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Abstract

We address the line spectral estimation problem with multiple measurement
corrupted vectors. Such scenarios appear in many practical applications such as
radar, optics, and seismic imaging in which the measurements can be modeled
as the sum of a spectrally sparse and a block-sparse signal known as outlier.
Our aim is to demix the two components and for this purpose, we design a
convex problem whose objective function promotes both of the structures. Using
the Positive Trigonometric Polynomials (PTP) theory, we reformulate the dual
problem as a Semidefinite Program (SDP). Our theoretical results state that for
a fixed number of measurements NV and constant number of outliers, up to O(N)
spectral lines can be recovered using our SDP problem as long as a minimum
frequency separation condition is satisfied. Our simulation results also show
that increasing the number of samples per measurement vectors reduces the
minimum required frequency separation for successful recovery.

Keywords: Spectral super resolution, demixing, multiple measurement vector,
atomic norm, convex optimization.

1. Introduction

Spectral super resolution is the problem of estimating the spectrum of a
signal composed of sinusoids using finite number of samples. This problem, also
known as line spectral estimation, is of great importance in signal processing
applications such as radar [I}, 2] [3| 4], multi-path channel estimation [5], seismic
imaging [6], and magnetic resonance imaging [7].

There exist three main attitudes toward spectral super resolution problems:
non-parametric methods, parametric approaches [§], and optimization-based
methods [9 [I0, II]. Periodogram as a non-parametric method can localize
sinusoids up to a limited resolution [I2] in the noiseless case. Multiple Signal
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Classification (MUSIC) is a parametric method which can recover sinusoids
perfectly [13]. However, the performance of this method degrades in the presence
of noise or outliers. Also, MUSIC needs the correlation matrix of the signal
and lack of measurements can highly affect the performance of MUSIC. Other
examples of parametric approaches are Estimation of Signal Parameters via
Rotational Invariance Technique (ESPRIT) [14] and Matrix Pencil method [15].
Optimization based approaches minimize the continuous counterpart of the /4
norm known as the Total Variation (TV) norm [9]. These methods are shown
to be robust against Gaussian noise[9]. However, their performance degrades
when outliers are present. Tang et.al. proposed a mathematical formulation for
the spectral super resolution problem using Atomic Norm Minimization (ANM)
[16]. For more illustration, consider a time dispersive multipath channel. The
problem is to estimate channel delays and the corresponding complex coefficients
using a limited number of pilots. This problem is studied using spectral super
resolution and ANM [5] [17].

In most applications, an array of sensors is utilized to receive the signal. In
real scenarios, the output of some sensors might be corrupted by perturbations
and this makes it harder to super resolve the spectrum of the signal. Thus,
the received signal can be described as a mixture of the transmitted signal
and spiky noise. This noise can be due to the interference arising from other
signals, lightning discharges, and sensor failures. The problem of estimating
the transmitted signal from the latter mixture is known as demixing sines and
spikes. The demixing problem using the single measurement vector (SMV) is
studied in [I8] and [19]. In some certain settings in applications, we are allowed
to collect Multiple Measurement Vectors (MMVs). For example, in Direction
Of Arrival (DOA) estimation in array processing [20], the aim is to estimate
the DOAs of narrowband sources by observing the output of a sensor array (a
group of sensors) during a time window. As each sensor collects a measurement
vector (takes snapshot) at each time instance, we have access to MMVs in a
time interval. As mentioned earlier, sensors might be exposed to perturbations
which can lead to corrupted measurements (interpreted as outliers). To jointly
estimate the sources and the ourliers, one could use multiple disjoint SMV
demixing problems (corresponding to multiple snapshots) or a single large SMV
problem by increasing the array size. However, these approaches do not seem to
be reasonable due to cost limitations and array physical constraints. Therefore,
it is necessary to exploit the temporal redundancy contained in the MMVs by
assuming that the sources remain fixed in a time interval.

In this work, the benefits of using MMVs in the demixing problem are inves-
tigated. It is shown that using MMVs makes it possible to localize the sines with
high precision. According to the fact that the measurement vectors share the
same spectral characteristic of the signal of interest, it is possible to use this joint
spectral sparsity and distinguish the signal of interest from the outliers. Accord-
ing to the applied signal model, a new method for spectral super resolution in
the presence of outliers is proposed. Also, due to the infinite dimensionality of
the TV norm minimization problem, the dual problem is investigated. Using
positive trigonometric polynomials (PTP) theory [21], a tractable SDP is pro-
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posed. A vector dual polynomial is formed using the dual variables of the latter
SDP. Also, a sufficient condition for the exact recovery of the proposed method
is provided.

The rest of the paper is as follows: In Section [2] the demixing problem
for the MMV case is formulated, in Section [3] the TV norm minimization is
applied to distinguish the signal of interest from the outliers, in Section {4 the
dual problem is investigated and a new SDP is proposed, in Section [5| dense
Gaussian perturbation is added to the model and the corresponding SDP is
proposed. Section [f] presents the numerical results, Section [7] provides the proof
for the main theorem, and Section [8| is devoted to the conclusion and future
work discussions. Also, the proof of the main theorem can be found in Section
{]

Notation. Throughout this paper, scalars are denoted by lowercase letters,
vectors by lowercase boldface letters, and matrices by uppercase boldface letters.
The ith element of the vector x is given by x;. |.| denotes cardinality for sets
and absolute value for scalars. f()(t) denotes the ith derivative of f(t) with
respect to t. Transpose, conjugate, and hermitian of a matrix or vector are
given by ()T, (.)*, and (.) respectively.

2. Problem Formulation

Suppose that the signal of interest is composed of K complex exponentials

K
spp= Y ape?™t jeN €L, (1)
k=1
where N ={0,...,N -1}, L={1,...,L}, ar; € C is the complex amplitude
corresponding to the kth frequency, i = v/—1, N is the length of the sinusoids,
L is the number of measurements or snapshots taken over time, and fr € T
where T := {f1,..., fk} C[0,1] is the support set of the signal. In the Fourier
domain, can be expressed as

K
Gi(f) = and(f — fr), (2)
k=1

where §(f — fi) is Dirac delta function located at fr. The signal can be ex-
pressed in a matrix form S whose columns denote the measurements for one
snapshot and the rows correspond to the output of each sensor for different
snapshots. Note that we can write

K 1
sjt = _awe?™ I = / e?mIG(df) = (FNGh)j,
k=1 0
where F maps the measure G, to its first N Fourier series coefficients. Here,
we study the full measurement case. The results can be extended to the random
sampling case [22].
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As stated in Section[T} outliers degrade the performance of recent optimization-
based spectral super resolution methods. In order to overcome this problem,
the effect of the outliers should be considered in the initial model used for the
received signal. Following the same approach of [I8], the outliers are added to
the received signal as a matrix Z

Y =8+Z=[FnG),...,(FNGL)] + Z, (3)

where Yj; and Zj; are the received signal and the outliers at jth sensor and
Ith snapshot respectively. Note that the outliers affect few number of sen-
sors such that the outlier matrix Zy« is considered to be row-sparse and
Q C{0,...,N — 1} denotes the overall support set of the outliers which means
the rows of Z« with nonzero 5 norms.

3. Total Variation Norm Minimization

Without any prior assumption, the demixing problem is ill-posed. Sparse
assumption on the signal structure is proved to be helpful in solving linear
inverse problems. In compressed sensing theory, Restricted-Isometry Property
(RIP) guaranteed that a random sampling operator would preserve most of
the signal’s energy with high probability (see e.g. [23] 24] 25] [26] for more
details). However, in spectral super resolution, it is possible that the non-zero
spectral information of the signal lies in the null space of the sampling operator.
Thus, an additional condition called the minimum separation condition should
be met[27].

Definition 1. (Minimum separation) Consider the set T as the set of support.
The minimum separation is defined as the minimum wrap-around distance be-
tween any elements of T,

A= A(T) = inf — f1l.
™ (f17f2)1€T¢f17éf2|f2 Al

For clarification, the wrap-around distance between f; = % and fo = % is equal
to 2.
5

In compressed sensing theory, the ¢; o norm was used to promote group
sparsity of the received signals sharing the same support sets (see e.g. [28] 29]).
The continuous counterpart of ¢; » norm is the group Total Variation (gTV)
norm

L

Xlrv = supS° Rl [ B0 Xi(an).
1 F(t)|l2<1,teT ;= T
F:.T—cL
Fernandez proved that a minimum separation of % has to be met so that

the gTV norm minimization achieves exact recovery [27]. Following the same
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insight of [I8], we propose the following optimization problem for demixing in
the MMV case

rgignéugw + M| Z|12 st. Y =[FNGy,...,FNGL] + Z, (4)

where X > 0 is a regularization parameter, |.|; 2 denotes the matrix /5 norm
and Fp is the linear operator mapping a vector to its N lowest Fourier Co-
efficients. The main contribution of this paper is to show that under certain
assumptions, the above problem has a unique solution.

Theorem 1. Consider N measurements with L snapshots and suppose that the
{3 norm of each row in the outlier matriz Z is non-zero with probability & . Let
the elements of the support set T satisfy the minimum separation condition of

A > Anin = ]%[521 If the phases a; and the nonzero entries of Z are i.i.d uni-

formly distributed in [0, 2], then (4) with X\ = 1/v/N provides the exact solution
with probability at least 1 — € for any € > 0 as long as

-1 3\ —1
K<CKN(logN) <1+;log\/ZN ) ,
€

€

-1 3\ —1
8<C’SN<10gN> <1+ilog\/fN > ,
€

€

for some constants Cy, Cy, and N > 2 x 103.

Remark. Using MMVs leads to an increased probability of successful recovery.
To see this, consider demixing the corresponding columns of S and Z in the
SMYV case [I§]. For a fixed N, each column of S and Z can be recovered from the
corresponding column of Y with a probability of at least 1 —e. Thus, in order to
recover all the columns of S, the probability of successful recovery would be at
least 1 — Le. However, in order to solve the problem with a single optimization,
as proposed in Theorem 1, the probability of successful recovery for weaker
conditions on N and K, is at least 1 — v/Le. This explicitly certifies that
the proposed method outperforms L individual SMVs in terms of the success
probability. It is also worth mentioning that the simulation results in Section [f]
indicate that the MMV performance can actually be better than even a single
SMV. This issue can also be captured by Theorem [I] since by increasing L,
the conditions on K, s would be weaker. This in turn shows that for fixed K
and s, the performance of our method enhances by increasing the number L of
snapshots. It is also worth noting that in the SMV case (L = 1), the bound in
Theorem [1] reduces to the required sample complexity of SMV case obtained in
[18, Theorem 2.2].

The proof of Theorem [I] appears in Section [7} In Section [4] we look at the
dual of (4) and reformulate it as an SDP.
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4. Dual Problem

According to the infinite dimensionality of gTV norm in , we look at its
dual formulation and analyze it. The proposed demixing problem is closely
related to the atomic norm minimization problem introduced in [9]. Using the
fact that our signal of interest is composed of K complex exponentials, we can
present it sparsely with an atomic set containing N-dimensional sinusoids. The
measurements of each snapshot or time sample form a measurement matrix as
in . As a consequence, it is crucial that we use matrix form atoms to build
up our signal. Consider the following atomic set with ||.||2 denoting ls norm

A={a(f,¢)b" : f €[0,1],¢ € [0,2n],[|blla = 1}
for any b € CX*! and
a(f, ¢) _ \/%ehﬁ[l’ei%rf’ . .76i27r(N71)f]T c (CN.

Using the above definition of the atomic set, we can define the matrix S as

K K
S=VN> a(fr. o) =>_ cvalfr, 9)bf, (5)
k=1 k=1

where ¢, = VN |||z > 0 and by, = ¢, "1V N with ||bg|l2 = 1. According to
[16, [30], spectral super resolution problem can be treated using atomic norm
minimization. This attitude arises from the fact that in spectral super resolution

problem the spectrum of the signal of interest is sparse. The atomic norm is
defined as

| X||4:=inf{t > 0: X € tconv(A)}, (6)

where conv(A) denotes the convex hull of the atomic set A.
Using the definition of the atomic norm, can be represented as

min||$a+MZ e st ¥ =8+ Z. (7)
S.Z

In order to formulate the dual problem, we need the definition of dual atomic
norm as

||F||:k4 = sup < Fv g >F,
[1S)a<1
= sup < T,ea(f,0)b >,
f€l0,1]

$€[0,27]
llell2=1

= Ssup | < F7a‘(f70)bH >F |7
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where < . >p shows the Frobenius inner product. Using the above definition,
the dual of is written as

max Re <Y, T >y s.t. sup [T a(f,0)]2 <1,
reCNxL feo,1]
IT]oc,2 < A, (8)

where Re <. > denotes the real part of the inner product and |.||oc2 is the
matrix infinity /2 norm defined as

IFlloo,2 = max|[Ty -

By applying the PTP theory [2I], the maximization constraint in can be
reformulated as a Linear Matrix Inequality (LMI) given by

A T
FeCNXIPE/L\Xe(CNXNRe <Y.I'>p s.t. [ oI, ] =0,
" 11
T =, |
ITlo,2 < A, (9)

where 7* is defined as

N—j+1

T (A); = Z Aiitj—1,
i=1

I, denotes the identity matrix of size L x L, 0 € CV~1 is a zero vector, and
> 0 denotes positive semi-definiteness.

In order to localize the frequencies of the signal of interest and the noisy
spikes, Lemmd[I] is presented.

Lemma 1. The solution to @ is unique if for T' € CV*L and the vector-valued
dual polynomial Q = a(f,0)" T, we have

Q(fy) = ‘C—k|ka fork s.t. fr €T, (10a)
Cr
QU2 <1 vf; € [0, 1\T, (10b)

and for any d € Q and 1 € Q°,

Z,.
2~ 1
2 (10¢)

[Tl < A (10d)

Pd,:

Proof. If we find a I" satisfying the above conditions, it is dual feasible. Consider



S and Z as the solutions to . Then, we would have

15]]alIT 1%
<T,S >k
K
<T,> cralfr, )by >z

k=1

K
= Y Re{c; <T,a(f, ¢1)bfl >}

1S]a >
>

=
—

Re{c; < by, Q(fr)" >}

x« C a
Re{ckF’;l} > 18]

M 11>

b
I

1
140 AISO,
Re<Y,I'> = Re<S8,T>+Re<Z,T>

= I8l + > Re{Z;,.Tu.}
deQ

= ISla+A)" Ref

ded

Z;.Z

d,:
=} = AMZ]|1,2,
1Za, |2

where the last equality is derived using Therefore, we must have

<T,8 >g=||S]l4 + A Z]||1.2. Thus, by strong duality, § and Z are primal
optimal and T is dual optimal. To investigate uniqueness, we consider S =
> ke éra(fr, ox)bH and Z with supports T and €2, respectively as the other
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optimal solutions to (7). Then, we get
<Y, I >p=< S, T >p + < Z,T >p
= Z Re{ék < Bk,Q(fk)H >}

kaTﬁﬁ

+ > Re{d; <b;,Q(f)" >}
ijTCﬁ'ﬁ

+ > Re{<Z; .Tq.>}+ > Re{<Z T, >}
deQnf 1eQenf

< Y Refalbill2lQ(f)ll2+ D Re{E11bil201Q(f)l2
freTNT f;€TeNT

+ A D> Re{llZaslla} + ITacllooz Y, Re{llZ.:2}
deQnQ 1eQenf

< >0 @bl Y Elbilla+ A D Re{l|Zall2}
feeTNT f€TenT deQN$

+ A Y Re{l|Zill} = 1S]a+ M Z 1.2,
1eQenQ

which contradicts the strong duality. Thus, all optimal solutions are solely
supported on T and 2. Since the atoms in T and {2 are linearly independent,
the pair (S, Z) is the unique optimal solution to @ O

5. Demixing in Presence of Dense Perturbation

In many practical scenarios (e.g. Direction of Arrival (DOA) estimation), the
presence of dense perturbations is unavoidable [3I]. When the received signal is
perturbed with dense noise, one can modify as a new optimization problem
and the corresponding SDP. In this case, the received data is in the form of

Y=S+Z+W= [(FNGl),...,(fNGL)]+Z+W,
where W € CV*L is the additive noise matrix with 3.i.d. elements distributed as

zero mean Gaussian distribution with standard deviation o. Now, by modifying
(4), we reach

12 st |Y = [FNGi,...,FNGL] — Z||p <, (11)

min||G|lyrv + Al| Z]
Gz

where 1 is an upper-bound of ||W{p. In what follows, we derive the dual
problem of and its corresponding semidefinite relaxation.
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max Re <Y ,T >p —q|T||F s.t. sup [T a(f,0)]2 <1,
LeCNxL fel0,1]
IT|cc,2 < A, (12)

which is equivalent to the following SDP,

A T
FGCNXIP%\XECNXNRE <Y,T >p —n|T||F s.t. [ rd 1, ] >0,
1
T =g
ITloo2 < A, (13)

with 0 € C"~1 being a vector of zeros.

Proof. Problem can be reformulated as
win|Gllgrv + M| Z[12 st |Y — Ul <n?
G,z
U = [fNél, .. ,deL] + Z.

The Lagrangian of the above problem is

L(G.Z.T) = ||Gllyrv — {[Gr. -, GL), FAT) p + Al Z|h2 = (Z,T)r
+(U.D)r+v (Y -UlE—n%). (14)
Due to the first constraint in , |Gllyrv — (G, ..., GL], FiT)p is minimized

for G = 0 and because of the second constraint in , MZlh2—(Z,T)p is

minimized for Z = 0. Next, considering the convexity of |D we evaluate its
gradient w.r.t U and set the result to zero to get,

oL r

Therefore,

1 2 I 2 2) _ 1 2 2
(V. E)r = ol + v (g, 17— ) = (VB = T v, (1)

10 Since v is positive, taking derivative w.r.t v, setting the result equal to zero, and
plugging the result back leads to with the constraints used. Thus, is
the dual problem of and using the PTP theory [21], is concluded. [

10
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Figure 1: 2 norm of dual polynomial and true frequencies.

6. Numerical Results

6.1. Without Perturbation

In this subsection, numerical experiments are presented to evaluate the per-
formance of the method proposed in Section First, we investigate the con-
straints and on the dual polynomial and the constraints and
on the dual variable. Using these constraints, one can localize the signal
frequencies and the outliers’ spikes. Next, the minimum required frequency sep-
aration for successful recovery in the MMV case is compared with the one needed
in the SMV case. In all simulations of this subsection, the number of sensors or
the signal length is set to N = 50. In the first part of the simulations, the signal
of interest § € CN*L has K = 3 frequencies and the coefficients ay; are always
drawn from a standard i.i.d complex Gaussian distribution. The outliers’ spikes
are considered to be in s = 3 different random positions in each snapshot. For
better visualization, it is assumed that outliers happen in each sensor only once.
Figure (1)) depicts ||Q(f)||2 for L = 5 snapshots and T = {0.1,0.4,0.8}. Asit can
be observed, the signal frequencies can be estimated by solving ||Q(f)||2 = 1 for
all f € [0,1]. The outliers are localized in each receiving sensor using (10c). We
considered s = 3 noisy spikes occurring randomly in each measurement without
replacement. Thus, with L = 5 we expect to detect 15 outliers in the receiver.
Figure depicts the result. As it turns out, Figure verifies the conclusion
of Lemma Il

Next, we investigate the minimum separation condition. To do this, we
consider two frequencies slowly taking distance. The first frequency is fixed
at f1 = 0.2 and the second one has a distance of fs = {0.1/N :0.1/N : 1.5/N}
from f1. During this experiment, s = 10 outliers out of N = 50 are considered
in the overall measurement process. Also, we define f.o = [, f55!] as the
estimated frequencies vector. A successful estimation is defined as when

max{|fest - ftruel} S 10_4 (16)

where fi. denotes the true frequencies. With this definition, Figure illus-
trates the probability of successful recovery for L = {1,3,5} over 100 Monte-

11
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Figure 3: Probability of successful recovery in terms of minimum separation for various number
of snapshots.

Carlo simulations. As seen, the minimum required frequency separation is de-
creased with an increase in the number of snapshots. For more illustration
on Theorem [I] phase transition diagrams for s and K are plotted in Figures [4]
and [5| with parameters N = 50, K = 5, and N = 50,s = 5, respectively. In
each Monte-Carlo simulation, the frequencies are randomly generated satisfy-
ing the separation condition and the total number of Monte-Carlo iterations is
considered to be 100. As Figure shows, for fixed N and K, the probability
of successful recovery increases when the number of snapshots (L) rises. Also,
increasing the number of sources K leads to recovery corruption for fixed L
and N. Moreover, Figure @ shows that increasing the number of snapshots
can affect the maximum number of possible spikes to recover. However, this
behaviour is up to a limit point. This is aligned with our bound in Theorem [T}

12
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Figure 5: Performance of our atomic norm minimization method for diverse values of the
number of snapshots (L) and sources (K). The heat-map shows the probability of successful
recovery (white: success black: failure).

6.2. With Perturbation

In this subsection, various scenarios are considered and the results are com-
pared with the state of the art SPA [32] method. Note that comparison with
conventional SPICE method [33] is not implemented as this method was de-
signed to estimate on-grid frequencies leading to basis mismatch issues and
estimation inaccuracies. Therefore, we only compare our method with SPA [32]
which is often regarded as a continuous version of SPICE [33]. In order to get
closer to a more realistic scenario, consider the DOA estimation problem with
K = 3 sources where the first and third sources are considered coherent. Take
the incoming directions to be fy.e = [0.1,0.4,0.8] and the corresponding esti-
mation vector to be f.s;. In what follows, we compare our proposed method

13
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Figure 6: Comparison of the performance of proposed method over SPA when the number of
snapshots increases and the spikes energy is low.

with the SPA [32] when both methods are perturbed with impulsive spiky and
Gaussian dense noises.

6.2.1. Effect of Taking Snapshots

To compare the performance of the two methods for different number of
snapshots, we set the number of DOA sensors, IV, to 50 and the number of
spikes, s, to 10. The elements of the noise matrix W are considered to be
i.i.d. and distributed as Gaussian with zero mean and variance 0.5. Also, the
spectral norm of the spiky noise || Z|| ¢ is set to 25. This value does not affect the
performance of the proposed method but devastates the performance of SPA.
The number of snapshots, L, is ranged from 5 to 30 and the result is presented
in Figure [6] for 100 Monte-Carlo simulations. The error is measured in terms of
the Mean Square Error (MSE) defined as

1
MSE = ?H.fest - ftMEH%'

As Figure @ depicts, both methods show improvements as the number of
snapshots increases. However, it is apparent that the proposed method has
higher accuracy than the SPA method.

6.2.2. Effect of Impulsive Noise Energy

Here, we would like to investigate the performance of two methods for various
levels of ||Z]||r which is the Frobenius norm of Z. The setting is similar to
that of the previous subsection except that the number of snapshots is fixed
to 10. The result is shown in Figure @ As expected, the performance of the
proposed method does not change considerably compared to the SPA in this

14
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scenario. However, it can be observed that by increasing the energy of spikes,
the performance of SPA is corrupted in such a way that after some threshold a
successful recovery will be impossible.

6.2.3. SNR

This subsection focuses on the effect of Gaussian noise variance employed
in W on the performance of both methods in terms of MSE. The simulation
is based on the same setting as the first subsection except that the variance of
each element in W i.e. ¢2 varies from 0.5 to 6.5, L = 5 and s = 5 with the
spikes energy level of 30. The result is shown in Figure (8). As seen, o2 can
have a huge impact on the performance. Both methods tend to experience a
threshold after which their MSEs increase dramatically. However, this threshold
for the proposed method is significantly higher than the SPA, which indicates
the greater robustness of the proposed method against Gaussian noise energy.

7. Proof of Theorem 1

In order to prove that problem achieves exact demixing, we construct a
trigonometric dual polynomial. Following the same line of [I8], we apply the
following kernel to build up the dual polynomial,

K(f) = Dosarm(f)Possom(f)Dosram(f) = > ce™,

l=—m

15
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where N = 2m + 1, ¢ € CV is the convolution of the Fourier coefficients of the
above kernels, and D,,, is the Dirichlet kernel of order m > 0 defined as

D (f) = % Z e,

l=—m

According to the presence of outliers, conventional forms of dual polynomial can
not be applied since the constraints (10d)) and (10c)) will not be met. Therefore,
we use the randomized vector form of the dual polynomial presented in [I8] as

Q(f) = Qaux(f)"’R(f)v (17)

where

Qaux(f) = Z Fl,:67i2ﬂ—lf7

leQe

where rg. = szdidl‘z and r € C**L. Note that l} is immediately satisfied

since A = 1/ V/N. Now we should build up the dual polynomial so that the other
constraints in Lemma are met. Using the same interpolation technique of [27],
we set the value of the dual polynomial equal to ﬁbH = hibH at fi, € T and set
the derivative of the dual polynomial equal to zero at the same points. Setting
the derivative to zero forces the dual polynomial to shape such that f; be a

local extremum and bounds the value of the dual polynomial at these points.
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Thus, the following set of equations is formed for any f € T

Qfx) = hiby, (18a)

QY () +iQ" = o, (18h)

where Qg) denotes the real part of the first derivative of Q and Qg is the
imaginary part of Q. Using in the above equations yields

Qaum(fk) = hk:ka - R(fk)a (198“)

(Quua) ) (f) + i(Quur)S) (F) = —RW (f) — iRV (Fr). (19D)

To interpolate Q(f) with K (f), we need to confine the kernel to Q¢, as discussed
for the missing data case in [16]. Thus,

K(f) = Z e = i S (e, (20)

leQe l=—m

where dq¢(l) are Bernoulli random variables with parameter NA_, 2. Therefore,

EK is an scaled version of K

N —s N —s -

EK(f) = — > clei%lf:TK(f). (21)

l=—m

The asymptotic behaviour of K(f), K(f), and their derivatives is investigated
in [27]. With K (f) restricted to £2¢ we can express Quu, in terms of K(f) and
its first derivative as

K
Quur = Y owK(f = fi) + kBKD(f = fi), (22)
k=1

where o € CE*L and B € CE*L are such that (19a) and (19b)) are satisfied

and x :=1/\/K®(0). «y is the kth row of o and By, is the kth row of 3. The
system of equations is then represented as

DO D1 (a4 P 1
= — ——Bgqr, 23
E AR =
where 0 € CE*L ig a zero matrix, ®; . = hkka,

(Do)ji = K(f; — f1),(D1)j1 = kKW (f; — f1), (D2)j = —*KP(f; — f1),

%Bm — [R(f1).....R(fe). RO(f1)..... RO,

Bq = [v(d1),...,v(ds)],

17
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v(g):=le ¥m9h . eTi2m9lk

2mgre” 29N iomgre 29k T

By solving (23), one can find a and 8 and define Q(f) as

K

Q) = K (f = fi) + kB KM (f — fx) + R(f) (24a)
k=1

— G (f)D"! ([ ? } - VlﬁBm> +R(f). (24b)

where G,(f) is defined as

Gy(f) == KP[KD (f = f1),.... KD (f — fr),
K@D (F — f1), . kKED(f = fo)]”, (25)

for p=0,1,2,... Now we should verify that the polynomial we formed above is
guaranteed to be valid with high probability. If one can prove that D! exists,
then can be solved and (10a)) holds. Consider D as the deterministic
version of D. Lemma [§| helps defining a condition under which D~ exists and
its deviation is bounded. We consider €%, as the event in which D~! exists
with probability 1 — €/5 for € > 0 under the assumption of Theorem [I} With
this Lemma, one can conclude that in holds. Note that ((10c|) holds
according to the definition of Q(f). All that remains is to prove
(10d). We use the results of Lemma [7}9] below and Lemma 3.5 from [I8] which
put bounds on the deviations of Bq, v(d), and G,(f), respectively. We use ¢
and £ as the events in which Bg and v(d) are bounded with probability at
least 1 — €/5 under the assumption of Theorem [I} respectively.

Proposition 1. Under the assumption of Theorem and conditioned oneg Nep Ney,,

holds with probability at least 1 — €/5.

Proof. Consider Q(f) as the dual polynomial constructed using K (f). We can

18



rewrite (24b)) in a more general form for K(f) and K(f) as

K
‘Q() ZQJK(L) f—fi)+
pras ZBJ_K(L+1)(J¢' _ f]) _ GL(f)TD71 [ ‘(I)’
=1
’ K
RQU(f) = r Y o KU(f — fj)+

j=1

K
Py Zﬁ.jK(L+1)(f _ f]) + K:LR(L)(f)

j=1

} (26)

—G,(f)' D" ({ ° ] - ;NBQT) + W RO(). (27)

We can also express ([27)) as

KQU() = QU + HRO(J) — —G.())" D~ Bar

N
Noting that [Q(f)[l2 < 1Q(/)ll2 + |Q(f) — Q(f)ll2, for to hold, we should
have [|Q(f)|l2 + |Q(f) — Q(f)||2 < 1. The following lemmas complete the proof.

ren -T2 o [ }
o[

N

Lemma 3. Under the assumptions of Propositionl, 1Q(f) — Q(f)|l2 <1072,
Lemma 4. Under the assumptions of Proposition [l | Q(f Hg < 0.99. Also

1d2 Q / "
2 df(a)“ 1Q']I3 + Re{Q" Q" (d)} <0, (28)

Vf € Apear = {fIIf — fj1 <0.09 forf; € T}.
The proof of the above lemmas appear in Section [0 O
280 Now, we prove (10d)) as the last step to prove Theorem

Proposition 2. Under the assumption of Theorem. 1| and conditioned oneg Nep Ne,
({10d) holds with probability at least 1 — €/5.

19
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295

Proof. We can express I'; ; as

K

K K
. = Z clajei%lfj + 27k Z Z ﬁjei%lfj

j=1 j=1j=1

= () [ g ] = () D! ({ <(I; ] - \/%Bgr)

1
=c <PD1ul,<I>>+<BHD1ul,r>>. 29
< 1).% > +—= < B{D () (29)

We use the results from [I8] to bound ||PD~'v(l)||2 and BE D~ 1v(l),

0.182N
PD 'w(D)|? < 640K < ——— in &5
| v(l)|lz < 640K < logi0je ™ €D (30a)
0.182N?
IBED 'v(1)|3 < 640CEKN < TogdJe in €5 Nes. (30b)

By applying the vector form of the Hoeffding’s inequality [22] with ¢ = 0.18v/N

for (30a) and ¢ = 0.18N for (30b)), we can conclude that each term in is
greater than its corresponding ¢ with probability €/10. Thus,

||Fl,:||oo,2 <
_ 1 _
el (1) DTl + () D~ Barll
0.3 _ 1
VK VR

with probability at least 1 — €/5. O

2.6
< W(0.36x/N) =

8. Conclusion and Future Work

The problem of demixing exponential form signals and outliers using MMV
was discussed. A new convex optimization problem was proposed to solve the
demixing problem. It was shown that with the minimum frequency separation
condition satisfied, there exists a dual polynomial which interpolates the sign
pattern of the signal and helps estimating the signal frequencies. Also, the dual
variable was utilized to localize the outliers in the receiver.

As an extension to this work, one can investigate the demixing problem using
an arbitrary sampling scheme. This is the case when integer sampling is not
possible. Also, the computational complexity of the available SDPs is high. For
practical purposes, it is mandatory to reduce the computational complexity of
the proposed method.

20
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9. Proofs

9.1. Proof of Lemmd3

First, we bound |[s*Q“ (f) — k*Q™W(f)||2 on a grid. Then, the result is
extended to the continuous domain [0, 1] and then (10b)) is proved. In order to
bound [|x*Q™ (f) — k* Q™ (f)||2, we can bound each term in

5RO )2+ | < G.())" D~ Barls

et gl

N
N —s

+I(G.(f) -
N —s

R e 631)

on a grid G such that |G| = 200v/LN® where |G| is the cardinality of G. Since,
1 €40,1,2,3}, we are dealing with |[U/| = 4|G| points. To bound each term in
(31), we leverage Lemma 4 of [34], which is stated as follows.

Lemma 5 ([34] Lemma 4). Consider a matriz ¥ € CE*L with rows {¥}5_,
and the vector 0 # w € CK. If the rows of ¥ are independently distributed on
the complex hyper-sphere S*:=1 then for all t > ||w||2, we have

+2

K 2
—L( t5-lo -1
PUIS wn Wyl > 1} < e (02 ) v e ¥ 0 20650, (32)
k=1

Each term in is associated with an event ¢, and ¢ = {1, 2, 3,4}. For the
ease of reading, we separate the proof of the bounds on each term.

9.1.1. Bound on e
The first term in can be expressed as

K'RY(f) = ;Tv > ra(i2rd)Ve (1) ={0,1,2,3}.
deQ

Therefore, we define
1= {|[w'RY(f)ll2 >t for all f € [Tyrial}-

By setting ¥ = r and
w="2 [(z’erll)(”erf ..., (i2ml )Lei%lsfr
vN Ty ’

in and using the union bound, we can conclude that

—L L_]O i—l
P{supl|x‘ R (f)]l2 > t} < [Tgriale (““’”3 Tt ) (33)
feu

21
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310

If we set

t2 t2 1 IT yrid]
—log —1> — log —2<1
lwll3 lwll3 L €/20

(34)

we get at most €/20 probability of occurrence for . By leveraging [34] Lemma
5], a sufficient condition for to hold is

t2 |T7‘zd|
>2(1+ - lg o0 )
ol /20
Tyridl £ Tgrial )~
2 < 2 (201 + L1og Lozt ) 7 22 (4 f1 gt . (35
Sl < (20 e ) < G (1 S Tdh) )

The above result combined with the bound [I8§]

lwll? < ==

leads to the sufficient condition,

1

|Tgrid| -1
oo 197l
7 log )

s < E(l +
— 7r6 )

which is actually satisfied by the second sufficient condition in Theorem [I| after
setting t = T and C small enough. Thus, one can conclude that the event
€1 happens with probability at most €/20 under the assumptions of Proposition
m
9.1.2. Bound on g9

Following the same procedure as for €1, one can bound the second term in
. Consider ¥ = r and

w= \/%Gf(f)D_lBg.

Note that we can write

||TGT( )D™'Bal: < \/»HBQHHD
where ||.|| denotes the operator norm. Now, we should find the sufficient con-
ditions for bounding each term of . The bound for the terms |[D~!|| and
|G.(f)||2 can be found below in Lemmas [§] and [0} respectively. Lemma [6] will
provide a new bound for ||Bg||.
Lemma 6. Under the assumptions of Theorem[]] the event

. ~1/2
N 1. N3L
e = ||Bal > CgVN <log(€)(1 + Zlog - ))

G- (37)

will occur with probability at most €/5 for some constant Cpg.
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Proof. Define H := BoBE which is
H=> v(l)v().
e

The matrix H is dissipated around H = ;" v(l)v*(l). Using the result of
Lemma E.1 in [I§], we have

| H| < 2607%N log K. (38)

Using the bound on s from Theorem [1} we can write

s < CsN( (log f) - (1+1 1og(\EN3 )) - < C,N (log K)‘1 (1+1 log(\/ZNg )) _1.

L € L €
Then from and the above bound, we can bound || H || as
s - 260m2Cy N C3 1. VLN? _
Il < — Va7 = 5 N+ flog )
1+ 7 log ¥ €

Now, we can control the deviation of H from H using the following Lemma.

Lemma 7. Under the assumptions of Theorem/[]]

5 - C? 1 VLN? _
11— 201 < BN+ £ 10g YD)

ss with probability at least 1 — .

The proof of the above Lemma is given after the current proof. Using the
result from Lemma |7} we have

S — S =
I1Bal < VIH] < /218 + 11 - 2

Cz 1 LN3 Cz 1 LN3
§\/23N(1+Llogf )*1+TBN(1+Z10g\F
€

)1

€

1 LN3
:CB\/JV(l—I—ElogL)_l/z (39)
€

with probability at least 1 — £. This concludes the proof of Lemma @ O
Proof of Lemma[7] Under the assumptions of Theorem [I} one can write

H= Y dolvl)v* (1),

l=—m

where g (1),l = —m, ..., m are i.i.d. Bernoulli random variables with parameter

2. Next we can build zero-mean self adjoint matrices from H as

X, = (6g — %)u(l)u*(l%

so that we can apply Matrix Bernstein inequality [35].
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Theorem 2 (Matrix Bernstein inequality [35]). Let {X;} be a finite sequence of
independent zero-mean self-adjoint random matrices of dimension d such that
IX:]| < B almost surely for a certain constant B. For allt > 0 and a positive
constant o

m 22
P{| Y Xi| >t} <de 57 (40)
l=—m
for (13202 B(XP)|| < 02

In order to be able to apply the recent theorem on X;, we need a bound on
|| X;||. Using Lemma 3.5 in [18], we have

IXi| < sup [lv()]3 < B:=10K.

—m<I<m

Also, to find the value for o2, we can write

o= | D B =1 Y (G0 — )@ vy @)

l=—m l=—m
1. VLN?

_ N
< 101(%\\11” < W0CEN K (log — (14  log ).
€

€

Thus, if we set t := C?BTN(log N1+ Llog ‘/ZSNB))_l, we can take 02 = 20Kt in
Theorem [2| This will yield

_ *t2/2 — 3t
P{|H — SH| > t} < 2Ke7+B/5 = 2KeTior.
n

The above inequality will lead to the conclusion that to get the maximum prob-
ability of occurrence of €/5, we should have

304N
< =B (]
< 7980 (log

which is satisfied by the bound on K in Theorem [I]if we set Cx small enough.
O

10K 1 N3VL

K 1+ =1 -1
(+L0g - )

Lemma 8. Under the assumptions of Theorem/[l], the event,

1

N-—s_ N —s 1 |Tyrial \\ 2
=< ||D - D| > 1+ = log(l=9rdl
€D {II N [ > N CD(+L0g( . )

occurs with probability at most €/5. Also, in the complement event €%, D1
exists and

_ _ N o 1 ITyrial \ 72
DY <8 D'———D Y <Cp(1+ =1 g
DT <8, ID7" = =D < Cp ( 1+ 7 log(—2"%)

where Cp is a constant.
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Proof. In order to prove, we need lemmas G.1 and G.3 from [I8] which both hold
in our setting. Next, using Lemma G.1 and triangle inequality, we can bound
the smallest singular value of D by a positive number which ensures invertibility
of D. Then, setting A = D, B = pD in Lemma G.3 we get ||[D~!|| < 8 (note
that N/(N — s) < 2 with s < N/2). Next, define

X = (p—dqe-(D)ev(l)v* (1)

for any —m < 1 < mwith p = (N—s)/N. Note that D = >"/"  cv(l)v*(l) and
D=3%7" _ dac(l)cr(l)r*(l). Thus, E(X;) = 0. Using the same calculation in
[18](Lemmas 3.4, 3.5), | X;|| < B := 1285 Also,

E(X?) = p(1 = p)ei v ()I3v(Dr* (1)

which leads to 3" | E(X?) < 02 := 5% 45 in [I8]. Now, set ¢ = pCD(l +

1 log M)*% with C, = min{1,Cp/4} in Theorem [2| with B and o2 as
defined above. Then,

/2 -
02+ Bt/3 32K

1 [Tyl \ _
+ — 1 gnel 18. 1. -1
> 32KOD( 7 log(— )) [18.05 + 1.05C%]

N—s 1" 1 |TgTid‘ -
= 1+ —log(———
I C’D< + 7 og( . )

Theorem [2] implies that

‘ grzd| |Tg'rzd‘ 1
o [185(1+L1 : )+105CD(1+L1 Ak

1

* 1" | q”d|
P{ID - pD| > #} < 2ke 7 Ch (1 E los(=20)

This probability is smaller than €/5 as long as

1 |Tgal \ ", 10K\
K < NCY}, <1+Llog(|gd|)) (logo) ,8 < N/2
€ €

which is the case by assumptions in Theorem [l}if C'x and Cy are small enough.
This concludes the proof. O

Lemma 9. Consider the equispaced grid G C [0,1] with cardinality |Tgriq| =
200V LN®. Then, the event

e {Ha(f) RG> G (14 ilOg(w))_Q}

forany f € G, 1€{0,1,2,3} and constant Cq, has probability bounded by €/5.

Proof. We need vector Bernstein inequality to prove this lemma.
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Theorem 3 (Vector Bernstein inequality [36]). Let P C RY be a finite se-
quence of independent zero-mean random vectors with ||pllz2 < B a.s. and

> pepr Elpl3 < 0® for all p € P, where B and o* are both positive constants.
Then,

2
POId plo>tp<esrts
peEP

2
forOStS%.

Using the definition of K and K we can rewrite G,(f) and G,(f) as

m

G.(f)= Z Sae (D) (i2mkl) 1™ v (1), G, (f) = Z (i2mkl) e u(1).

l=—m l=—m

Note that by defining

p(i,1) = (0qe(l) — p)(iQﬂml)Lclem“lfu(l),

where p = &= (parameter of i.i.d Bernoulli random variables dge (—m), ..., o (m))

we have G,(f) — pG,(f) = >~ _,. p(l). Also using lemmas 3.3, 3.4, 3.5 from
[18], leads to

18VE - 3.2510*K
Y E(lpGDI3) < 0? = SR

l=—m

(e, D)2 < B :=

m m

Now, using Theorem |3| we have
P {Sup ”Gb(f) - péL(f)HQ >t 1= {07 1,2, 3}} < 4|T97’id|678t”72+%
feg
To make the r.h.s smaller than ¢/5, take

26 x 10*K 1 20|T,;
t:= \/X(4 + log(g

)

This choice is valid since

t 1 20 % [Tyrs 1
= \/8( —l—log(M)) < \/74+2410g(N) + 4log(L) + 8log(~)
€

o 4 €

1 1
< /T4 + 4410g(N) + 1/8log(=) < 0.452V/Ny/8log(~) < 0.46VN
€ €

where we have used /74 + 441og(N) < 0.452v/N and assumed N > 2 x 103,
L < N°® and either K > 1 or s > 1. Thus, t/o < 0.46V/N < o/B. The desired
result holds as long as

1 ‘Tg'rid‘))_

Cg(l—&—zlog( I>t> +lo

2 % 103K(1 (8 X 103ﬁN3))
N g8 ¢

with Ck small enough. O
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Using Lemmas [8] H.8 and Corollary H.9 from [18] with respect to the new
bounds for s and K and the first condition of Theorem [Ilcombined with Lemma
@, we find tight bounds for as

E 8(Co + Cu)|| Bal
VN VN

8(Co +C)Cp (14 4 log Tzl ) 7 VN
<
- VN

Thus, by setting t = 108%2 and using Lemma [5{ and the union bound, we obtain

B[l D7HIG.(f)]2 <

__ Cu
Cp = 8(Cy+Cy)

1 1072

P{sup
{feuH\/N

Gl (f)D 'Bal> > }

10—22

( 10-22
—L —log —1)
1Tgrial | Tgridl | _
2 1 g 1 2 1 op g 1
< |Tyriale CZ(1+ L log 8T C2(1+ L log 971, ) (41)

With the same reasoning for £; and small enough Cj,, the event

—2

1 10
€9 1= {HiNGz’(f)DilBQ”Q > for all felU}

IN 8

holds with probability at most €/20 under the assumptions of Propositio

9.1.3. Bound on €3
For the third term, we consider ¥ = & and

w=PD! <GL(f) - NJ\; SCh(f)) :

where P € RE*2K is a projection matrix, which selects the first K elements in

a vector and ||P|| = 1. According to Lemmas [§] and [9] we can write

N —s N —s

|PD (GL(f) - G&f)) la < IPIIDHIG.(f) — G.(f)ll2

<s|G.(f) - N =*

Z 1 T T 7%
G.(f)llz < Cu <1+L10g|g€d> .

By setting t = % and applying and the union bound, we have

N—s - _ (3] 10~2
P{sup||(G.(f) - G.()'D! l2 > ——}
feu N 0 ]
10-22 10-272
— 8 —lo _
< [Tyriale L<C&<1+%log Marial, 5% g a4 f 1o Dazidly 1 1>. (42)
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Therefore, with the same reasoning for e; and &4, the event

N —s

es = {[(G.(f) -

2
G.(/))" D! { ° } o> 5 for all f eu)

holds with probability at most €/20 under the assumptions of Propositiot
9.1.4. Bound on g4

At last, one can bound the fourth term in by considering ¥ = & and

N —s N

-1 _
P(D N

w =
— S

D—1> G.(f).

Using the Lemmas [§0] we get

N —s _ N - .\ =
IMp (07 - S p) @l <

_ N = 45
IPIID™ = =D IG. (Pl <

1

_ N 1. |Tyria\ 2

SID— ——D7 < 1+ =1 gre }
Col N_s |_CM(+LOg e)

By applying and the union bound and setting t = %, one can write

N —s - N P 10~2
P —G,(H"(D - D! >
ggﬂ v G NP )| g |z
10-22 1022
7L( 2 1 Tgridl —log 2 1 : Tgridl 71)
< |Typiale  \CaO+zies =507 Chatttros =507/ (43)

Therefore, with the same reasoning for €1, €2, and €3 the event

N —s - N 102
= (1N G D - 0 | ez

for all felU}

holds with probability at most €/20 under the assumptions of Propositio
Thus, using ,,,, and the triangle inequality, we conclude that

10~2

sup QYW (f) — ' QY (f)ll2 <

feu

(44)

holds with probability at least 1 — ¢/5 under the assumptions of Propositio
Next, using Bernstein polynomial inequality[37], we extend the results to the
continuous domain [0, 1]. Considering f € [0,1] and f, € G, we have

K@Y (f) = £ QW (f)ll2 < 1K' QW (fy) — k' QU ()2
+5QY (fy) = QW (f)ll2 + 1K' QY (f) — QW (fy)|2-
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Then, consider the third term in the right side of the above inequality. We
had QW (f) € C*E and for any v € C'*F ||jv|| < VL|v||so. The jth entry of
QW (f) is

QW (f) < | < D'G(f), @y > | <8VE (256\/?) — CK < CN?.

Next, take HLQE.L)(f) as a polynomial of z = e~"?"/ with degree m and apply
the Bernstein polynomial inequality as

dr' Q' (2)

QY () = K QY (F)| < e — e o sup | —2

< e~ Ut D 2sin(n(—f + fg>>|ms¢pw©§-”<f>| < ON?|f — f,l-

Thus,
1@ (f) = QW (fy)ll2 < VLIs' QW (f) = QYW (fy) oo < CVLN?|f — fol.

The above calculations reveal that the grid size |Tgriq| = 1/|f — f4| should be
such that |f — f,| < %. Using the same arguments, one can obtain the
same bound for ||k'QW (f) — k' Q" (f,)|l2. Combining the above results with
(44) proves the lemma.

9.2. Proof of Lemmd/

Consider Ayqp = [0, 1]\ Apear, Where Apcqr is defined in Lemmalfdl We prove
that ||Q(f)[l2 < 0.99 in Ay Next, it is shown that ||Q(f)[2 < 1in Ayeqr. For
1Q(f)l2, we write

1QUNN2 < D Mokl K (f = fi)l + D sl Brll2l K'(f = fu)l

freT freT

< ellose D0 1K = fill + 1Bllsez D wIE'(f = fi)l:

frLeT freT

Using Lemma H.10 from [I§], we have ZJK:1 KUK W (f — )] < 127C 4 2.420,
for some properly chosen C; and Cs. Thus,

1Q(Al2 < (lexlloo,2 + [1Blloc,2) (127C1 + 2.42C5).

In the following, we calculate the upper bounds for ||at||co,2 and ||3]|cc,2- Recall
for the deterministic case. Using this equation, we have

I e
5] Lot o

where D3 2 Dy + D1 D;'D;. According to Lemma 4.1 from [27] and the
fact that ||®||sc2 = 1, we have|lat||l2 = [|[D3 @02 < 1+ 2.37 x 1072 and
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18llsc,2 < | D5 ' D1 D3 ' ®|cc,2 < 4247 x 1072, Therefore, by the proper choices
of C7 and Cy we get

1QUN)2 < 0.99 for f € Agar.

In order to show that |Q(f) < 1||2 in Apear, it is enough to show that the second
derivative of |Q(f) < 1|2 is negative in A,cqr. In a mathematical fashion, it is
enough to prove the following inequality,

1&Q(f)ll2

9 df2 = =@ ||2 + Re {Q”QH( )} < 0. (45)

Now, we investigate each term in the above inequality. For the first term, we
can write

15Q" (N2 = 1kQ"(f) — kQ'(f) + xQ' ()3
<1071 +2 x 1072|sQ"(f)ll2 + Q' (N3,

which by applying the kernel bounds of [27] leads to

K K
15Q" (F)ll2 < letlloe2 Y BIE'(f = fi)l + 1Bl D 62K (f — fi)l

k=1 k=1

4.247 % 1072
< 1.0237 x 2.400 x 10~2 + +(0.087) < 0.0247,

where the last inequality is achieved using m > 10%. The second term of
can be represented as

Re{x*Q"(HQ" (N} = Re{feQ "(f) - Q"( (N}
+Re {r*Q"(/)(Q(f) - }+Re{f€2Q” ) "N}
< 0.0101 + 0.01 + Re {I{2QH HRT(f)}.

Next, we inspect the term x2Q" (f)Q* (f). According to , we get
Q" (NHQY(f) = r*Q"(FBT6Q*(f) = K*Q" () Q*(f),
which is a scalar value. Also, note that

K Re {Q"(N)Q" ()} = #* (QR(NQr(S) +1Q7(NNIQr])
< (—0.8915 x 2.015 4 0.0474 x 2.555) < —1.6752.

Thus,

& QN2

T < —1.6752 + 0.0201 + 12.01 x 107* < 0

and the proof is complete.
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