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ABSTRACT backward adapted, that is computed on the basis of the previously

. . ) . quantized samples. And as in ADPCM, we show that a quanti-
The optimal causal (prediction based) decorrelating scheme is apation noise feedback occurs. Under high resolution assumption
plied to the frameworks of transform coding, coding of vectorial - (yite independent quantization noise), close form expressions for
signals (multichannel audio), and vectorial DPCM coding. We the coding gains are presented. The optimal causal transform cod-
analyze the effects of backward adaptation uppon the predictionjng ynder infinite and high resolution assumptions is described in
operations and compare the expressions of the coding gains undefhe second section.
infinite and high resolution assumption. We generalize the MIMO |, the third section, we apply the optimal causal transform to the
(Multiple Input/Multiple Output) prediction by organizing differ-  ¢oging of vectorial signals (for example subband, stereo or mul-
ently the samples in the vectorial signals, which corresponds 10 jchannel audio signals). By considering vectors of infinite size,
different degrees of non-causality of the intersignals predictors. gne can get frequential expressions for the coding gains. In this
An extreme case is the triangular MIMO prediction, for which a6 the optimal causal decorrelating scheme can be described by
"causality” becomes processing the channel in a certain order. Theémeans of a prediction matrix whose entries are optimal prediction
high resolution coding gain suggests an optimal strategy in the jjters. The diagonal filters are scalar intrasignal prediction filters.
choice of the interband predlct_ors. For two-dimensionnal _ve_cto_- The off-diagonal predictors are Wiener filters performing the in-
rial sources (such as stereo signals) we show the superiority inersignal decorrelation. We show in this paper that this decorre-
terms of coding gain of the triangular MIMO predictor over the |4ting procedure leads to the notion of generalized MIMO predic-
classical MIMO prediction. A theorem is established which con- tion, in which a certain degree of non causality may be allowed
cerns the optimal ordering of the signals for the triangular MIMO  ¢o; the off-diagonal prediction filters. In the case of non causal
predictor. When finite prediction orders are used to perform the jnersignal filters, the optimal MIMO predictor is still lower trian-
intersignal decorrelation, we show that the optimal positioning of gular, and hence "causal”, in a wider sense. The notion of causality

a finite number of taps is fairly straightforwartl. is generalized : the causality between channels becomes process-
ing the channels in a certaorder. Some signals may be coded
1. INTRODUCTION using the coded/decoded versions of the "previous” signals. This

scheme represents a generalization to the vectorial case of the clas-

In a recent work, a new coding technique has been introducedsical (scalar) ADPCM coding technique. _

([1, 4]). A natural and usefull application was found in the coding An interesting resultin [1]is thatif the quantization noise feedback
of multichannel audio signals. In this scheme, an optimal causal IS taken into account, the efficiency of the interband decorrelation
transform is applied to the data before the quantization stage. Thisdeépends on the order in which the decorrelation between the sig-
scheme is optimal in the sense that it totally decorrelates the datanals is processed. We present in the fourth section of this paper
The performance of this transform is evaluated in terms of coding @ New theorem concerning the optimal ordering of the signals for
gain and described in the following frameworks. a triangular "causal” MIMO predictor, namely the ordering which
In the transform coding case, the optimal causal transform is aMinimizes the quantization noise feedback.

lower triangular and unit diagonal matrix, which corresponds to a The last part of this paper deals with optimal triangular MIMO pre-
(Lower-Diagonal-Upper) factorization of the autocorrelation ma- diction W|_th finite predlct_lon orders. Desplte_the non causality in
trix of the signal. The rows of this matrix are optimal prediction the classical sense of this approach, the optimal triangular MIMO
filters for the corresponding component of the vector to be coded. Prediction is well suited for frame based audio coding, which al-
The transformed coefficients are optimal prediction errors. The lows a certain degree of non causality in the coding procedure.
optimal causal transform is shown to have the same coding gain as/Vhen FIR filters are used to perform the intersignal decorrelation,
the best unitary transform, the Karhunen-Loeve Transform. SuchWe show that the optimal positioning of a finite number of taps is
a causal transform coding scheme was independently described if@irly straightforward.

[5]. However, as in classical ADPCM, the transformation may be
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2. OPTIMAL CAUSAL TRANSFORM CODING are integer and non negative, one shows that
Let us consider the generalization of the classical DPCM coding ~

N
scheme applied to a vectdf = [z;...xy]7, see Figurel. A o =c2 Mgl =c27" (H U§i> (5)

Note here that the optimal quantization errors varianf%sare
equal (independentaj.

- . . . N 2 L
matricial transformatiott, is applied to the vectak : v = LX = OPtimization ofL,: we should considanin, (IT.—,,) v, where
X —TX, whereL X is the reference vector. The difference vector theoy, depend on the rows; of L : o, = oy, (Ls.). 1The prob-
Y = [yi..yn]" is then quantized using a s@fof quantizers;. lem is hence separable, and m|n|m|2|6ﬁ[ 2 ) ~ with re-

a
The outputX? is Y? + LX. Note that the quantization errof =
equals the reconstruction errbt

Figure 1: Vectorial DPCM coding scheme.

spect toL is the same as minimizing;, with respect tal; 1.i—1.
The componentg; appear clearly as the prediction errorsagf
X=X-X'=X-(Y'+LX)= X-LX-Y'=Y-Y' =V with respect to the past values &f, the X;.;_1, and the optimal

’ coefficients—L; 1.;—1 are the optimal prediction coefficients. In
as in the unitary case. The constraint imposed on the transforma-Cther wordsL is such that
tion is here the causality, which imposes a lower triangular struc- T _ . 2
ture. The unitary aspect of the transform appears in the unicity of LRxxL" = Ryy = D = diag{oy,, .oy}, ©)
the main diagonall = I — L is hence strictly lower triangular  yherediqg{...} represents a diagonal matrix whose elements are
and represents the degrees of freedom of the transformation). TheU2 Since each prediction errgt is orthogonal to the subspaces

notion of causality could be generalized by working with the per- generated by th&.;_1, they; are orthogonal, and is diagonal.
muted components o andY’, which givesPY = L P X or It follows that

T . 4 .
Y = (P* LP)X, whereP is a permutation matrix. On one hand, Rxx = L 'Ryy LT, )

the coding gain for a transformatidnis ) o
which represents the factorisation LDU Bfx x .

BIXIZ,  EIXIZ,
BIXIP,  EIVIZ,

Gro(L) = 2 1

wherel is the identity matrix (which. corresponds to the absence
of transformation), and the notatidiX ||(T) denotes the variance
of the quantization error on the vectorial sigié| obtained for

a tran_sformatlor_T. The _second equality in (2) follows from the . where thex represent the prediction coefficients. Refering to (2),
equality (1), as in the unitary case. On the other hand, the SNR ISthe coding gain can be written as

defined for a transformatioh as

1
EIXI> _ BIXI® _ BIXI” EIYIE, GO, (L) = ( et dingTtxx)] ) Y ®
E|X|2,, EIVIZ, BV, BIY)Z, et [diag(LRxx L")

(3) wherediag(R) denotes here the diagonal matrix which corresponds
where the first factor represents the gain of the transformation. Wetg the diagonal of the matri®.
now should determine the optimal transformatibrand bit as-
signment which maximizes the coding gain. For a given bit as-
signment, we should find

SNR(L) =

2.2. Quantization effects on the coding gain

) . Let us now inspect the case where the tranformation is not based
L = argmax Ger(L) = argmax SNR(L) = arg min B[|X[|(z)  on the original signal but on its quantized version. In this case, the
4 output vector becomes

Y=X-LX'=X-L(X-X)=LX+LY. (9
2.1. Ideal case

Y does now not only represent the prediction efidf of X, but

also the quantization errdr filtered by the optimal predictak.

In this case again, the optimal bit assignment has to minimize the
sum of theaj It follows that the variances of the quantization

In a first step, we neglect the quantization error on the reference
signal, and we suppose an optimal bit assignment. A quantizer
Q; introduces a White noisg; on the componeny;, of variance

oy, = c2 *"ig]  whereR; is the number of bits assigned to CarN 20k

the quantizer);, andc is a constant depending on the probability Noises arery, = 2 **(I[;L, 07,)~ = o}, |ndependentoi
density function of the signal to be quantized (one should assumeThe autocorrelatlon matrix of the noise is hedtgy = o7, I.

a Gaussian distribution, linear transform invariant). To optimize L, one should consideminy, (det [diag(Ryv)]),

For a givenL, the optimal bit assignment has to minimizgY'||?,, =  with this time Ryy = LRxxL” + af,lﬁT . One can show
Zf[:l U;i- 27 2Ri ynder the constraiﬁZfV:l R; = NR, whereR that the resolution of the normal equations leads to the following
is the average number of bits assigned toxhgquantizers);. Us- expression of the coding ga'ﬁ(cl)T(L), taking into account the

ing well-known techniques [6], and abstracting the fact thatthe  first order of the perturbations
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, ~ T(z):[l 0 H 1 oHTn(z)o]
G’(Tlg'(L) ~ det [dlag(RXX)] — (10) 0 ng(z) ng(z) 1 0 1
det [dmg(LRXXLT +02 IL )]
_ |: T11(2) 0 ] (15)
with LRx x L™ = D ando2, = ¢2~>"(det D) ¥ whereD is the To2(2)War(2)Ti(2) - T2(2)
diagonal matrix of the non perturbated prediction error variances,
and L and T are also non perturbated quantities. This expression where T;;(z) are predictors for scalar signals, akid:; (z) is a

is established under the high resolution assumptgnX is small Wiener filter (non constrained to be causal) estimating from
in comparison withRxx). On can further show that the coding the whitened versioy,  of ;1 . The loss in degrees of freedom
gain may also be written as occuring with the loss of one interband predictbi { in the classi-
cal MIMO transformation) is balanced by the non causality of the
o2 1 1 remaining unique interband predictdr,;. Under infinite resolu-
G(T%(L) = G§9()7(L) (1 - ﬁ (EzNzl N DA U—2>> tion, the product of the variances of the subband signal is constant,
v (11) no matter which causal transform we use. The coding i)
where{\;} denote the eigenvalues &fy x . is invariant by permutation [4]. Each permutation leads to another

causal decorrelation of the components of one vector. For a sta-
tionary signal, this means that there exists more that one way to
decorrelate the scalar signals which compose this signal.

Hence, a generalized MIMO prediction in the caselMfscalar
signals can be defined as a classical MIMO predictiorz’gn:

Let us now consider the case where X is made of a successionz, x 2 k4, .- xM,k+d1+...+dM,1]T, whered; are delays repre-

of samples of a vectorial signal, = [z1,---zak]”. Some senting the degree of non-causality of the interband predictors. The
particular cases of scalar signalsare subband signals, stereo or two previous examples present (fof = 2) two extreme cases on
multichannel audio signaIst =[zF T ---2F]", and one can  an infinity of variantes, which are parametrized by the degrees of
also writeY; = [y y yk] with y, = [y yn, kT non causality (in the classical sense) of the interband predictors.
For these vectorial S|gnals It is |nterest|ng to conS|der the limit The triangular "causal” MIMO predictor is an extreme case of
case where the dimensidngoes to infinity, and where the signal d; — oo, 7 = 1,..., M — 1. The "causality” of the triangular

z, is stationary. In this case, the optimal transfofnwill lead predictor matrix becomes processing the channel in a cestain

to a signaly , asymptotically stationary too, sindewill become der, that is, the signals get decorrelated in this order. Note that the
block Toeplitz (with blocks of sizéf x M). We obtain in this notion of causality remains unchanged for the diagonal predictors.
case

3. GENERALIZED MIMO PREDICTION

3.1. ldeal case

GPL(L) = lim

k— o0

< det [diag(Rx, x, )] > e (12) 3.2. Quantization effects on the coding gain
y T
det [diag(LRx, x, L)) If we now consider the effects of the quantization in the closed

. e 2\ T loop, the gaer(l) can be expressed as
_ (det [dmg(nggk)]> M _ (HM a£i> M (13) (L)

i=1

det[diag(nggk ) Hf\il of; E
) i - ] ) . det[diag(Rx, x; )]
wherey; i, is the optimal prediction error of infinite order of ., Gro(L) = khm - - p—
based of{z_ ., _;,T1.i-1,k }. One will continue to denote ; 7o \det[diag(LRx,x, L™ + o3 LL")]
(now of infinite dimension) the vector of the corresponding predic- (16)
tion coefficients. which leads to
There exists a frequential expression i, oZ,. Writing the

prediction operation in the frequency domain, and using the fact N ©) ILil)> =1 1> —
thaty;, is a totally decorrelated signal (its power spectral density ro(L) = Gre (L) y1 M Z o2, - @7
can be written ass,, (f) = Ry, = diag{o;,,...,0,,}), one ‘

can show that . . . . .
As in the ideal case, one can derive a frequential expression for

%1 Infdet(Sza ()] df Goy (L)
Hayl _ -3 (14)
0,2 1
1) . ) T [
The prediction operation can also be described by optimal MIMO Gro ® Gre |1+ M ( /_ r(Se= (f)) df + Z 2 )]
predictor L(z) with filters of infinite length. Let us consider two 2 =t (18)
extreme cases of differert(z), for M = 2. In the classical
MIMO Prediction [2] the predictoL (=) is where, comparing with equation (17), the tefr"h tr (Se= (f)) df
Lni(2) Lis(2) Lo corresponds t9" M ”ﬁT" For filters of infinite length, the back-
11 12 . Yi
L(z) = Loi(2) Lax(2) ] with Lo = [ Iy 1 ] ) ward adapted triangular "causal” MIMO predictor has a direct ap-

plication to ADPCM coding : the intersignal prediction of the
in order to keep the structure (temporally) causal. Another causal”’next” signal can be based on the coded/decoded version of the
(in a wider sense) transform [3] is "previous” signal.
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4. OPTIMAL ORDERING OF THE SUBSIGNALS FOR
VECTORIAL DPCM WITH TRIANGULAR MIMO
PREDICTION

filter correspond to classical scalar predictors, so the number of
coefficients assigned will simply determine the prediction order as
usual. However, for the non-causal off-diagonal terms, the filters
are Wiener filters of unconstrained structure, except that we wish
ComparingGS}é above with the infinite resolution case (where to use a finite number of taps. The problem then becomes the op-
the coding gain is independent of the deldy} the different vari- timal positioning of those taps. We shall assume that the diagonal
ances produced by the different decorrelation approaches inducescalar predictors are of sufficient order for the whitened versions of
now different sums. Hence, the coding gai). depends on a  the signals to be considered as effectively white. In that case, the
carefull choice of the decorrelation procedure. In the ddse 2, design of the off-diagonal terms in a row of the MIMO prediction
maximizing the coding entails making the variances as different asfilter corresponds to an issue of estimating a signah the basis
possible. Thus, the subsignal of greater variance should be pro-of uncorrelated variableg. Due to the uncorrelatedness of the
cessed first, and all the degrees of freedom of the interband decorthe estimation in terms of thg decouples and the contribution of
relator should be used to decrease the variance of the subsignal ofachy; can be considered separately. In particular, the variance of
lower variance. The triangular MIMO predictor is in this case su- the estimation error becomes

perior to the classical MIMO predictor, sind&. defined above N
is the most efficient interband predictor. Rz = Ryw — Z (Bay,)”
For M > 2, the following theorem holds : i Yiyi

(19)

whereR,, = E Xy is the correlation. So, those variablgs

Theorem : Optimal ordering of the subsignals for triangu-
lar MIMO prediction . The optimal ordering of the subsignals
in a stationary vectorial signal for maximizing the high-resolution
coding gainG(T% of vectorial DPCM with triangular MIMO pre-
diction is obtained by processing the signals in order of decreasing
variance.

To show the theorem, consider a recursive argument. First of
all, the theorem is clearly true for the case of two channels. Now
considem — 1 channels that we have ordered in order of decreas-
ing variance. When we addrah channel, the question is in which
position it should be put w.r.t. the other channels. Assume in a
first scenario that we put the channel in a position such that all  [1]
channels are in order of decreasing variance. Assume in a second
scenario that we insert theh channel at another position. Then
we can evolve from the first to the second scenario by a sequencgy]
of permutations of two consecutive channels. In one such permu-
tation operation, assume that the channels involved in the permu-
tation are in positions and: + 1. Then the channels, ... i — 1
are unaffected in the triangular MIMO prediction approach. The
channels: + 2,...,n are also unaffected by the order in which [3]
channels; andi + 1 are put since in any case they get orthogo-
nalized w.r.t. the signals in those channels. So the only effect of
the permutation between channékndi + 1 is on the prediction [4]
error variances of those channélandi + 1. In other words we
are reduced to the two channel case, in which case we know that
we should put the channels in order of decreasing variance. So, 5]
as we move from scenario one to scenario two by a succession 01I
permutations of two consecutive channels, we decrease the coding
gain in each permutation. Hence, the optimal ordering is in order
of decreasing variance.

5. OPTIMAL TRIANGULAR MIMO PREDICTION WITH
FINITE PREDICTION ORDERS

So far we have assumed that all filters involved are of infinite
length. In the classical MIMO linear prediction, a finite number of
prediction coefficients is typically used in a way that is a straight-
forward extension from the scalar case. Namely, the MIMO pre-
diction order is limited to a finite order, resulting in a desired num-
ber of prediction coefficients (from the point of view of complex-

ity or performance or both). In the triangular predictor case, it is
more straightforward to assign a finite number of coefficients in
an optimal fashion. The diagonal terms in the MIMO prediction

W2001-4

should be used for which the rat

2

flry;) is the largest. Within

a subset of they; that are samples 1Sfyla certain whitened signal,
Ry, y, is independent of due to stationarity and hence it suffices
to use those samples for which | R, | is largest. So the optimal
positioning of a finite number of taps in the off-diagonal filters is
fairly straightforward.
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