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Abstract—In this paper, we propose an information geome-
try approach (IGA) for signal detection (SD) in ultra-massive
multiple-input multiple-output (MIMO) systems. We formulate
the signal detection as obtaining the marginals of the a posteriori
probability distribution of the transmitted symbol vector. Then,
a maximization of the a posteriori marginals (MPM) for signal
detection can be performed. With the information geometry
theory, we calculate the approximations of the a posteriori
marginals. It is formulated as an iterative m-projection process
between submanifolds with different constraints. We then apply
the central-limit-theorem (CLT) to simplify the calculation of
the m-projection since the direct calculation of the m-projection
is of exponential-complexity. With the CLT, we obtain an ap-
proximate solution of the m-projection, which is asymptotically
accurate. Simulation results demonstrate that the proposed IGA-
SD emerges as a promising and efficient method to implement
the signal detector in ultra-massive MIMO systems.

Index Terms—Ultra-massive MIMO, signal detection, Bayesian
inference, information geometry.

I. INTRODUCTION

As one of the critical technologies for 5G, massive multiple-
input multiple-output (MIMO) can provide significant gains
in both spectral efficiency and energy efficiency for com-
munication systems [1]], [2]]. In future 6G communications,
an ultra-massive MIMO system will employ an ultra-large
array with hundreds or thousands of antennas, serving tens
or even hundreds of users simultaneously, which is able to
achieve higher spectral efficiency and energy efficiency, and
wider and more flexible network coverage than ever [3]]-[6].
For the realization of the substantial benefits of ultra-massive
MIMO, signal detection is of great importance. Based on
a received signal, the task of the detector is to determine
the transmitted symbol. The optimal detector based on the
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maximum a posteriori (MAP) criterion or the maximum-
likelihood (ML) criterion performs an exhaustive search and
examines all possible symbols, which is shown as non-
deterministic polynomial-time hard (NP-hard). Consequently,
the computational complexity of the MAP or ML detector
rapidly becomes unaffordable as the number of decision sym-
bols increases. On the other hand, the linear detectors, e.g.,
the linear minimum-mean-squared error (LMMSE) detector,
are widely adopted due to the polynomial-time complexity.
Nonetheless, the estimates of the transmitted symbols of the
LMMSE detector are biased [7]], and the performance of the
LMMSE detector degrades severely in massive MIMO systems
with high-order constellations [8].

In the past few decades, many works have been devoted
to the massive MIMO signal detection [8]—[13], of which
Bayesian inference approaches, e.g., belief propagation (BP),
expectation propagation (EP), etc., are of significant interest
due to the relatively low computational complexity and higher
performance than linear detection. These methods aim to
calculate an approximation of the a posteriori probability
distribution (or its marginals) of the transmitted symbols. A
hard-decision based on the a posteriori mean or a soft-decision
based on the a posteriori marginals is then performed. In
[8], EP is first introduced into the massive MIMO signal
detection with high-order modulation. [[11] proposes a beam
domain detector based on the layered BP for massive MIMO
systems. A variant EP detector is proposed in [12] based
on decentralized processing. [[13]] proposes a MIMO detector
for high-order QAM modulation based on the Gaussian tree
approximation.

Information geometry, which is introduced by Rao [14]], and
then formally developed by Amari [15] and Cencov [16], has
found a wide range of applications. For Bayesian inference, the
space defined by the parameters of the a posteriori probability
distribution is regarded as a differentiable manifold with a Rie-
mannian structure, and the definitions and tools of differential
geometry are well applied by Amari et al. [[17], [[18]. Amari et
al. also show the intrinsic geometric insight of some classical
Bayesian inference methods, e.g, the belief propagation (BP)
[19]. Meanwhile, some optimization methods, such as the
concave-convex procedure (CCCP) [20], are also applied to
calculate the marginals of the a posteriori distribution. On
Bayesian inference in communications, [21] analyzes the
turbo and low-density parity-check (LDPC) codes from the
perspective of information geometry, and an improvement of
turbo and LDPC codes is proposed from the geometrical
view. The information geometry is extended to complex signal



processing and an information geometry approach is proposed
for massive MIMO channel estimation in [22], [23]].

In addition to the unique insight that the geometric perspec-
tive offers, information geometry also provides us with a uni-
fied framework where various sets of probability distributions
are considered to be endowed with the structure of differential
geometry. Hence, we are able to construct a Fisher information
matrix (FIM) based distance between two parametrized distri-
butions. Amari [|15] also shows that this distance is invariant
to non-singular transformation of the parameters. As a result,
information geometry is closely related to estimation theory.
Due to these advantages, information geometry has recently
been applied to many other problems such as the complex
network construction [24]], the target detection [25]], and the
clustering [26].

In this paper, we propose an information geometry ap-
proach for signal detection (IGA-SD) for ultra-massive MIMO
systems. We formulate the signal detection as obtaining the
marginls of the a posteriori probability distribution of the
transmitted symbols. Then, a component-wise decision can
be performed based on the a posteriori marginals. With the
information geometry theory, we calculate the approximations
of the a posteriori marginals. More precisely, by treating the
sets of the probability distributions of discrete random vectors
with different constraints as several different (sub)manifolds,
the calculation of the marginals is converted into an iterative
m-projection process. Furthermore, since the calculation of the
m-projection in signal detection is of exponential-complexity,
we apply the central-limit-theorem (CLT) to simplify its cal-
culation. With the CLT, we are able to find an approximate
solution of the m-projection, which is asymptotically accurate.
At last, a soft-decision is performed based on the approxima-
tion of the a posteriori marginls.

The rest of the paper proceeds as follows. The system
configuration and problem statement are presented in Section
II. Preliminaries of information geometry is introduced in
Section IIl. The Information geometry approach for ultra-
massive MIMO signal detection is proposed in Section IV.
Simulation results are provided in Section V. The conclusion
is drawn in Section VI

Notations: The following notations are adopted in this paper.
Upper (lower) case boldface letters denote matrices (column
vectors). R (-) and Z (-) denote the real and imaginary parts of
a complex number (matrix), respectively. The superscripts (-)”,
()" and ()H denote the conjugate, transpose and conjugate-
transpose operator, respectively. Diag {x} denotes the diag-
onal matrix with x along its main diagonal and diag {X}
denotes a vector consisting of the diagonal elements of X.
Bdiag {X1,X3,...} denotes a block diagonal matrix with
matrices X; located along the main diagonal. We use a; ;
to denote the (i,7)-th element of the matrix A, where the
element indices start with 1. ® and ® denote the Hadamard
product and Kronecker product, respectively. Define Zy £
{0,1,...,N} and Zj; £ {1,2,...,N}. \ denotes the set
subtraction operation. To avoid confusion, p(-) and f(-)
denote the probability distribution of discrete random variables
and the probability density function (PDF) of continuous
random variables, respectively. fcg (x; i, 3) denotes the PDF

of a complex Gaussian distribution CN (u, X) for vector x of
complex random variables. fg (x; p, 2) denotes the PDF of a
real Gaussian distribution N (p, X) for vector x of complex
random variables.

II. SYSTEM MODEL AND PROBLEM STATEMENT
A. System Configuration

Consider an uplink ultra-massive MIMO system where one
base station (BS) equipped with an ultra-massive antenna
array serves K single-antenna users, and the BS has N,
antennas. Denote the transmitted symbol vector of all users
as § 2 [31,5,...,5x]" € SK where 5, € S,k € Z},
is the transmitted symbol of the user k. S is theENSig)nal
5(L-1 }

>

constellation and let us assume S = {§(0), s

where {5(@}5:_01 are the constellation points, and L is the
modulation order (or constellation size). In this paper, we
focus on the uncoded systems and the symmetric L-QAM
modulation. We assume that each user chooses symbols from
S uniformly at random, and all users use the same alphabet,
although the proposed IGA-SD can be readily extended to
arbitrary modulations with different distributions as long as the
transmitted symbols of the users are statistically independent
and the real and imaginary parts of each user’s symbol are
statistically independent as well. We also assume that the
average power of 5y is normalized to unit, i.e., E {|§k\2} =1,

k € Zj. The symbol vector § is then transmitted over a flat-
fading complex channel, and the received signal y € Cr at
the BS can be modeled as

y = Gs +z, (1)
where G € CN»*K is the channel matrix, Z is an additive
white circular-symmetric complex Gaussian noise vector, z ~
CN (0,62I) and 52 is the noise variance. In this work, we
assume that the BS has perfect channel state information. As
a note, the reason why, in the above notations, the tildes are
added on the tops of the math symbols is that we will later

formulate and analyze their real counterparts without the tildes
for notational simplicity.

B. Problem Statement

Assuming that the transmitted symbol vector s and the noise
vector z are independent with each other and the symbols
transmitted by different users are independent with each other
as well. Then, with the received signal model (EI), the a
posteriori probability distribution of the transmitted symbol
vector S can be expressed as

p(8ly) o< p (8) f (¥18)

K
= T 2 i) feo (33 G, 021)
k=1

2

where pj, (8) is the a priori probability distribution of the
complex transmitted symbol vector §, f(y|S) is the PDF
of the received signal y given S, pj, , (5x) is the a priori
probability of the complex symbol transmitted by user F,
Ppr ke (Sk) |§k:§(£) = 1/L,k € 2,0 € Z;_|. Given the a



posteriori probability distribution p (S|y), the MAP detector
(or the ML detector in this case) is given by

Smap = arg max p (ly), 3)
§eSK
which minimizes the error probability that Sy;ap does not coin-
cide with the true one. The calculation of the MAP detector is
unaffordable for practical ultra-massive MIMO systems since
the number of candidates of s increases exponentially w.r.t. i
and (B) is NP-hard.

Before proceeding, we reformulate the complex-valued re-
ceived signal model (I) into a real-valued one, which is
necessary for developing IGA-SD in this paper. Define real
vectors

y 2 [ 7;%:’}} } Lz 2 { g}} ] e R*Vr (4a)
s [ 713{{:}} } € R?K, (4b)

and a real matrix
G4 R{G}’ _I{G} GRQNTXQK. (5)

z{c}. r{g]
Then, we can obtain the real-valued received signal model as
y = Gs + z, (6)

where s = [31,52,...,52K]T € K, s, € Sk € Z;'K,
S = {s(o),s(l), .. .,s(L’l)} is the alphabet for the real and
imaginary components of a symmetric L-QAM modulation
where the index starts from O is for the representation con-
venience of the likelihood ratio detection later, L = \/E,
z~N (07031) is the noise vector, and 02 = 52/2. Given
the received signal model (6), the a posteriori distribution of
s can be expressed as

2K 2N,

p(sly) o< [ pork (1) [] £ wnls)
k=1 n=1
2K 2N,

X H Por,k (Sk) H €xp {_
k=1 n=1

(7)
(yn — €7 Gs)
202 ’

where ppr i (Sk) ‘sh:su) = 1 k€ 2l € Z_4, is the a
priori probability of sk, ¥, 1s the n-th element of y, f (yn|s)
is the PDF of y,,n € Z;N,,.’ given s, and e, € C?Vr is
the n-th column of the 2/V, dimensional identity matrix. In
this work, we propose an information geometry approach for
signal detection which aims to obtain the approximations of
the marginals, i.e., py (sgly),k € Z;K, of the a posteriori
distribution p (s|y), which can be used for the maximization of
the a posteriori marginals (MPM) detector, i.e., for k € Z2+K,

SkMPM = arg max py, (sx|y) - ®)
sLES

III. PRELIMINARIES OF INFORMATION GEOMETRY

In this section, we briefly introduce the information ge-
ometry approach (IGA), where more details can be found
in [17]], [18]], [21], [22]. We begin with the exponential
family. Consider a discrete random vector x € X with finite
dimension, where each scalar random variable in x takes finite
values and X is a finite set. The probability distribution of x is
said to belong to the exponential family if it can be expressed
as

p(x;0) =exp {07t —v(0)}, 9)

where t is a sufficient statistic of random vector x, 0 is
the natural parameter (NP) of p (x;0), and v (0) is the free
energy, which makes p (x;8) a probability distribution, i.e.,
> P (x;0) = 1. We then introduce the e-flat manifold that
is needed for m-projections later [[17], [18], [21]]. Consider a
manifold ¢/, which is defined as a set of probability distribu-
tions of x, e.g., U = {p(x)}, where each element in U, i.e.,
p(x), is a particular probability distribution of x. I/ is said to
be e-flatif forall 0 < d <1, p; (x),p; (x) € U, the following
q (x;d) belongs to U,

g(x;d) =(1—d)Inp; (x) +dlnp; (x) + ca (d),

where ¢y, (d) is a normalization constant makes ¢ (x;d) a
probability distribution. From the definition, any exponential
family is e-flat. Suppose V = {q(x)} C U is an e-flat sub-
manifold. Given p (x) € U, the point (probability distribution)
in V that minimizes the Kullback-Leibler (K-L) divergence
from p (x) to V, i.e.,

(10)

q* (x) = argmin Dxp {p (x) : ¢ (%)}, (11

q(x)eV

is called the m-projection of p(x) onto V, where the K-L
divergence is defined by

p(x)

qx))"

We now give the preliminaries of IGA in Bayesian infer-
ence. Let x, € R™ and y, € R™ be hidden and observed
random vectors, respectively. Denote the a posteriori distribu-
tion as p (xu|yo). Our goal is to calculate the approximations
of the a posteriori marginals, i.e., p (zn;|yo), Where zy, ; is the
1-th component of xy, and 7 € Zf(,h. In this paper, we focus on
the following case: all the components of x; are independent
and all the components of y, given x; are independent as
well. The a posteriori distribution can be then expressed as

Hp1 Th,i Hpn yon|xh

(13)
where p; (zn;) and p,, (Yo, |Xn) are the marginals of p (xn)
and p (yo|xn), respectively, and y, ,, is the n-th component of
Yo. Suppose that the a priori marginals {p; (mhz)}fv:hl belong
to an exponential family, and each of them can be expressed
as

Dy {p (x

®)}=> p(x)

xeX

(12)

P (Xn[yo) o< p (%n) P (Yolxn) =

i (zn,1) = pi (5 dni) = exp {dy ;tn; — ¥ (dns) }, (14)



where dh,i € RVi is the NP of Di (CL‘h)Z‘; dh,i>, th; € RYi is a
sufficient statistic of the single random variable xy;, €.g., Th;
and xﬁw and ¢ (dy ;) is the free energy. As we shall see later
in this section, the probability distributions of discrete random
vectors belong to the exponential family. Meanwhile, suppose
that the marginals of the conditional probability distribution
can be expressed as

P (Yo,n|Xn) = exp {cn (Xn, Yo,n) — Yn},n € ZJJ\?Oy (15)

where ¢, (xp, yom) is a polynomial of x; which is parameter-
ized by the variables including ¥, ,, and v, is the normaliza-
tion factor. ¢, (Xn, ¥o,n) above often contains the interactions
between the random variables of xy, e.g., the cross-terms
Th,iThj,4 # j. A more detailed ¢, (xp,yo,,) Will occur in
the next section. In this case, the a posteriori probability
distribution can be expressed as

No
P (Xn|yo) = exp {d}?th + Z Cn (Xn, yo,n) - 'll)q} , (16)
n=1
where d, = [th,l’th,% . .,th,Nh]T € RMNe, ¢, =
(67 6700t ] € RN, Ny = 320 N, and 4, is the
normalization factor. In (I6), t, only contains the separated
random variables (i.e., no cross-terms of them), and all the
interactions (cross-terms) between the random variables are
included in ¢, (Xn, Yo,n) ;1 € Z;{,n. IGA aims to approximate
Zg;l Cn (Xn, Yon) as O th, where 8y € RMa, ie., IGA aims
to approximate the summation of all the cross-terms into a
summation of non-cross-terms of the random variables, when

N, is large. In this case, we have

P (xalyo) = po (xn; 80) = exp { (dn + 80)" tn — 0 (80) }

a7
where 1o () is the normalization factor. The marginals of
po (Xn;60). ie.. po(ni;00),i € Zf . can be calculated
easily since pg (xp; @p) contains no interactions between the
random variables {mh,i}f\i‘l. To obtain 8y, we construct two
types of manifolds and compute the approximation for each
¢n (Xn, Yo,n) in an iterative manner, which is denoted as el'ty,.
At last, Oy is calculated as 6y = 2521 n- The two types of
manifolds are the objective manifold (OBM) and the auxiliary
manifold (AM). The OBM M, is defined as the set of
probability distributions of random vector x,, of which all
the components are independent with each other, i.e,

Mo = {po (xn;600) |8 € RN}, (18a)

Ny
Po (xn;00) = | | po,i (zn,i;600,:)
7'1;[1 (18b)

= exp {(dh + 00)Tth — o (00)} )

Po,i (Th4; 00,5) =exp {(dh,i + BO,i)T th — Yo (‘90,1')} )
(18¢)
where 6y = [0(,1)?1’0(1):2""’03:]\711 € RNe, 00}1‘ € RN:,
Po,i (zn,i;600) is the marginal distribution of pg (xn;6o),
Yo (6g) = Zf\il 1 (60,;) is the free energy (normaliza-
tion factor) of pg (xp;60), and v (0p;) is the free energy

]T

of po (zn4;600,:). By above is referred as to the e-affine
coordinate system or the natural parameter of pg (xp;6p).
And 6, ; is referred as to the e-affine coordinate system or
the natural parameter of pg; (zn,:;60.). To avoid confusion
with the natural parameter of the exponential family, we
refer to 6y as the e-affine coordinate system (abbreviated as
EACS) of pg (xn;60) in this paper (similar with 6 ; and
Po,i (Th,i; 00,5)). Then, N, AMs are defined, where the n-th
of them is expressed as

M, = {pn (Xh; On) |9n € RNQ} ) (192)
DPn (Xh; On) =exp {(dh+0n)T th+cn (Xha yo,n)fwn (gn)} )
(19b)
where 0,, is referred as to the EACS of p, (xp;0,) and
¥, (0,) is the free energy. It can be readily checked that the
OBM and the AMs are all e-flat. Only one interaction term
¢n (Xn, Yo,n) is remained in p,, (x4;0,,), and all the others,
i.e., 3,z Cnt (Xn, Yo,nr) are replaced as 0Tt),. Assume that
the EACS 6,, of p,, (xn;0,,),n € ZJJ{, is given, we calculate
the approximation of ¢, (Xp, Yo,n) from the m-projection of
P (Xn; 6,) onto the OBM M. Denote the m-projection of
Pn (%n;6,,) onto Mg as pg (xp; 0or), Where g, € RVe, and

0o, = argmin Dgy, {pn (xn;05) : Po (Xn;60)} - (20)

0pERNa
We shall see a more specific example about the calculation of
the m-projection in the next section. After 6y, is obtained,
we express the m-projection pg (xp; 0or,) as

Po (Xn; Oon) = exp {(dh +800n)" th — o (9071)}
= exp {(dh +0,+&)" th— o (00n)} ;

where the EACS 6y,, of pg (xy;6o,,) is regarded as the sum
of the EACS 6,, of p,, (x1;6,,) and an extra item &,. If we
compare the last equation of @ZI) and p, (xn;0,,) in (I90),
it can be found that in the m-projection pg (xpn;8oy), the
interaction item ¢,, (Xn, Yo ») is replaced by &' t,. Hence, &ty
is regarded as the approximation of ¢, (Xn,%o,n), and we
calculate the approximation item &,, as

21

€n =000 — Op.n € 23, . (22)

Then, po (xn; O) with 8 = Zg;l n 1s considered as the
approximation of the a posteriori distribution p (x4]y,). Mean-
while, note that the whole process is proceeded in an iterative
manner since the EACSs {On}gil are not known at first. To be
specific, we first initialize the EACSs as {6, (0)}2[;0. Given
the EACS 0, (t) of po (xn; 600 (t)) and the EACS 6, (t) of
Pn (Xn; 0, () ,n € 25, at the t-th time, we calculate 6o,, (t)
and &, (t),n € 23, as 20) and (22), respectively. We then
update the EACS of p,, (xn;0,, (t)),n € ZX,O, as

No
0, (t + 1) - Z E”I (t) ’

n’'=1n'#n

(23)

since O (t+ 1)ty replaces > ., cu (Xn,Yon) 0
Pn (xn; 0, (t+1)) and each interaction term ¢, (Xn,Yo.n)
is approximated as & (¢)ty at the t-th time. The EACS of



po (Xn; O (t)) is updated as Oy (t+1) = ij;l n (1) as
mentioned above. Then, repeat the m-projection, calculate
the approximation terms {é'n}flv;l and the updates until
convergence. We now discuss about the damped updating. In
practice, to improve the convergence of the IGA, the EACSs
{Gn}ivio are usually updated in a damped way, i.e.,

No
O.(t+1)=a Y & ®)+(1-0a)0,(t),ne 2,
n’=1,n'#n

(24a)

No
Oo(t+1)=ad & (t)+(1—-a)b(t), (24b)
n=1

where 0 < a <1 is the damping.

At the end of this section, we formulate a probability dis-
tribution of discrete random vectors as one in the exponential
family. Consider an N dimensional discrete random vector
x € X, where each component of x takes only finite values,
X = {xO,xM . xM=D} and Ny > 2 is the number of
all possible vectors of x. Denote the probability distribution
of x as p(x) and the probability of x taking the value x(*)
as p(x) |x:x(7¢> = p;, > 0,i € Zx,__1. Denote the set of
probability distributions of x as

X = {p(x) ‘p(x) >0,xeX, Y p(x) = 1}. 25)

xeX

For the discrete probability distributions, let

, 1, wh = x(®
tm-:&(x—x(”):{o’ wien - X =x", (26)

otherwise,

where 7 € Zn_,. Then, the probability distribution of x can
be rewritten as

Ne—1
P =3P () |0 (x=xD) = 3 pits, @D
xeX i=0

where {pz}f\éa ' are positive values and constrained by
ZZN:‘(;l p; = 1. Hence, X has Ny —1 degrees of freedom and is
a Ny — 1 dimensional manifold [21]]. Since the dimension of X’
is Nx — 1, we define an Ny — 1 dimensional parameter vector
as 0, = [9x71,6X72,...,9X7NX_1}T, where each component is

given by
6, = In (‘””) GezZh . (28)
Po *
Then,
p(x) =exp {6t =9 (6,)} (29)
where t, = [txyl,tx’gp..,tx,Nx,l]T is a random vector of
Ny — 1 dimension, and

(0 (9x) = —Inpo. (30)

The above expresses & is expressed in terms of an exponential
family, and Oy is the NP of p (x).

Algorithm 1: IGA-SD

Input: The a priori probability pyx (i), k € 25,
the received signal y, the channel matrix G,
the alphabet S = {5, s ... sE=D} for
the components of s, the noise power o2 and
the maximal iteration number ¢,,x.

Initialization: set ¢ = 0, set damping «, where

0 < a <1, initialize the EACSs 0,,,n € Z3y,, which
are defined in (36) and (@2)), zeros are sufficient for
their initializations in general, calculate the NP
Aok € 2, 0 € 21|, as (BI);

repeat

1. Calculate &, (t),n € Z;“Nr, as (70) and (71);
2. Update the EACSs as (72);
3.t=t+1;
until Convergence or ¢ > tyax;
Output: The probability of the approximate marginal,
pr (sk|y), is given by the probability of
Dok (Sk; 00k), k € Z;K, which is given by
(39). Then, the MPM detection is given by
@®).

IV. INFORMATION GEOMETRY APPROACH FOR SIGNAL
DETECTION

As discussed in Sec. pork (k). k € 2, belong
to the exponential family. Define a sufficient statistic as
t, = [tk71,tk,2,...,tk,L_1}T S R(L_l), where ;¢ &
§(sp—s9), k € Zf..t € Zf |. Define the NP as
dy, S [d}g,l,dkﬁg, .. .,dk)Lfl]T S R(L_l),k‘ (S Z;K, and

Pprk (86) |, _,
de =1In p—‘k—(“e cZf . 31)
Pprk (5k) ‘sk:s«»
Then, pyr i (sk) . k € Z;'K, can be expressed as
Pork (sk) = exp {dj ty, — ¢ (dy)}, (32)

where 1 (d) = —In (ppr,k (sk) ‘sh:s(o)) is the free energy.
Combining with (32), the a posteriori distribution p (s|y) can
be expressed as

2K 2N,
p(sly) = exp {detk + ) en(s,yn) — %}
k=1 n=1

2N,
:exp{th—i—ch (S,yn) _Q/Jq} , (33)
n=1
where d = [df df,... df,]" e BRI, ¢ =
(1,63, tog] € R2K(E=1) " ), is the normalization
factor, and
1 T 5
Cn (S> yn) = (yn — €, GS) s (348.)

T 92
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2N,
y=1In ( Z exp {th T Z cn (s, yn)}> . (34b)
n=1

seSZK



According to (33), we can immediately define the OBM and
the AMs as in the previous section. The OBM is defined as

Mo = {po (s;60) ‘00 eRQK(L‘”}, (352)
2K
po (s;60) = Do,k (8; 6o,
0 (s560) kl;[l 0,k (Sk; 60,k) (35b)

= exp {th + Ogt — 1,[}0 (00)} s

o,k (513 00,6) = exp {di tr + 0] 1t — 1o (Bo.1) }

-1
= exp {Z (di,e + 00 1.0) 0 (Sk - S(é)) }

{=1

x exp {—o (Bok)}, (35¢)
where
00 = [07,,60,,...,00,,]" e RZKE-D (36
is the EACS of pg (s;09),
00,1 = [00.k,1,00k,2,- . 790,k,L71]T € R(E-D 37

is the EACS of po (sk;00,k), Pok (Sk; 0o.x) is the marginal
distribution of sy, the free energies 1y (6y) and g (69 1) are
given by

=

Yo (60) = o (B0.x)

k=1

:ln( 3 exp{th+agt}> ,

sES2K

(38a)

Yo (6px) = In <Z exp {d} t + oaktk}>
sLES

L (38b)

=1In <1 + Z exp {dk,¢ + 90,k,€}> .

(=1

Given py (s; 8) and its marginals po  (sk; 0o k), the probabil-
ity of signal si, k € 2., can be expressed in a more explicit
way as

(@) 1

sp=5(0) B 1+ 25;11 exp {dk,g + Qoﬁk’g(};g

Po,k (k3 600,k)

a)
(b) exp {di,e + 0ok}

sp=s®) N 1+ Z;z_ll exp {dk,é + 907;@7@}’
(39b)

where ¢ € Z;/ | in (39b), and (a) and (b) come from
and (38b). The probability of pg (s; 8y) can be then expressed
more explicitly by using (33B). Also, from (39), we can
conversely use the marginal probability of s to express the
EACS 007k of Do,k (Sk; OO,k) k€ Z;K’ ie.,

Po,k (5k:600,k)

Po,k (k3 00,k)

Oo.k0 = In =50 gyl € ZF . (40)

Po,k (k3 600,k)

SkZS(O)

Then, the EACS 6 of pg (s;6p) can be also obtained. This
relationship will be used later in this section. 2V, AMs are
defined, where the n-th of them is given by

M, = {pn (:0,) |6, RQK(L*U},

P (5:0,) = exp {dTt + 0]t + ¢, (s,y) — ¥ (6,)},

(41a)

(41b)
where
0, = [67,,67,,....07 ] e RKE-D (42
is the EACS of p, (s; 6,),
Ont = [0n ks Onkas. s Onkr_1] €eRETD  (43)

and the free energy ¢, is given by

n (8,) = In < S exp {dTt+ 67t + c, (s,yn>}>
seS2K

(44)
From the definitions, it is not difficult to check that the OBM
and the AMs are all e-flat.

Before proceeding, we further define a manifold called the
original manifold (OM), and then show that the OBM and
the AMs are its submanifolds. Define the OM as the set
of probability distributions of the 2K dimensional discrete
random vector s as

S = {p(s) ‘p(s) >0,s € $2K,

> pls)= 1}. (45)

seES2K

S is then a L?X — 1 dimensional manifold and forms an
exponential family. Then, it can be readily checked that the
a posteriori distribution p (s|y) belongs to S since p (s|y) is
a particular probability distribution of s. Similarly, it can be
obtained that the OBM and the AMs are the submanifolds
of the OM, ie., Mo C S, M,, C S,n € Z;NT, since
the distributions in the OBM and the AMs are all particular
probability distributions of s when the EACSs of them are
given.

We now present the properties of the m-projection of
any p(s) € S, onto the OBM M, which inspires us to
approximate the m-projection of p, (s;0,) onto the OBM
M. According to the Section given p(s) € S and the
OBM M, which is an e-flat submanifold of S, the m-
projection of p(s) onto M, is obtained by the following
minimization problem,

0; = arggmin DxiL{p(s) :po(s;600)}, (46)
where the K-L divergence is given by
oo (5:00)) = _p(s)
Dy1.{p(s) : po (s;00)} = Eys) {ln o (s:60) }
=Cy— Y p(s)In(po(s:60)), (47)

seS2K

where C), = > ccox p(s)Inp(s) is a constant independent
of 6y. We then have the following theorem.

Theorem 1. Given p (s) € S, and the e-flat My C S, the m-
projection of p (s) onto M is unique. Moreover, py (s; 03) is



the m-projection of p (s) onto My if and only if the following
relationship holds,

n="n0(07), (48)

where m,10 (85) € R2X(=1) are the expectations of t w.rt.
p(s) and pg (s; 0F), respectively, i.e.,

n=Eye{t}= D tp(s), (492)
seS2K

0 (05) =B, (v0p) (t} = D tho(s:65).  (49b)
seS2K

Proof. See Appendix [A] O

Define 2K discrete random vectors of 2K — 1 dimensions,
where the k-th of them, denoted as S\k> is obtained by remov-
ing the k-th element, i.e., sg, of s, k € Z;'K. Then, we can
obtain s\;, € S2E-1 k€ Z;K, and the marginal probability
distribution of s, given the joint probability distribution p (s)

1S
s\ ES2K -1

S Y S ps) ke Zh

51€S Sk—1€S sp+1€S S2K €S
(50

pr (sx) 2 p(s)

From the definition of pq(s;8y) in (35b), we denote the
marginals of pg (s; 83) in Theorem (1| as pg i | Sk; 05,k> ke

T
e where 05 = (051 Oz Oonnn] € RETD
and 65 = [(65.)" . (652)" .- (65.0)"| - Combining
Theorem [T we have the following corollary.

Corollary 1. Given p(s) € S, and the e-flat My C S,
po (8;0%) is the m-projection of p(s) onto My if and only
if the marginals of p (s) and the marginals of po (s; 05) are
equal, i.e.,

Pk (sk) = pok (k305 1) sk €S,k € 2. (5D

Meanwhile, the EACS of the m—projecjtjon is given by
T T T
6; = [(05.)" . (852)" s (B5ox)"| o where 65, =

T
05 Oz Onn | o € Zder and
Pk (8k> ‘s —s(0)
Ohe = ———2=— —dy L€ ZF . (52)
Dk (Sk) ‘sk:s(o)
Proof. See Appendix [B] O

Given py(s;0,) € My,n € 23, from Theo-
rem we can obtain that its m-projection onto M is
unique since p, (s;0,) € S. Denote the m-projection
of p,(s;0,) onto My as po(s;6u,),n € Z;Nr, where

T
Oon = [03,1,6002,-- .00, 05| € R and 6, =
[OonrasO0nk2 - 00nrr—1] € RED k¢ Zi.
From Corollary , for any n € Z;NT, the m-projection

po (8; 0pp,) is determined by the marginal probability distri-
bution py, k. (sk;0n) , k € 255, where

Pn.k (Sk; gn) = Z Pn (S; en) . (53)
S\kESQK71
And we have
Dk (Sk30n) |,
Bone = In (56:00) |y die, (54
Pn.k (Sk; en) ’Sk:s(o)

where n € Zfy ,k € 25, and ¢ € Z[_,. Nevertheless,
it is relatively difficult to obtain the closed-form solution
of the marginal probability distribution p,, x (sx;6,) since
the calculation is of exponential-complexity. In this work,
we solve this problem by calculating the approximations of
the marginals p i (sx;65),k € Z55,n € 25y ., using the
central-limit-theorem (CLT).

From the definition of p,, (s; 6,,) in @IDb), its marginals can
be expressed as

Pn.k (Sk;gn) = Z exp{(d+0n)Tt +cn (Svyn) _wn}

s\, ES2K -1

(a)
X exp {(dk + Hn,k)T tk} q (Yn, Sk) , (55)

where n € Z)y . k € ZJi. sx € S, (a) is obtained by
removing the constants that do not vary with the value of
Sks q (Yn, Sk) is a function of y,, and s, and

q (yna Sk’) (56)
2K
= Z exp { Z (dy + 9n,k')T ta + cn (S,9n) }
s\xES2E 1 k'=1,k £k

Note that the proportions in the second line of (35) and
the third line of next will not affect the calculation
of pn.i (Sk; 0r) since the constants corresponding to these
proportions do not vary with the value of sg, and thus
we can finally normalize p,, x (sk;6,). We will not repeat
this property when a similar situation arises in the rest
of this paper. In the last line of (33), the calculation of
exp {(dk + Omk)T tk} is simple, if we can obtain the ap-
proximate value of ¢ (sk,yn),Skx € S, we then can obtain
the approximate value of p,,  (sk;6,),sk € S. Hence, our
goal now is converted to obtain the approximate value of
q (Yns Sk) , Sk € S. From (36), we can obtain

q(y’msk)
2K
= > 11 eXp{(dk'JrOn,k')Ttk’}
S\kE€S2K -1 k/=1k/#k
X exp _ 1 (y —eTGs)2 ) 57
202 VT
@ 2K
a
x Y I  pow (ski6nw) fa (yn;est,ai)),
S\WESPE -1 k/=1,k' £k

where G is defined in (§), (a) is obtained by adding the
constant independent with s and v, por (Sk;On k) is
defined by (35¢), and fg (x; 11,0?) denotes the PDF of a real



Gaussian distribution N (u,0?) for a real random variable
x. Inspired by the last line of (57), we consider 2N, x 2K
hybrid random variables Y,, 1, n € Z;NT, ke Z;K, where the
(n, k)-th of them is defined by: for a given sy,

2K
T
Yor =€,Gs+w=gn sk + E Gn, k' Sk + W
k'=1,k' £k
2K (58)
/
= E Gn, k' Sk! + Wy, 15
k'=1k #k

where s; is considered as a determinate (also known/given)
constant, g, i is the (n, k)-th component of G, g, ; is also
considered as a determinate and known constant, {sy},, 2k
are considered as the independent discrete random variables,
the probability distribution of sp/, k' # k, is given by
Dok’ (Sk'; On, k), the joint probability distribution of {S’f’}k’;ék
is then given by p(s\x) = [xr ek PO (8875 Onpr ), W ~
N (0, 03) is a real Gaussian random variable independent with
{sk/}k/#k, and w;hk =w+ gnsp ~ N (gnyksk,ag) is also
independent with {sy'};,. Briefly, for Y, x the subscript
n determines which row of G is multiplied by s, and the
subscript k£ determines which component of s is considered
deterministic. In this case, it is not difficult to obtain that the
PDF of Y, ;. is given by [27, Sec. 6.1.2]

f (Yn,k)

>

s\ €S2 -1

>

s\keS2K—1

p(s\e) fo [Yar— Z Gk’ Sk' Gk Sk> O
k' £k

(p (S\k) fG (Yn,ka eZG’Sa 03)) )

(59)

which will be equal to the last line of after we set the
value of Y, ; as Y, 1 = y,. Since although the terms in the
summation in (38) are independent each other, they do not
have the same distribution. Thus, the conventional CLT may
not apply directly. We next apply Lyapunov CLT to impose a
condition on the values of g,, ;, in matrix G and the variances
of the random variables in (38) so that Y, ; converges in
distribution to a real Gaussian random variable. To do so, let
us first see Lyapunov CLT.

Lemma 1 (Lyapunov central-limit-theorem [28]]). Suppose
{Xn}f:/:l are independent real random variables, each with
finite expected value ji,, and variance 2. Denote the random

variable S = Zﬁ;l X, and its expected value and variance

as L = 25:1 Wy and 62 = Zi\[:l o2, respectively. Suppose

for some positive 8, Lyapunov’s condition

N
. 1 246
&%WEIE{D{"_“”' }:0 (60)

holds. Then, S converges in distribution to a real Gaussian
random variable S, as N tends to infinity, and

S48~ N(7,6%). 61)

Given the probability distribution po i (Sk/;6nkr) of
spr, k' € 25\ {k}, in (58), by using (39) the expected value
and the variance of si are given by
Z SkDok (Skr; On i)

Sp/ €S
s ¢ Zf;ll s exp {dy o+ On i 0}
1+ exp{dir e + Onr e}

Z Sppok (k75 Onir) — 112
SkIGS
2 _ 2
(5(0)) + ZeLzll (5(5)) exp{dp ¢+ Onrr e}

- - Mo,k
1+ Zlel exp {dk/’g + gn,k’,f}
(62b)

Meanwhile, since {sk' };,, and w;, , are independent in (58),
the expected value and variance of Y, »,n € Z3 ,k € Z5,
can be readily expressed as

Mn, k! =
(62a)

)

Un,k' =

2K
E{Yor} = D Gnktink + Gnksk: (63a)
k' =1,k'#k
2K
V{Yorl= > Ghpvnw +07, (63b)
k' =1,k'#k
We then have the following theorem.
Theorem 2. If the following condition
2K
. 2 o
Jm oo D v =C>0 (64
k'=1,k'#k

holds for a positive constant (, then Y,, , converges in distri-
bution to a real Gaussian random variable Y,, 1, as 2K goes

to infinity, and
d -
Yn,k - Yn,k ~ N(E {Yn,k} 7V{Yn,k}) . (65)
Proof. See Appendix [C] O

Intuitively, the condition (64) means that as K (or, equiva-
lently, 2K — 1) tends to infinity, the variance of the random
variable 3, = gnp sk, K € 25 \ {k}, in (58) does not
tends to zero, where g, i/ is the (n, k’)-th component of G
defined in (B), or $, ks does not tend to be a deterministic
value. This guarantees that the CLT holds. When 2K is large,
from Theorem q (Yn, Si) is approximately proportional

to fg (Ymk;E{Yn,k} ,V{Ynyk}) ]Y, =y and thus we can
obtain 7

(a) n E Yn 2

R (i
T (Gn,kSk — fin k)2

=expy (dg +On i) ty — W )

where s, € S, k € Z;K, n € Z;Nr, (a) is obtained
by removing the constant independent with s; and y,, and
fink,n € 23y, k € Z5p, is defined as

2K

ﬁn,k £ Yn — Zk’:l K £k 9n k' Uk’ 67)



As a summary, when 2K is large we approximately have
N2
(9n 68 = i i)
2V{Y, i} ’
(68a)

Pn,k (Sk:; 071) ’sk:s(o) = Cn,k €xXp {_

Pn.k (Sk; On) {

sp=s®

(g5 = finy)’ } (68b)

k €Xp { k.0 + Wkl 2V {Ynk}

where C,, 1, is the normalization factor, and £ € Z;_ in (63b).
Combining (54), we can immediately obtain that

e (89 = 59) [gni (59 +5“) = 2fan1]
2V{Y,.r}

Oon ke =

+ on,k,fa
(69)

where ( € Z} | k€ Z) ., andn € Z;Nr. Hence, we obtain
an approximate solution of the m-projection py (s; 0gy,) ,n €
Z;' ,.- From Theorem , it is not difficult to check that when
the condition (64) holds, (69) is asymptotically accurate as K
goes infinity. From (22), the approximation term &,, = 8, —
6,, can be then expressed as

T T

T
n,1»Sn,2y -+ ]

& = |

L€k (70a)

£n,k: = [gn,k:,la En,k,Qy cee agn,k,Lfl]T 5 (70b)
In,k (5(0) - S(e)) [gn,k (5(0) + S(Z)) - 2ﬂn,k]
- 2V{Y, 1} ’
(70c¢)
where n € Z;'NT, k € Z;K, and ¢ € er_l. We give the
detailed expression of &, ¢ in (7I), where g, x is the (n, k)-
th comLponent of the real-valued channel matrix G in @,
{5(5)} z:_ol defined below (6)) are the constellation points for
the components of s, y,, is the n-th component of the received
signal y in (6), dj ¢ is the NP defined by (31), and o2 is the
noise variance of z in ().
After the approximate &, is obtained, we update the EACSs
of p,, (s;0,),n € Z3n,, as

gn,k,f

2N,
Out+1l)=a Y  &w(t)+(1-0a)8,(t),neZy,

n/=1,n'#n
(72a)
2N,
Oo(t+1)=ad & (t)+(1—a)b(t), (72b)
n=1

where 0 < o < 1 is the damping, and repeat the m-
projections, calculating &,, and updating until convergence. We
summarize the IGA-SD in Algorithm [I] The computational
complexity (the number of real-valued multiplications) of the
IGA-SD is O (16N, K (L + 1)) (the number of real-valued
multiplications) per iteration, where N, is the number of
antennas at the BS , K is the number of users, L = \/E,
and L is the modulation order.

V. SIMULATION RESULTS

In this section, we provide simulation results to illustrate
the performance of the proposed IGA-SD. The uncoded bit
error rate (BER) is adopted as the performance metric. In our
simulations, the BS comprises a uniform planar array (UPA)
of N, = N,, X N, antennas, and N, , and IV, ) are the
numbers of the antennas at each vertical column and horizontal
row, respectively. We average our results for 1000 realizations
of the channel matrix G, which is generated by the widely
adopted QuaDRiGa [29]. We set the simulation scenario to
"3GPP_38.901_UMa_NLOS", and the main parameters for the
simulations are summarized in Table [ The BS is located at

TABLE I
PARAMETER SETTINGS OF THE SIMULATION

Parameter Value

Number of BS antennas Ny, X Nr,h 16 x 64
UT number K 240

Center frequency fc 4.8GHz
Modulation Mode QAM

Modulation Order L 4, 16, and 64

(0,0,25). The users are randomly generated in a 120° sector
with radius » = 200m around (0,0, 1.5). The channel matrix
is normalized as E {||G||%2} = N, K. The average power of
the transmitted symbol of each user is normalized to 1, and the
SNR is set as SNR = % Based on the received signal model
(6), we compare the proposed IGA-SD with the following
detectors.

LMMSE: The linear minimum-mean-squared error (LMMSE)
detector with hard-decision. The LMMSE detector is given by

swmst = (GTG +021) ' Gy, (73)
Then, a component-wise hard-decision is performed as
Sk,MMSE = aIg min ‘Sk — [SMMSE};C‘Z s ke Z;K' (74)

SLES

EP: The expectation propagation detector proposed in [8]],
where the hard-decision is also performed.

AMP: Approximate message passing algorithm proposed in
[30]. AMP can obtain the approximations of the marginals of
the a posteriori distribution p (s|y). Thus, AMP is used as an
MPM detector ((8)).

The computational complexity of the LMMSE detector
is O (8 (2N, K? + K?)) [8]. The computational complexity
of the EP detector and AMP are O (8 (N,K?+ K?)) and
O (8 (N, K)) per iteration, respectively [8], [30]. The com-
plexity of EP detector is the highest among all algorithms.
When the number of iterations is low (e.g., tens), the com-
plexity of IGA-SD is lower than that of LMMSE detection.
The computational complexity of AMP is the lowest.

We first consider 4-QAM modulation. Fig.[T]shows the BER
performance of the IGA-SD compared with LMMSE, EP and
AMP. The iteration numbers of IGA-SD, EP and AMP are set
as 10, 10 and 30, and 10 and 30, respectively. Meanwhile, the
convergence performance of the iterative algorithms at SNR =
5dB is shown in Fig. [2] From Fig. [I] we can find that all the
iterative algorithms outperform the LMMSE detector within



L—1
2K sO4 5 O exp{dys (46,
In .k (5(0) - S(Z)) In.k (5(0) + S(Z)) -2 Yn — Z gn,k’ ZL:—ll { - . ’Z}
k' =1,k'#k 14+ 3 exp{dy o +0, 4 .}
. _ =1 71
En kot 3V (Vo] (71a)
)2 4 5 (502 0) 4 5~ 4 i
2K (s)" + Z; (s) " exp {dire + On g e} [ s+ ,; s exp {dps 0 + On i 0}
V{Var}l= > giw = - T 1 +o?
k'=1,k'#k 14+ > exp{dp o+ On e} L+ > exp{di ¢+ Onp e}
=1 =1
(71b)

BER

----LMMSE
| |——EP, T=10
——EP, T=30
—b>—AMP, T =10
—6—AMP, T=30
—=—I1GA, T=10

-4 -3 -2 -1 0 1 2 3 4 5
SNRin dB

Fig. 1. BER performance of IGA compared with AMP, EP and

LMMSE under 4-QAM.

10° ! ! !
- ---LMMSE, SNR = 5dB
—*—EP, SNR = 5dB
. —>—AMP, SNR = 5dB
10° —*—I|GA, SNR = 5dB
o
] 2P
@ 10
10%¢
1074 . . . . .
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Number of iterations

Fig. 2. Convergence performance of IGA compared with EP and AMP
at SNR = 5 dB under 4-QAM.

limited iteration numbers. For BER = 102, the SNR gains of
the IGA-SD with 10 iterations compared to the AMP with 10
and 30 iterations are around 0.7dB and 0.3dB, respectively.
Meanwhile, IGA-SD with 10 iterations can improve the EP
performance with 10 and 30 iterations in 1dB and 0.7dB
for BER = 1072, respectively. From Fig. 2| it can be found
that in the case with 4-QAM and SNR = 5dB, the IGA-SD
requires around 10 iterations to converge and achieves the
lowest BER performance. AMP and EP require about 25 and
45 iterations to converge, respectively. The decrease in BER

is minor after 30 iterations for EP. Moreover, we can find that
the BER performance of EP with one iteration is equal to
that of LMMSE detector. This can be attributed to that the
EP detector with one iteration is equivalent to the LMMSE
detector [8]].

T . —>—AMP, T =20
m 107 £ |- - - -LMMSE 1
—©—AMP, T =100 ;
—*—EP,T=5
jo4 |+ EP.T=20
—0—EP, T=90
—#—IGA, T=15 A
—E—IGA, T = 40 f
5 6 7 8 9 10 11 12 13 14
SNR in dB
Fig. 3. BER performance of IGA compared with AMP, EP and
LMMSE under 16-QAM.
107
>
D
102
[aeg -
L
oM —>—AMP, T = 40
—©—AMP, T =90
10_37-—--LMMSE
—*—EP,T=5 k
——EP, T=20
—*—IGA, T=20
—8—I1GA, T=40
1074 ‘ ‘ ‘ : ‘ ‘ ; ‘ !
10 11 12 13 14 15 16 17 18 19
SNRin dB

Fig. 4. BER performance of IGA compared with AMP, EP and
LMMSE under 64-QAM.

Fig. B and and [ show the BER performance for 16-QAM
and 64-QAM, respectively. From Fig. 3] we can find that
the BER performance of LMMSE outperforms that of the
AMP with 20 iterations. Meanwhile, we can find that the



—p—AMP, SNR = 14dB
----LMMSE, SNR = 14dB
101 —%—EP, SNR = 14dB
—*—IGA, SNR = 14dB

0 20 40 60 80 100
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Fig. 5. Convergence performance of IGA compared with EP and AMP
at SNR = 14 dB under 16-QAM.

—p—AMP, SNR = 19dB

- ---LMMSE, SNR = 19dB
—»—EP, SNR = 19dB
—#—IGA, SNR = 19dB
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Fig. 6. Convergence performance of IGA compared with EP and AMP
at SNR = 19 dB under 64-QAM.

gap between IGA-SD and the other algorithms is increasing.
For BER = 1073, the SNR gains of the IGA-SD with 15
iterations compared to the EP with 20 and 90 are about 1.2dB
and 0.9dB, respectively. The SNR gain for the the IGA-SD
with 40 iterations increases by about 0.2dB each over the two
gains above. For 64-QAM, from Fig. ] we can find that the
BER performance of the LMMSE detector exceeds that of the
AMP after convergence. The gap between IGA-SD and the
other algorithms is still increasing. For BER = 1072, IGA-SD
with 20 iterations has improved the EP performance with 5
and 20 iterations in 2.1dB and 1.6dB, respectively. The SNR
gain for the the IGA-SD with 40 iterations increases by about
0.7dB each over the two gains above.

We then show the convergence performances for the cases
with 16-QAM and 64-QAM in Fig. [5|and [] respectively. From
Fig.[3] it can be found that in the case with 16-QAM and SNR
= 14dB, the IGA-SD requires around 30 iterations to converge
and achieves the best BER performance. Both AMP and EP
require about 90 iterations to converge. From Fig. [6] we can
find that in the case with 64-QAM and SNR = 19dB, the IGA-
SD requires around 30 iterations to converge and achieves the
best BER performance. AMP and EP require about 80 and

20 iterations to converge, respectively. We can also find that
compared to 16-QAM, AMP and EP require fewer iterations
to converge at 64-QAM modulation. This could be attributed
to the fact that compared to 16-QAM, the converged BER
performances of both AMP and EP have severely degraded in
the case with 64-QAM.

VI. CONCLUSION

We have proposed an information geometry approach for
ultra-MIMO signal detection in this paper. The signal detection
is formulated as an MPM detection problem based on the
approximation of the a posteriori marginals of the transmitted
symbols of all users. To obtain the approximation of the
a posteriori marginals, the information geometry theory is
introduced. Specifically, we convert the calculation of the
approximation of the a posteriori marginals into an iterative
m-projection process. Then, the Lyapunov CLT is applied to
have an approximate solution of the m-projection between a
probability distribution of the AM and the OBM. Simulation
results verify that the IGA-SD can obtain the lowest BER per-
formance within a limited number of iterations compared with
the existing approaches, which demonstrates the superiority of
the proposed IGA-SD for ultra-massive MIMO systems.

APPENDIX A
PrOOF OF THEOREM 1]

We prove this theorem by showing that problem is
strictly convex w.r.t. 6y. More precisely, we show that the
Hessian of the objective function defined by the K-L diver-
gence ([@7) is a positive definite matrix. Before proceeding, we
first introduce the expectation parameter (EP) and the Fisher
information matrices (FIM) of pq (s;0) and p,, (s;0,,),n €
Z3y, in (33b) and [@TB), respectively. {p, (s; 6,)}>N: can be
expressed as

Pn (S; gn) = exp {gyj;t + my (S) —Yn (On)} >

where n € Z,y,. and m, (s) is a function independent of
0,,. Specifically, we have mg (s) = d”t for po (s;6), and
my (s) = dTt + ¢y (s,yn) for py, (s;0,),n € Z3y . Since
the free energy 1, (0,) is constrained by the normalization
condition, we have

1= Z exp {0t +my (s) — 1 (0n)} .0 € Zon,, (76)
SESQK

(75)

from which we can obtain

¥ (0,) =1n < Z exp {01t +m, (s)}) ,n € Zan,.

seS2K
77
Then, from (77), the partial derivative of v, (6,,) is
O (61)
00,

— 1 (S)} Z exp{05t+mn (S)}t

Y osesex exp {05t +my, et

= exp{—tn (0n)} > exp{0Lt+m, (s)}t

seS2K



= Z Pn (S; en) t= Epn(s;en) {t} =Tn (071) ’

sES2K

(78)

where (a) comes from (76). 0, (0,) € R2K(=1 above is
referred as to the EP of p,, (6,,) ,n € Zay, . Then, the Hessian
of 1y (0,) is

82wn (On) a'rln (gn) apn (S; On)
Z, (On) = 8071397{ = 80;1; = EXS;K tiae;l;
Ny (6)

= Z tpn (s;0,) (tT T )
seS2K

- Z tpn (S; gn) (t — Mn (gn))T (79)
sES2K

= Z Pn (8:6) (6 — 1, (0,)) (£ — 1y, (Bn))T
seS2K

=By, 50, { (€ =1 (6,) (=7, (6.))" .

where n € Zon,. I, (0,) € RPE(E-Dx2K(L-1) above is
referred as to the FIM of p, (s;0,,),n € Zay,. From the
definition, we can readily show that Z, (0,),n € Zin,,
is positive semi-definite. Particularly, the FIM of pq (s; 69)
in is positive definite. The reason is as follows. Since
{sk},_, are independent with each other given the joint proba-
bility distribution py (s; 6p), we can readily obtain pq (s; 8g) =
Hii{l Do,k (Sk;00,k) , where po 1 (s; 0o k) defined by is
the probability distribution of sy, k € 2. Then, 1 (6y) €

R2K(L=1) can be expressed as
T
70 (60) = [10.1 (60.1) , 10 2 (60,2) - - -, Mg 21 (Bo.2)]
(80)
where ng x (80.x) € RE~1 is given by,
Mo,k (00”6) = EPO(S;GO) {tk} = EPU,k(Sk;Go,k) {tk} . (81)

From the last equation in (BI), we refer to mg (6o ) as
the EP of po (sk;00,). Denote the ¢-th component in
10,k (907;@) as 1o.k,¢ (907;@),6 S Zz__l,k‘ S Z;K From
ty, = [tk’l,tk’gp..,tk‘nyl]T,k S Z;K’ and tk,g =
§ (sp —s\9), 0 € Zf_ |, we can obtain

0.k, (Oo,k) = EPO,k(Sk;Bo,k) {6 (Sk - S(Z))}

= po,k (Sk; Oo,k) > 0. (82)

sk:s(f)

We then define (L — 1) x (L — 1) dimensional covariance
matrices C (tg,ty/) as

C (tk7 t’k") é
T
Epo(si00) { (tk = 0 (80.6)) (b =m0 (B0.0)" ) (83)

where k, k' € Z5,.. Since {sk}z}; are independent with each
other given py (s;6p), we can obtain

C (tg, tr) (84)
_ R(tk) — Mo,k (007]@) nak (007]@) s when k£ = kl,
0, otherwise,

where 0 € RE-DXU=D) s the zero matrix, R (t;) €
RE-DX(L=1) s given by

R (tr) = Ep(si00) {teth } = Epo 1 (s1:60.1) {titr}. (85

From the definition of ty, the (7, j)-th element in R (tx) can
be expressed as

R (60)];,; = Epo s o000 {0 (55— 57) 8 (51— s) }

=Nok,i(6ox), wheni=j

sp=s®
0, otherwise,
(86)

D0,k (8k;600,1)

where ¢,j € ZZZI. Hence, we can obtain R (tx) =
Diag {nox (60x)},k € Z. From (82), we can readily
check that R (t;) is positive definite. Also, we refer to
C(tk7tk) as the FIM of Do,k (Sk;oo’k) ko€ Z;K’ and we
denote Zo 1 (89.1.) = C (tg, t). The FIM of pg (s; 6y) can be
then expressed as

T (6o) =
Zoi(601) C(ty,t2) C (t1,t2r)
C(ta,t1) Zo2(00,2) C (t2, tax)
] ) (87)
C (tax, t1) To2xk (602K)

From (84), we can obtain that the FIM Z;, (6y) of py (s; 002) is
a block diagonal matrix with the FIMs of {po i (sk; 60.x) K
located along its main diagonal, i.e.,

k=1

Z (6o) (88)
= Bdiag {Zo,1 (60,1),Z02(002),...,Zo2k (0o,25K)} -

We then show that each FIM Z 1, (6o 1) , k € Z;K, is positive
definite. From the definition, we have

Zok (6ox) =R (tr) —mox (0o.k) noT,k (6o.1)

=Diag {0k (Bo.x)} — M0,k (Bo.k) Mg 4 (Bok) . (89)

Given a non-zero vector a = [ay,ds, ... ,ar_1] € RETD, we
have (abbreviate 1 1 ¢ (00,%) to 1o, ¢ starting from the second
equation)

a’Zy (0ox)a

L-1

L-1 2
=> ok (Bo)a; - (Z 10,k,¢ (60,1) atz)
=1

L-1 2
= Z 70,k,607 — (Z v%,uM)

=1 /=1
L—1 L—1 -1
2 2
ZE 70,k,607 — 70,k,¢ E 70,k,£07¢
=1 =1 =1
L—1 1
2
=({1- E 10,k,0 10,k,00;
=1 =1

(®)
x alR (ty)a > 0,

sk:s(o)

@ Po.k (5x560,1) (90)




comes from that

where (a)
Po,k (5k;00,%) ‘

no,ke (Box) =
>¢0 pok (33 00.k)

ok (sk300k) |
Hence, Zy j (00;) ,k € Zf., is positive definite. From (88),
we can readily obtain that Z, (6p) is also positive definite.
Also, we can obtain that ¢ (8) is a strictly convex function
of 00.

We now show that the problem in (@6) has a minimum and
the solution of it is unique, which satisfies (@8). From @7),
the partial derivative of Dk {p(s) : po (s;60p)} is

from (@B2) we have

+
({),E € Z;_,, and
r=s¢

= 1, and (b) comes from that

Sk:S( g

> 0, and R (ty) is positive definite.

(9DKL . 51Hp0 S 00)
_ Z 9 (03t — o (80))
seSK 00
=— Z s) (t =m0 (60)) = —m +m0(6). OD
seSK
The Hessian of Dgp {p(s) : po (s;800)} is
92Dy 0(—m +mno (60))
= =7Ty(0p). 92
90,0607 967 0 (6o) 92)
Since the FIM Z(60y) is positive  definite,

Dxr{p(s):po(s;0p)} is a strictly convex function of
0o and (46) has a unique solution 63, which satisfies the the
first order sufficient condition, i.e.,

o (65) =
This completes the proof.

93)

APPENDIX B
PRrOOF OF COROLLARY
Denote 7 as = [an,nQT, e ,nZTK]T € R2K(E-1) | where
e = Eye {tr} € RED. Denote the (-th element in
N, as 7Ny, where k € Z;K and ¢/ € er_l. Then, from

trp1])" and ty =0 (s —s®), we can

Z p(s)d (sk - s(z))

seSZK

@ i (sk)

sk:s(z)

th = [te,1,th2, -,
obtain

M = Bpgs) {0 (51— s9) } =
= > p(s)

s\ €S2 -1

sp=s®’

where k € Z5,., £ € Z§ |, (a) comes from (50), and py, (sk)
is the marginal distribution of s given p (s). Similar with the
process in Appendix@ 1o (6%) can be expressed as 1 (03) £
[71(7;,1 (06,1) 7770T,2 (95,2) ,.--,nngK (OS,ZK)}T € RzK(Lil)’
where 105 (85) £ E,_ e (5303 1) {tx} € RE7D, Denote the
¢-th element in 7 (0(*;) as 1o k¢ (85). We can obtain

Mok (0F) = pos (s1366) | . 94)
sp=s

where

is the (marginal) probability distribution of

through a process the same as that of (82),
Do,k <gSk; 9675

s, given the joint probability distribution pg (s; 6%). Thus,
1n =m0 (6) is equivalent to

pr (k) = pok (sk3 05 %) 5k €S,k € 25 (95)

From Theorem |1} 7 = 1o (6%) is a necessary and sufficient
condition for py (s; 6%) being the m-projection of p(s) onto
M. Thus, @]) is also a necessary and sufficient condition
for po (s; 05) being the m-projection of p (s) onto M. Then,
combining and (5T), we can immediately obtain (52)) This
completes the proof.

APPENDIX C
PROOF OF THEOREM 2]

From the last equation of (38) we have

2K
!
E Gn, k! Sk + W, g,

k'=1,k'£k

Yor = (96)

Given n and k, let {Xk/}iszl be a sequence of random
variables, of which each element is defined as

Xy = w;zk’
Xk = Gn k' Sk
Then, Y, 5, is the sum of the sequence {Xk/}i{il. From the

probability distribution of sjs and wy, ;. in (58) (also in (O6))
we have

K=k,

97
otherwise. ©7

, K =k
E{Xy} = {g"’ksk’ ! (98a)
9n, k' lin,k’, Otherwise,
2 K=k
V{Xp}=1"; ! (98b)
gn & Un,k’, oOtherwise.

Next, we show that when holds, the sequence { Xy }rr
satisfies the Lyapunov’s condition (60), where § = 1. When
k' =k, X is a real Gaussian random variable, and its third
central absolute moment is given by [31]

2 2
E {|Xk, - E{Xk/}|3} - 203\/; - QJZ\/;V{XM}

(99)
which is bounded. When k' # k, we have Xy = gp i Sk -
Since s € S and puy, 1 = E {sy} are bounded, we can obtain
that X, E{X}} and (Xp —E{X) }) are also bounded
when g, ;- is bounded. Suppose that | X —E{X; }| < ¢,
we can readily obtain that

E{IXy —E{Xu}P} <eviXp}.  (100)

Let e = max (e, 20,/ 2/7r) , then for k&’ € ZQJFK we can obtain

B{IXy —E{Xu}P} <eV{Xe}. oD

Let 6 = 1, the Lyapunov’s condition for Y,, j, = i,Kzl X

can be expressed as

v E{|X0 —E{x0}°)

(V{Yarh)? i

0<



2K

Y ®__c
S TRTED SR vz o

where (a) comes from (63b) and (98b). Meanwhile, from (63D))
and (64) we can obtain

(102)

lim V{V,x} = lim 2(K + ¢% — oo. (103)
K—o0 K—oo
Thus,
1 2K
lim ———— Y " E<|Xp —E{Xp}’} =0. (104)
2K —o0 (V {Yn,k})2 1 { }

Hence, {Xk,}i,K: , satisfies the Lyapunov’s condition. This
completes the proof.
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