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Abstract

Graphs, and more generally matroids, where the simplest possible necessary condition, the
‘Cut Condition’, is also sufficient for multiflow feasibility, have been characterized by Seymour.
In this work we exhibit the ‘next’ necessary conditions — there are three of them — and
characterize the subclass of matroids where these are also sufficient for multifiow feasibility, or
for the existence of integer multiflows in the Eulerian case. Surprisingly, this subclass turns out
to properly contain every matroid for which, together with all its minors, the metric packing
problem — the ‘polar’ of the multifiow problem — has an integer solution for bipartite data
(and a half integer solution in general). We also provide the excluded minor characterization of
the corresponding subclass. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let M be a binary matroid defined on the finite set E(M) and p a function assigning
integer values to the elements of E(M). The negative values of p are demands whereas
the nonnegative values represent capacities. Define F(p) = {e€ E(M): p(e) < 0}. A
flow problem is a pair (M, p), and it has a solution if there exists a multiflow, that is,
a function ®@:%p(M) — R, defined on the set € ,(M) of all circuits C of M with
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|[CNF(p)|=1 such that

S wo) { <ple) if e€ E(M)—F(p),
e Coe =— p(e) if eeF(p).
In other words, @ is a circuit-packing, where the circuits are restricted to % ,(M ).

A function m:E(M) — R, is a metric if m(e)<m(C — e) for all circuits C of
M and all elements e of C. (We use the notation m(X) =), ., m(e) for subsets
X of E(M), and we replace {e} by e.) It is apparent from this definition that the
metrics of a matroid form a polyhedral cone. The extreme rays of this cone will be
called primitive metrics. Metrics in matroids and some problems concerning them were
introduced in [11]. For basics about cones see [7], in particular the cone generated by
a set of vectors W will be denoted by cone(W).

To every binary matroid M we associate a set of metrics denoted by A(M),
and A:= J{4(M): M matroid} is called a family of metrics. For ACR., a metric
m:E(M) — A is called an A-metric; the family of A-metrics is denoted by 44. In
particular, Az+ is the set of all integral metrics. A Z"-metric m is called bipartite if
m(C) is an even integer for all circuits C of M.

Let 4 be a family of metrics, and (M, p) be a flow problem. Consider the condition

mp=0 for all me A(M). (1)

This inequality is obviously necessary for the existence of multiflows, and it follows
from linear programming (Farkas’ lemma) that (1) with 4= Az+ is also sufficient (see
[11, (4.3)]; for graphs this is the celebrated ‘Japanese theorem’). A basic question, well
known for graphs, (for matroids see [11] Section 4) is the following: is the restriction
of (1) to smaller families of metrics already sufficient in some special but particularly
interesting classes of graphs or matroids? The sufficiency of (1) for 4 = Az+ can be
reformulated in the following way.

A binary matroid M such that condition (1) is sufficient for the existence of a
solution of (M, p) for arbitrary functions p, will be called flowing with respect to A.
A flow problem (M, p) is Eulerian if p(D) is even for all cocircuits D of M. If (1) is
sufficient for the existence of an integer solution for all Eulerian problems (M, p), then
M is called cycling with respect to A. Using Farkas’ lemma again (like for 4= A4, in
[10, Lemma 3.1]) the following holds.

Fact 1. Let M be a matroid and A a class of metrics. Then M is flowing with respect
to A if and only if Az (M) C cone(A(M)).

In other words, if M is flowing with respect to 4, then every metric can be written
as a fractional linear combination of metrics in 4. When can it be written as an integer
combination?

Quite surprisingly, the existence of integer multiflows (in the Eulerian case) is cor-
related with the existence of such integer metric packings (for bipartite metrics m).
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For the case of cut-metrics, Seymour [14] (see the sums of circuits property, for
more explanations see Section 5), Karzanov [2] and Schrijver [8,9] have proved the
existence of integer ‘polars’ of several well-known multiflow theorems. Karzanov [4]
proved the existence of an integer packing of bip(2,3)-metrics and cuts for graphs with
a demand-set adjacent to at most five vertices. For these problems, the cases where
integer multifiow theorems hold are exactly the same as the cases when integer metric
packing theorems are true. Contrary to what has been thought the same is not true in
general! In this paper we characterize both properties which will show the difference
between their domain of validity.

A binary matroid M, for which every metric is the nonnegative integer combination
of metrics in Ay, is packing with respect to A4. This means that A, is a ‘Hilbert
basis’ (see the definition of Hilbert basis in [7]). If M is packing with respect to its
primitive metrics, we say simply that M is packing.

In Section 2 we give an overview of the multiflow problem in binary matroids
and its relation to metrics; in Section 3 the Ks- and F7-metrics are studied, and we
prove that both are primitive and that condition (1) restricted to Ks- and F7-metrics is
sufficient for the existence of a multiflow in a certain class of matroids. Section 4 is
about the matroid Ry9, and a necessary and sufficient condition for the cyclingness of
Ryo is given. Finally, in Section 5 we show that M(Ks), F; and Rj, are packing, and
characterize the class of packing matroids.

2. Multiflows

We shall denote by (M) the set of cycles (that is, disjoint union of circuits) of the
matroid M and by ¢*(M) the set of cocycles. We refer to Welsh [15] for the basic
concepts and facts of matroid theory.

The incidence vector yp of a cocycle D of M is called a cut-metric, and Accy(M)
denotes the set of all cut-metrics of the binary matroid M. We say that (M, p) satisfies
the so-called cut-condition if and only if

mp=0 for all me Acc)(M). (CC)

The following result from Seymour [14] tells us that the metrics in Acc) are sufficient
to describe the flowingness with respect to Ay} and characterizes the related class of
matroids.

Theorem 2. For a binary matroid M the following are equivalent:

(1) M is cycling with respect to Acccy;
(ii) M is flowing with respect to Agq 1};
(ii1) M has no F7, Ry or M(Ks) minor.

F; is the Fano matroid on 7 elements, M(K5s) is the graphic matroid of the complete
graph on 5 nodes, and Rjo is a special matroid on 10 elements used to characterize
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() (b)

Fig. 1. Hg and Sg.

regular matroids [13], that can be represented by the node-edge incidence matrix of
the complete bipartite graph K3 3, plus a column of 1.

Schwirzler and Seb6 [10] have shown that extending the cut condition to a larger
class of metrics, called CC3-metrics, a statement similar to Seymour’s holds for a
larger class of matroids. In the case where CC3 is replaced by the cut-condition or
either of two conditions, which correspond to the only primitive metrics in CC3 for the
matroids flowing with respect to Ay 12}, we will deduce the following sharper form
in Section 3.

Theorem 3. For a binary matroid M the following are equivalent:

(i) M is cycling with respect to Acc, F;, ks);
(ii) M is flowing with respect to Ay 2y;
(iii) M has no AG(2,3), Ss, Rio, M(Hs), M(Ks) @y F7, M(Ks) ©2 M(Ks), F7 @y F7
minor.

Here Hg is the graphic matroid shown in Fig. 1(a), AG(2,3) is the representation
of a projective plane and Sg can be represented as the node-edge incidence matrix
of the graph in Fig. 1(b), with a column with the circled elements. M; & M, de-
notes the matroid resulting from the 2-sum of binary matroids M, and M,, where
EM\)NE(My)= f. The cycles of M} &M, are €(M; B, My)={Ci A Cy: C, € €(M),
Cy € 6(M,)}. The element f is called the marker of the 2-sum.

3. The two conditions

Let Ak, (M) (resp. A(r,)(M)) be the class of metrics m € Ayq1 5y such that, con-
tracting the elements e with m(e) =0, the result is a M(Ks) (resp. F7), probably with
some parallel elements, with the weights on each element of a parallel class defined
below. A member of A,y (4(r,)) will be called a Ks-metric (F;-metric). In order to
define the promised metric on M(K5s), let {1,2,3,4,5} be the vertex-set of K5, and ij
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Fig. 2. Ks- and F7-metrics.

be the edge between the vertices i and j. Define

o [2 ifije{12,23,13,45},
m(ij) = { 1 otherwise.

Similarly, let C be a three-element circuit of % (F), and define

m(e) = 2 ifeeC,
" 11 otherwise.

We say that (M, p) satisfies the (CC, K5, F;7) condition if

mp=0, for all me Acc, ki, r)(M).
Lemma 4. The Ks- and F;-metrics are primitive.

Proof. It suffices to show that the F;-metrics are extreme rays of the cone 4z, (F7) (for
K5 the proof works in the same way, see for example Karzanov [3]). If an F7-metric
m is not primitive, then m can be decomposed into a sum of primitive metrics, and
the equalities m(C —e) =m(e), e € C € €(F7), satisfied by m, must be satisfied by any
primitive metric in the decomposition. We check that the only solution to the system
formed by these equalities is the original F7-metric, and its positive multiples.

Without loss of generality, let m be the F;-metric shown in Fig. 2. If x is in its de-
composition, then following the numbering given at Fig. 2, x must satisfy the following
equalities:

X1 =X4 +X7 =X5 + X

= X5 = X4 X6 = X7
x2x5+x7x4+x(,} ’

and in the same way we obtain that x4 = x7, x5 = x4, and so x4 = x5 = x¢ = x7 and
X1 =X, =Xx3 = 2x4; this corresponds to the original F;-metric, proving that it is the only
primitive metric in the decomposition. So m is an extreme ray of cone(4z,(F7)). O

Now, we prepare the proof of implication (iii) = (i) of Theorem 3. A twofold
application of Seymour’s ‘Splitter Theorem’ gives the following [14].
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Proposition 5. Every binary matroid with no AG(2,3),Ss,R19 or M(Hg) minor may
be obtained by 1- and 2-sums from matroids cycling with respect to Acc), and copies
of F7 and M(K5s).

And we can use it to prove the following result.

Proposition 6. Any 2-sum M; @&, M, of a matroid M, cycling with respect to
Acce, ks, 7)(M1) and a matroid M, cycling with respect to Acc)(Ma) is cycling with
respect to Accc, ks, (M1 @2 Ma).

Proof. Let E(M;)NE(My)={f} and M =M, &, M,. Choose p:E(M) — Z such that
(M, p) is Eulerian and (CC,Ks, Fy) is satisfied. We define functions p;:E(M;) — Z
(i€{1,2}) in the following way:
N ) ple) if e E(M;) — f,
pile)= { (—1Y"'q ife=f,
where ¢ =min{p(D — f): f €D e E*(M)}. Let Dy be a cocycle of M, with p(Dy —
f=q

Claim 1. p; (i €{1,2}) is an Eulerian function.

Proof. Let D; be a cocycle of M;. If f¢&D;, then p;(D;)= p(D;) = 0mod 2, because
D; is also a cocycle of M. If f € D;, then

pi(Di)= pi(D; — )+ pi(f)
= p(Di — f)+ p(Do — f) = p(Di A Dy) = 0mod 2,
since D; A Dy is a cocycle of M. [

Claim 2. (M,, p,) satisfies (CC).

Proof. Let De@*(M,). If f&D, then D is also a cocycle of M and p,(D) =
p(D) =0, because we assumed that (CC, Ks, F7) and so, in particular, (CC) is satisfied
by (M, p). If f € D, then the definition of ¢ implies that p,(D)= p2(D— f)+ p2(f)=
D= f)—=pDo— [)=0. O

Claim 3. (M), p,) satisfies (CC,Ks, F7).

Proof. We need to show that pm; >0 for every choice of m; € Acc, ks, 7)(M1).
If m; is a CC-metric, then everything works as in Claim 2. Otherwise we associate
to my a metric m € Acc, k,, 7,)(M ) defined as

mi(e) if ee E(My)— f,
m(e)= < m(f) if e€Dy,
0 otherwise.
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It is not difficult to see that if m; is a Ks5- or F7-metric on M, then m is a Ks- or
F7-metric on M. And so we have that

pm = Y p@me)= > pi@mi(e) + pi(Hm(f)

e€ E(My) ec€ E(My—f)

= > peme)+ pDo— HHm(f)= Y pleyme)
e € E(M)—Dy e € E(M)

=0,

since (M, p) satisfies (CC,Ks, F7). Thus, Claim 3 is proved. [J

As M; (resp. M) was assumed to be cycling with respect to Acc, ki, ;) (resp.
to Accc)), the above claims guarantee the existence of integer flows ¢; in (M, p;),
i€{1,2}. ¢; consists of a list of cycles of % ,,(M;). Suppose, without loss of generality,
that precisely the first k; cycles of each list contain the element f. It follows from the
definition of a flow that k; <q = k,. After deleting the first k; — k; cycles from the
second list ¢,, the union of the two lists contains exactly k; cycles of €(M;) and k
cycles of €(M,) passing through the element f. Build k; pairs (C;,C3), C; € €(M;),
of the cycles passing through f and replace each pair by C; A C,. It is easy to see
that the list of cycles obtained in this way represents an integer flow of (M, p). O

Let us now prove our main theorem.

Theorem 3. For a binary matroid M the following are equivalent:

(i) M is cycling with respect to Acc, F;, ks);
(ii) M is flowing with respect to Ay 2y;
(iii) M has no AG(2,3), Ss, Rio, M(Hs), M(Ks) @y F7, M(Ks) ©2 M(Ks), F7 @y F7
minor.

Proof. Condition (i) = (ii) trivial.

(it) = (iii): There are several ways of proving this implication. Schwarzler and
Sebo [10] checks it by showing multifiow problems that have no solution, but whose
multiflow functions satisfy (1) for 4 2,. We show that there are primitive metrics
for these matroids that are not in 42}, which is a shorter and easier way of proving
the implication.

Let Sg, Ryp and AG(2,3) be represented by the matrices in Fig. 3. We will prove
the result for the Ry case, the other ones follow similarly. Let m; denote the m value
of the element corresponding to the ith column in the matrix.

Now let m:=(3,3,1,1,3,1,1,1,1,1). For this metric m we have the following equal-
ities arising from the inequality m(e)<m(C — e), where C is a circuit in Ry:

my = m3 + m7 + my my =ms + my + mg ms = meg + mg + mo,
my = myg + myo + mg my = me + m7 + myo ms = myg + my7 + mg,

my =m3 + my + mg my = my + my + Mg ms = m3 + mg + Mmjg.
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1111110000

10001111 00010111
1110001110

01001001 00111010
1001101101

00100101 01110001
0101011011

00010011 11111111

0010110111

Fig. 3. Matrix representation of Sg, Rjp and AG(2,3).

h
d k
b d b d i ]
e f e 3 1 -~

Fig. 5. F7 @&y M(Ks) and F7 &, F7.

These equations are affinely independent and all solutions for this system are vectors
of the form (3a,3a,a,a,3a,a,a,a,a,a), a=0, which is exactly the extreme ray of the
cone of metrics Az, (Rjo) defined by m. Therefore m is primitive, but it is not a
(0,1,2)-vector. Hence, by Fact 1, Ryo is not flowing with respect to 41,2}

In the same way we can show that m=(2,1,1,1,1,1,1,3) and m=(1,1,1,4,1,1,1,1)
define extreme rays of the cone of metrics Az, (Sg) and Az, (AG(2,3)), respectively,
proving that they are not flowing with respect to Ay 7).

A primitive metric for Hg is represented in Fig. 4, and one can check that it is
primitive in the same way as in the cases above.

Now let M(Ks) @, M(Ks) be as in Fig. 4, the marker is indicated in dashed line,
and let m: E(M(Ks) ®y M(Ks)) — Z be as follows:

4 if xe{jlo,r},
m(x):= < 2 if xe{a,c,i,k,mn, p,q},
1 otherwise.

And let F; &, M(Ks) and F7 @, F7 be as in Fig. 5, where the markers are indicated
by dashed lines, and m; : E(F7 &2 M(Ks)) — Z and my: E(F; &, F7) — Z be as
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follows:
4 if xe{g,h,i,m}, 4 if xe{a,b,e},
mi(x):= 4 2 ifxe{e f,j,kl,no}, mx)=<2 ifxe{cd,f,I,m},
1 otherwise. 1 otherwise.

We can check in the same way as above that the metrics m, m; and m, are primitive,
and since they are not (0, 1,2)-vectors, using Fact 1, this implies that these matroids
are not flowing with respect to 41 2}-

(iii) = (i) Ks and F; are flowing with respect to Acc, ki, ) (see [4,10]). These
results with Proposition 6 give the desired implication. []

4. The R,y matroid

Now we consider the third excluded matroid in Theorem 2. We prove in this section
that the matroid Rjo is cycling with respect to a well-defined set of metrics, and use
this property to characterize the packing matroids in Section 5.

A metric m: E(M) — {0,1,3} is an Rjp-metric, if after contracting the elements e
such that m(e) =0, a matroid R; is obtained, possibly with parallel elements, and m
is as follows. There is a circuit C of size 4 and {a,b,c} C C such that

|3 ifee{ab,c},
m(e) = { 1 otherwise.

In this case we denote m by m, p). The proof in the last section showing that Ry is
not cycling with respect to A,1,2) can be easily adapted to show that any m, ;) is
primitive.

We say that (M, p) satisfies the (CC, Ryy) condition if

mp=0, for all me Aicc, g, (M).

We consider the matroid Ry as represented by the node-edge incidence matrix of the
graph Kj 3 depicted in Fig. 6, and a column of 1, that is called the element . We use
the numbering given by Fig. 6 throughout this section.

Using this representation, the cycles that contain ¢ are the ¢-joins in K33, i.e., the
set of edges T such that dy(v) = 1 mod 2 (the degree of v in T is odd); the circuits of
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Rjo that do not contain ¢ are exactly the circuits of K3 3. We may also check that the
cocircuits of Ry that contain ¢ are the sets C + ¢, where C is a t-cut, i.e., C=06(X)2,
for an X C V(Ks3), with |[X N V(K33)| =|X| = 1 mod2; the cocircuits in Rjo that do
not contain ¢ are the cocircuits of K33 that are not #-cuts.

We will use all these remarks to prove the following.

Theorem 7. The matroid R is cycling with respect to Accc, r,)(Ri0)-

Proof. Let (R, p) be an Eulerian multiflow problem such that pm >0, for all
m € Acc, ry)- We will prove by induction on >, .z, [P(e)| that there is a so-
lution for (Rg, p). We suppose that p(e)#0, for all ec E(R)y), otherwise there
is an integer multiflow, since every minor of Rjo is cycling with respect to Acc)
(Theorem 2).
If |F(p)|<2, then there is an integer solution to (Ryg, p), since Ry is cycling for
every p such that |F(p)|<2 [14, 14.7].
If |F(p)| =6, then F(p) contains a cocircuit, and the cut condition is always violated.
For the other cases, we proceed as follows. We suppose that ¢ € F'(p), without loss
of generality, and we search for all circuits C such that C N F(p) = {¢t}. Given such
a circuit C, we define pc:E(Ry) — Z as
ple)+1 ife=t,
pcle)=< ple)—1 ifeecC—1t,
p(e) otherwise.

If there is such a circuit C, and if (R}, pc) satisfies (CC, Ryg), then we apply induction
on (Ryg, pc), obtaining the result. We will show that such circuit C exists.

A cocircuit D forbids a circuit C if pc(D) < 0. First, we give some results con-
cerning the cocircuits that cannot forbid a circuit. All these results have as hypotheses
that p(e)#0, e€ E(Ry9) and p(t) < 0. Their proofs are quite easy, so we prove only
the first lemma, the others following analogously.

Lemma 8. If D€ %*(Ry), |D| =6 and ¢t ¢ D, then p(D) > 0.

Proof. If |D| =6 and ¢ ¢ D, then there exist uj,u; € V(K33), uy #up, such that D =
0(u1) U 6(uz). This means that D = Dy A D,, where D; = d(u;) U {¢t}, D; € €*(R1o),
i =1,2. Therefore p(D)= p(D;)+ p(D;)—2p(¢) >0. O

Lemma 9. Let D€ %*(Ryy) be such that |D| = 6 and t€D. If there is some
x €F(p)\D, x#t, then p(D) > 0.

Lemma 10. Let D€ %*(R1o) be such that |D| =4 and t ¢ D. If there is some x €
F(p)\D, x#t, such that x is adjacent to all the edges in D, then p(D) > 0.

25(X) is the set of edges in G that have exactly one extremity in X.
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Lemma 11. Let D€ *(Ryo) be such that |D| =4 and t € D. If there are two edges
x,yEF(p)\D, x# y#t, and a € D such that arxNy={u}, u € V(K3 3), then p(D) > 0.

Lemma 12. Let Dy,D, € €*(Ry) be such that |D1| = |D2| =4, 1¢D1 UD, and D N
D, # 0. If there exists a node u such that é(u) C Dy U Dy, then p(Dy)+ p(D;) > 0.

Now we consider the Rjp-metrics. Actually, these metrics are simple to handle, as
the next lemma shows.

Lemma 13. Let mpc) € Adryy(R10) and Ce€b(Ry), |C| = 4, be such that
CNF(p)={t} and pcyp=0, for all cocircuits D. Then we have the following
inequalities:

if |Cn{a,b,c} =3,

if |Cn{a,b,c} =2,

if |ICn{a,b,c} =1,

if |Cn{a,b,c} =0.

M(a,b,c) PC =

N B~ O\

Proof. We present here the proof of some cases, the others are dealt similarly, using
a convenient decomposition of mp ) p.
We suppose that C = {t,e;,es,e9}. We first consider my s9). The following equality
holds:
m1,5,9)p = p(t,e1,ez,e3) + p(t,es,es,e5) + p(t,er,es,e9)
+2p(er,es,e9) — 2 p(2).
This implies m(; 59)p =8, since we supposed that p(e)#0, for all e € E(Rjo).
Now we consider the case where {a,b} ={ej,es}, and, suppose c=¢,. The following
equality results:
m(i,2,5p = p(t,e1,er,e3) + ples,es,eq,e3) + pler,es,ez,e9) + 2 per, es).
As pc(es,es,e7,e9) >0, this implies that m; 5 5)p=>6.
If |CN{a,b,c}| =1, suppose that {a,b,c} = {e1,es,es}. In this case we have the
following equality:
m2,4p = p(t,e1,er,es,es5,e9) + pler,es,es,e7) + pler,es,es,e3) +2p(er),
since by hypotheses pc(t, e, ez, es,es5,e9)=0, and p(e;) > 0, therefore m1 24)p=4.
At last we consider |C N {a,b,c}| = 0. Suppose that {a,b,c} = {es,e3,e6} and we
obtain the following equality:
m,3,6)p = p(t,e1,ex,e3) + p(t,e3,e6,e9) + plt, ez, 3, €5,¢€6,€7)
+p(ea, es, €6,€5) — 2 p(1),

therefore mp36)p=2. O

Corollary 14. Let C € €(Ryg) be such that |C| =4, and C N F(p)={t}. If there is
no cocircuit that forbids C, then pcm=0, for all m e Acc, ro)(R10)-
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We treat now the cases 3<F(p)<5, using the previous lemmas.

(a) F(p)={t,a,b}, where a,b are not adjacent in K3 ;.

Without loss of generality, let {a,b} = {ej,es}. In this case, a circuit C such that
C N F(p)={t} must contain e, or e;. The possible circuits are C; = {t,es,e4,9},
G = {l‘, @3,@4,@8}, G = {l‘, 82,66,67} and C; = {l, 83,66,67,63,69}. The cocircuits
that may forbid C, are D; = {61,62,66,69}, D, = {63,64, 65,69}, Ds = {61,64,63,69},
Ds={ey,es5,e7,e9}, and there is only one cocircuit of size 6 that does not satisfy the con-
ditions of Lemma 8 or 9, namely Ds = {¢,e;, ez, e4,€5,¢9}; the cocircuits that may for-
bid C, are Dg = {e,e3,es5,e3}, D, and D3, and some cocircuits of size 6, all of them
satisfying the hypotheses of Lemma 8 or 9; the cocircuits that may forbid C; are Dy,
Dy and D7 = {ey,es,e6,¢7}, and the above cocircuits of size 4 may forbid C4 as well.

So now we must check that not all circuits are forbidden by some cocircuit. First,
we do not have any of p(Dg) = p(D1) =0, p(D>) = p(D7) =0, p(Ds) = p(Ds) =0,
p(D1)= p(D;)=0, p(D3)= p(D;)=0, or p(D3)= p(D4)=0. Indeed, all these cases
satisfy the condition of Lemma 12. Next, it holds that

p(D2) + p(D4) = p(t,er,e3,es,e7,e9) + p(t, ey, er,es,e5,€9)
—2p(t) —2p(er) >0,

p(D1) + p(D3) = p(t, ey, e, es,e5,e9) + p(t,el,es, eq es,e9) — 2 p(t)
—2ples) > 0.

The last case is where p(Ds) = p(D¢) = p(D7) = 0. However,

0<m(t,er,es) =3p(t,e1,es) + pler,es,eq,e6,€7,€8,€9)
= p(Ds) + p(Ds) + p(D7) + 2 p(2).

Therefore one in p(Ds), p(Dg), p(D7) must be positive. So we showed that there must
be a circuit that is not forbidden by a cocircuit.

Now Corollary 14 implies that if (R0, pc,) i € {1,2,3} satisfies the cut condition,
then pc,m=0, for all m € Ag,,)(R10). Thus, we may apply induction on (R, pc,) and
get the result.

For the other cases we proceed in the same way: We first find all the circuits
containing ¢ that are candidates for composing the multifiow, then we look at each
circuit and consider the cocircuits that could forbid it. Using the previous lemmas one
easily concludes that it is not possible that all circuits are forbidden, and so we may
apply induction. The details may be found in [5]. O

5. Packing matroids

The ‘packing’ property of matroids in the special case when all the packed metrics
are cuts is nothing else but the dual of the ‘sums of cuts property’. M has the sums
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of circuits property (see [12]) if the following are equivalent for all p: E(M) — 7,

(i) There is a function o: ¥(M) — R, such that > a(C)yc = p.
(ii) For every cocircuit D and f €D, p(f)<p(D—{f}).

In [14] Seymour characterized matroids that have the sums of circuits property —
they are the duals of those flowing with respect to 4(ccy—, and conjectured the fol-
lowing result, proved by Fu and Goddyn [1].

Theorem 15. If M is a binary matroid and has no F3, Ryy, M*(Ks) or M(P1y) minor,
and p satisfies (i1) and is Eulerian, then there is an integral o satisfying (i).

M(Pp) is the cycle-matroid of the Petersen graph. Dualizing this result, the following
holds.

Corollary 16. If M is a binary matroid and has no F;, Ryy, M(Ks) or M*(P1y) minor,
then M is packing with respect to Acc)(M).

Compare this with Theorem 2: The only difference between the class of matroids
cycling and those packing with respect to A(cc) is that the latter must also not contain
M(Pyp) as minor.

We state now some positive facts about Ks and F;. The statement for K5 can be
checked in a similar way to the proof below for F;. However, the proof of the first is
omitted, since one can simply refer to a theorem of Karzanov [4].

Lemma 17. In the matroid M(Ks) every bipartite metric can be expressed as a pos-
itive integer sum of metrics in Accc, k5)(M(Ks)).

We say that a metric m, can be subtracted from m; if m; — m; is a metric. If both
my and m, are bipartite, then obviously m; — m; is also bipartite.

Lemma 18. In F; every bipartite metric may be expressed as a positive integer sum
of metrics in Acc, 7y (F7).

Proof. Let m be a bipartite metric on F7, and suppose that for every bipartite metric
m’' < m the statement is true. By Theorem 3 and Fact 1 we know that m can be
expressed as m =Viyp, + -+ Vuxp, + Aimy + - - -+ Agmy, where D; is a cocircuit, m;
is a Fy-metric, and v;,4; >0 (i=1,...,n), (j=1,...,k).

Claim 1. If D; is a cocircuit, then yp, can be subtracted from m.

Proof. Indeed, yp, can be subtracted from m if and only if

m(C —e) —m(e)=yp,(C —e) — yp,(e), forall ecCecb(Fy).
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2

Fig. 7. A sum of two F7-metrics.

Fig. 8. A half-integer metric-packing.

Since 4; > 0, the equality m(C — e) — m(e) =0 implies that yp,(C —e) — yp,(e) =0,
therefore we only have to check the above inequality when m(C — e) — m(e) > 0.
Since m is bipartite, m(C — e) —m(e) =2 holds. Now, if yp,(C) >4, then D, =C, and
1p,(C —e) — yp,(e) =2; if 4 > yp,(C)=2, obviously yp,(C —e) — yp,(e)<2. So we
have the desired inequality for every circuit C. [

Claim 2. If m; and m; are different Fy-metrics, then m;+m; can be written as a sum
of cut-metrics.

Proof. Fig. 7 shows the unique sum of two F;-metrics in F7, up to isomorphism. It can
be decomposed into cut-metrics: y(12.4,5) + %{1.3,57) T 2{1.2.6,7} + 1{1.3.4.6) T X{2.3.4.7}
(with the numbering of Fig. 2). O

Now if n>1 it follows from Claim 1 that m — m; is also a metric, and then by
the minimal choice of m: m —m, is a positive integer sum of metrics in Acc, f,)(F7).
Consequently so is m.

Now by Claim 2, if k=2, there is another decomposition where n>1, and then we
have already proved the statement in the previous paragraph. If n =0, k=1, m is an
integer multiple of an F; metric. [

Fig. 8 gives an example of a bipartite metric on the 2-sum of two packing matroids,
but its unique decomposition into primitive metrics is not integer. (The uniqueness of
the decomposition easily follows from the fact that Ks-metrics are primitive.)
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Fig. 9. A graph which is packing and contains a non-packing graph as minor.

A matroid M is half-packing with respect to 4,4(M) if for every bipartite metric m in
A(M) there is a half-integer decomposition in metrics in 4,4(M). In [6], the following
characterization of half-packing matroids was given.

Theorem 19. If a binary matroid M has no M*(Pig), then M is cycling with respect
to Ago,1,2y(M) if and only if M is half-packing with respect to Acc, ks, Fr)(M ).

Moreover, for graphs this turns into the following:

Corollary 20. For a graph G the following are equivalent:

(i) G is cycling with respect to Accc, ks);

(ii) G is flowing with respect to Ay 2y;
(iii) G is half-packing with respect to Accc, ks);
(iv) G has no Hg, K5 ®, K5 as minor.

The 2-sum of M(Ks) or F;7 or Ryp with a matroid consisting on two circuits Cy, C,
such that C; N C, ={f}, where f is the marker of the 2-sum, and |C|| =3, |G| =2,
will be denoted by Ks, F7, Ry, respectively (see K5 in Fig. 8). K5, F7, Ry are not
packing; the metric that shows the ‘non-packingness’ of Ks is depicted in Fig. 8; for
F,, a F; metric is extended with value 1 on the new elements; for Ry, a Rjo metric
is extended with value 2 on one new element, and 1 on the other.

As far as packingness is concerned, we are indebted to Monique Laurent to have
warned us about the fact that it is not necessarily closed under minors. Indeed, a graph
G which is packing and contains the nonpacking graph of Fig. 8 can be found, see
Fig. 9. To see that G is packing, consider a bipartite metric m on G, and consider
G as Ks + {a,b,c}, where a,b,c are the three edges incident to the degree 3 node.
If m(e) =0 for some e € A(Ks), then e can be contracted, and the obtained graph is
packing; if m(e) =0, for some e € {a,b,c}, then by contracting e we obtain a K,
which is packing. Finally, if m(e) > 0, for all e € A(G), then the restriction of m
to K5 is integer-decomposable in cuts and at most one Ks-metric, and it is not very
difficult (case checking) to verify that this decomposition can be extended to an integer



28 K. Marcus, A. Sebd | Discrete Mathematics 239 (2001) 13-31

decomposition in G. One needs only to notice that there are (1,2)-metrics in 4(G) that
are not in Ag,(G).

Hence in Theorem 23(i) below the property has to be required for all minors! That
is, in what follows, we are willing to characterize matroids which are packing as well
as all their minors.

We first show that Ry is packing.

Lemma 21. In the matroid Ryy every bipartite metric can be expressed as a positive
integer sum of metrics in Acc, r,)(R10)-

Proof. Let m be a bipartite metric on Rjp. We want to write it as an integer
sum of cuts and Rjp-metrics. By Theorem 7 and Fact 1 m can be expressed as
m=viyc, + -+ Vaxc, + 2imy + - -+ Amy, where C; is a cut, m; is a Rjp-metric,
and v;, 4; > 0.

Claim 1. Let D be a cocircuit on Ryy. If (m — yp)(C —e) — (m — yp)(e) <0, for a
circuit C, |C| =6, and e € C, then there exists a circuit C' of cardinality 4, and an
element f € C’', such that (m — yp)(C' — f)— (m — yp)(f) < 0.

Proof. Let /=m — yp. One can easily see that there are two circuits C;, C; € €(Ry),
|C1| =|Ca| =4, such that C; A C, = C. Suppose that C; N C; = {g}, and without loss
of generality, let e € C;. Then the following is true.

0> I(C—e)—l(e)=IC) —e)— I(e) + I(Cs — g) — I(g).

Therefore either /(C; —e) — l(e) <0 or [(C; — g) — I(g) < 0 must hold. [J
Claim 2. If C; is a cocircuit, then jyc, can be subtracted from m.

If yc, cannot be subtracted from m, then by Claim 1, there is a circuit K, |K| =4, and
e € K, such that

(m = e, (K —e) = (m— yc)(e) <0. (2)

The equality m(K — e) — m(e) = 0 implies that yc, (K —e) — yc,(e) =0, so we may
suppose that m(K — e) —m(e)=2. And as y¢,(K —e) — xc,(e) <2 holds, equality (2)
above is not true. [J

Claim 3. If m; and m; are different Rio-metrics, then m; + m; can be written as a
sum of cut-metrics.

Proof. We present the three possible cases for a sum of two Rjg-metrics, Mg p c)
and m, 7,4), where {a,b,c} # {e, f,g}. We refer to the representation of Rjo used in
Theorem 7.
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(M {a,b,c} N{e, f,g} = 0. Without loss of generality, let m(qpc) = M(e,e5e,) and
M(e, f.g) = Mt,er.e5)- Then

M(ereser) T Mt eres) = A{teresesesery T L{ereseser} T A{erereneseres}
T X{teseces} T A{terereaesest T X{terereoeres}-

1) Ha,b,c} N{e, f,g}| = 1. Without loss of generality, let m pc) = Mse 05y and
Me, £,9) = Miereqes)- Then

M(1e1,e5) T Mierenes) = A{teseses} T A{tererenesest T X{tereses} T A{erereaeseres}
+ X{€1,€5,€6,€7} + X{t,e‘l,ez,f?s} + X{€3,€4,€5,€‘9}'

(1) Ha,b,c} N{e, f,g}| =2. Without loss of generality, let m(q,p ) = m(e, e;) and
M(e,f,g) = M(ey ere5)- Then

m(t,el,e5) + m(€1,€2,65) = 2(%{81,65,66,87}) + X{t,ez,e5,eg} + X{t,el,ez,e3}
+ 2(%{[,6],62,64,65,6()}) + X{Gl,es,es,es}'

The three previous claims prove Lemma 21. [
And now we prove the following constructive lemma.

Lemma 22. The matroid M, resulting from the 2-sum of a matroid M, that is packing
with respect to Acc, ks, 7>, Ry) With a matroid M,, that is a circuit, is metric packing
with respect to Acc, ks, Fs, Ri)-

Proof. If M; does not contain M(Ks) and F;7 as a minor, the result is trivial. So
suppose M; contains one of M(Ks) or F; as minor. Given a bipartite metric m on the
matroid M, we will find an integral decomposition for m as a sum of cocircuits, F7-
or Ks-metrics. Let M N M, ={f}.

We define two metrics m, : E(M,) — Z and m;: E(M,) — Z. such that

m(e) if e€ E(M;) — f,
m;(e) = { .
q if e=f,
where ¢ = min{m(C — f): C€6(M,) U (M)}

It is not difficult to see that each m;, i = 1,2, is a bipartite metric, and so there are
cocircuits C,...,C, € €*(M,) such that Z;:l xc,=my. We assume that the first &, co-
circuits contain f; and there are cocircuits Dy,...,D; € €*(M,), and Ks- or F;-metrics
Il1,...,1; such that Z;:1 Ap, + 25:1 [; =m;. We suppose that the first k; cocircuits
contain f, and that the first k3 F;- or Ks-metrics /; are such that /;( f)=1. Notice that
by =1k + k3 +2(t — k3).

To each /;, 1<j<ks, and to each D;, 1 <i<k, associate a cocircuit Cy € €*(M>).
In each of them replace f by Cj, and the result is clearly a cocircuit, a K5- or an
F5-metric.

Now associate to each /;, k3 + 1<i<t, two cocircuits C;, C, 1<j <k<k (ie,
f€C;NCy), and consider B; and B, defined as follows. Let B =C; A Cy, By is a
cocircuit in M», and so in M. Let B, = C; N C;.



30 K. Marcus, A. Sebd | Discrete Mathematics 239 (2001) 13-31

If |B;| = 0mod 2, then B, is a cocycle in M,, since M, is a circuit. Define I on M
as

1o~ Jlie) if e E(My)— 1,
h@)_{z if e€B, — f.

Clearly /] is an F- or Ks-metric. Replace /;, C;, Cy with [, By.
If |By| = 1mod 2, consider /; on M; defined as

iy S lile) if ec E(My) — f,
“”_{o if e=f

As it is, /] can be decomposed into a family of cocircuits &. Replace /;, C;, C; with
&, By and twice By — f, if By — f #( (in this case B, — f is a cocycle in M, and in
M). Proceeding this way we get an integer packing of cocircuits and F7- or Ks-metrics
for m.

For the case concerning the matroid Rg, the proof is similar, we just replace the
coefficients 2 with 3. [

And the complete characterization of packing matroids follows.

Theorem 23. For a binary matroid M the following statements are equivalent:

(1) M and all its minors are packing,
(ii) M is packing with respect to Acc, F;, ks, Rio)»
(iii) M has no M*(Pyy), F7, Ks, Rg minor.

Proof. If M does contain one of the excluded minors, then M is not packing. Indeed,
M (Pyp) does not have the integer sum of circuits property, and the example in Fig. 8
shows that K5 (F; and Ry, analogously) is not packing. So (i) implies (iii).

Now let M be a matroid that does not contain any of the excluded minors. If M
does not contain any M(Ks), F; or Ryy minor, then, by Corollary 16, M is packing
with respect to A(cc). If it does contain any, then each connected component of M
is the result of several 2-sums of only one M(Ks), F7 or Rjy, and matroids that are
circuits, otherwise M would contain a F7, Ks, or Rjy minor. Using now Lemma 22,
we conclude that M is packing. So (iii) implies (ii) and (i). O
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