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Abstract—In this work, we investigate the uplink communi-
cation in cell-free (CF) massive multiple-input multiple-output
(MaMIMO) systems. One of the major problems in CF MaMIMO
systems is pilot contamination, i.e., the number of users is larger
than the length of the pilot sequences. Researchers have proposed
a semi-blind approach to overcome this problem. The semi-blind
joint estimation of the channel and the data leads to a bilinear
problem. We propose a vector-level Expectation Propagation (EP)
method to avoid the high-dimensional intractable integrals of
Bayesian posterior distributions and estimate both the multi-
user data sequences and channels. We exploit the property
of orthogonal pilots to decompose the pilot measurement into
multiple smaller, mutually independent equivalent measurements.
We also assume the data sequences to be randomly chosen from a
codebook (possibly with structure) of finite alphabet codewords.

I. INTRODUCTION

One of the unique features of Cell-Free (CF) Massive MIMO
(MaMIMO) networks is that all the user terminals (UTs) are
served by all the access points (APs) in a given area. This
leads to the problem of pilot contamination, where the number
of UTs exceeds the length of pilot sequences. To address
this issue, Semi-Blind approaches have been explored as a
viable solution to mitigate the effects of pilot contamination,
as detailed in the work of Gholami et al. [1].

In the context of Bayesian inference, the Semi-Blind approach
is modeled as a bilinear inference problem, where the APs
must concurrently estimate both the channel state information
(CSI) and the user signals. [2] have demonstrated that transi-
tioning from the deterministic domain to the Bayesian domain
results in significant gains. The challenge in addressing the
bilinear inference problem primarily arises from obtaining the
closed-form solution of the marginal likelihood of the observed
data given the channel coefficient.

A. Prior Works

Message-passing algorithms play a critical role in the infer-
ence problems. Notably, one of the most potent message-
passing algorithms is Expectation Propagation (EP), proposed
by Minka [3]. It transforms the global inference problem into
local inference problems and approximates complicated factors
with simple factors (e.g., Gaussian distributions) to make high-
dimensional integrals tractable. Belief Propagation (BP) can be
viewed as a special case of EP without factor approximation.
The close relation between EP and Bethe Free Energy (BFE)
was studied in [4], which shows that they share the same
fixed points. Given that the primary concern with EP is the
uncertainty of convergence, a more robust solution can be
achieved by directly analyzing the optimization of the BFE.
A loop-free EP was proposed in [5] based on approximate

BFE optimization. In [6], the authors proposed a Bilinear EP
algorithm for non-coherent channel detection based on the
codebook.

B. Main Contributions

In this paper, we consider a semi-blind system with orthogonal
pilot sequences (though the same sequence may be reused by
several users, leading to pilot contamination). We assume a
structured prior distribution for the data that can encompass
various channel coding approaches or simply exploit finite
alphabet symbols. To estimate the channel and data jointly in
this semi-blind system, we propose a vector-level EP where
we treat the channel coefficients and data (sub-) sequences for
each user as atomic variables. Since orthogonal pilots are used,
we first combine the received pilot signals with the channel
priors to form augmented channel priors, thereby reducing the
number of factors. If the data prior corresponds to the use
of codebooks with a certain structure, it can be exploited to
reduce the computational load of the proposed method.

II. SYSTEM MODEL
We examine the uplink semi-blind signal model
Y=[Y, Y4=H[X] XT]+[V, V4 ecMxF+h)

where H represents the uplink channel matrix from UTs to
APs, which is unknown and modeled as an independent and
identically distributed (i.i.d.) random matrix of size M x K.
Each column follows the distribution hy, ~ CA (0, Ey, ). The
input signal is composed of a pilot part X, € CP*X and a
data part X € C¥*¥_ Each column of X,, or X represents the
pilot sequence x, j or data sequence x; transmitted by user
k. It’s assumed that orthogonal pilot sequences are used, and
each pilot sequence has power o2 P.

We define V, and V; as the Additive White Gaussian Noise
(AWGN) present at the APs. Each element within these
noise matrices is assumed to be independently drawn from
a Gaussian distribution, specifically CA/(0, 02).

A. Benefit of using Orthogonal Pilots

We correlate the received signal Y, with the g-th pilot
sequence

Y, %, = ypg = 02PH 1k, +v, = 02PAll hy+v,, (1)

where ;, , denotes the conjugated g-th pilot sequence, and
each column of H, denotes the channel coefficients from a
user using the g-th pilot sequence. We use set G, to denote

the group of users using the g-th pilot. We use K to represent



the size of Giy. The equivalent noise v, = V,;  is still i.i.d.
zero mean Gaussian noise with covariance C,, = o2Po.l.
The last equal sign in (1) is obtained by vectorizing H,, where
A,y = 1k, ® Iy and h, = vec(H,). Since orthogonal
pilots are used, we know ]E[yp,gygg,} =0if g # ¢g'. The
corresponding equivalent likelihood model for the received
pilot is

p(YpH)= Hp(yp7g|hg) = H CN (Yp,g ‘O-EJPA]{_I,ghg7 Cy,).
g g

B. Structured User Data Prior Distribution

We assume that the symbols in the data sequences are discrete
and that data sequences are independent between the users.
However, the symbols in the data sequence of one user are not
independent. We assume that for all users, the code structure
is identically modeled as

plax) o [ fol@r.a). )

We partition the vector xj, into subvectors @y, g such that:

1) : For all 3, a, either ;3 C Ty o OF T g N Tpo = O
2) : Forall 8, B, xpgNak s = ¢.

3) : U, = k.

In the above three statements, we abuse the notations and
use T g3, Tk,p, Tk, and xy to denote the sets of entries
contained by those vectors respectively. We note that o denotes
a factor level partition while 5 denotes a variable level partition
in the symbol time domain. For example, the probabilis-
tic model p(xp,,®p,,®s,) = p(®ps|Ts,, Tp,)p(Ts,,%p,),
where @, = [zg,xp,25,]T, To, = [Xp,xs,]T, can be used
to describe codes with the parity-check component xg, .

C. Probablistic Model and Factorization

To handle the bilinear mixing, we introduce an auxiliary
variable Zj 3 = hkmgﬂ and consequently its vectorization
zrg = (xpp ® In)hy where zp g := vec(Zgg). The
joint probabilistic model of the uplink transmission can be
factorized as follows:

Py by 2y, Y) o< [ [ p(Waslziny,6) [ p(hglyp.g)
g

8
[T 11p@xsibr2is) - T 11 fa(@ra),
k B k «

where we denote y; = vec(Yq), and p(hgly,,) o
P(Yp,glhg) [ e, P(hi). The partitioned Yq4 is composed
of the columns 1 Y, corresponding to the same symbol
time intervals as xj g, and we denote its vectorization as
Ya.p = vec(Yap).

For simplicity, we denote the factors as:

Vo4 :=phylypg); Y1ks:=p(zkslhe, Tk p)

Vs 5 := p(Ya,pl Zzw); V3 ko = D(Th,a)
k

We conclude the factorization in factor graph fig. 1.

Fig. 1. Part of the factor graph, showing users k, k' and partition variables
B, 3" € « (the data prior is shown only for user k).

III. EXPECTATION PROPAGATION

Expectation Propagation is a method to approximate the fac-
tored pdf p(@) by another pdf (@) with factors of the desired
family [6],

p(0) o< [ [ Wa(6a) ~ b(8) o [ ] 4a(6a),

where we assume all the factors ¢, are fully factorized
[7], i.e., g, can be factored at variable level ¢,(6,) o
Heicea mw, .0, (0;). Here, 8; denotes a variable-level partition
of the whole 8, i.e., for all variable-level partitions indices i, j
and factor index a, if 7 # j, we have 8; N 8; = ¢, and
the intersection 8; N O, is either 6; or ¢. With the fully-
factorizable assumption, EP can be interpreted as message
passing by iteratively updating the factor to variable message
muy, e, and variable to factor message mg,,w,: [8]

mow, ()= [[  mu,.06),
a’€N(i)/{a}
. 3)
my 0(0) _ prOJ(b\I/a (07))
ame mei;‘pa(ai) ’

where N (i) denotes the direct neighbor of the variable 6;,
and the operation proj(-) projects a distribution to a family
F by optimizing a Kullback-Leibler divergence proj(p) =
arg minge p KLD(pl|q). Here, by, (0;) is the marginalization
of the belief (approximated posterior) by, (0,) at ¥,:

b, (6)=[bu.(6.)06:= [0.(6.) T] mo,v, (6:)do
i’€EN(a)

where we use 6; to denote all elements in 8, except the ones
contained in 6; and N (a) to denote the variables neighboring
factor a. The messages appearing in this paper are all normal-
ized to 1.
BP can be interpreted as a special case of EP by omitting the
projection step in (3).
In the following, if a message distribution mg,.v,(6;) (or
mw,.0,(0;)) is Gaussian, we denote its mean and covariance
matrix as pe,,wv, and Cg,,w, (or py, .9, and Cy,.g,) respec-
tively.



IV. MESSAGE FROM BILINEAR FACTOR NODE Uy ;, g

We first look at the bilinear factor node ¥ j . It is connected
to three variable nodes. The extrinsic distributions to this node
are calculated via line 10-12 in Algorithm 1. Following the
EP rule, we need to compute the belief of each variable,
approximate it to a certain desired distribution family, and
compute the feedback message to each of the connected
variable nodes. Rewrite the factor

\IJl,k,,B = (5(Zk”3 — hk:l:g’ﬁ) = 6(Zk,[3 — Ak’ﬁhk),

where Apg = xrp ® Ip. We denote the joint belief
(normalized distribution) at factor node W, ; as

bu, ;. 52k, D, @k g) < 0(21 8 — A ghy)

“ My 5301 k.8 (Zkﬂ)mhk;‘lﬁ,k,ﬁ (hk)mwk,ﬁ;‘I’Lk,ﬁ (mk,ﬂ)v
which can be interpreted as the joint posterior distribution.
Since the channel coefficients follow a continuous distribu-
tion while the data symbols follow a discrete distribution,
the marginalization of the channel coefficients results in an
integral operation. In contrast, the marginalization of the
data symbols involves only a summation over finite support.
Therefore, in the following, we use EP for h; and z; s but
BP for xy, .

4)

A. Message from ¥, . g to hy,

The normalized marginal belief of h;, at factor ¥, j g can be
obtained via

b ) = Y [

bw, 5 (Zk,6, Do, Tie g) Az

e )
= Z C-/\/—(hk“l'ﬁ“mkﬂvCﬁk\mkﬁ)w(a’k,ﬁ)v
a!k,g
where -1
~ _(AH -1 -1 :
Chk|mk,5 o <Ak’5czk,6;‘1’1,kﬁAk*B + Chk;‘lfl,k,ﬂ) '
“ﬁk\ﬂck.ﬂ = Cflklmk,ﬁ
(Afct +Cyy
kB ak 5501 ks H2r, 6301,k 8 by Wk, B P

1
w(r,p) = mek,ﬂ;wl,k,ﬁ(wk,ﬂ)V(in,ﬁ)

Zy = Z May, 5301 4,0 (Th,8)V(Tk,5)

Lk,B
V(a:k,ﬁ) = CN(()'MZk,ﬁ?‘I/l,k,ﬂ - Ak7ﬁ/‘l’hk§‘yl,k,67

Czk,ﬂ;‘pl,k,ﬁ + AkaBChM\I’l,k,B‘AkH,ﬁ)'

(6)
The result in (5)-(6) can be derived by noticing the matrix
identity

DA +BCD) '=Cc!(DA'B+C ) 'DA L

From the derivation, it is worth noticing that the ratio differ-
ence between the LHS and RHS of (4) is Z;,. The mean and
covariance matrix of the marginal posterior by, , ,(hy) are
given by

My, = Z ”ﬁklmkﬁw(wkﬁ% @)
Tk,
_ R N H "
Cﬁk - Z(Chk\mk,5+ th\wk,ﬁuﬁklmkﬂ)w(mkﬁ) Nhk“ﬁk'
Tk,3

From this point, it is clear that the marginalized belief in (5) is
a Gaussian mixture model, whose mean and covariance matrix
are calculated by (7). The approximated marginal belief can be
derived by projecting the marginal belief (5) into a Gaussian
with mean and covariance obtained in (7). Consequently, the
message from Wy g to hy is updated by

MYy ;. 55hy (hk) = CN(hkll“‘I’Lk,s;hkv C\I’I,k,ﬂ§hk)7 3
where
_ -1 -1 -1
C‘I/l,k,ﬁ;hk - (Cflk - Chk;‘lﬁ,k,ﬁ)
-1 -1
ASWD T C‘I’l,k,ﬂ;hk(cﬁk My, — Chk;\lfl,k,[g/‘hk;‘l’m,ﬂ)-
B. Message from V1 j, 5 to zy

The message from W, 3 to z g entails from the marginal
belief by, , ,(zk,s). This marginal belief can be obtained by

by, . 5(Zkp) = Z/

b, . 5 (Zk,5, i, Ty 5)dhy

i ©)
=Y CN(2k8ltz, slws 5> Car plwe ) (Th 8),
mhg
where
H
Cikﬂ‘mkﬂ = Ak’ﬁcﬁk‘wkﬁAkfﬁ

Mz slens = AkBHG, oy 5

This belief (9) is also a Gaussian mixture model. The mean
and covariance of the belief (approximated marginal posterior)
by, , ,(hy) can be obtained as the moments of ;. g,

Kz, 5 = Z p’ik,ﬁlmk,gw(wkﬁ);

Tk, 3

Cik,ﬂ = Z(Cﬁk,g\wk,ﬁ+“Ek,3|wk,ﬂugc,5|mk,g)w(mkﬁ)
Tk, 3
— Mz,
The message from ¥y ;, g to zj g is computed as the quotient
between the approximated belief CN (zy |pz, 5, Cz, ) and
mzk,ﬁ;\pl,w(zk,g). Thus, we write this message as

MW,y g528,8 (Zk,ﬁ) = CN(Zk,ﬁ|“‘1/1,kﬁ;Zk,ﬁ7Cq’l,k,a;Zk,ﬁ)a

where (10)
= Czk,ﬁ?‘l’l,k,ﬁ (Czk,/s;‘lﬁ,k./s - C/Z\k,ﬁ)ilc/z\k,ﬁ
ROy x iz = Czk.ﬁ;‘l’l.k,ﬂ (Czk,ﬁ;‘lﬁ,k,ﬁ - Cik,/%)ill‘l’ikﬁ

—1
- Cik,ﬁ (CZk,B;\PLk,B - Cik,ﬁ) Rz 591 k5
C. Message from V1 i 3 to T} g

C‘I’l,k,ﬂ;zk,ﬁ

The marginal belief of x; 3 can be directly obtained by

by, 4 5 (k) Z//b%‘k,ﬁ (zk,6, i, Ty p)dzy pdhy =w (T 5).

Since we use BP for estimating x g, there is no need to
calculate the approximated belief. Thus, the message from
\Ijl,k,ﬁ o Tk, p is

w(®k,p)
My, 5V k8 (wk,ﬁ)

LS WS T (wk”@) X = V(mk,/i)a (11)

where v(xy ) is defined in (6).



V. MESSAGE FROM THE PILOTS AND PRIOR OF H

The combination of pilot measurement and channel prior is
captured by p(hgy|y, 4), which is denoted as ¥, , and can be
viewed as the equivalent prior of channels Vk € Gy, hy. The
extrinsic to this factor is computed as in line 4 in Algorithm
1. The belief of h, at the ¥ , is

by, (hy) < p(yp,qlhy) H p(hi)mnw, , (hy).  (12)

keG,

All the factors appearing in (12) are Gaussian pdfs. This means
that by,  (hy) is always Gaussian. The marginalization of a
Gaussian will also produce a Gaussian. Therefore, a Gaussian
projection of by, , (hy) has no effect and results in the same
by, ,(hy). The message from o, to hy is

fb‘lj(),g (hg)dhg
Mhy; 0o, (hk)
J bw,,, (hy)dhg;
hk)mhk;‘l’o,g (hk').

My, iy (Bk) o

= p(hk)p( 13)

It has been shown in [9] that the quotient appearing in
(13) can be interpreted as a Component-Wise-Conditionally-
Unbiased (CWCU) LMMSE estimate for h, with hypothetical

prior [, p(Bi)mn, v, , (he) and likelihood p(yp 4/hy).
For simplicity, we denote the hypothetical prior as

hy|ya (hi) = CN (hi|pn, 1y, Chyjya) <p(hi)mn, v, , (hi)
= CN(h|0, By, )CN (hy|pn, v, , > Chyivy ),

where

A —1 1
Chilys = By, + Chk;xpo‘g)

—1
Mh,lyg = Chk\yd (Chk;\llg,g/‘l’hk;‘l’o,g)'
The vector-level CWCU LMMSE result is given by

fp(yp,g | hg)Hk/ Gh,/|yq (hy)
dn,, \yd(hk)

(14
where the subscript C'L stands for CWCU LMMSE. The mean
and covariance matrix are computed as

dhy
k:CN(hk‘H’hk,CLv ChImCL)a

1
HMh,,CL = Ugipyp,g - Z By lya

k'eGg/{k} (15)
2
O-U
Chuon = U:%iPI i k/eGZ/{k} Oty
g

Finally, by using Gaussian reproduction lemma [8], we obtain
the message from ¥g 4 to hy,

Mg g5hy (hk) = CN(hk“l"I’o,g;hk’ C‘Po,g;hk)

(16)
o p(hg)CN (hy|pn, oL, Cuy,cL),

where
1171
2
=—1 Oy E
C\I’Oysﬁhk = “h; + 2PI + Chk’lyd
T k'e€Gy/{k}
-1
2
o
—_ = v e}
Hwo gy = Bn, | 551+ Y " Ch,,y, + En,
Iz k' £k

1
o_gipy[),g - Z l’l’hk/‘yd
k'eGgy/{k}
(17)

VI. MESSAGE FROM THE DATA OBSERVATION Y,

The node ¥ g represents the likelihood p(yq | > . Zx,5). The
extrinsic to this factor node can be computed by line 8 in
Algorithm 1. Thus, the belief at ¥y g is

b, s (218, 25.8)=DYapl Y 2k.) [ [ Mar sows s (21,0)-
k k

Since all the factors in by, , (21,3, - . ., 2k, p) are Gaussian, the
belief by, , is also Gaussian. Therefore, Gaussian projection
will once again leave this belief unchanged. We can write the
message from ¥y g to zy g as

qufgﬁ (Zl,g, e 7ZK7ﬁ)dZE,B

Mz 5:¥2 5 (Zkﬁ)

MYy 55218 (Zk,ﬁ) X (18)

We can identify (18) as a CWCU LMMSE estimate of zj g
with hypothetical prior mg, ,.v, ,(2k,s) and measurement
P(ya,s| > zk,p). Thus, we write the feedback message as

M g2k, <Zk»5) = CN(Zkﬁ‘N‘llz,B;Zk,Ba C\I/z,ﬂ;Zk,B)a (19)
where
By g2k = Yd,p — Z Kz iU g
k' 4k
Cus iz s = 001+ Z Cop s,
k' £k
VII. MESSAGE FROM THE DATA PRIOR

Finally, we look at the factor node W3 j , which represents the
data prior p(xy o). The extrinsic to this factor is computed as
in line 6 in Algorithm 1. Denote the belief at this factor node
as

b‘l’s,k,a(wk7a):fa(xk7a) H mitk,ﬁi,‘l’a,k,a(wk”@)’ (20)
BEN (a)

where N(«) denotes the set of variable nodes neighboring
the factor node W3 ;. . Since BP is used, there is no need for
approximation. The feedback message can be obtained directly
as

m‘PB,k,a%iﬂk,ﬁ(mkﬁ):Z ffy(m%a) H mmk,g/;‘l’z,k,a(wkﬂ’)'
B'eN(a)/{B}
We conclude the algorithm in Algorithm 1.

TrB
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Algorithm 1 Proposed Method in one iteration
Require: y, g, Ya, p(@x), p(h), p(Ya,pl21ky,5)
1: Initialize: my, , ,:n, (he), M, s 5 (k)

20 MYy g3z, (Zkﬁ)’ M3 a5k s (mkﬂ
3: repeat for all o, 5,k =1:K,g=1: P

4 Mhy; %0, (hk) = Hﬁ MYy 55hy (hk)
5: compute My, ,:n, (hx) according to (16)
6: My, 5,93 k,o \Tk,B
= m‘lll,k,ﬁ;mk,ﬂ(wkﬁ) Ho/eN(ﬁ)/{a} M, ) Wik, (mkﬁ)
7: compute My, , ..z, ; (k) according to (21)
8: Mz, 505 5 (Zkﬁ) =My, g121k,5 (Z.k,ﬁ)
9: compute My, 4.z, ,(Zk,s) according to (19)
100 mngwy, .(he)=me, n ()T smu, , om), (hy)
11: My, 5,01 5,8 (Tr,8) = HaeN(,B) m‘l’a,k,a;zk,ﬁ(wk,ﬁ)
12: Mz, 591 1,8 (Zkﬁ) = MY, 5525 (Zk?_,ﬁ
13: compute mq,lrk,ﬁ;zw(zkwgs according to (10).
14: compute my, , 4:h, (hx) according to (8)
15: compute My, , 4z, 5 (Tk,3) according to (11)

16: until Convergence

VIII. SIMULATION RESULTS

In this section, we will verify the algorithm using numerical
simulations. We consider a 400m x 400m area with M = 16
APs and K = 8 UTs. The APs are located at the coordinates
(%i, %j), where i, j € {0,...,3}. The UTs are uniformly
randomly distributed over this area. We use the same expres-
sion for the large-scale fading model as in [10], o7, [dB] =
—30.5 — 36.710g,((dmx), Where d,,j, is the distance between
AP m and UT k. To induce pilot contamination, the default
pilot sequence length is P = 6. The transmitted data sequence
spans a length of L = 10. We consider an extreme case where
the factorization of the data prior contains only one factor
p(xr). Namely, we assume the data of each user is drawn
uniformly from a codebook containing 20 randomly generated
codes (i.e. p(xy) is discrete, uniform, with support of size 20).
The six distinct pilot sequences are designed to be mutually
orthogonal. Transmission power is set at 02 = 14(dBm) for
each UT, while the noise is set to —96(dBm).

We maintain consistent positions for all APs and UTs for
different realizations and conduct simulations across 50 unique
scenarios with varying H, V, and data signals. During the
simulation, whenever the covariance matrices of (8) and (10)
contain negative eigenvalue, we reset that eigenvalue to some
large value to indicate that the Gaussian approximation for the
Gaussian mixture model during that iteration is not correct.
Since EP (and BP) have the same fixed point as the BFE,
resetting the eigenvalue won’t change the fixed point. The
metric for evaluating performance is the normalized mean
squared error (NMSE) of the channel estimation. It is calcu-
lated as %ﬂg;, where H represents the estimation error.
The simulation results are concluded in fig. 2. For comparison,
we also plot the results of the variable level EP (VL-EP)
algorithm [11], which assumes Gaussian inputs. In the Genie-
Aided scenario, we assume the data to be known.

0 T T

—+—VL-EP

—&— Proposed Method
Genie-Aided

&

Channel NMSE (dB)

2 4 6 8 10 12 14 16 18 20
lteration

Fig. 2. NMSE [dB] versus Iteration

IX. CONCLUSIONS

This paper focuses on the joint estimation of the channel and
data during uplink transmission in CF MaMIMO systems. By
right multiplying the conjugated pilot sequence to Y,, we
decompose the pilot measurements into P equivalent pilot ob-
servations. Due to the orthogonality, any two equivalent pilot
observations contain different sets of hy, and the equivalent
noise is also uncorrelated. This indicates that the P equivalent
pilot observations are mutually independent. After that, we
apply an EP algorithm to estimate the bilinear channel and
data. By assuming that there is a structure in the codes, we
treat the data (sub-) sequences as atomic variables and derive a
vector-based EP. The simulation results verify the effectiveness
of our proposed method.
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