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Abstract—We study the problem of characterizing and comput-
ing the Gaussian nonanticipative rate distortion function (NRDF)
of partially observable multivariate Gauss-MarKkov processes
with mean squared error (MSE) distortion constraints. First,
we extend Witsenhausen’s “tensorization” approach originally
used for single-letter random variables to causal processes, to
obtain a new modified representation of the NRDF for the
specific problem. For time-varying vector processes, we prove
conditions so that the new modified NRDF is achieved and
study its implications when it is not achievable. For both
cases (which correspond to different bounds), we derive the
characterization and the optimal realization, whereas we give
the optimal numerical solution using semidefinite programming
(SDP) algorithm. Interestingly, the realization (for both bounds)
is shown to be a linear functional of the current time sufficient
statistic of the past and current observations signals. For the
infinite time horizon, we give conditions to ensure existence of
a time-invariant characterization from the finite-time horizon
problems and a numerical solution using the SDP algorithm. For
the time-invariant characterization, we also give strong structural
properties that enable an optimal and an approximate solution
via a reverse-waterfilling algorithm implemented via an iterative
scheme which executes much faster than the SDP algorithm. For
both finite and infinite time horizons, we study the special case
of scalar processes. Our results are corroborated with various
simulation studies and are also compared with existing results in
the literature.

Index Terms—indirect NRDF, partially observable Gaussian
process, sufficient statistic, optimization, algorithmic analysis

I. INTRODUCTION

Nonanticipatory e—entropy was introduced in [1], [2] mo-
tivated by applications where real-time communication with
minimal encoding and decoding delays is essential. This entity
is shown to be a tight lower bound on causal codes for scalar
processes [3] whereas for vector processes it provides a tight
lower bound at high rates on causal codes and on the average
length of all causal prefix free codes [4] (also termed zero-
delay coding).

Inspired by the usefulness of nonanticipatory-¢ entropy in
real-time communication, Tatikonda et al. in [5] reinvented
the same information measure under the name sequential rate
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distortion function (RDF)' to study a linear fully observable
Gaussian closed-loop control system over a memoryless com-
munication channel subject to rate constraints. In particular,
[5] used the sequential RDF subject to a pointwise MSE
distortion constraint to describe a lower bound on the mini-
mum cost of control for scalar-valued Gaussian processes and
a suboptimal lower bound for the multivariate case obtained
by means of a reverse-waterfilling algorithm [7, 10.3.3].>

Tanaka et al. in [10] revisited the estimation/communication
part of the problem introduced by Tatikonda et al. and showed
that the specific description of the sequential RDF is semidef-
inite representable. Around the same time, Stavrou et al. in
[11] solved the general KKT conditions that correspond to
the rate distortion characterization of the optimal estimation
problem in [5] and proposed an adaptive reverse-waterfilling
characterization (for both pointwise and total MSE distortions)
that computes optimally the KKT conditions as long as all
dimensions of the multidimensional setup are active, which is
the case at high rates regime. In addition, in [! ] they found the
optimal linear coding policies (by means of a linear forward
test-channel realization) that achieve the specific rate distortion
characterization thus filling a gap created in [, Theorem 5].
Recently, the optimal realization therein was used in [12] to
derive bounds on a zero delay multiple description source
coding problem with feedback for scalar Gaussian processes.

Kostina and Hassibi in [8] revisited the framework of [5]
and derived bounds on the optimal rate-cost tradeoffs in
control for time-invariant fully observable multivariate Markov
processes under the assumption of uniform cost (or distortion)
allocation. Recently, Charalambous et al. in [13] used a
state augmentation technique to extend the characterization
of the Gaussian nonanticipatory e—entropy derived in [2] to
nonstationary multivariate Gaussian autoregressive models of
any finite order (see also [14] for a similar result).

The extension of the framework of [5] to stochastic linear
partially observable Gaussian control systems under noisy
or noiseless communication channels was initially studied
in [15] whereas a variation of the uncontrolled problem is
studied in [16]. Particularly, Tanaka in [16] considered the
estimation/communication part of the problem and derived
performance limitations by minimizing a sequential RDF with
soft weighted pointwise MSE distortion constraints. To deal

In the literature this information measure is also encountered as nonantic-
ipative RDF (NRDF) [6].

>The suboptimality of the lower bound obtained in [5] for multivariate
Gaussian processes was recently identified in [8], [9].



with this problem, he first reduced the time-varying partially
observable Gaussian system into a fully observable one by
employing a pre-Kalman filtering (pre-KF) algorithm. Then,
he assumed d priori a structural result on its observations
process to claim causal invertibility of the pre-KF algorithm
and hence to guarantee that the & posteriori state estimate
between the state process and the observations process com-
puted by the pre-KF is an information lossless operation of
the true observations process at each instant of time. Armed
with this result and a modified MSE distortion constraint he
then claimed that the resulting problem can be equivalently
reformulated as fully observable multi-letter optimization for
which a cascade realization was proposed via the connection
of a pre-KF, a covariance scheduling SDP algorithm, an
additive white Gaussian noise (AWGN) channel and a post-
KF algorithm. The stationary case of the specific optimization
problem is also briefly discussed.

Despite the interesting analysis of [15], [16], there are
several important open questions still unanswered even for
the estimation/communication problem. For instance, in [16]
(see mutatis mutandis [15]) it is not clear if the proposed
lower bound (obtained by means of a sequential RDF) is
tight for the proposed physical system model, or what is the
characterization that needs to be solved similar to what is
already known for example when the input data are modeled
via a linear fully-observable multidimensional system driven
by additive white Gaussian noise (see, e.g., [1 1, Eq. (5.22)]).
Moreover, the (minimum) realization of the optimal test-
channel distribution including the identification of the reverse-
waterfilling parameters that achieve the specific characteriza-
tion is also missing. Another important question has to do
with the conditions that are needed to ensure (strict) feasibility
of the optimization problem in both finite and infinite time
horizons. Equally important questions include the derivation
of optimal or suboptimal (numerical or analytical) solutions
for this problem for both scalar or beyond scalar processes
as well as the analysis of the problem for high dimensional
systems that necessitates scalable optimization algorithms (an
issue already known from the analysis of [17]).

Kostina and Hassibi in [8] considered some of the pre-
vious questions and derived analytical bounds on the exact
solutions of the estimation and control problems for time-
invariant multivariate jointly Gaussian processes again under
the assumption of uniform distortion allocation. Hence, a
natural open question related to the bounds in [8] is their
tightness for multidimensional systems. This question is also
related to the fact that no insightful examples appeared in
the literature so far to compute optimally partially observable
multivariate Gauss-Markov processes and compare with any
of the closed form bounds proposed in [8].

A. Contributions

In this work, we study the problem of characterizing and
computing a lower bound (using a modified version of NRDF)
on a zero-delay source coding problem when a partially
observable multivariate Gauss-Markov process is quantized
and transmitted subject to a hard MSE distortion constraint in

both finite and infinite time horizons. We obtain the following
results.

(R1) A new modified version of the NRDF (also called indirect
or remote NRDF) which is a lower bound on the optimal rates
of our system model depicted in Fig. 1. The bound is obtained
by extending Witsenhausen’s “tensorization” approach [18] to
causal processes with memory (see Section III, (22)).

(R2) Necessary and sufficient structural conditions that guar-
antee the tightness of the proposed indirect NRDF (see Propo-
sition 1, Lemma 3) for jointly Gaussian processes.

(R3) For the finite time horizon, we derive the characteriza-
tion and the optimal test-channel realization of the Gaussian
indirect NRDF. Remarkably, the optimal realization is shown
to be a linear functional of the current sufficient statistic of
the past and present observation signals (see Theorem 1).
(R4) For the infinite time horizon, we identify necessary and
sufficient conditions (i.e., detectability and stabilizability of
appropriate pair of matrices) to ensure a steady state solution
of the error covariance matrices of the sufficient statistic
process (see Lemma 5) and give conditions that allow for
a time-invariant characterization in the asymptotic limit (see
Theorem 4).

(RS) For both finite and infinite time horizons, we give the
numerical solutions of the proposed lower bound characteri-
zations (assuming the solution is finite) by showing that they
are semidefinite representable (see Theorem 2, Corollary 2).
For time-varying scalar processes with average total MSE
distortion constraints, we derive the optimal closed form
solution via a dynamic reverse-waterfilling algorithm (see
Theorem 3) that we implement in Algorithm | whereas for
pointwise MSE distortion constraints we derive the optimal
closed form solution (see Corollary 1). Under certain strong
structural properties on the time-invariant characterization of
the problem (see Proposition 5) we derive an optimal scalable
reverse-waterfilling solution (see Theorem 5) with its algorith-
mic embodiment (see Algorithm 2).

(R6) We supplement our major results with numerical valida-
tions including connections with [8] (see Section VI).

B. Comparison to prior art

The derivation of the modified NRDF in (R1) is new and
possess similar properties to the classical NRDF [1], [19], i.e.,
convexity, lower-semicontinuity etc. Based on the structural
properties derived in (R2), we claim that the corresponding
structural conditions assumed & priori in the system model
of [16, Equations (1a), (1b)] are not sufficient to ensure the
tightness of the proposed lower bound but instead, these corre-
spond to a conservative lower bound compared to the original
lower bound that we prove in this paper. The implications
of this conservative lower bound are also studied in our paper
(see Propositions 2-6). The characterizations obtained in (R3),
(R4), are different compared to [16] because they are obtained
with hard average total MSE distortion constraints (and global
Lagrange multipliers) instead of soft pointwise MSE distortion
constraints (and given 4 priori multiple Lagrange multipliers)
that are assumed in [16]. The structural simplification of the
multi-letter optimization problem of Definition 2 obtained via



[11, Theorem 4.1] is also new (see Equation (37)). The com-
putational complexity of the algorithmic approaches derived
in (R5) compared to the prior research studies is discussed in
Remarks 4, 6, 9. Note that Theorem 5 and its implementation
in Algorithm 2 are extremely important for two reasons; first,
we can gain better insights of the problem in the infinite time
horizon (for instance it paves the way to derive optimal closed
form solutions beyond scalar processes, hence generalizing the
results obtained for the fully observable time-invariant mul-
tivariate Gauss-Markov processes, see e.g., [17, Section IV])
and, second, Algorithm 2 as Table I suggests can operate much
faster than the SDP algorithm in high dimensional systems
(it is scalable). Our numerical simulation in Example 2, apart
from verifying numerically that both Corollary 2 and Theorem
5 coincide under certain structural properties, it also shows
that the corresponding analytical lower bound obtained for
partially observable time-invariant multidimensional Gauss-
Markov processes via [8, Corollary 1, Theorem 9] is not tight
in general but a fairly tight performance (not exact) can be
observed at a very low distortion. Consequently, its utility to
controlled processes in [8, Theorem 5] should be seen under
this consideration. Example 3, shows the utility of Algorithm 1
when we restrict our system to time-invariant scalar processes,
namely, it recovers the steady-state closed form solution of
Corollary 3 (or [20, eq. (103)]). Finally, for every result in
this paper we recover or explain how to recover as a special
case known results in the literature.

Notation. We let R = (—o0,00), Z={...,—1,0,1,...},
No = {0,1,...}, Ny = {0,1,...,n}, n € Ng. Let X be a
finite dimensional Euclidean space and B(X') the Borel o-field
of X. A random variable (RV) defined on some probability
space (2, F,P) is a map x :  — X, where (X, B(X))
is a measurable space. We denote a sequence of RVs by
xt & (Xp,Xpg1,-.-,%t), (1) € Z x Z,t > 7, and their
realizations by 2! € X! £ x! _ Xy, for simplicity. If r = —oc0
and ¢t = —1, we use the notation x:})o =x"1, and if r = 0,
we use the notation x{ = x’. The distribution of the RV x
on X is denoted by P(dz). The conditional distribution of a
RV y given x = z is denoted by P(dy|z). The transpose
and covariance of a random vector x are denoted by x'
and Xx. We denote the determinant, trace, rank, diagonal,
diagonal elements, and the eigenvalues of a square matrix
S e R , trace(S), rank(S), diag(S), []; and
{msi}t_,. We denote the transpose of a real (rectangular)
matrix /' € R¥J by FT. The notation X = 0 (resp. X = 0)
denotes a positive definite (resp. positive semi-definite) matrix.
The notation A > B (resp. A = B) means A — B > 0 (resp.
A— B = 0). We denote a p x p identity matrix by I,,. R%(D)
denotes the Gaussian version of the RDF. The expectation
operator is denoted by E{-}; || - || denotes Euclidean norm;
[]* £ max{0,-}. We denote by abs(| - |) the absolute value
of a determinant.

II. PROBLEM STATEMENT

We consider the causal zero-delay source coding setup
of Fig. 1. In this setting, the “hidden” RP-valued source is

modeled by a discrete-time time-varying partially observable
Gauss-Markov process as follows

X1 = Aixy + Wy, Xo = T, (1)
zy = Cix¢ +ny, ¢ € Ny, (2)

where A; € RP*P ig a square non-random matrix, Cy € R™*P
is a possibly rectangular non-random fat matrix (m < p),
xg € RP ~ (0;X4,), Xx, > 0 is the initial state, w; €
RP ~ N(0;Xw,), Zw, = 0 is an independent sequence,
n; € R™ ~ N(0; ¥n,)s Zn, = 0, is an independent sequence,
independent of {w; : t € Ny}, whereas x; is independent of
{(Wt,nt) te NO}

System’s operation: At every time instant, the encoder
(E) observes the impaired measurement z; (provided z'~! are
already observed) and generates the data packet m; € M; C
{0, 1}* of instantaneous expected rate R; = E|¢;|, where |£;]
denotes the binary sequence of £,. At time ¢, m, is transmitted
across a noiseless channel with rate R;. Upon receiving m?,
a minimum MSE (MMSE) decoder (D) immediately produces
an estimate y; of the source sample x;, under the assumption
that y*~! are already reproduced. We assume that at time
t = 0 there is no prior information whereas the clocks of
the encoder and the decoder are synchronized. Formally, the
(ED) pair is specified by the sequence of measurable functions
{(fi,gt) : t € No} with f; : M71 x Zt — M, and
gi : MU Yy, t € Ny, such that

(€): my=fi(m'™ 2", m™' =0,27" =10,
(D): y: = gt(mt).

Distortion Constraint. The distortion constraint is described

3)

System Model

Fig. 1: System model.

by the average total MSE distortion constraint given by

1 n
n+1;E{||xt—Yt||2}§D, 4)

and its asymptotic (upper) limit by

lim sup
n—o0

1 n
12;E{|Ixt—yt||2} <D. )
t=

Performance. The performance of the multidimensional system
in Fig. 1 for some finite n can be cast as follows

1 n
Ry (D) = inf Ri.  (6)
ominP) 2 -t ¢y et 2™
eq. (4)

The asymptotic limit of (6) is given as follows
R{(D) & inf msup —

eq. (3), tENO n—so0
eq. (5)

ZRt. (7)



III. LOWER BOUNDS

In this section, we first prove a lower bound that corresponds
to the operational rates given in (6), (7).

From data processing properties of the system in Fig. 1, we
have that the joint distribution induced by the joint process
{(z¢,my,y) : ¢t € Nj} admits the following decomposition:

P(dy™,dm",dz") = @1 P(dys, dmy, dzt\ytfl,mtfl, ztﬁl)
= @ oP(dyely' ™", 2", m") @ P(dmym'™", 24,y ™)
® P(dzt|zt_1, yt—l7 mt—l)

@ ®?:0P(dyt|yt71, m') ® P(dmt\mtfl, 2L, ytﬁl)

@ P(dz|z'™h), 3)

where (a) stems from the fact that we assume in our system
the following natural conditional independence constraints

P(dz|2' "1y m! ™) = Pdz2' 1), ©)
P(dyt|yt_1,zt,mt) = P(dy,|y' ', mb). (10)

Based on the setup of Fig. 1, in (8) we assume that the joint
distribution P(dz~1,dm~!,dy~!) generates zero information.
The following data processing result, provides the appropriate
information measure that can be used to compute a lower
bound on (6).
Lemma 1. (Data processing inequalities) Under the decompo-
sition of the joint distribution in (8), the communication system
in Fig. 1 admits the following data processing inequalities
(ii) (i) &
I(z";y") < I(z";m"[[y"™") <

Ry, (11)

t=0
where  1(z";y") = S oIz yelyt™t),  and
I(z";m"|[y"~!) = Z?ZOI(Zt;mAmt’l,yt*l), assuming

I(z';yi|y'™1) < oo, I(z';my|m'~1 y'=1) < oo, Vi

Proof: The proof is similar to [2], Theorem 1] thus we
omit it. ]
Next, we show how to formally construct the information
measure I(z";y").
Observations Process. The observations process {z; : ¢ €
Nj} induces the sequence of conditional distributions
P(dz|2t71), t € Np. Att = 0 we assume that P(dzg|271) =
P(dzp) and by Bayes’ rule we obtain

P(dz") = @7_ P(dz|z'1). (12)

It should be noted that for the system model (1), (2), at each
instant of time, the conditional distribution of P(dz;|z'~1)
depends on the distribution of the hidden data x; given all the
past observation symbols z!~! via

P(dz|2'™1) :/ P(dz|x)P(dae|271).  (13)
Reproduction or “test-channel”. The reproduction process
y: parametrized by Y'~! x Z? induces the sequence of condi-
tional distributions or as test-channels P(dy;|y'~!,2t), t €
N{. At t = 0, no initial information is assumed, hence
P(dyoly=t,2°) = P(dyo|z0). The sequence of conditional
distributions {P(dy;|y'~1,2!) : t € Ny} uniquely defines

the family of conditional distributions on )™ parametrized by
z" € Z™, given by

Q(dy™|2") £ @1 P(dy:|y'", 2"), (14)

and vice-versa. From (12) and (14), we can uniquely define
the joint distribution of {(z:,y:) : ¢t € Nj} by

P(dy",dz") = P(dz") @ Q(dy"|z"). (15)

In addition, from (15), we can define the )" —marginal distri-
bution P(dy™) £ @7 P(dy:|y' '), where

P(dyt|yt_1):/ P(dyt\yt_17zt)®P(dzt|yt_1). (16)
Zt

Given the above construction of distributions we obtain the
following variant of directed information [22]

)2 5 s (L))

b

(A) < t. t—1

£ Iz yly'™h), (17)
t=0

where (a) is due to chain rule of relative entropy using the
Radon-Nykodym derivative [23]; (b) follows by definition.

Definition 1. (Lower bounds on (6), (7)) For a given processes
{z: : t € N}} that induces the conditional distribution (13),
a lower bound on (6), hereinafter called remote or indirect
NRDF, subject to (4) is defined as follows

Rjo (D) = inf
P(dy:|ly"~",2"): teNg

eq. (4)

I(z";y").  (18)

Moreover, its asymptotic (upper) limit expression that corre-
sponds to a lower bound on (7) is given by

Rin(D) £ inf lim sup I(z";y"). (19)
P(dy:|yt~t,2"): teNg n—so0 T 1
eq. (5)

Next, we further analyze (18) and discuss some of its most
important properties. Before we do it, we remark that the
name indirect or remote NRDF is adopted because (18) can be
seen as an extension to causal processes (with memory) of the
remote or indirect RDF defined for i.i.d. memoryless processes
{(xt,2¢,yt) : t € Nj} or RVs (x,2z,y) in the context of
non-causal coding see, e.g., [24], [25], [26, Chapters 3.5, 4.5].
In the sequel, we generalize Witsenhausen’s “tensorization”
approach (see e.g., [18]) to time-varying causal processes to



prove an equivalent expression to (18) with a modified MSE
distortion.

n E - ) _ n /
> -yl =3

n

=2 S e PP )
=0 X X

n

)
O [ pta) [l PP
txyt t

t=0

**’Z/ P(d=, dy') / e — g2 [2P (die] )
txyt
) S B (et o),

t=0

|z — ye||*P(da’, dy")

(20)

where (%) follows due to the conditional independence con-
straint P(dy'|zt, ) = P(dyt|z?), for any t = 0,1,...,n;
(xx) follows because the integration concerning z! € X
in (%), due to the squared-error distortion, affects only the
current realization x; in the posterior distribution, which in
turn admits the following recursion

P(dz|x)P(dzy|2t1)
th P(dzi|z)P(dze|2t—1)’

(x = %) follows if we define d(z',y,) 2 S, Nlze —
yt||?P(dx¢|2t). Hence, (18) can be equivalently reformulated
as follows

P(dx|2") =

21

Rjo,n),in(D) = inf I(z"
e P(dyt|yt71,zt): teNy

2 2 E{d(z"y:) }<D

iy, (22)

which corresponds precisely to a “modified” direct NRDF.
Further, it is easy to show that (22) is convex with respect
to the minimizer {P(dy:|y*~',2") : t € Ni} following
for instance [19]. In addition, R[g . ;in(D) is monotonically
non-increasing, convex with respect to D, continuous in D €
(D™in 00) and if Rio,n],in(D™™) < 00, then, it is continuous
in D € [D™" 00). It is also well known that, Ry ) in(D)
achieves smaller rates if in addition to {(x¢,z:) : t € Nj}
being a jointly Gaussian process with the linear evolution of
(1), (2), the joint process {(xt,z¢,y:) : t € Nj} is also
Gaussian because then I(z™;y") > I%(2";y™) (that is, the
Gaussian version of I(z™;y™)) which in turn implies that
Ro.n),in(D) > R[%_’n]’in(D) (see, e.g., [27, Theorem 1.8.6]).

IV. FINITE TIME HORIZON PROBLEMS

In this section, we assume that the end-to-end system in
Fig. 1 is jointly Gaussian and we study, in finite time, the
characterization, the realization and computation of (22).

To characterize the problem we use a two-step approach
comprised of a pre-KF step followed by two structural results.

Lemma 2. (Classical KF) For the jointly Gaussian system
model of (1), (2), define the d priori and d posteriori state

estimates as Xy;—1 = E{x;|z' "'} and X;; £ E{x;|z'}, re-
spectively, and their corresponding error covariance matrices
by*

(23)
(24

51 2 E{(x — Repo1) (% — Repe—1)'}
S5 2 E{(xe — Xeje) (x¢ — Koo)'}

Then, the optimal values of {(Xt\t—l’xtltvzﬁt—lvzﬁt) S
NG} are computed recursively forward in time as follows

Xije = Xeje—1 + ki IF, Xoj-1 = o,

§t|t71 = Atflitfl\tfla

Hee1 = A1 XA+ Bw s B001 = ko

17 =z, — E{z|z" '} = Cy(x; — Xift—1) + 0y,

Y = CX3, 10 + Zn,

ki =3X5,_.C ZI; (Kalman Gain),
z;‘lt_lcgz;;ctzgt_l,

(25)

X _ VX o
t)t = Et|t—1

where 1% is the innovations process that is independent of
X1, x 712yt 1) and XY, = 0 and ¥, - 0.

Proof: The proof is known, see e.g., [28]-[31]. |
Next, we prove a proposition where we extend [7, Theorem
2.8.1] to causal processes with memory.

Proposition 1. (Data processing inequality) Suppose that for
the joint process {(X¢,Zt,¥t) t € Nj} we have that
P(dy|yt=1, &8, 2Y) = P(dy|yt~t,2t), Vt € Np. Moreover,
let the statistic & = f(z"),Vt € NjI. Then,

> oI
t=0

for any n, assuming 1(€";y[y"™") < oo, I(z";y:y"™") <

o0, Vt. Additionally, (26) holds with equality if and only if

(iff)
P(dy,|y' =", €', 2")

Proof: By the chain rule, we can expand conditional
mutual information in two different ways, i.e.,

n
yely T <D IS yly'h,
t=0

(26)

=P(dy|y' ", ¢"), vteNy.  (27)

Iz e ylyt

t=0

=3 @ yly™) + 1€ yly™ 12| @8)
t=0 -0

=3 [IEyly™) + Iz vy, €] 29)
t=0

> I yily'™, (30)

t

where in (28) I(&t;y|yt™1,z!) = 0, Vt because of the natural
conditional independence constraint of the proposition and
(30) holds because I(z!;y:|y'~1, &) > 0,Vt. From (28) and
(30) we obtain (26). Clearly, the inequality holds with equality

Il
o

3For jointly Gaussian systems, the conditional covariance is equal to its
unconditional version [28].



iff I(z';yy'~t, &) = 0,Vt, i.e., when (27) holds. This
completes the proof. ]

If (27) holds, then, we say that the statistic & is suffi-
cient because it contains all the information of z’ about y;
parametrized by V!~ at each instant of time.

The following lemma is a main result of this paper. It derives
a sufficient condition such that (27) in Proposition | holds
with equality, hence ensuring that (26) holds with equality for
jointly Gaussian multivariate processes.

Lemma 3. (Structural conditions for equality of (26)) Sup-
pose that {(Xt,z,yt) : t € NJ} is a jointly Gaussian
multivariate process with a source model given by (1), (2).
Moreover, let the optimal estimator in Lemma 2 be denoted
by & = E{x;|z'}. Then, the conditional independence (27)
holds if in Lemma 2, k% € RP*™ s square (p = m) and
invertible at each t.

Proof: The idea follows similar (but not identical) argu-
ments to [32]. Observe that the following hold

_ (a) _
P(dyt|yt 17Zt) = P(dyt|yt 1azt7£t)
(b) —1 7z
= P(dyt|yt 17] t’gt)
) _
= P(dyly" . €"),

where (a) follows from Proposition 1 by setting & =
E{x;|z'}; (b) follows from Lemma 2 because from the
innovations process we have z; = I? + E{zz!"'}

CiA;_1€,-1+17; (c) follows by ensuring that the estimator &,
and the innovations I? generate the same information at each
t (a standard argument to ensure an optimal KF algorithm
[28]). Indeed, (¢) can be guaranteed as follows. From Lemma
2 and the expression & = A;_1&-1 + k¥I7 we can let
T(&,&-1) = & — Ay_1&:—1 for specified &1, and observe
that the information between (&;,1%7) at each t is preserved
if the solution of both linear equations 7'(&;,&:-1) = k717
and I? = sz(Et,ﬁt 1) for some matrix kf, is concurrently
unique (forming a bijective linear transformation), which 1s
the case if k? is invertible, i.e., |k?| # 0 and kz = (k%) !

€2y

|

To put it simply, Lemma 3 claims that for the system

model (1), (2) and jointly Gaussian processes, the information

between &' and z! is preserved if we can uniquely obtain &

from z* and vice versa, for any t. Based on this observation,
we state the following remark.

Remark 1. (On Lemma 3 and connections to [16]) From prop-
erties of the rank of a matrix (see e.g., [33, Corollary 8.3.3]),
the structural condition in Lemma 3 holds iff C; € R"™*P in
(2) is square (i.e., m = p) and full rank at each t. It should
be emphasized that the structural condition derived in Lemma
3 is not the same as the one considered in [16, Lemma 2]
which claims a different structural property of matrix k7 (i.e.,
k? is full column rank as a result of matrix Cy being full
row rank throughout that paper). Indeed, therein the author
claimed that the KF algorithm which corresponds exactly to
our Lemma 2, forms a causally invertible operation for any t,
if it is possible to recover z' from &'. Provided that causally
invertible operation means invertible (or bijective) operation

for each time instant t, the result of [16, Lemma 2] should
be seen with caution, because it does not guarantee a unique
reconstruction of zt as a function of £ and vice versa. Indeed,
one can easily verify our claim by taking as an example the
initial time instant of the d posteriori conditional mean in
(25) (for & = Xy, take t = 0 with §_1 = 0) and check
the conditions for invertibility of the resulting linear matrix
equation, i.e., & = k§zo. This implies that the statement
of [16, Lemma 2] does not suffice, in general, to ensure
the conditional independence (27), hence under the specific
structural condition, the inequality in (26) is strict for all t,
and as a result (22) is not achievable. In the sequel, we will
also discuss the implications of Cy € R™*P being a full row
rank with m < p.

Next, we study the structure of the amended distortion
constraint in the convex optimization problem of (22) obtained

for jointly Gaussian processes. Specifically, following [25] and
using the fact that & = E{x;|z'} we obtain
d(z yt) Exf\zf:zt{”Xt yt||2}
*Ext\ztzzt{HXt — &+ & — yt||2}
@
S =t {3 — &l + 16 — el
(@) x
= trace(Xf,) + [1& — vl [, (32)

where (i) follows because for jointly Gaussian processes &; is
the optimal MMSE estimator of x; given z’ and from the
orthogonality principle; (i¢) follows by definition of the d
posteriori error covariance of the optimal MMSE obtained
from the KF recursions in Lemma 2. Finally, the amended
distortion constraint in (22) is obtained by taking the expec-

tation concerning the joint distribution of {(z:,y:): ¢t € Nj}
in (32) and then the summation which will give
> trace(S3,) + > E{|l& — v} (33)
t=0 t=0

Putting all the pieces together, we can reformulate (22) (and
its asymptotic (upper) limit) as follows.

Definition 2. (Indirect Gaussian NRDF) Suppose that the
process {(x¢,2¢,yt) : t € NU} is jointly Gaussian and
C, € R™*P jn (2) is square and full rank, i.e., m = p. Then,
(18) and (19), respectively, can be reformulated as follows

G min
R[O,n],in(D_ [O,n])
= inf I ydy'™ ), 34
P(dy|y*~',&"):teNg P
T T E{l1€e—y|[*}<D-D,
R$(D — Dign )
= inf R, (35)
P(dyf\y‘ 1f)t 0,1,...,00
Hmsup, o0 77 Soieo E{|1€:—y: ||} <D-Di,
where in (34) (D — Dﬁ)uz]) e [0,00], D[rglz] _

%—l—l o trace(X3,), in (35) Dmfé‘o] = limsup,, D[rglgl
and R & limsup,, . nil S o L€ yely™h).



Clearly, if in Definition 2 we assume that C; € R™*? is
full row rank (m < p), then, a consequence of Lemma 3 is
that (18) > (34) and (19) > (35).

Next, we remark some technical comments on Definition 2.

Remark 2. (On Definition 2) (1) The information measure
(34) has a finite solution if we ensure that D — D[rgml € (0, 00]
with Df(‘)““] < 00, (2) One can take the more stringent
pointwise MSE distortion constraint in (34) in which case the
problem particularizes to

R[O n] 1n({Dt Dinin}?:o)
= inf I ydy™),  (36)
P(dy:|y'~",€"): teNg tz
E{Hﬁt*YtHQ}SDt*D;,mn’ vt
where DM = trace(X3),), and Dy — D®in € (0, 00] with

Df“i“ < oo, for any t. (3) The lower bound (34) shows an in-
teresting resemblance to the classical remote RDF obtained for
i.i.d. memoryless Gaussian processes or RVs using non-causal
coding [25]. In particular, similar to that case, the distortion
constraint in (34) consists of two parts of which only one
affects the rates. As a result the other part can be essentially
subtracted from the given distortion level. (4) Definition 2
corresponds to a different optimization problem compared to
[16, Eq. (16)]. That paper deals with a lower bound with a soft
pointwise MSE distortion constraint and multiple “Lagrange
multipliers” (denoted therein by {a; : t=0,...,n}) that are
chosen d priori, whereas we consider a lower bound subject
to a hard average total MSE distortion constraint for which
we look for a global Lagrange multiplier. (5) To the best of
the authors’ knowledge, [S] has never proved the information
measure in Definition 2 for jointly Gaussian processes either
in finite time or in the asymptotic limit.

Since the process {& : t € N} admits the Markov
realization obtained from the KF recursions of (25), then,
one can leverage the implicit recursions of [ |, Theorem 4.1]
(obtained via dynamic programming [34]) to simplify (34) to

R[O n] 1n(D - ng,lg])

n
= inf I(&; =1,
P(dyly"~",&):teNg Z Eiyedy™)

1 n 2 min =0
T t—o E{l1&e =y |I*}<D—-Dig,
Next we use (37) to provide for the first time, the optimal
characterization in finite time of the indirect Gaussian NRDF

obtained in (22). To do it, we need a lemma which is an
extension of [ 1] to partially observable Gaussian processes.

Lemma 4. (Realization of {P*(dy,|y*~1,&): t € N3}) For
the system model in (1), (2), suppose that the joint process
{(x¢t, yt, z:): t € Ny} is jointly Gaussian and Cy € R™*P
in (2) is square and full rank. Then, the following statements
hold.

@ Any {P*(dy:|y"~". &) :
=H, (ft - gt|t—1> + Eﬂt_l + v, teN,

where Eﬂt_l 2 E{&|y' ') {vi € RP ~ N(0;%,,) 1 t €
NG} is an independent Gaussian process independent of

(37

t € Ni} is realized by

(38)

{(wy, ng): t € Ny} and xo, and {H, € RP*P ;. { € Nj}
are time-varying deterministic matrices (to be designed).
Moreover, the innovations process {I¢ € R? : t € NI} of
(38) is the orthogonal process given by

=y~ Elyly' ™'} = H (&~ &) + Vi (39)

where T8 ~ N(O' Ele), 216 = thﬂt Hi + 35y, =0,
with Zt\f 1= {(ft Eﬂt 1)(& —ft\t—l) }
(2) Let St\t = E{&ly'}, Em £ E{(& — é&|t)(£t - é:\t)r}-
Then, {(£t|t,1, qu—pétltv f‘t) : t € N} satisfy the
following generalized discrete-time forward KF recursions:
gt|t = a&\tfl + k§I§7
€t|t 1= A 1gt 1)t—1, §0|—1 =&
ne =4, %8

tt—1 t—1[t— 1A "‘ktzzlfkfr, (40)
k=X flt 1HtTEIs (Kalman Gain),
3 3 3 1
Bie = D1 — B HiZpe HYS,
where Eo| 1 Ekzz £kaD Zt|t > 0 and Et‘t L= 0.
3) The chamcterlzatlon of R[o ain(D — Dﬁ)“g] i) achieved

by (38) is given by

G min
R[O,n],in(D - [O,n]) =
n ‘ +
1
inf S i @
H/€RPXP, vz 2= | f|t|
w¢ =0, 25 >0

= tlt—1= )
n«lu 2ot trace(G)<D— D[r[ol?:,]

where G = (I, Ht)Eflt_l(Ip — H)"+ %, for some (D —
Din) € [0, 00].

Proof: (1) Since the joint process {(x¢,z¢,y:) : t €
Nj} is assumed to be jointly Gaussian, then,

{P*(dy:|y* =1, &) t € Nj} is conditionally Gaussian,
and we can obtain the orthogonal realization

ye = Hi& + Ri(y"™") + vy, t €NG, (42)

where Ry(y'™") 2 Doy " P*([y' ™" &) ~ N(Hi& +
i1yt 43%,,), with {(H;,Ty—1) : t € N} being determin-
istic matrices of appropriate dimensions. For such realization,

I(&;y:|y'™1) does not depend on R,(-), Vt € Ni. Moreover,
E{[l& —y:l*} =E{|I(Z, — Hi)& — Re(y'™)|I*}
+ trace (Zv,)

)

> E{I[(I, — H)& — Ry (y' ™|} + trace (Sv,),

where (%) holds with equality if R,(-) = R;(-) = (I, —
Ht)é“,l, vt € N§. (2) This follows from the discrete-
time KF equations. (3) The characterization that achieves (38)
is obtained from (1), (2) and the definition of conditional
mutual information I(&;;y;|y’~!) at each time instant ¢. This
completes the proof. [ ]

It should be noted that the characterization in (41) is general
and at this point we did not give conditions to ensure existence



of a finite solution neither we specify the design of the decision
variables (H, Xy, ). Moreover, if in the system model (1), (2)
we set Cy = I, and n; = 0, Vt, then, in Lemma 4 we obtain
& = x¢, Vi, {P*(dy |yt~ &) = P*(dye|yt=t, ) :+ t €
Ng} and &1 = E{x¢|y"~'}. The analysis will recover as a
special case [11, Lemma 5.2].

Proposition 2. (Full row rank matrix Cy) If in Lemma 4 we
assume that Cy € R™*P s full row rank with m < p and
Zlg > 0, then, the KF recursions will hold for kzlesz = 0.
Moreover 22) > (41).

Proof: This is a consequence of Lemma 3. ]
The next theorem achieves the minimum of (37)
parametrized by (Hy, Xy, ).

Theorem 1. (Characterization of (37)) (1) The optimal min-
imizer {P*(dy|y'=1,&) : t € NB} that achieves (37) is
induced by the parametric realization (38) such that (Hy, 3y,)
are given by

w6 _wéye

tlt—1 Lt =t|t—1° 43)

H, 2 S, & Ef‘tHT = 0.

The choice of (Hi,Xv,) if Zlg = 0, implies that the optimal

minimizer {P*(dy,|y*~1,&) : t € Np} is realized by

yve =H& + (I, — H) Ay, + vy, t € Njj,

where y; € RP, with y_; = 0.
(2) Moreover, R[o al, (D — ngiﬁ]) in (37) parametrized by
(Hy, Xy,) is achieved by the following optimization problem

(44)

R[O n],ln(D - f&lz}) =
n £ +
1 |Ztt—1|]
o 52 |los , @5
0=2f, 235, _, 2 poard l ‘Ef|t|
#Zmo tr"‘ce@m)SD Dﬁ;];‘l]
for some D — Dmln] [Dminquax] - [07Dmax]-

[0

Proof: From MSE estimation theory we know
that the MSE inequality > ;" (E{||& —y¢[?} >

> L E {Hgt - §t|t|\2} holds for all (F;, Sy,), t € NZ, and

it is achieved if a“ = y;. The choice of (43) for Zf >0
ensures in (40) that kf = I, and X1 = Ay;1 and
hence via (38) we obtain (44). This means that if in (41) we
substitute the scalings in (43), we obtain (45) making sure
that the distortion obtained from the optimal MSE estimator
can be achieved for the specific rate (objective function). M
If the choice of (H¢, Xy,) in Theorem | generates Yz 0
with rank(¥ e ) =1 < p, then, (45) will still be achieved by
the linear Gaussian “test channel” (44) with reduced dimension
y¢ € Rl (I < p). This is because by finding the decision
variable {Efl . t € N{} one can further compute the
rank deficient matrices (Hz, Xy, ) and then discard the (p —1)
“inactive” dimensions using singular value decomposition.

Remark 3. (Existence of solution in Theorem 1) An optimal

solution with finite value in (45) exists if (i) D%“E] < oo for
any finite n; (ii) D — nglg] > 0 (non-zero distortion) which

lmgplles the strict linear matrix inequality (LMI) constraint 0 <
=< x¢ Vt.

t\t tjt—1°

One can easily verify via Lemma 2 that if in (2) we set
C; = I, and n; = 0,Vt, then, Df&ig] = 0 and Theorem
I recovers as a special case the optimization problem of
the classical NRDF for time-varying fully observable Gauss-
Markov processes with hard average total MSE distortion, see

e.g., [11].

Proposition 3. (Characterization for full row rank Cy) Sup-
pose that the conditions of Proposition 2 hold and A; € RP*P
in (1) is full rank for any t. Then, the statements of Theorem
1 hold with (22) > (45).

Proof: This is immediate from Proposition 2. [ ]
Next, we state the optimal solution of the characterization
in Theorem 1 under the conditions of Remark 3.

Theorem 2. (Optimal numerical solution of (45)) Compute
forward in time via (25) {(¥},, %3, ;) : t € Ng} such
that the conditions of Remark 3 hold. Moreover, introduce the

decision variable Ty > 0. Then, the optimal solution of (45)

for D > Dﬁ)‘iﬁ] is semidefinite representable as follows
G ‘
R[O,n],in(D - H)l,lz]) =
1 n
min - Z log Ty~ + ¢, (46)
{=5,,>0, I‘,>—0}, 0 2~
O<Et€+1\t+ljzt+1\t f6N871
nin— =I'n
n
¢ .
s. t. il Ztraee (Et‘t) <D — Dyl
t=0
oy r 28, AL
e e U -0, teNgTh @)
AX b))
t t\t t4+1]t

where ¢ = 1 log |EO‘ A+ %Zt:O
ki 2, ktzl =0, Vi.

log |kt+121?+1ktf1 ,

Proof: The derivation is similar to [10, Theorem 1]. MW
Next, we stress some technical comments on Theorem 2.

Remark 4. (On Theorem 2) (1) To compute the optimal
numerical solutions in Theorem 2 is computationally very
expensive. First we need to compute {(Ef\tq’ D) s te NG}
of Lemma 2 both of dimension p X p, which correspond to ap-
proximately O(p?37%) operations for each time instant t, then,
to engage SDP algorithm of which the most computationally
expensive step is the Cholesky factorization that requires, in
general, approximately O(p3) operations at each time instant
t. Some additional analysis on the arithmetic complexity of
the SDP algorithm is provided in [10, Sec. IV-C]. In fact
as we demonstrate in the sequel (see Table I) even for the
single stage case at high dimensional problems, the SDP
algorithm operates extremely slow. Hence finding alternative
optimal or near-optimal algorithmic approaches with reason-
able computational complexity aligned with the state of the
art large scale networks that operate using computationally
limited resources remains an intriguing open problem. (2)
Theorem 2 continues to hold with appropriate changes if
we consider the stronger pointwise distortion constraint, i.e.,

trace (25 ) < Dy — DI D, > D, DI < oo, W,

t|t



Proposition 4. (Computation of (45) via Proposition 3) Com-
pute forward in time via (25) {(3},,33,_,) : t € Ng} such
that the conditions of Remark 3 hold. Moreover, introduce
the decision variable T} = 0 and let the factorization of
the singular matrix kfﬂEIfkail = Biy1Bi 1. Then, the
optimal solution of (45) for D > D[rgln] is semidefinite

,n
representable as follows

R[GO,n],in(D - H)],l'rrzl]) =

1 < _
5D logIDi[ e @8)

min
{2f‘t>o,ri>-o};}:0 i—o
¢ 13
0<35, <55,
I3 £ n—1
O<Et+1\t+1jzt+1\t’ teNy
& _pl
En|n_l—\n
n
1 3 min
s. t. E trace (X7, | <D — Dy
n+1 | ’
t=0
1 T
Ip - Ft Bt+1 n—1
B 5é =0, teNj
t+1 t+1t

where ¢; = 1 log |E§‘71| + Z?;Ol log abs (| A¢])-

Proof: The steps of the proof are known, but the proof
for the finite time horizon has not appeared elsewhere, hence
we give it for completeness in [35, Appendix B]. ]

Closed-form solutions for scalar time-varying processes:
To gain further insights into the solution to this problem,
we also study time-varying scalar processes. Specifically,
we propose a solution (via a dynamic reverse waterfilling
algorithm) under an average total MSE distortion constraint
and a closed-form solution under a pointwise MSE distortion.
Consider the scalar-valued system model of (1), (2) of the
form

X+l = Xy + Wy, X = T,

n (49)

Zt = CXe + 1y, TE N07
where oy € R and ¢; € R\ {0} are non-random, xo € R ~
N(0;02,) is the initial state, w; € R ~ N'(0;0%,), 0a, > 0

is an independent sequence, n; € R ~ N(0;03 ), o2 > 0,

is an independent sequence, independent of {w; : ¢t € Ny},
whereas xq is independent of {(w¢,n;) : t € Nj}. Before
X — 2 X — 2 13 —
we proceed, we denote Ztlt =05, Et|t_41 =0k Et|t =
C20'
2 3 — 2 z zT __ tU X1 — 2
TE, . Et|t71 =0%,, kiYrky = o oz = o, , for

Theorem 1 for scalar processes under the assumption that the
total rates yield a finite solution, i.e.,

R[GO,n],in(D - nglfg]) =

2
. 1 n 0.5 -
_inf EE log [ =93], (50)
O<g€t|tS65t\t—1 t=0 Ugf\t
=i (o2, ) <0-DR,
min min __ 1 n 2
where D — Dig'hy > 0, Digthy = -5 Yo 0%y, < 00. In

the next theorem, we give the optimal solution of (50) via a
dynamic reverse-waterfilling algorithm.

Theorem 3. (Optimal solution of (50)) The optimal paramet-
ric solution of (50) can be computed as follows:

0.2
5;"”) . 6D
gﬁt\t

such that UEW > 0 is computed at each time instant as follows:

min 1 -
R (D = Digh)) = 3 > log (
t=0

2,% . 2,% 2
Ug — {UELt lfO'gt‘t < O—gt\t—l V¢ (52)
| 2 ; »* 2 ’ ’
o o—gt\t—l lfo—Et\t 2 O—gt\t—l
with 37" Ugm = (n+1)(D - Dgginy) and
1 ./ Bt1 _ n—1
%, = “m( o Q’WEM , (53)
a 1 N
395y L=,

2 . .

where 0* > 0, By 411 = %, and D > D'y with Dig'h, <
Vit ’ ’

oC.

Proof: The proof is based on KKT conditions [36, Chap-
ter 5.5.3] and can be obtained following [17, Theorem 2].

Remark 5. (On Theorem 3) Suppose that in (49) we set ¢, = 1

and ny = 0, Vt. Then, using Lezmma 2 it can be easily shown

that Ugt = O—Evt—l’ Bt,t+1 = % and Dmin] =0, Vt, and we
wi

[0,n
recover [37, Theorem 1].

In Algorithm 1, we implement the optimal solution of
Theorem 3.

Remark 6. (On Algorithm 1) Algorithm [ ensures linear
convergence in finite time via a bisection method for a given
error tolerance ¢ by picking as starting points appropriate
nominal range of values for 0 (i.e., 0™ and ™). The
convergence of bisection method implies that 6 converges,
hence %_HZ?:O Jém — (D — ng}g]) within the. error
tolerance €. We note that the nominal values of ™" and
0™2* vary depending on the system model (49). The most
computationally expensive operation in Algorithm 1 is the for
loop and the bisection method that yield a time complexity
of approximately O(nlog(n)) (linearithmic time complexity).
In Fig. 2 we illustrate a numerical simulation of the average
running time needed for Algorithm 1 to execute (vs) the time
horizon n when the error tolerance is ¢ = 10™°. We consider
that each n is the mean of 10000 time instants.

Next we give the analytical expression of (50) under point-
wise MSE distortion constraints.
Corollary 1. (Analytical solution) Find forward in time
{(U)Q(t\t7o-)2(t|t—l> : t € N§} via (25) and let Dy > D™ =
o2 Vt. Then, the closed form solution of (50) under a

X¢)¢)
pointwise MSE distortion constraint is given as follows

n 2 +
. 1 ¢
G minyn _ tlt—1
R[O,n],in({Dt - Dt }t:0) - 5 tz:% |}Og (Dt o D{nln)‘| ’
where ogm_l =of |(Di—1 — D) + o2,

Proof: The proof is similar to Theorem 2 by employing
KKT conditions hence it is omitted. [ ]



Algorithm 1 Implementation of Theorem 3

Initialize: number of time-steps n; error tolerance €; nomi-
nal minimum and maximum value of 6, denoted by ™™
and 6™2%: inpitial variance o2 2 - get values for

2 2. xo-1 — Ixo°
{(atao—wt7ct70nt) .

t € NI} of (49).

fort=0:ndo
Compute (0%, ,,0%,,_,) via (25).
end for
Compute ng’ig] = n%‘_l > aim < oo; set the distortion
level D > Df&ig]; Pick some 6 € [9™in, §™ax]; flag = 0.

while flag = 0 do
for t=0:n do
Compute 02’;"; according to (53).
Compute ogm according to (52).
if ¢ < n then
A

2 : 2 A
Compute O\ according to Ofiny =

2
Veg1®

end if
end for
if n%rl Z;;O Ugm — (D - DEB“Z]) > e then
Set g™ = 0.
else
Set ™max = 6.
end if
if gmax _ gmin > —=5 then
(9“““450"*“) .

2 2
aq Uﬁt\t +

Compute 6 =
else
flag < 1
end if
end while
Output: {ng : teNpl, {Ugm,l : t € N2}, for a given

distortion level D — DR}}E}.

time (sec)
o
o
o
T
L

I I I
4000 5000 6000
n (time horizon)

9000

0 1 I I I I
0 1000 2000 3000 7000 8000 10000

Fig. 2: Demonstration of the average running time needed for
Algorithm 1 to execute for 10000 instances. Simulations were
performed in MATLAB and tested on a single CPU with an
Intel Core i7 processor at 2.6 GHz and 16 GB RAM.

For the special case of time-varying fully-observable Gauss-
Markov processes it can be easily seen following precisely
Remark 5 that we can recover [38, Corollary 2].

V. INFINITE TIME HORIZON PROBLEMS

In this section, we analyze the asymptotic limit of (37). To
do it, we restrict our system model (1), (2) to time-invariant

processes, i.e., Ay = A, ¥w, = 2w, Ct =C, Xy, = Xy, VL.
We apply known results for the convergence of the discrete
time Riccati equation (DRE) of Lemma 2. These results can
be found for instance in [30, Chapter 7.3], [29, Appendix E]
or [31]. Before we state a lemma, we note that in the sequel,
we adopt for simplicity the following notation

Y= E;‘lt, and ¥ = lim Y,
t— o0
Ht = Elﬁt—l’ and Il = tE)noo Ht

it = kuIzka, and i = lim it.
t t—o0

(54)

Lemma 5. [29], [30] (Necessary and sufficient conditions
for convergence of the time-invariant DRE of Lemma 2 to
a unique stabilizing solution) Let (A, Y, C,X,) € RP*P x
RPXP x R™*P x R™*™, Then, the DRE that corresponds to
Lemma 2 is the following

I; =AM, ;A" — All,_1C"(CT;_1C" + X)) 'CT,_, A"
+ Y, t € Ny, (55)

where 11y > 0 (always positive definite). Moreover, the corre-
sponding discrete time algebraic Riccati equation (DARE) is
as follows

T = ATIA” — ATIC"(CTIC" + £,) " 'CTIA" + £y.  (56)

Then, the following statement holds. Let the pair (A,C) to

be detectable and the pair (A, Eé,) to be stabilizable (or
controllable on and outside the unit circle). Then, any solution
of (55), i.e, {Il; : t € No}, is such that limy_, o, II; = T,
II > 0 for any 11y > 0 which corresponds to the maximal
unique stabilizing solution of (56). This further means that
the steady-state KF, i.e., the limiting expression of Qt‘t =&
in (25) is asymptotically stable.

Next, we provide an example applied to scalar processes,
to illustrate the concept of Lemma 5.

Example 1. (Solution of DARE for scalar processes) Consider
the time-invariant version of the system model in (49), i.e.,
vy =acR 02 =03 >0 ¢ =cecR\{0}, 0} =0} >
0, Vt. Then, the time-invariant scalar-valued DRE of (55) is

22772
a‘c?Ily_ 4

M, = oM, +o02 — —— =1
w2, + o2

t € Ny, 7
where 11y > 0. The corresponding scalar-valued DARE of

(56) is as follows

a2 2112

I = 11 2
a“ll+ oy 2T+ o2

(58)

Moreover, introduce the pairs (a,c) and (o, (02)2). Then, by
definition, the pair (o, c) is always detectable and the pair
(a, (02)2) is always stabilizable (because o2, > 0). Hence,
from Lemma 5 any solution of (57) is such that lim;__, . II; =
II, with 11 > 0 that corresponds to the unique stabilizing
solution of (58). In what follows, we compute the closed form

solution of 11 > 0. Note that (58) can be reformulated to



the quadratic equation c*11%2 +~I1 — 02,02 = 0, where v =
(1 — a)?02 — 2a2), that gives the followmg two solutions

/~2 252 52
v2+4+4c?02,02 —

2c2

/~2 252 52
—+/7%+4c%02, 02—

2c2

= (59)

Clearly, by conditions the negative solution of 11 is rejected.
Hence from (59) we have that the unique stabilizing solution
is not only non-negative but also positive. This is because from
by definition of our system model (Ily > 0 because o2, > 0).

Special cases: (i) Suppose that in (57) we let o2 = 0.
Then, from (58) we obtain 11 = o2, > 0. (ii) Suppose that in
(57) we let a = 0. Then, from (58) we obtain 11 = o2, > 0.
(iii) Suppose that in (57) we let a = 0, Jﬁ = 0. Then, from
(57) we obtain 11 = 2, > 0.

Remark 7. (On Lemma 5) In Lemma 5 we gave necessary
and sufficient conditions for the DARE of the d priori error
covariance in Lemma 2 to converge to its steady state. We
observed via Example 1 that this value is always positive for
scalar processes. Clearly, what we observe for scalar pro-
cesses holds for multidimensional processes because Y, = 0
with 1I; > 0, Vt (from Lemma 2). Moreover, the steady
state of the d priori error covariance in Lemma 2 implies
the convergence of the d posteriori error covariance as well.
That case however is slightly different because we can allow
an initial condition Yo = 0 (see Lemma 2). In fact if in our
time-invariant system model we assume ¥, =0 and C = I,,
then E;“t =0, Vi, and as a result ¥ = lim;__, >y = 0.

Next, we derive necessary and sufficient conditions for the
pre-KF algorithm to converge to its steady-state values and
sufficient conditions to ensure a time-invariant solution of the
characterization in (45).

Theorem 4. (Asymptotic characterization of (45)) Suppose
that the system (1), (2) is restricted to time-invariant pro-
cesses with the pair (A, C) detectable and the pair (A,¥%)
stabilizable. Moreover restrict the test-channel distribution
P(dy:|y:—1,&t) to be time-invariant and the output distribu-
tion P(dy.|ys—1) to be time-invariant with a unique invari-

ant distribution. Then, if R[Go (D — DfB“Qo]) < oo for
D - Df&iﬁo] € (0,00, this is given by
i . |TT¢|
R ) m(D — D)) = inf 1
0.chin o) 0<zE=<mé g
trace(Zs)ngDEE?go]
(60)

where . >- 0 and 1I¢ = 0 are the time-invariant values of

Ef‘ » and ¢ -1 respectively. Moreover,
¢ = AXA" + % 61)
EB”“ | = trace(X). (62)

Finally, (60) is achieved by a time-invariant linear Gaussian
“test channel” P*(dyi|yi—1,&:) of the form

=He¢ + (I, -
= I, — X&(I1¢)~!

(63)
Yy =

H)Ayi—1 + vy,

where H and vi ~ N(0;%,),

YEHT = 0.

Proof: See Appendix A. [ ]

Remark 8. (On Theorem 4) (1) If in the time-variant version
of the system model (1), (2) we let C = I, and ¥y, = 0, then
Theorem 4 we can easily recover the known result obtained for
the infinite time horizon of the time-invariant fully observable
Gauss-Markov processes (see, for instance [10, Eq. (27)], [4,
Theorem 3]) because ¥ = Sy > 0 and Dfm“ =0. (2
Clearly, Theorem 4 continues to hold if Propositions 2-4 hold.

In what follows, we give the optimal numerical solution of
the problem in Theorem 4.

Corollary 2. (Optimal numerical solution of (60)) The opti-
mal numerical solution of (60) is semidefinite representable
as follows. Introduce the decision variable T' = 0 with ¢ > 0

and ¥ - 0. Then, for D > ngi;‘c] we obtain

min : 1 — 1 O
R[Ooo 1n(D D[(] oo]) = {_‘Ili{)l 510g|1—“ ! +§10g‘2|,
0<xé<11f
s. t. trace (EE) <D-— Fol,igo]
YT xéar
axe e | =0

(64)

Proof: The proof is a special case of Theorem 2 hence
we omit it. ]
We note that the numerical solution of (60) under the
structural conditions of Proposition 2 can be derived as a
special case of Proposition 4. We will not include this SDP
representation as it follows similar to Corollary 2.
In the sequel, we derive strong structural properties on (60)
that allow for a simplified optimization problem that can be
optimally solved via a reverse-waterfilling algorithm.

Proposition 5. (Strong structural properties on (60)) Suppose
that in the characterization of (60) one of the following
structures between (A, ) hold.

() Suppose that A = al, (scalar matrix) and Y =05
(ii) Suppose that A is real symmetric and ¥ = O'%Ip (scalar

matrix); -
(iii) Suppose that A =X > 0;
Then (A,%%,%) commute by pairs* and consequently

(X6, TI¢) commute.

Proof: The proof is similar to [17, Proposition 1] thus we
omit it. [ ]

Theorem 5. (Optimal numerical solution of (60)) Suppose
that in the time-invariant version of (2), C' is full rank (m =
p). Then, if any of the structural conditions of Proposition 5
is satisfied, the following reverse-waterfilling solution holds

G min
R[O,oo] ,in [0,00]

(D —

min (65)
0<ME€,7’,SNH§

STy mye ; SD-DpY,

)=
£l

Mg g

4Details on this concept can be found in e.g., [33, Theorem 21.13.1].



Moreover, the optimal parametric solution of (65) can be
computed for pxe¢ ; > 0, and any 1 as follows:

p— {ugs}i if e ; < pmei
K

if e ; 2 P

with 377_, pse ; = (D — Dight)) and

, Vi, (66)

H11¢ 4

o mlu ( 1+ B —1>7 pr,i > 0 for some i
Mgﬁ,i - 1’ ,
367> Hr,i =0

(67)

¥ cA 24z, min
where 0% > 0, py ; = lis >0and D > D[O,oo] :

Proof: The proof follows similar steps to the derivation

of [17, Theorem 2] hence we omit it. [ |

Proposition 6. (The case of full row rank matrix C') Suppose
that in the time-invariant version of (2), C € R™*P js
full row rank with m < p. Then, under Proposition 5, (i),
an approximate reverse-waterfilling solution is obtained via
Theorem 5 with ¥ replaced by ¥, = % + el

Proof: If C is full row rank with m < p, we have > >=0.
Moreover, if Proposition 5, (i), holds, then, we use a standard
continuity argument, that is, there exists a § > 0 such that
Y = X + eI, is nonsingular for all € € (0,6) (see, e.g., [39,
Theorem 2.9]). In other words, we create a £, > 0, and follow
similar steps to the derivation of [17, Theorem 2]. Then, by
taking in the computations that lim,__, 5+ 3. the result follows.
This completes the proof. ]

An implementation of the reverse-waterfilling solution of
Theorem 5 (or Proposition 6) is provided in Algorithm 2.

Algorithm 2 Implementation of Theorem 5

Initialize: error tolerance ¢; nominal minimum and max-
imum value of 6, ie., ™" and #™2X; gset values for
(A, 2w, C, %)) of 1(49) so that the par (A, C) is detectable
and the pair (A,33) is stabilizable.
Find the unique stabilizing solution II and the steady-state
value of ¥ via (56) and compute ngfgo] = trace(X) <
oo; choose distortion level D > trace(X); Pick 6 €
[gmin gmax]: find the eigenvalues of (A, %), i.e., {pa;: i €
NP}, {ps,; © i € NP} (in decreasing order); flag = 0.
while flag = 0 do
Compute s ;, Vi, as follows:
fori=1:pdo
Compute ;L*Egﬂ, according to (67).
Compute piye ; according to (66).
end for
if Ma% — g™in > ¢ then
Compute 0 = w
else
flag + 1
end if
end while
Output: {uxe;: i € NT}, {une; :
distortion level D — trace(X).

i € NI}, for a given

Remark 9. (Complexity of Algorithm 2) The convergence
of Algorithm 2 is guaranteed for finite dimensional matrices
due to the bisection method, similar to Algorithm 1. The
most computationally expensive parts in Algorithm 2 are the
matrix multiplications in the computation of the DARE of
the steady-state pre-KF recursions which can have a time
complexity of approximately O(p?) followed by the for loop
and the bisection method with approximately linearithmic time
complexity similar to Algorithm 1, i.e., O(plog(p)). Hence the
overall time complexity is approximately O(p® + plog(p)).
Nevertheless, if we optimize matrix multiplication using for
example the current state of the art computing approaches that
allow time complexity of around O(p?37%%6)) [10] the com-
plexity can further reduce to O(p*37*86 + plog(p)). In Table
I we compare the general optimal solution obtained via SDP
in Corollary 2 with the structural optimal solution obtained in
Theorem 5 and implemented in Algorithm 2 for the same input
data and distortion level. For low dimensional vector systems
(i.e., p = 10) we compute the average computational time
needed for 1000 instances using both computational methods
for an error tolerance of ¢ = 107°. We see that Algorithm
2 is approximately 550 times faster than SDP. For medium
size vector systems (i.e., p = 100) we perform the same
experiment for 100 instances with ¢ = 1077. The results
show that Algorithm 2 is approximately 17500 times faster
than SDP. We note that to obtain a result from SDP for 1000
instances would require days therefore we did not attempt with
the specific computer such experiment. In addition, it is likely
that the result for both SDP and Algorithm 2 would not change
much. For high dimensional vector systems (i.e., p = 500) the
result is not-conclusive because SDP would take many days to
give a relatively fair result even for 100 instances. In contrast
Algorithm 2 operates fine as illustrated in Table I. The results
clearly demonstrate that Algorithm 2 is much more appealing
choice to use when solving problems with certain structure or
systems with computationally limited resources as opposed to
the SDP algorithm.

Solver (Numb. dimens. p = 10) Mean (sec) Numb. inst.
SDP (by default ¢ = 10~9) 0.7134 1000
Algorithm 2 (e = 1079) 0.0013 1000
Solver (Numb. dimens. p = 100) Mean (sec) Numb. inst.
SDP (by default e = 10~ 7) 725.0770 100
Algorithm 2 (¢ = 10~7) 0.0412 100
Solver (Numb. dimens. p = 500) Mean (sec) Numb. inst.
SDP non-conclusive insufficient
Algorithm 2 (¢ = 10~9) 6.8997 1000
TABLE I: Comparison of the computational time needed

between SDP in Corollary 2 and Algorithm 2. Simulations
were performed in MATLAB and tested on a single CPU with
an Intel Core i7 processor at 2.6 GHz and 16 GB RAM.

We conclude this section, by finding the closed-form solu-
tion of the time-invariant system model of (49).

Corollary 3. (Closed form solution: time-invariant scalar
processes) Consider the characterization of Theorem 4 re-
stricted to time-invariant scalar Gaussian processes. Then for



D > Dﬁ}fgo] =Y., the closed form solution of RS (D —X) is
as follows
1 )
€] 2
oD —=%)=-1
R -9 =gos (s 525 ) @
where
- 2112
Y= A1 o2 (69)

with 11 > 0 given by the unique stabilizing solution of (58)
whereas . > (0 is given by the non-negative solution of the
quadratic equation

?*¥? +34% — 0202 =0, (70)

where ¥ = (1 — a?)o2 + c?02,.

Proof: For scalar processes, the characterization in The-
orem 4 simplifies to
1 I1é

where TI¢ = o?%¢ + %, ¥ is given by (69) and ng?go] =
> > 0, ie., the unique stabilizing solution obtained for
scalar processes given by (70). The problem in (71) is convex
concerning ¥¢ and the optimal solution follows by employing
KKT conditions similar to Theorem 3, and Theorem 5. It easy
to see that the solution ensures X6 = D — Dmin 1= D -3

G min _ :
R$(D- D)= min
0<xs<II®
BE<D-Dip,

[0,00
Substituting the latter in IT¢ and then substituting both 3¢ and
II€ in (71) we obtain (68) and the result follows. [ |

Equivalent expressions and special cases for scalar pro-
cesses: (i) We note that our closed form expression (68) coin-
cides with the closed-form solution obtained via [8, Corollary
1, Theorem 9] (see also [20, eq. (103)]) because the steady-
state counterpart of the 4 posteriori error variance equation
(25) implies the equality ¥ = II — X > 0; (ii) Consider in
Corollary 3 ¢ = 1, 02 = 0. Then, using Example | we obtain
from (58) that IT = 02, > 0, from (70) the steady state solution
is ¥ = 0 and from (69) ¥ = 02, > 0. By substituting these in
(68) we recover the known result obtained for time-invariant or
stationary fully observable Gauss-Markov processes, see e.g.,
[5, eq. (14)], [2, eq. (1.43)].

VI. NUMERICAL SIMULATIONS

In this section, we provide two examples with numerical
simulations to illustrate some of the major results of this paper.
Example 2. (Optimal numerical solutions and comparison
with [8]) Consider the time-invariant version of (1), (2) with

0.8147 0.9134 0.2785
0.9058 0.6324 0.5469| ,
0.1270 0.0975 0.9575

0.8805 1.1744 0.2309
1.1744 1.8616 0.2953| , ¥, = diag(1,1,0).
0.2309 0.2953 0.0614

A = diag(1.2,1.2,1.2), C =

Yw =

(72)

Clearly, frolm Lemma 5, the pair (A, C) is detectable and the
pair (A,X3,) is stabilizable. Hence the filter &; is asymptoti-
cally stable, with

- 2.6928 —0.7211 0.1847
Y= |-0.7211 4.0349 0.3254]| , (73)
0.1847  0.3254 0.0645

and from (56) we obtain 11 = 0 which further implies the
steady-state solution of ¥ > 0 both given as follows

[ 6.7910 —5.0291 0.0798
IT=[-5.0291 89742 0.3939], (74)
| 0.0798  0.3939 0.0714
[ 4.0983  —4.3080 —0.1049
Y= |-4.3080 4.9393  0.0684 (75)
|—0.1049  0.0684  0.0069

We recall using [S, Corollary 1, Theorem 9], that the closed
form solution of the sum-rate therein under the assumption of
uniform rate-distortion allocation is given by

Slrp

RO-KH
D — trace(X)

[0,00],in

(D — trace(X)) = glog <a2 +
(76)

where @ = abs(|A )zl L =1-3% with D > trace(X). In
Fig. 3, we give the optimal numerical solution obtained via
Corollary 2, (2) using the CVX platform [4]] and the reverse-
waterfilling solution of Theorem 5 using Algorithm 2 (because
the input data in (72) satisfy the strong structural properties
of Proposition 5, (i)). We compare the optimal sum-rate with
the closed-form solution of (76). We observe that the latter
is in general highly suboptimal with respect to the optimal
numerical solution with the maximum rate-loss (RL), which
for this example is approximately 1.05 bits/vector source, to
be observed at moderate to low rates. A good performance of
(76) in the sense that it almost coincides with the exact optimal
solution can be observed at very high rates. This means that
Corollary 2 and Theorem 5 that allow non-uniform distortion
allocation may achieve significant performance gains com-
pared to (76) that only allows uniform distortion allocation.

T T T
¢ (D — X) via Corollary 2

......

(D — %) via Theorem 5

xxxxxx

-enD),
RL Gap between (76) and RS

0,00],in

(D-%)

0.7891

0 I I I I
9.0445 10 1" 12 13 14 15 16 17
Distortion [D]

Fig. 3: Comparison of the optimal sum-rates obtained via
Corollary 2 and Theorem 5 with the analytical expression of
(76).

Example 3. (Convergence to steady-state solution) Consider

the time-invariant version of (49) with (a,c,02,,02) =



(1.1,0.5,1,1), Vt. Clearly, from Example 1, the pair (c,c)
is detectable and the pair (o, (0%)?) is stabilizable. Hence
the filter & = E{x;|z'} is asymptotically stable and from
(58) we obtain 11 = 3.1215 > 0 whereas from (70) the non-
negative solution is ¥ = 1.7532. For a given distortion level
D = 2.7532 > ¥ we obtain via (68) RS (D — %) = 0.6832
(bits/source sample). Using Algorithm 1, we compute (51)
(normalized over the time horizon (n + 1)) for sufficiently
large time horizon, i.e., n — 10°. In Fig. 4, we illustrate the
asymptotic behavior of Algorithm I versus (vs) the steady-state
solution (68) in a semi-logarithmic scale. The two lines are
met really fast but do not coincide. In fact, depending on the
precision error of Algorithm [ (a reasonable error tolerance
is € = 107°) one can also infer about the discrepancy of the

min  ~_
~

two lines. We note that Algorithm 1 also gives D[0 ] DX
and lim;__,1ps Uim_l

the plot obtained from Algorithm 1 depends on o2

Xo*

I
S
T
I

Rate [bits]
o

3t o -

I
[N}
T

o
[
T

++svaverage total rate ;1 R . (D — Digi) via Theorem 3]
— Steady-state solution (68)
:

0 ': Il Il

10° 10 10?

10° 10* 10°
t (time units)
Fig. 4: Comparison of Theorem 3 vs the steady-state solution
of Corollary 3 for time-invariant scalar-valued processes.

VII. CONCLUSIONS AND ONGOING RESEARCH

In this paper we revisited the problem of characterizing
and computing the indirect NRDF for partially observable
multivariate Gauss-Markov processes with hard MSE distor-
tion constraints. Our major results include a new formulation
of the indirect NRDF, structural conditions that allow this
formulation to be achieved, as well as the characterization and
the corresponding optimal test channel realization for jointly
Gaussian processes in both finite and infinite time horizon.
Moreover, we obtained optimal numerical and closed form
solutions for vector and scalar systems under either average
total or pointwise MSE distortion constraints.

The results and observations of this paper can pave the
way to many new problems concerning communication for
(Gaussian) controlled systems see, for instance, [42]. One
particular question that we do not directly address herein but
can be answered from our results, is the relaxation of the
Gaussian noise process that drives the state of the system
model in (1), (2) to positive semidefinite covariance matrices.
Another important question is the extension of Theorem 5 to
time-varying processes which will require strong time-varying
structural properties in the spirit of Proposition 5. Finally, the
extension of this problem to controlled processes is also of
major importance.

=~ II. Moreover, the starting point of

APPENDIX A
PROOF OF THEOREM 4

First note that under the conditions of the theorem, we have
the unique stabilizing solution lim;_, II; = II > 0 and
consequently lim; ., 3; = ¥ > 0. This in turn implies via
(25) of Lemma 2 that lim;_,. ; = X. The specific steady
state solution corresponds to an asymptotically stable filter.
Then, the objective function in (60) is obtained as follows

. 1 & |Ef|t71|
T 2

n 13 T 3
(@ .. 1 [AS; 11 AT+ 2 )
= limsu lo = (60),
n_>ofn+1; & 28| ©0
= t)t
where (a) follows because Zf\tq = A2§71|t71AT + I

(b) follows because we restrict the numerator and denomi-
nator in (@) to be have a time invariant value (because we
impose the optimal minimizer to be time invariant and the
corresponding output distribution to be time-invariant with a
unique invariant distribution). Note that II¢ is given by (61)
and {2, n € Ny} is a convergent sequence (by the
conditions of the theorem) and its steady-state (time invariant)
solution is ¥ = lim,,_ ,. %,,. The constraint set in (60) is
obtained because via Remark 3 we ensure a finite solution
to the optimization problem if we impose the strict LMI
0 < X¢ < II¢ which implies that ¢ = 0 and II¢ = 0. From
the conditions of the theorem, we have a convergent sequence
{X,: neNg} ie, lim,_, X, =X which further means
that {trace(X,) : n € Ng} is also convergent. This in turn
implies that n%_l Yoo trace(X) = trace(¥) as n — oo
which is precisely (62). This completes the characterization
of (60). The optimal time-invariant test channel realization
(63) follows easily from the conditions of the theorem. This
completes the derivation.
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