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Abstract

Thiy reporl delaily Lhe comlroclion of a Yilerbi-like provedure Lhal v able Lo handle Lwo-duncoyional
dalia vuch oy nage. The alin v bo assoclabe Lhe mosl lkdy slroclhume [@D-slale sequenece) Lo an binage,
given speocfie model paramneclers,

Bavcd oo Lbe koowledse of cxisling I and muewdo-2D (T2D) Vikerbl procedurey, we delail Lhe Leo-
rebical foundaliony of our new procedure. The algorillun v Lheo given and approcimalions made doriog
Lhe developmenls apalyued. Thiv algerillun v cwalwalbed for dliclency (eslinallon of compulaliooal and
momory loads} and applied Lo real e slodies, The problon of Lraining v addresed o Lhis repod and
revully are provenbed.

Thiy reporl fudber provcoly exlemsions Lhal can be made 1o a way Lo chaio Lhe models Logeller in
order Lo oblain a mela-sogmcolalion which would ranove Lhe need for a pre-scgmcolalion sbep and, as 1o
specch proccwing, anbed Lbiv slep lobo a comsislenl procedure.

Thiy reporl should #ive a good overvicw of Lhe capabililies of 1D, P20 and 2D-Vikerbl procedurcs,
The liberalure cilbed in elerence should alve conslilube a good sharling poiol for e mader inleresled in
delailing one aspecl or Lhe olher,

Résame

Ce rapport délallle la conslruclion d'use procédure de by pe Vilerbl capable de v*appliquer & des dooe
oée bi-dimcnsionnelles belles gue ley boages.  Le bul ol dPassocier la sbrelure (séquence d'Elaly bi-
dimenvionndle) la pluy pmbable & uoe boage b padic dey parunklooy d'un modile dooné.

Sur la base de Vexpéricnoe donnde par ley procédures de Vilerbl mono-dincosionnelles el pacwdo-
bidimcnsionclles, une promicre pardic de oo rapporl prscole loy fondeomecnly héorigques de nolre iné Lhode.
Llalgorilbunc avsocié ol alors délaillé ol analysé en bermey de approsinaliony failey cl de la complesilé
[calcul el mémoire). Une deusidine parlie préseole les applicalions de colle bochnigue b des donndey réclle
cl délalle le problome de Peolraineinenl de inodides.

Cec rappor délaille aps] loy oxbonyions gui peuvenl dhoe failes de oz modéle 4 de “mela®-modtle
qui penocbmaincol dioclure la procédure de pré-sogmcolalion dey doondm daoy woe procédurc woigue
optraol la scgmcolalion 4 bous ley niveaus d'une fagon cobémcole,

Ce rapporl devmil fournir un survel cosnplel dey prooédures de YVilerbl el la lilléralure dlée en
reférencoy devrall comuliluer un poinl de déparl wlile & odul qui déuiime dévdopper un avpecl préciy de
e lype de proctduns.

Ecywordy: Inage amal yuiy, Video analyuly, Slochalic Modelling, Vilerbi algonllun

Sléphane Marchand Maillel. 4 Veilerfs-fike Procedwe  for 20 Dete Moddiineg, Toch. Bep. RR-D5-052,
Lowlilul, EURECOM, Mullbsedia Coimnunicaliony, February 8, 2000,
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Introduction

In thic report, we detail the construction of a stochastic modelling technique for 2D colour image
analyei. In [6—8], the use of stochastic modelling was miroduced when det ailing adapted Hidden
Markev Models for image analyeie. It was chown that these tocls allowed for flesxability in designing
image models. However, these models ako exhibited a lack of geomietrical consietency which gener-
ated probleme for creating ‘seni-rigid’ modele. Thie was due to the fact that the two-dimensional
etructure of the image was taken at two successive levels (i e., pixel and line levels).

The aim of the precent study is to extend the Viterbi procedure, kmown a= efficient to find 2 best
path within a trellic, for handling two-dimensicnal dats while keeping a reasonable computational
lead. Chapter 1 introduces the concept and theory of a two-dimensional Viterhi procedure and
Chapter 2 proposes to illustrate the use of thie procedure in the context of face detection and
localieation in colour images extrarted from generic video sequencee.

Etarhana Iiaxchandf Enrecom. & T.H. AR-uu-Uslf1 — Fabroary &, S



Chapter 1

Theoretical details

The Viterbi procedure ie a dynamix programming procedure where the aim ie to asecciate a struc-
ture with a given set of cbeervations. Thie eection gradually introduces thie type of techmique and
explaine major issuee about ite extension to two-dimensional data. It concdudes with the detailed
presentation of the novel 2D procedure that we aim at developing and testing in thie report.

1.1 1D Viterbi Procedure

1.1.1 MNotation

Without any loee of generality, we consider a finite eet of cbeervations ) = {o1,.. ., 67} (from time
t =1 to ¢ = T'). Each obeervation is suppceed to be taken from a (finite or infinite} vocabulary
V composed of “letters” uy (i.e., ¥ ¢ 3 euch that oy = w). Given a finite state machine (FSM)
A with & states 8;, i = 1,...,, at each time step ¢, the FSM ic in a given state g = 5. At
t =1, the eyetem ie in a given state s; with the initial etate probahbility oy = Plg; = &] and etate
changes between etates s; and &; ocour with the transition probability e, = Plgr = s¢ler—1 = &]
{considered as time-independent}. Any letter 4y can be an cutput of state s; with the probability
bifu;}y = Plar = wler = &] (also considered as time-independent). {Graphically, the FSM can
ke represented as in Figure 1.1. The link to Hidden Markov Modelling ie trivial here (see e.g.,
[1,6, 11, 12]).

. i

Outpu prob ™ -
e ctopich

Figure 1.1: A one-dimensional FSM.

The aim ie then to find the meet hikely etate sequence £F = {41,...,45} comesponding to .
There may be a number of different state sequences = {g1,...,4r} which allow for cutputting
€. £ ic eaid to be the meet likely eince it maxmiees the value

POIQ, AP[RIAl= mg.bg, (o1 )ag, g bg.(02) . 2qr i grbyr (o7])

1M ote that we will sometimes use the notation “ge = i for "ge = K™

Etarhana Iiaxchandf Enrecom. & T.H. AR-us-UIf" — Fabroary &, S



Theory 3

1.1.2 Development
At each time etep # we cakulate the value,

8 1) =+ max }P[gl,...,q;_l,q; = 8, 01,.. ., 0|4

g1, -ge—1

for every etate s; in the model. By definition,
8i(i) = mbsloy) 12ig NV

And, by induction,
r1(i) = jg}ﬁ-‘j‘},‘,[ﬁ:[ﬂﬂji]bi[ﬂx+1} (1.1}
The maximal probakbility will therefore be given by,

PIOPI= max 5713

=1...0

In order to be able to retmieve the eequence of statee §F* leading to thie value, the best paih
generated by thie masximieation is stored in the array &;(i).
The complete 1T Viterbi {forward)} procedure & therefore given as followe.

L&l = mbiloy) 12is ¥
Gl =blo) max{l_i(lay ; j=1...8} 1<i<N 2<4<T
. 8ili) = argmax{d 1 (j)ase 5 j=1...N} 1<i<N 2<4<T
. PO)A]= max{drii)}; i=1...N]

5. gp = argmax{dp({} ; i=1...N]
The best ctate cequence £* i then retrieved by (backward procedure},

= w3 bS

gl*:"iﬁ['Q'?+1} t=T—-1,.-1,1

1.2 Pseudo-2D Viterbi Procedure
1.2.1 MNotation

The aim of thi section ie to generalice the previcue cne-dimensional modek i order to handle
two-dimensicnal data. Typically, cansality ie introduced in two-dimensional data by defining a
dependency between neighbouring iteme. For mnetance, consider a eet of data € crganised in 2
matrix-like manner

ﬂll L] ﬂlr-l L] GX].
0: ,ﬂly L] G‘FF L] DXF
&1y .- 8z --- 8XV

Caupeality can be expreceed ac the dependency between an item o, and ite neighbours in a line-
ecanning order. For example,

Or—1y—1 Oy —1 Or+41y—1

w4

O — 1y — Oy

However, a fully cormected two-dimensional etructure for 2 model leads to exponential complex-
ity problems for recovering the eiructure of 2 3D obeervation eequence [4]. The approach taken
here & therefore to iniroduce two-dimencional caveality at the line level. In other worde, a line
0, = {61, ..., 6xy| 15 now considered a2z an cbeervation and the cequence O = {4, ..., 0]

Etarhana Iiaxchandf Enrecom. & T.H. AR-UA-ULIfH — Fabroary &, S



Theory 4

15 aleo modelled by an upper-level model, just a: every line has been modelled by a 1T-model
in Section 1.1. The model for 2 matrixlike two-dimensional obeervation cequence will therefore
ke composed of different (horizontal} one-dimensional modele (one for each poesible type of line)
connected by a global (vertical) model representing relationehipe between hnes. For thie reasom,
models of thie type are referred to as psends 2D modek (P2D-model}. Figure 1.2 showe an instance
of 2 P2DFSM which & an extension of the simple 1D-model shown in Figure 1.1

O

1= ell

3 5 3 Supasore 2

Srar=l l Sraps2 Srape 3

S :u)egl

Supanore 1

Supersore 3

O NG O

R

Figure 1.2: A Peeudo-2D FSM.

The notation ie extended as follows (see aleo [6]). The sequence of hnes 3= modelled by an
upper kevel FSM A compeeed of ¥ euperctates, each reprecenting a 1D model A*. Each 1D model
X ie compoeed of N* states s; The corresponding superseript (%) ic added to every subsequent
1D-mode] parameter to epecify to which model it belonge. Transition probabilitec between cuper-
etates are given by the values of ¢,; and trancition probahbilities between etates within the 1D model
A" are given by the values of ¢}, Similarly, initial superstate and etate probabilities are given by
m; and :'r‘ recpectively. Finally, the output probability at state &% '- 15 dencted b’[ }. Super-state
cutput prcuba.b]]]ty values (i.e., the probability of 2 hine ), to ke gmera:ted at a super-state X%
are not calculated explicitly E.im:E they are eimply given by ﬂm values of P, ]|}7], 2= caloulated m
Secticn 1.1.

1.2.2 Developments

Similarly to one-dimenesional modelling, thie procedure eearches for the meet likely etate sequence
& which corresponde to the given obeervation eequence ). Two embedded dynamic pregramming
procedures are used. A firet step calculates for each line of obeervations €, and every peesible
superstate (i.e., 1IDFS5M} A* the meet likely state sequence Flgy - 14Xy ﬂm:uugh which €3, has
been generated. The probakility aleng each possible st ate sequf-_m:e ic stored using & o7} where,

E:.:y {J} = o 1_1_'_1'3;"{_1 P[’Q‘ly: e 1y Yoy — 3;: C1gy - - ':'E'-rylj"’]

The reculimg opiinal movee are etored in the array qﬁiy[j} g0 that backtracking can be operated
to retrieve thie best path. Thie procedure ie 2: followe.

Eiy[j} = ""'jbj[”lﬂ]'!
l<ja N, 1<i< N, 1SysY
8 ) = maxf8i_, (Naj, 5 1 1< N7 % Bilagy),
l<jE N 1<id N, 1<ysY, <o X

e ¢; () =argmax{8,_, (aj, ; 1 <1< N,
l<jENH1<i< N, 1<ysY,l<agX

Etarhana Iiaxchandf Enrecom. & T.H. AR-uW-Ulf4 — Fabroary &, S



Theory [

This allows for computing the value of 3;(0,) = P[0, |Q, =] a=

k0, =, max B, ()

and to obtain the last state in each 1D optimal path using . This state & stored in x%(€, ) as

X' (Og) = arg max &xylj).

ATk

A eecond step finally determines the moet likely cequence of super-st ates £y, . .., {hr coresponding
to the cequence of lines of obeervatione €,, ..., Oy (thie corresponde to aseociating a euper-t ate
per line of obeervatione). For each line O3,

Sy} = max PR Qu-1,Qy =X, 01,00, OylAlL

Thie cecond procedure ie 2= followe.
e ) =k(D),1<i< N,
o S 0d) =max{d,_(fla;:; 1< F< NT b},
1<i<N,2<y<Y.
o P (i) =argmax{d, (fle;:; 1 < § = N],
lgiqN,I4yaY.

Then,
PIOIA] = max 3 (3

The best etate sequence backirackang ¥ then done as followe.
o QY = argmax{dy (i} ; 1 € i < N}
¢ Fory=%-1,...,,1:
- Q;. = ‘I’y+1[Q;+1}
— g%y = XT0y)
—Forzr=X-1,...,1:
0y = 405 (@)

1.3 A novel 2D Viterbi procedure

In thic section, the aim is to develop a dynamic programming procedure that allews for handling
2D connectivity while precerving efficiency in computation and etorage. Becanse of the true 2D
structure of data, the concept of 1D} FSM has to be reviewed completely.

1.3.1 Princple

The main idea behind thie procedure is to take mto acoount the real 3D etructure of the image.
Caneality ic defined between pixele and the poesible etate transitione follow the echeme

Opy—1

! (L.2)

Oz — 1y — Gipg

In cther words, based on the idea of trancition probabibties {ay; = Plgr = sylgr-1 = &), we aim
to extend the transition probabilities 2=

@it = Plitoy = Stlgoy—1 = 8 4o—15 = 5]

Etarhana Iiaxchandf Enrecom. & T.H. AR-UW-ULIfA — Fabroary &, S



Theory 6

However, z& etated in [4], developing a transition graph wsing the 21 relationchip would lead to
unmanageable etorage and complexity. Morecover, aseuming that it ie poesible to store for each
pixel, itc beet path within the trellie, backiradkhng would not be etraightforward. For example,
given z and y, at pixel p = (z,y}, the most likely ctate o . derives from the etates at pixels
A= (=, y— 1} and gz = (= — Ly}, Similasly, at pixel @ = (2 — 1,y 4 1}, the most likely state
421541 il be given by the etates at pixele p] = (2 — 1,y) and p} = (z — 2,y + 1}. In that case,
the beet pathe from g and ¢ “intersect” at ] = p» and ehould therefore lead to one unigue value.
Mothing guarantees euch uniquenees, so that a choice will be dome, according to eome crterion.
Rather than pureuing in that direction, we develop the following simphfication, in crder to aveid
contradictions and keep the memeory and computational leade reascnable.

1.23.2 Developments

Starting from the corigin 6,,, we detail the emission of the block of pixels ., = {00 , 1 S u <
z, 1< v <y} corresponding to a etate block Q. = {4 , 1 2 u <z, 1< v <y} Let us
define 17, (k) 25 the maximum probability of a state block €., with g, = s: corresponding to the
entiesion of picels in {),,. Formally,

Vey(k) = max[Vinlz, u,3, jlasulbn(osy ),

where Viplz, ¥,4, J) & the maximum probability over all etate Blocks Qo — {40, ] with g0 1 = &
and g1, = & corresponding to the emicsion of pixels in €., — {6, }. In other worde, the ctate
block 7. which maximices this probability ic constructed in two major stepe. The firct ctep
reprecents the construction of the state block . — {g., | through the definition of Vip(z,y,1, §)
and the cecond etep (e;;1) reprecents the two-dimencional trancition from etates o7, , = & and
&1, =&; toctate g7, = sy, (and finally the emicsion of 6.).

The vahuee of a,;;. will be given az parameters of our model. The characterication of piz, 1,1, J)
requires eome definitions. (Given that we study state and pixel values at position g = (z,3), we
introduce the following notation for eimplifying the subeequent equations:

® p=(Z,¥} § = Goys 9 = Ouy,

e =lr-ly-1}, ¢ =t 1y-1, 6 =131,

e =(ny—1h 41 =Gog-1:01 =Gep-1, Q1 ={Guw, 1 Susz, 1S5 y—1}
epm=(z-Lyh@z=G-15 0 =615 @2 ={g, I1Susz-1, 15v <y
By defnition, Vip(z, 3, 4, §} can be formakized a:=

[VA[P :E:RPI:GFI}TJD o= S,lp’,!,_ﬁr.:,{? }TAD{Q} = EJIP :E:Rplscpl}]:
(1.8)

Vmirsy:i:j} I{NR

where (see Figure 1.3},

# A E one state configuration at positione {{u,y} ; 1 < u < £ — 1] (ie, along the row
containing ¢ = (z — 1, — 1}, until the position (z — 2,y — 1}).

# Cpr ie one state configuration at positione {{z,4) ; 1 < » < y — 1} (4., along the column
containing 7 = (z — 1,y — 1}, until the position {z — 1,y — 2}).

* Valp' §, Ay 00} is the maximum probakhility over all etate blocks ., ; corresponding
to the emiesion of O _,;_; with state & at peeition p° = (z — 1,y — 1} and contaming the
configurations of etates A and €; on ite borders.

* Tuplg = &lp',1, Rpr, O} E the maximum probakility of over all etate blocks €1 = Q.
corresponding to Q. with g., 1 = s; given the valuee of & at peeition g/, and given that
1 = Q.y—1 ehould comprie the etate configurations Apr and s,

Etarhana Iiaxchandf Enrecom. & T.H. AR-uA-UaIfH — Fabroary &, S



Figure 1.3: Notation for the 3D Viterbi procedure.

The exprecsion of Vip(z, ¥, 1, §} therefore crganices the construction of Q7. — {g; | into cdlasces of
state blocks with recpect to row and colunmm confipuratione they contain (i.e., w.r.t. the valuee of
A and {7.r}. The problem ie now to keep track of the combin ations (¢, A+, £} leading to maxima
of Vip (z, 4,4, f}. As it ic expresced above, Equation (1.3} 3= untraceable cince it requires to store
all poesible configurations of &, A - and £:. We therefore euggest the following approsdm ation:

vilewi) = ([ mex ik 2G| %

E<N O\ | Fortis

|5 Tl = sl B )| | s Tonlen = s 6. By )] ).

A

Let us define Viaig, = s:|¢’ = 2} 2= the maxamum probakility over all etate blocks €, containing
the etate ¢ = sx at poetiion p* = (z — 1, — 1} and the state g1 = & at position ;1 = (z,y — 1},
whik emitting {z;-1. In particular,

Ville, = sy’ = 81) = Rn}at-?:;[viwr:k:-ﬁr’:gp’} % Taplg = &7, &, Bpr, O}l
Another approxamation kads to,
Vilg = &b’ = sx) = max Valgsk Bpr, Op) x max Tnlq = silp', b, B, O} (14

Now, by definition,

max Valp' &by Apr ) = Vorlk) = Vo1 (K).
RFIIL-F:

g0 that,

] %% =gl ==
RT%F, Lnlg = &g, &, Apr, Cpr) = (¢ L;I[Lgi 1)

When detailing the caze of p; = (z — 1y}, we define in the eame mamner V(g = 8¢ = =)
ae the maxamum probability over all etate blocks ). containing the state ¢ = g, at position
# =iz — 1,y — 1) and the ctate g, = 5; at position g, = (z — 1, ¥}, while emitting ). _,,. In thic

Etarhana Iiaxchandf Enrecom. & T.H. AR-uA-UaI T — Fabroary &, S



Theory §

comtext,

L Welgs = silg" = s )
R]:l.mi LD{'Q}—ESI# k RF’!CF} fo[k}

We therefore obiain,

Virlg = &g = &) Wle: = ;1" = Ek}) _

Vipl(z, i, J) = HN( k)

That ig,

L"}D[I,y, :J} k{N (VH[Q-:F I—SSI'Q'u: 1;.-—1—31:}“;?:5; 15'—3;|q-r lg— 1—51:})
¥

Finally, combining all equations, we cbtain the 2D Viterbi recureive formula,

% =&l = WAvlge = & =K
u:y{‘} _ T H['Q'l qu; I} "-"['Q'J kl‘f I}P[Q'my — 3:"'9'-1:;.-—1 = 8y a1y = 31:] P[ﬂmqu-ry — .E,'],
:-e:.r-. 15—10}

or,

Vayli) =

which can equivalently be written az,

Valg = &le" = eV (ge = sele’ = &)
k I{N

o]l

Vﬂﬁ'ii} = nj;lﬁ' [‘j'ﬂ:ﬂ [1“! j! k}ﬂ:'jk] 'b:'['ﬂmy}j {1.5}
Ji&h
where,
-l'iﬂ:y{i,j,k} — THax VH[QEF 1 — -E‘_TI'Q'm lp—1 —IFEII}FHZII?;: 1y — Eklgm —1y-1—= 3"}

Equation (1.5} clearly ehowe the idea of an extension from the dassic 1D-Viterbi procedure (eee
Equation { 1.1}}. It fully usec the principle of 2 2D transition from states at poettione g, = (z,y— 1}
and gz = [z — 1,¥) to a state at peethion p = (z,y} (see Figure 1.3}). However, in thi form, the
retrieval of the mcet likely etate cequence & aseociated to ) would be unmanageable eince it
requires the etcrage of the valuee of et ate mdices §, k and I at all pesitions 7, p2 and ', recpectively
that kead to the moet likely etate &; at p. We therefore rewrite these equations as,

Vorli) = T, 65k, 1}] (o), (L.6)

I{_l". [ k<N

where,

u:;.-[i:j:k:l} — H-I[gu:y 1= Sjlgnr- ly—1— SII}H-IE'; 1y — Ek Iq-r ly—1— 3{} .
|:|: ¥

These equations now create a nk between the resulting mceet bkely etate al position p* = [z —
1, y—1} and that at position g = (z, )} via the enumeration of all combination of states at positions
;= lz,4— 1} and gz = (z — 1, y). Equations (1.6} and (1.7} will form the core of the procedure

we propoee for retnieving the moet bkely etate sequence from a given sequence of cheervation €.

(1.7)

1.3.3 2D Viterbi procedure

We now sunmmarise the resulis cbtained earlier and detail the practical implementation of cur 2D
Viterbi procedure. Becanee of the two-dimenesional aspect of our procedure, etorage and computa-
ticn are clearly increazed when compared to that of the 1D- {and P2D-) procedures. Section 1.3.4
analyees the approdmations made and the complexdty of our new procedure.

A model A ie represented by the following parameters:
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e N, the number of states in the model.
» V, the vocabulary (i.e., the eet of all poesible valuee of an cbeervation). V can poesibly be of

infinite eize.
o A=1ayr = Plgeyg = Silfog—1 = Bs ey = 8] 5 1 2ia N, 15jaN, 15 k< N, the
ZD-traneition probability valuee.
# B=1{bv) = Plogy =uvlgoy = &]; 1 2i< NY¥ue V], the eet of ctate output probability
LEE.
¢ I={m=Plgy=slzr=1ary=1], 1 <i < N}, the cet of initial etate probakility which
determine the (upper and left} border conetrainte.

The following intermediate vanablee are calculated during the forward procees,

» V(i) is the maximum probakbility of obtaining a state block €, containing the state ¢ = &
at position g = (z, v}, while enuitting sy,
* Vilgog—1 = &lgr—1y—1 = &) 15 the maxinrmm probabilbity of obtaiming a state blodk €,
containing the state ¢ = & at peeition ¢ = (z — 1,y — 1) and the state g = &; at position
#1 =[x,y — 1}, while emitting Oy, _,,
o Wiige—1, = 8elgz—1,—1 = &) ie the maximum probability of obtaining a state bBlodk £
containing the state ¢ — g at position p = (z — 1,y — 1} and the state g, = £ at position
Pz = [z — 1,3}, while emitting O, _,,,
# Wi, j,k,1} ic the probakility of cbtaining one etate block £ containing the states s, s,
g and g at positione g = [z, ¢, ;o =(E,y -1 =z - Lyland p =iz - L,y - 1},
respectively, while emitting O, — {a:,]-
Similarly to the 1D Viterbi procedure (see Section 1.1}, the valuee of V', Vi, and V4 are defined
recureively and will be calculated cnline during the forward pase of our procedure. The retrieval of

the beet state cequence §)* encountered while emitting {) will be possible via the storage of staites
which lead to maxamal values during the forward pase. By definition, we first hawve,

PIOIA] = max Vv (7). (1.8)

The backiracking process will therefore be initiated by determining the most likely final etate,
charactericed by,
Q’:g'y' = &;» where it = EIEHHJCVXYH}

The three eurrounding etates gxv—1, §5-1v and gz—1y—1 leading to each peesible value &; of g3y
therefore need to be stored during the forward procese. In other worde, we will fill the array,

Qv () = (7,8, 1) = arng;}c[TXy[i, ;i 1<i< A

Then, in crder to re-propagate the information along the lower border, we need to etore the state
{4z—1 v = £z} corresponding to the best probability value for the states (4.3 = 8,801 = &) In
cther words, we will fill the array

{}my{i,j}={k‘}=a.rgn;a}x[‘ﬂmy[i,j,k,!}] jledjaN, 22X -1

Similarly, in order to re-propagate the information along the right border, we need to store the state
(g% 51 = 8;) corresponding to the best probakility value for the states (g = 8, ¢x 1, = 82). In
other words, we will fill the array

Txyli, k) = (') = argmax( @l Bl 5 1S4k SN, 2y <Y - L,

Finally, for all pixele piz, ¥} but that on the bottom and right borders, the backiracking & done
via the etorage of the state § = g _ 1,1 = & at position " = (z — 1,y — 1} corresponding to the
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best probability of having g, = &, gop—1 = &; and g1 = s;. In others words, we will fill ihe

Array

mﬂﬂ[i!j!k} =¥ :algm"?x[wmy[i:j:ksl}] ilsdisN, 2 X -1, 25ysY -1,
during the forward pase.
The complete 2D Viterbi procedure can now be descnibed a: followe.

Forward pass:

Initialisation (upper and left borderc):
For all (z,y) euch that z=1 or y= 1,

o Vo (i) =mbio,);1<i<N,
o Vitlgey =silge 1y —sn} = mi; 1 SIS N, 1€ E LN,
o Voldoy =siley1 =8} = 1SS N, 1S kSN,
Main loop (all pixels in rasterscan order):
Foral 2<y<Y,2<z <X,
o Voy(i) = max max; o Wopli, j, Kk, Dl bilogg) 5i=1,..., N,
* Vilgoy =8iloo 1y =85} = maxy; Wop (i, jy 5, Db (ozg) 5 4 5= 1,..., N,

» V!,rl:qq. = -Es'IQ'u:;.-—l = 3;'} = maxy [T,,F [i,j,k,i}]bg[ﬂq.} L, j=1,..., /.

Bitorage for best statc sequence retricval

o P (i) = arg maxy max; . O, (4, §, £,1] ;
i=1,...,N,r=2,...X-1,y=2,....Y - 1,

. ?XF“!‘&} = AIg MaXy [max; ey 4 j:k:”] i
LEk=1...,N,y=2...,Y - L

. -rVHJj} = 4T Maxy [mm wu:y[i:j:k:'!}] 1
,j=1,..., N, r=3,...,X -1,

o Dxv(i, ], k} = 4Tg Maxy [‘me (1, i &, '!}]

Backiracking:

The most likely 2D ctate cequence £ = {g7.; 1 <2< X, 1 <y < Y} can now be retrieved a=
followe®.

o PIOIA] = maxs Vv (3,
* iy = arg max; Vyy (i),

* @y @y v} =R idiyh

o (v} =0uvld v @ v )iz =X—-3,...,1,
e (g%} =Txyldhy 8 ) 59=Y - 2,...,1

L Q‘;F:T[q‘;-l-ly-Fl};y:Y_]'!"'!l!I:X_ 1,...,1.

9Here, we extend the natation s that 4oy = & s equivalent to "gny = £".
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1.3.4 Analysis

During the theoretical developments, approsamat ione were made in order to eimplify the procedure
both in memery requirement and cemplexaty. Thie & etudied in depth i thie eection.

Approximations

The first approximation & made from Equation (1.3). It decouples the best pathe leading to 47, 42
and ¢*, respectively. Instead of considening the conetruction of the best state eequence 3 U &2
ae that of one unique etate sequence corresponding to the emiesion of £y Uy, 1t builde them
independently with etill keeping the constraint of a common etate ¢* = s, ThE approxamation
therefore reduces the dependency of the state at position (z,y) to only the values of states at
Jo—1gy—11 Jx—1gy and Hrgy—1-

ThE in turn aleo to reduce dramatically the amount of information needed to badkdrack the
best path. We now only need to store the values of g; 15 1, -1y and ;1 leading to the state
of highest probakbility at g.,. The backiracking will therefore be done in a trellis such as that
schematically ehown in Figure 1.4 and wheee [z, y}-projection is presented in Figure 1.5.

Figure 1.4: Path trelliz used by the 2D Viterki procedure.

(1,13

1
1
1.
1.
1

IR IR IR IR
SASABABABBBYBY
BBBBBRBRBBBBBS
R R e
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SABBBAR JBBBBBS
SESBESASNS S
EEEEEE ‘

L o

??F#????&fFF?ﬁﬁ

e - — - - M — - — i - —

Figure 1.5: Spatial (z, y}-projection of the path trellis used by the 2D Viterbi procedure. Instances
of array valuec are ehown.

The cecond approxamation ie ginular to the previows in that it reduces the dependency of state
Yz g—1 to the values of g._1,_1, given a certain state configuration €., _; (see Equation {1.4}].
It chould be noted that in a complete and exact procedure, given £; 1,1, all states go (v =
1, ...,y —1) chould be determined in an inter-dependent fashion, thus imposing the need for storing
all euch configurations.

Momory load
An upper bound for the memory requiremente of the procedure ic et raightforward to estimate.
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Varnabk Size

£ TN

& N Nx(X-1)

T NaN=(Y -1

¢ (X -y -1Lnu NN
¥ XY =N

Vu XY NN

[T XY NN

Total OIX =Y xN)

Storage requirements can be divided in O{X < ¥ < &%) for the forward pase and QX ¥ x V¥
for etoring the necessary information for backiracking. In other words, if no backt racking ie needed
{only P[O]A] is to be estimated) then only (X <Y x ¥ ¥) values need to be stcred for caleulation.

Backiracking information can be eignificantly reduced by etoring cnly values correcponding to
gtate confipuration leading to global probability values above a certain threchold. In thie manner,
gince we are eventually just interested ie the most likely path, the least likely paths, emerging from
urlikely combinatione of etates are not etored.

CPU load

For filling the backiracking arraye and determming the value of P[{|A], 2 number of calculations
following (X = ¥ x ¥ % ic imposed by Equation (L.7). Again, thie number of calculatione may
ke reduced using fast estimation of unlikely pathe. Such fast estimation ic dome for each etate
configuration (s;, ¢, sx, &) corresponding to the location (z, y) (see Figure 1.3} by firet examining
bi{a.y) to eee whether obeervation o, can be produced by state s;. Then the value of 2, will
indicate whether thie 2D transition i permitted within the model description. Then checlang
the vahies of Vialgop—1 = 85l8c—15-1 = &)y Vorlto—1p = 8xlgo—1p—1 = &) and Vo1, (1) will
indicate whether the most likely pathe leading to the particular ctate configuration (s, 55, &} are
poesible or otherwice. If all theee tecte are poeitive then caleulatione are made and the backtracking
information stored.

Expcrimental test

These complexaties are tested expermentally in the following way. First an image of size 36 < 36 ic
talen and a model comprising & etates in the form of a regular grid ie coneidered. The times needed
for the computation of the state cegmentation are reported ae ¥ angments. Thie & illustrated by

Thrw ke o md e e e o ey
Torm o ke du ek w ——— —

Y B ! S B h

PETTRErCT, S L L Lk il
" I I = = = ] "= ®m om m =™ =™ =m =2 = m
ks bk n Wbl sl e b

Figure 1.G: Time versue number of states for the cegmentation procedure

Figure 1.6 where the dependence ic ehown to follow T o Q[N *) (T o %} when no eim plificat ion
ie made (i.e., when state transitions are not constrained and therefore all pathe are investigated).
When constrainte are taken into consideration for eimplifying the procedure and reducing the
complexdty, the dependency ie of order T o~ (V%) (T él"—;:} Figure 1.7 highlightc the reduction
in time when conetrainte are taken into coneideration.

The ctate number ic now fived to &% = 16 and the image ekwe X = ¥ & incressed. Figure 1.3
reporte the resulie and chowe that the dependence is of order T~ Q{XY) (T =~ £X).
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Figure 1.7: Time reduction when using the conetrained segmentation procedure
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Figure 1.8 Time versus image size

During these experimente, the memory allocated for the procedures have been recorded and
reculic are reported in Figure 1.9,
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Figure 1.9: Memory allocated versus number of et atee and image eme

It chould be noted that theee figures correcpond to the maximum simueltom eore memory needed
by the procedure [(as cpposed to the iotaf throughouf). From thi data, it was found that the
memaory load was following OV #5) for a fived image gize and Q[ XY} for a fixed number of states.

These figures correspond the expected compleaties.

1.4 Chaining the 2D models

The basic idea in chaining the models into a upper-level {meta) etructure ic to add mull states
to the recpective modele eo that transitions between modek are made through these null ctates
{eee Figure 1.10). Thic & a technique commonly used in epeech processing where each phoneme
model etarte and ends by euch 2 null etate and grammare of modele can be designed by defiming

the trancition topologies between these null et atee.
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Figure 1.10: Model chaining

A mull state ie o etate which does not emit any obeervation. It chould therefore be treated
differently in the backiraclking procedure cince an cbeervation will never be sccocated to 2 null
gtate. Raiher, null etates compeee a cub path in the trellic, completely contained into one single
poeition (i.e., pixel).

1.4.1 Notation

Veing the eame notation a= before, and adding a euperscript index for the 2D-model in question
{e.q., &F for etate { of model 2}, we coneider the cases where the traneition & made between null
and/or emitting etates. Mote that, in the following developments, the fact of asecciating each etate
to a particular local 21 model 36 done for the eaze of understanding when relating to the previcus
developments, Morecver, when keeping a etate aseociated with a local model, the backtrackang can
be done at two levels, the state level and the model level. This superscripting has the inconvenient
of complicating the notation, and, more importantly, does not permit the definition of null etate
aceociated with no modele which would be ueed in the definition of complex grammars, & it ie
done in speech processing.

In a firet approach we coneider that etatec are aseociaied with bocal model and then diecues the
extencion to a generic meta-model construction.

1.4.2 Inner-model non-null state transition

Thie ic the case when three states of 2 model 2 yvield a state within model 2. Typically, calculatione
are the eame as that detailed previouely (Figure 1.3, Equations (1.6} and {1.7}} so that

Vol = oz | max, 2,06,5,8.)] ¥560c), (19)
where,
- a H‘I[gn:y—l = s‘f IQ'u:—ly—l = EF}VV[E:—IF =E: I'Q'u:—ly—l = E?}
b e k= z - 1.1
u:y[‘h Jrky 1) Ve1g_1(a, 1} LAY {1.10}
Again backtracking ie dene by storing the configuration of statec (s, 57, 5, £/} that lead to the

highest probakility value at a given peeition (r, y) (see Section 1.3.3).

Etarhana Iiaxchandf Enrecom. & TH. AR-wWi-uasf 14 — Fabroary &, SH



Theory 15

1.4.3 ‘Transition from a null state

We first present how to “exdt” from a null etate. Aseunung thai the probahility of being at a null
state sf at peeition (z,y)} has been computed, we calculate the probahility of moving from that
state to ancther etate si In our calculation, we aseume that null etate traneitione at a position only
arke once the emiezion of the obeervation has been made. Thie ensures that null etate traneitione
happen only after emission at one position. Under thie assumption transition to an enutting etate
will be made at a further poeition.

In the context, sﬁ 16 alec a null etate. Therefore, thie transition represente an inmer-state
transition since no obeervation & emitted, neither at state &7, nor at state si In that case, thic ic
equivalent to eplitting the state at position (z,y) into two sub-states {see Figure 1.11}).

i PISTIET
Imr=

" -
5
r

5

e

Backitaling infoumtion

Brsitioh =,y

Figure 1.11: Null to null etate trancition

Therefore, aceuming that Vo, (i, 2} ic Jmown, we cbtain
Vl:y [J: b} = VEFH:E}P[E? I'E:':]

The value ccfP[.sﬁlsf] bemg taken from the parameters of the model. When generalising, the value
aseociated with sﬁ will reprecent the maxamal peeeible value for all transition from null states euch
ac 7. Ae backiradang information the etate sf which produced this maximal value i& retained.

Assuming now that all state probabilities have been calculated at all poeitions preceding (z, 3
in a row scanning order, calculating the trancitions to states at (r, g} start by the caleulation of
the probability of being in emitting state at {z,y). A traneition from a null state & therefore
slmply treated ac a normal 2D-state traneition. Ome major difference ic the evaluation of the 2D
transition probakility value 2;;p. Since at {z, y) the local model may change, there is the need for
the defmition of a value of

she _ .= .k _E
Tifk = P[-Q‘.;F =& Iq-r—ls' = Ej 1 foy—1 = £

and thig, in & way, defeate the advantages of keeping each etate aseociated to 2 local model.

WL, § &, 1| B (oog )y (1.11)

Vegla, i} = max max
=27 [ENd | e b ks

where,

H-I['Q'u:y—l = 3} Iqus—ly—l = Sf}v‘-’[qm—ly = &} an:—ly—l = 'Ef} asbe
p;—ly—l[d:i} ik

Thie formula ie eimplified by the used of one global model only, 2= detailed in Section 1.4.5.

m:if'c'd[i:j: k:!} =

(1.12)

1.4.4 Transition to a null state

Thice etep ic the basic for chaining modele. Adding null et ates to the models allows for the definition
of 2 model connectivity and therefore 2 model grammar. Null etates are aseociated to border ctates
g0 that model can be connected by their borders. Hence, it ie natural to think that null etates will
be divided into recembling East, West, North and South null etatec.
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We detail here how the calculation are made when moving from a emitting etate to a null state.
Mull etates have the property that they do not emit any cbeervation (i.e., they are not associated
with obeervation PDF). Following the earlier analyeie, null state transition can be thought of as
being “in between” emitting etate transition. Since transitions to null states happen at one position
cnly after a traneition to an emitting etate at the same poeition, we consider the dependency of 2
null state for backdracking a= being the previous emitting state.

In thie context, cne way to calculate the probability of moving to a null etate &F from a given
enutting etate si may be calculated as

boy (4 'ﬂ} = Vmﬂ[j,b}P[sf IS?]

However, gince null etate reprecent bordere of a local model, it may be ueeful to enhance the
ccherence within euch border. For achieving euch coherence, one may cakulate the dependency of
the null eiate at come poeition baced on etates occurring at vertical and horigontal neighbouring
poeitions {see Figure 1.13).

Pomition z, o

5;_ ’ Backtresking inforrastion

Pogition z- 1, e e
Position a,»

Figure 1.12: Emitting to null etate transition

In that context,

: H'I{Q"FF :Sﬁlqm—lﬂ:'gi}v‘-r[ﬁﬁy =3ﬁ|q.=y—1 :3?'}
Feu i) =y Vb)) i

b d
['gﬂsj:si:s{]

1.4.5 Using one unique global maodel

Teing different local modek that are trained ceparately may be 2 convendent way to represent a
global model etructure. With the above developments, each Jocal model may be added with null
gtate uced ae an interface for commecting it to another model. In thai respect inter-emitting state
transitions may only happen within a local model. Therefore, the Equatione (1.11} and (1.12} are
simplified ==

Vool = g |z, 2, 06,5,8,0) e, (1.13)

where,

Hi['Q'my—l = s?lq-:—ly—l = EF}VV['QE—IE =E‘E|9'.=—1y—1 = s?}.u

(6 5k )= Vo—1y-10a,}

2y (114}

Thue diminiching the complexdity of storage.
An upper transition matrix may be conetituted ueing inner-model traneition matrices oy,
added with a matrix deccribing the null et ate transition topology and therefore the *grammar” of
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the upper-level model.
ThiE way may therefore be seen as exploiting one unique global model while keeping separated
local properties for the inter-emitting state transitions.

1.4.8 MNull state sequences

The extension of the vze of null state for defining a “grammar” for the upper-level model may
induce the poesibility of null st ate cequence and therefore null etate cycles.

Thi may be linuted when backiraddng by either marking the paih, z& in a chortest path
gearch or by defining an appropriated trancition topology sccodating 2 eufficient “coet” to null
state cyclee.

Etarhana Iiaxchandf Enrecom. & TH. AR-wWi-uaf 1T — Fabroary &, SH



Chapter 2

Applications

We firet detail the current implementation of the procedure and give eome example applications
for the ongoing validation of the procedure.

2.1 Practical implementation

We briefly review the main features of the implementation of the above thecretical procedure. This
implement ation ie done in the meet general context and developmente are made to handle 2D data
arking from both diecrete and continuoue multidimensional distributione.

Ome major etructure tTellig2D_t is used to store the model A and 3= compoeed of 2 hierarchy
of component whoee encapeulation & deccribed z= followe:

typedef etrmct
1
char *gtreamlabal;
mneigned int glebalDim;
boolean_t foll;
boolean_t diecTrate;
letreamInfo_t;

typadef etrmct

1

etreaamInfo_t *etreamInfa;
FLOAT =meanVact;

FLOAT =#varMat;

FLOAT datVarMat;

1FDF_t;

typadef etrmct
{

etreaamInfo_t *etreamInfa;
boolean_t sinState;

char =lab#al;

meigned int nMiztnre;
FLOAT *mixCoaf;

FOF_t *FDF;:

char init[10];
}contPDF_t;

typedef etrmct
{

gtreamInfo_t =etraamInfo;
meigned int nHing;
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FLOAT min¥al;
FLOAT maxzVal;
FLOAT nW¥al;
FLOAT #bin¥al;
FLOAT *logBinVal;
Ihieto_t;

typedef etrmct

1

gtreamInfeo_t *etreamInfo;
boolean_t *inState;

char =labal;

higto_t *hieto;

char init[10];
}digcFDF_t;

typadef etrmct

1

olean t nollState;
etreaamInfo_t *etreamInfa;
meignad int ewtPDFIndax;
char =labal;

contFDF_t =contPDF;
digcPDF_t *diecPDF;

char init[10];

JentPDF_t;

typedef etrmct

{

boolean t loadad;
boolean t eet;
gtreamInfo_t etreamInfo;
meigned int maxMiztmra;
meigned int nEtate;

char =lab#al;

FLOAT #npperStateaProb;
FLOAT #loglpperStataFrohb;
FLOAT =laftEtateFrob;
FLOAT #loglaftEtateFrob;
FLUOAT =lowarStataFProb;
FLOAT #loglowerStataFrohb;
FLOAT *rightEtataFrob;
FLOAT »logRightStateFrob;
FLOAT =nnll1HNStateFrob;
FLOAT #loghnllNEtateFroh;
FLOAT =nnll1EStateFrob;
FLOAT #loghnllEStateFroh;
FLOAT =nnll1S5tateFrob;
FLOAT #loghnll=EtateFrohb;
FLOAT =nnll1¥WStateFrob;
FLOAT #loghnllWatateFroh;
FLOAT =ssxtraneFrob;
FLOAT ##slogTraneFrok;
ontFDF_t »»ontFDF;

meigned int nConmonUntPDF;

ontFDF_t »commonlotFDF,;
contFDF_t scommonContFDF;

Etarhana Iiaxchandf Enrecom. &

T F. AR-W-uAlf 1% — Fabroary &, 00U



Applicaticne 20

diecFDF_t *commonDiecFPDF;
char init[10];
Itrellie2D_+;

For flexability in the design, each poessible cutput distnibution ie considered as a eeparate object
and i pomted by etructure where needed.

Dhecrete obeervation distributione (i.e., cases where the vocabulary V i of finite length)
are stored as histograme H, in each directicn and the global cutput probability value of a D-
dimensicnal cheervation ¢ = (6! ... "®))T ic given by

o
bie) = H Ay{al).
2=1

In other worde, all dimension of the obeervation are aseumed to follow independent dist ributione.

In the case of continuoue distribution, depending cn whether the flag etreanInfo.digcreta ic
get or not, the dictribution ic modelled by 2 D-dimeneional (Gauecian mixture with full covariance
matnx X,

bifa} = EW ( o — ) TE" liﬂ—ﬂm})

or diagenal covariance matrix (diag(e'¥})

Th _{ﬂ[n'.J _ F’[ﬁ,]}i
b:(a} = EH th (E,_,T ’

J=12=1 Tin

depending cn wheiher the flag etreanInfo.full ic cet or not, respectively.

noll175tateProk values are uced in the model-chaming procedure (mnlti1) to determine the
probability from a enitting etaie to map onto 2 null etaie. Theee are eonply calculate by considering
the proportion of each state on each border of the training image (when training each T2D model
separately).

The tag nol15tate in the etruciure ontFDOF_t allowe for differentiating mull and emitting ctatec.
The property ic therefore carried throughout the procese and chould be exploited for cakeulating
maximal probabilities at every ctaie.

Al parametere needed for mitialisation are stored into configuration fillee and examples of ench
filec are mven ac Appendix A.

Ancther structure ie ueed for chaming the modek and ie a= followe:

typedef stImct
1

oolean t loaded;
oolean t eet;

int nModel;

char s+filaNama;

int etreamDim;

int maxNEtata;

char »labsl;
trelligZD_t *T2D;
FLOAT ssxsxstraneFrokb;
FLOAT ###ssslogpTraneProk;
FLUAT =«hTraneFroh;
FLOAT #slogHTraneFrok;
Joodel2D_t;

A modelZD_t etructure actually enmply conekte in storing a hict of pointers on the independent
T2D modele and their recpective trancition probabilities. It ic therefore withm thie structure that
all upper level parameters will be etcred and carried throughout the proceduree.
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