family of
soft operators derived from a binary morphological operator
F (YN (1 ;n ) ; : : : ; YN (k;n ) ) which can be eitherprobabilistic op-
erators as multilinear polynomialsF ?(yN (1 ;n ) ; : : : ; yN (k;n ) )
or quasi-probabilistic operatorsF � (yN (1 ;n ) ; : : : ; yN (k;n ) ) as
derived from a T / S-norm. The Einstein and product logic
generate smooth and differentiable expressions whereas the
other T-norms are only piecewise differentiable, in particular
due to the min and max functions. As an example, theSoft-
Morph operator associated with the binary functionFEx using
product logic writes asF �

Ex (y1; y2; y3) = y2(1 � (1 � y1(1 �
y3))(1 � y3(1 � y1))) . This is a factorized polynomial which
differs from its probabilistic version and its expansion involves

TABLE I
T-NORMS AND S-NORMS FORMULA FOR DIFFERENT FUZZY LOGICS

Logic Operation Formula
Boolean AND a ^ b

OR a _ b
Drastic T-norm min( a; b) if max( a; b) = 1 ; else = 0

S-norm max (a; b) if min (a; b) = 0 ; else = 1
Bounded T-norm max (0; a + b � 1)

S-norm min (1; a + b)
Einstein T-norm (ab)=(2 � (a + b � ab))

S-norm (a + b)=(1 + ab)
Product T-norm a � b

S-norm a + b � 2ab
Hamacher T-norm 0 if a = b = 0 ,

else (ab)=(a + b � ab)
S-norm 1 if a = b = 1 ,

else (a + b � 2ab)=(1 � ab)
Min-Max T-norm min (a; b)

S-norm max (a; b)

monomials of degree 5 (instead of 3 for the multilinear case)
y1y2 + y2y3 � 3y1y2y3 + y2

1y2y3 + y1y2y2
3 � y2

1y2y2
3 . Both

polynomials have the same values on the unit hypercube,
but differ elsewhere as seen in Fig. 3. The largest difference
between the probabilistic and quasi-probabilistic functions on
the unit cube is only around 0.06, showing thatF �

Ex is a good
approximation ofF ?

Ex . In this simple case, there is no bene�t
to useF �

Ex instead ofF ?
Ex , but for more complex functions,

one must resort to quasi-probabilisticSoftMorphfunctions.

Fig. 3. Field plots of the probabilistic (a) and product-based quasi-
probabilistic (b) morphological �lters ofFEx over the hypercube. (c) Field
plot of the difference between the two �lters. The maximum difference is
reached at the center of the faces or the center of the volume.

F. Relation to prior work

The dilation and erosion operators have been de�ned on any
grayscale images using the notion of supremum and in�mum
[2]. On �nite sets, dilation and erosion are obtained by
considering the maximum, and minimum values within a SE.
They have been further generalized as fuzzy morphological
operators [4] with fuzzy (i.e. within the[0; 1] range) SE and
based on fuzzy logic (T / S-norms). However, when restricted
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