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Résumé : Avec la progression de 'utilisation
des smartphones, les modeles de systemes ont
rapidement évolué pour répondre aux besoins
croissants en terme de capacité dans les réseaux
sans fil. En effet, les progres technologiques
ont été considérables, depuis les communica-
tions point a point mono-utilisateur et mono-
antenne jusqu’aux réseaux cellulaires multi-
cellules et multi-antennes. Depuis la 3G, la
technologie MIMO (multiple-input multiple-
output) pour les communications sans fil est dé-
sormais intégrée aux normes de la large bande
sans fil. L’ajout de plusieurs antennes, tant
du coté de I'émetteur que du coté du récep-
teur, permet le multiplexage spatial (c’est-
a-dire 'envoi simultané de plusieurs flux de
données), qui permet d’augmenter les débits
de données, et l’exploitation de la diversité
spatiale, qui permet d’améliorer considérable-
ment la qualité des liaisons. MIMO Multi-
Utilisateurs (MU) a été un sujet bien étudié
dans le domaine des communications sans fil
en raison du grand potentiel qu’il offre pour
améliorer le débit du systeme. Par conséquent,
différents criteres de conception pour les com-
munications MIMO MU ont été étudiés dans
la littérature. La plupart des conceptions de
liaisons descendantes prennent en compte les
problemes d’optimisation de la capacité to-
tale de tous les utilisateurs. D’autre part, la
principale limitation des communications sans
fil modernes est l'interférence (intracellulaire
et intercellulaire) due a la réutilisation des
fréquences. Ainsi, dans un scénario MIMO
MU, lors de 'optimisation de ’efficacité glob-

ale, l'allocation de puissance se concentre sur
les bons canaux, c’est-a-dire que les utilisa-
teurs soumis a une forte interférence (e.g., les
utilisateurs en bordure de cellule) sont délais-
sés. Il en résulte une répartition inéquitable
de puissance entre les utilisateurs. Pour pallier
ce probleme, différentes notions d’équité sont
introduites, comme 1’équité max-min, ’équité
pondérée ou I'équité proportionnelle.

Dans cette these, nous nous concentrons
sur I’équité max-min pondérée. En partic-
ulier, nous étudions le probleme de I’équilibrage
du débit pondéré par utilisateur dans un sys-
teme MIMO multi-cellules MU. Nous abor-
dons ce dernier dans le cadre d’une formula-
tion conjointe du probleme de beamforming et
d’allocation de puissance, visant a satisfaire
I'exigence d’équité. Dans la premiere partie,
nous considérons la connaissance parfaite du
canal pour résoudre le probleme. Dans ce cas,
nous maximisons le débit minimum pondéré
via i) la dualité liaison montante/descendante
et ii) la dualité Lagrangienne. Dans la deux-
ieme partie, nous considérons la connaissance
partielle du canal. Nous optimisons le prob-
leme d’équilibrage de débit ergodique via i)
lerreur quadratique moyenne pondérée (EQM)
en exploitant la relation débit - EQM, et ii)
deux approximations du débit estimé comme
le débit de signal et de puissance d’interférence
estimés (ESIP) au niveau du flux et du signal
recu. Par ailleurs, nous proposons une stratégie
d’efficacité énergétique au moyen des approches
d’équilibrage des débits proposées.
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Abstract: With the rise in smartphone
usage, the system models have rapidly
evolved to meet ever-growing needs for ca-
pacity in wireless networks. Indeed, there
have been large advances in technology,
from single-user single-antenna point-to-
point communications to multi-cell multi-
antenna cellular networks. In fact, multiple-
input multiple-output (MIMO) technology
for wireless communications is now incor-
porated into wireless broadband standards
since 3G. Adding multiple antennas at both
the transmitter and the receiver sides en-
ables spatial multiplexing (i.e. sending mul-
tiple data streams simultaneously), which
allows to increase data rates, and spa-
tial diversity exploitation, which allows to
greatly improve link quality. The multi-
user MIMO downlink (so-called Broadcast
Channel (BC)) has been a well investigated
subject in wireless communications because
of the high potential it offers in improving
the system throughput. Therefore, different
design criteria for multi-user MIMO com-
munication have been investigated in the lit-
erature. Most of the downlink designs con-
sider optimization problems w.r.t. the sum-
capacity of all users. On the other hand, the
major bottleneck of modern wireless com-
munication is the interference (intracell and
intercell) due to frequency reuse. Thus, in
a multi-user MIMO scenario, when optimiz-
ing the overall efficiency, the power alloca-
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tion is focused on the good channels, i.e.,
users that are subject to strong interference
(e.g. cell-edge users) are neglected. The re-
sult is an unfair distribution of rate among
users. In order to avoid this effect, differ-
ent fairness notions have been introduced,
like max-min fairness, weighted fairness, or
proportional fairness.

In this thesis, we focus on the weighted
max-min fairness. In particular, we study
the (weighted) user rate balancing problem
in a multi-cell multi-user MIMO system.
We address this problem by joint beamform-
ing and power allocation optimization, aim-
ing to satisfy the fairness requirements. In
the first part, we consider perfect knowl-
edge of the channel to solve the prob-
lem. Therein, we maximize the minimum
(weighted) rate via i) weighted user Mean
Square Error (MSE) uplink/downlink dual-
ity and 4i) Lagrangian duality. In the sec-
ond part, we consider partial knowledge of
the channel. We optimize the ergodic rate
balancing problem via i) weighted expected
MSE by exploiting the rate — MSE rela-
tion, and 1) two approximations of the ex-
pected rate as the Expected Signal and In-
terference Power (ESIP) rate at the stream
level and the received signal level. Further-
more, we study the transmit power mini-
mization problem with fixed user-rate tar-
gets and provide a strategy exploiting the
proposed rate balancing approaches.
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Chapter 1

Motivation and Related Works

1.1 Motivation

In the past twenty years, we have seen a tremendous growth in the demand for wireless
data rate, and this trend is predicted to continue in the future. Several methods are
proposed to satisfy the ever growing demand of data rates, including the following

e cell densification: putting the access points closer one to another;

e increasing bandwidth for transmission: the introduction of new high frequency bands
in 5G > 6Ghz, allowing the introduction of millimeter-waves (mmWaves) commu-
nications;

e increasing the Spectral Efficiency (SE).

Massive Multiple-Input Multiple-Output (MIMO) has become a key solution to in-
crease the spectral efficiency of wireless cellular systems [1]. In fact, MIMO technology
for wireless communications is now incorporated into wireless broadband standards since
3G. The basic idea behind MIMO technology is that the more antennas the transmitter
and the receiver are equipped with, the more the available signal paths between them will
appear, the better the performance in terms of data rate and energy efficiency the system
will get [2-4].

In downlink communications, the Base Station (BS) with multiple transmit antennas
serves multiple users within the same time and frequency resource block. Therefore, proper
resource allocation is needed to fully harvest the gain in spectral and energy efficiency; for
example: user scheduling, subcarrier allocation, power allocation and precoder (receiver)
design. The latter represents the most important aspect to enhance the performance of
the system in the physical layer, and can be combined with frequency subcarrier allocation
and user scheduling to further boost the performance.

Power allocation optimizatiogn in wireless networks has been an important research
problem for decades, dating back to single-antenna wireless systems. In fact, power control
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schemes have been studied with different utility functions in the literature. In particu-
lar, the power minimization problem with target Signal-to-Interference-plus-Noise Ratio
(SINR) constraints. Actually, the target SINRs are usually set according to the applica-
tion. For example in Global System for Mobile communication (GSM) the target SINRs
are set to ensure that the quality of a voice call is within an acceptable range. However,
with the evolution of the wireless networks providing mobile data, the target SINRs are
no longer easy to determine in a way to satisfy every user. Therefore, the SINRs and the
power allocation have to be found simultaneously.

The power allocation problem can be formulated as a maximization of some utility

in terms of data rate, by interchanging the SINRs and SE. Depending on the chosen
utility function, we can achieve different points on the Pareto optimal boundary. In other
words, we cannot increase the rate of any of the actif users without lowering the rate
of the other users [5]. The two most commonly used utility functions are i) weighted
max-min fairness, or balancing problem and i) weighted sum problem. Let us consider
the following example:
A base station transmits data to User Equipement (UE) under constant radio conditions
that can be classified as either good or bad. The ones suffering from bad radio conditions
require more radio resources (e.g., bandwidth, transmission power) than the others to
get the same bit rate. With weighted sum utility maximization, the overall bit rate
is maximized by allocating all resources to those mobiles having a good radio channel.
However, such an allocation is not fair to UEs with bad radio conditions, see Figure
1.1. In this thesis, we focus our interest on the latters by considering max-min fairness
optimization problem [6], which is used to provide the same quality-of-service for all
users according to their priorities and make this value as large as possible. The weighted
max-min fairness problem, also called balancing problem, can be expressed for different
objectives other than SINR, such as the MSE and user rate.

Apart from power control, a BS, when equipped with multiple antennas, creates more
degrees of freedom for resource allocation. By transmit and receive beamforming, the
signal of a particular user can be strengthened which brings array gain, meanwhile inter-
ference can be suppressed [7]. Therefore the beamformer design can be very beneficial
in increasing the users data rates. The optimization of the beamformer and power allo-
cation simultaneously is thus a problem that attracts a lot of interest. In fact, with a
fixed beamformer, the power allocation problem reamins the same as in power allocation
problem which does not consider beamformers. However, the beamformer itself contains
the power allocation parameters, therefore iterative solutions are proposed to solve the
problem by first fixing the power allocation and optimize the beamformer [8], then update
the power allocation with the known methods.

In this thesis, we focus on linear precoders for multi-cell Multi-User (MU) MIMO
scenarios w.r.t. rate balancing. The multi-user MIMO for Downlink (DL) has been a well
investigated subject in wireless communications because of the high potential it offers
in improving the system throughput. Information theory has shown that the capacity
of MU-MIMO channels could be achieved through Dirty Paper Coding (DPC) [9-11].
However, DPC is difficult to implement and computationally complex. Suboptimal linear
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Figure 1.1: Cell edge users suffering from strong intercell interference.

Beamforming (BF) algorithms exist and can be divided into two main categories: the
iterative [12-16] and the closed form (CF) solutions [17-21]. In this work, we focus on
user rate balancing in a way to maximize the minimum per user (weighted) rate in the
network. This balancing problem is studied in [22] without providing an explicit precoder
design. We provide here a solution via the relation between user rate (summed over its
streams) and a Weighted Sum Mean Square Error (WSMSE). But also another ingredient
is required: the exploitation of scale factor that can be freely chosen in the weights for the
weighted rate balancing. User-wise rate balancing outperforms user-wise MSE balancing
or streamwise rate (or MSE/SINR) balancing when the streams of any MIMO user are
quite unbalanced.

1.2 Related Works

Joint beamformer design and power allocation is a problem that attracts a lot of interest.

1.2.1 Joint Design for max WSR

One important and commonly used utility function is the weighted sum performance.
This problem is proposed to maximize the total system throughput, while considering
weights to provide some fairness between the different users. The problem is expressed
as maximizing the Weighted Sum Rate (WSR) [23-25]. The latter has been extensively
studied, in MIMO downlink, via the corresponding MSE minimization problem [26-30].
In fact, using the well-known inverse relation between the SINR and MSE [31], the rate
optimization problem can be equivalently formulated as an MSE minimization problem.
In [26], WSR maximization problem was considered for MIMO Broadcast Channel (BC)

3
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via weighted Minimum Mean Square Error (MMSE). Therein, an alternating optimization
algorithm, based on well-known transmit /receive MMSE designs, was proposed for finding
a local weighted sum-rate optimum. Actually, while the WSMSE minimization problem
is not jointly convex with respect to the transmit and receive beamformers, it is convex
when either the transmitters or receivers are fixed. Performing alternating optimization of
the transmit and receive beamformers is used to exploit the latter biconvex structure. An
extension of [26] to interfering BC was handled in [27] and further in [28] where practical
signaling issues for the interfering BC were studied.

The sum-MSE (unweighted) minimization problem was considered in [32] to study the
optimality conditions of the uplink-downlink power allocation in detail. Various alterna-
tive convex formulations using techniques of linear matrix inequalities (LMIs) and Second
Order Cone Programming (SOCP) were developed in [33] to minimize the sum-MSE un-
der the total power constraint. However, the obtained results do not hold in general for
weighted sum-MSE optimization. This prevents applying these techniques straightfor-
wardly to, e.g., WMMSE methods. Still, the MSE duality has been successfully exploited
also in the WSR maximization problem [34,35]. Another approach was proposed in [36] to
maximize the WSR for MIMO BC. Therein, the MSE minimization approach via first or-
der approximation of the non-convex objective function is used to design the beamformer.
Then, the non-convex weighted MSE minimization problem is solved using a successive
convex approximation of the Lagrangian function.

1.2.2 Joint Design for Balancing

Most of balancing optimization problems are non-convex and can not be solved directly.
Despite that, several works over the litterature have developped optimal solutions [37,38].
For instance, [39] solved the max-min problem by a sequence of SOCP. Also, [40] showed
that a semidefinite relaxation is tight for the problem, and the optimal solution can be
constructed from the solution to a reformulated semidefinite program. In [41], the authors
proposed an algorithm based on fixed-point that alternates between power update and
beamformer updates, and the nonlinear Perron-Frobenius theory was applied to prove the
convergence of the algorithm.

Another way to solve balancing optimization problems is to convert the problem from
the DL channel to its” equivalent Uplink (UL) channel, by exploiting the uplink-downlink
duality. Doing so, the transformed problem has better mathematical structure and con-
vexity in the uplink, thus, the computational complexity of the original problem can be
reduced [11], [8]. The uplink-downlink duality has been widely used to design optimal
transmit and receive filters that ensure faireness requirements w.r.t the SINR [8,42-46],
the MSE [47-49], and the user rate [27].

Actually, optimization problems associated with MIMO systems are more complicated
in the downlink channels, due to the joint design of transmit-receive filters and the coupled
structure of the transmit filter along with power allocation. Most of these problems are
non-convex and can not be solved directly. One way to overcome these difficulties is

4
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to convert the problem from the downlink channel to its’ equivalent uplink channel, by
exploiting the uplink-downlink duality. Doing so, the transformed problem has better
mathematical structure and convexity in the uplink, thus, the computational complexity
of the original problem can be reduced [11], [8].

The objective being to equalize all user SINRs, the SINR balancing problem is of
particular interest because it is directly related to common performance measures like
system capacity and bit error rates. Maximizing the minimum user SINR in the uplink
can be done straightforwardly since the beamformers can be optimized individually and
SINRs are only coupled by the users’ transmit powers. In contrast, downlink optimization
is generally a nontrivial task because the user SINRs depend on all optimization variables
and have to be optimized jointly. Downlink transmitter optimization for single antenna
receivers with constraint of the total transmit power is comprehensively studied in [§]
and [44] where algorithmic solutions for maximizing the minimal user SINR are proposed.
This SINR balancing technique has been extended to an underlay cognitive radio networks
with transmit power and interference constraints in [45], [46].

Another well-known duality is the stream-wise MSE duality where it has been shown
that the same MSE values are achievable in the downlink and the uplink with the same
transmit power constraint. This MSE duality has been exploited to solve various minimum
mean square error (MMSE) based optimization problems [47], [48]. In [49], three levels
of MSE dualities have been established between MIMO BC and MIMO Medium Access
Control (MAC) with the same transmit power constraint and these dualities have been
exploited to reduce the computational complexity of the sum-MSE and weighted sum-
MSE minimization problems in a MIMO BC. In [48], an iterative algorithm has been
proposed to balance the capacity between users in a multi-user MIMO system by using
stream-wise MSE duality but with a single transmit power constraint. However, this
algorithm can not be applied to solve capacity balancing problem with multiple linear
transmit covariance constraints.

1.3 Thesis Outline

This thesis contains four parts. Part I being the introduction, Chapter 2 follows to provide
the definition of the considered problem and some useful theoretical background.

In Part II, we focus on user rate balancing problem assuming perfect knowledge of the
channel state information at the transmitter. In particular:

In Chapter 3, we consider the user rate balancing problem for a multi-user MIMO
single cell (broadcast channel), under a total transmit power constraint. We use the rate
- MSE relation to transform the problem into minimizing the maximum weighted-matrix
MSE. The latter allows us to enable MSE duality between the downlink and its dual uplink
channels. The results are extended to interfering broadcast channel, i.e., the multi-cell
multi-user case, with total sum power constraint.

In Chapter 4, we study the maximization of the minimum user rate for multi-cell
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MIMO system, considering per cell power constraints. In particular, we exploit the rate
- MSE relation, formulate the balancing operation as constraints leading to Lagrangians
in optimization duality, allowing to transform rate balancing into weighted MSE mini-
mization with Perron Frobenius theory. The Lagrange multipliers for the multiple power
constraints can be formulated as a single weighted power constraint in which the weight-
ing can be optimized via subgradient methods, leading to the satisfaction with equality
of all power constraints.

In Chapter 5, we address the total transmit power minimization problem subject to
per user rate targets. In particular, we exploit user rate balancing optimization to derive
an iterative solution based for the power minimization problem. Actually, minimizing the
total transmit power problem w.r.t. individual rate requirements is a variation of user
rate balancing problem w.r.t. total transmit power.

In the third part of the thesis, namely in Part III, we deal with user rate balancing
under a more realistic channel model with partial CSIT. In particular:

In Chapter 6, we give an overview of balancing works with partial knowledge of the
channel state information at the transmitter. Then, we detail the considered channel
model.

In Chapter 7, we study the ergodic user rate balancing, which corresponds to max-
imizing the minimum (weighted) per user expected rate in the network. We consider
a multi-cell multi-user MIMO system with per cell power constraints and partial CSIT.
The latter combines both channel estimates and channel (error) covariance information.
In particular, we introduce a novel extension to partial CSIT of Chapter 4, which considers
the rate - MSE link to reformulate the user rate balancing problem into WMSE balancing
problem. In partial CSIT, the latter becomes maximizing an expected rate lower bound
in terms of expected MSE, leading to a Weighted Expected MSE (WEMSE) balancing
problem.

In Chapter 8, we exploit a better approximation of the expected rate as the Expected
Signal and Interference Power (ESIP) rate, based on an original minorizer for every in-
dividual rate term. The latter minorizer is appart from the global criterion, thus, the
transmit beamformers can be optimigzed in parallel, which is interesting for distributed
algorithms. Besides, this ESIPrate approach does not require the introduction of receive
beamformers (no processing needed at the user side). We study the ESIPrate approach
within two approximations: i) Received signal level ESIP (R-ESIP) and i) Stream level
ESIP (S-ESIP). Also, we optimize the total transmit power minimization.

Finally, Part IV includes our conclusions and future works related to work presented
in this thesis

1.4 Contributions

The results obtained during the course of this PhD are published in the following
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Chapter 2

Problem Definition and Background
Theory

2.1 Overview

In wireless communication networks, transmit power is one of the most important degrees
of freedom to control the rate performance. Actually, interference is the limiting factor
for most cellular communication links, due to the broadcast nature of wireless commu-
nications. To overcome this, allocating properly the transmit power from the BS and
the mobile terminals is of vast importance. This problem has been extensively studied
in the past, for both the uplink and downlink transmission. In this chapter, we review
the evolution of power allocation problem in terms of max-min fairness utility from its
original form to the new formulations we developed in this thesis.

The reminder of the chapter is organized as follows. In Section 2.2, we provide a
generalized formulation of the studied problem. Then, we present in Section 2.3 some
theoretical material used in this thesis; namely, the UL-DL duality, Perron Frobenius the-
ory, the link between user rate and MSE expressions, and, WSR maximization approach.
Finally, we conclude in Section 2.4.



2.2. Problem Definition

2.2 Problem Definition

The weighted max-min fairness problem is used to provide the same Quality-of-Service
(QoS) to all users in the cell. We aim to serve all active users with equal weighted SE
according to their respective priorities and optimize this value as large as possible. In
MISO system, the considered max-min fairness is w.r.t. user rates rp = log(1 4+ SINRy).
We can then write the objective as a maximization of miny, r. For conventional networks,
the weighted max-min fairness problem can be formulated as follows

max t
{pk}vt

s.t. pp < Py, VE, (2.1)
Tk >t Vk?,

where p; denotes the power for user 1 < k < K, and P, the power constraint.

For a fixed ¢, we can solve the problem (2.1) using methods for power minimization
problem by omitting the power constraints. Then, the optimal ¢ can be found via bisection
search such that the power constraints are satisfied. Other advanced methods are possible
to solve (2.1) efficiently in a distributed manner. For instance the Perron-Frobenius theory
can applied in the case that effect of noise is ignored [50]. Also, (2.1) can be solved using
non-linear Perron-Frobenius theory [51] and the FastLipschitz optimization approach [52,
53].

With the introduction of multiple antennas at the transmitter, the optimal joint beam-
former design and power allocation problem can be formulated as

max min 7
{gx}{px} &

s.t. pg < Pk, \V/k’, (22)

where g;. is the transmit beamformer for user k and user rate is now defined as follows

rr = log (1 + ,
( D izh pigihyihyg, + o

where the channel from BS to user k is denoted as hy, and o2 is the noise variance.

Now, consider a multi-user MIMO system, the user rate balancing problem becomes
as follows

max min 7y
{Get AP} K

10
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where r;, is the kth user-rate

r, = In det (I+HkaPkG‘,jHE (021+" H G, P,G" H}gyl) (2.5)
J#k
and G, and Py denote, respectively, the transmit beamforming matrix and the diagonal
non-negative matrix of transmission stream powers for user k.

Power control schemes for max-min fairness problems in general [54-60], and in par-
ticular for the one defined in (2.4) w.r.t. user rate, provide fairly the same quality of
service for all users, which is a highly desirable feature in future systems. However, from
a network-wide point of view, optimizing this balancing problem leads to a scalability
issue since the performance is limited by the weakest user. In fact, for a considerable
number of cells and active users, the probability of having a user with an extremely poor
channel gets higher due to shadow fading. Thus, all users in the network would suffer
from the weak channel of the worst user.

We want to provide fairness to the weak users in the network, without penalizing all
active users. For that, we formulate the user balancing problem w.r.t. some user weight
ry, rewriting (2.4) as follows

max min ry/rp
{Gt AP} K /7

The introduction of the weights r; to the balancing problem changes the optimization
from providing the same rate to providing the same relative rate to all users. These
weights can be considered as user priorities, referring to the type of the requested service,
or can be exploited to assess the achievable user rate during time. In practical networks,
the latters should be updated, after every scheduling decision, according to the channels
quality and former achieved rates. In this thesis, however, we assume the priorities r; are
fixed and/or determined from higher layers of the network, then we provide solutions to
the per user (weighted) rate balancing problem.

2.3 Theoretical Background

Precoding (or digital beamforming) techniques are processing techniques that exploits
transmit diversity in order to transmit one or multiple spatially directive signals. The
precoder matrix represents a function of the estimated channel such that a directive
signal (or a beam) is processed before transmission in a way to cancel the interference
from other user’s signals. Downlink communications within one cell (one base station) are
refered to as Broadcast Channel (BC) [10,61]: the BS transmits independent signals to
its uncoordinated receivers. When considering multi-cell multi-user network, we are in an
Interfering Broadcast Channel (IBC) where receivers suffer not only by the intra-cell, but
also by the inter-cell interference [62-65]. Another model is considered in the literature:
the Interfering Channel (IFC), wherein multiple BSs are serving one UE each [38,66-68].

11
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Let us consider an IFC (Figure 2.1), with K pairs of multiantenna BSs and single
antenna User Equipment (UE). Each BS by, is equipped with M, antennas. The Trans-
mit (Tx) beamformer and Receive (Rx) filter applied at the k-th user in DL and UL
transmissions are denoted as g; and g, respectively. The Rx signal at the k-th UE in
the DL phase, and the output of Rx filter at the bg-th BS in the UL phase are expressed,
respectively, as follows

Y = by, @Sk + Z%}C h,,, g s + n, Ty, = gkflkbkgk + Z%}C gkflkbl S+ 8,

where h,,, and flblk refer to the channel between the transmitting BS 6, and UE k in
DL communication and the transmitting user £ and BS b; in the UL, respectively. s, is
the transmitted symbol and n, represents the additive noise. We refer to the respective
quantities in the UL by (7).

Hereafter, we provide some useful theoretical background to ensure good comprehen-
sion to interested readers, who may not be experts in the topics discussed here.

2.3.1 UL/DL Duality

In the following, we introduce the UL/DL duality for the aforedescribed Multiple-Input
Single-Output (MISO) DL IFC.

MISO DL IFC
The SINR for the DL channel is expressed as

SINRPL — pkngthkhkkgk
bL _
D itk pigi hjihyg, + o

(2.7)

with pr being the Tx power allocated to the k-th user. It can be observed that the
downlink SINRs (2.7) are coupled both by the transmission powers and the beamforming
vectors, which makes a direct optimization very difficult.

Imposing a set of DL SINR constraints at each mobile station: SINREY = 4, we
obtain in matrix notation the following

®p + 0 =Dp (2.8)

with:
g} g = b, g%, J

0, j=1

[@];; =

12
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Y h1b1

” S5/ &
Base Station 1 hx.
L[]
L[]
- Y - hle
= thK
” S ) gk

Base Station K
Figure 2.1: MISO Interfering Channel
2

h
D= diag{’ 1081 .
T T

)

, ‘thKgKlz} o = 0_21 .

We can determine the TX power solving (2.8) w.r.t. p obtaining

p=[D-®)'c

User 1

User K

(2.9)

Feasible (p > 0) if max; |A\;(D™'®)| < 1, where \;(X) denotes the eigenvalue ); of matrix

X.

SIMO UL IFC

Now consider the UL scenario, with the same targets 7, see Figure 2.2 the Single-Input

Multiple-Output (SIMO) IFC.

T B

” §1 <= g1
Base Station 1 i)blK
L[]
L]
L]
- Y - hbxl
1 - B
” Sk & 8k

Base Station K

Figure 2.2: SIMO Interfering Channel
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We assume in the following that the UL channel is the reciprocal of the DL one, i.e.,
both channels are described by the same covariances or l~1bi ;= hﬁi and g, = g/. This ap-
proach is justified for Time-Division Duplexing (TDD) systems, which use the same carrier
frequency for uplink and downlink. However, the following results are not restricted to
TDD systems. The assumption of channel reciprocity only serves the purpose of com-
paring uplink and downlink achievable regions. The UL/DL duality will be introduced,

afterward, between the actual DL and a virtual UL channel.
The SINR for the UL channel can be written as follows

k81 hyy, By, g,
gl (3 by, huy,, + 0?1)g;,

which represents the Rayleigh quotient, with ¢, denoting the UL transmit power at UE k.
We can see that these uplink SINRs are only coupled by the transmission powers. For a
given power allocation, the beamformers which maximize (2.10) are well known [69].

SINRY =

(2.10)

In fact, the optimal UL Rx beamformer, g, , is obtained as follows

HpH
g, = argmax SINR%L = arg max kB b, Mt B

2.11
8 g ngQk(q>gk ( )

where Qx(q) = >_,.[q] thj; hy, +0°1, and collecting the individual UL transmit powers in
the vector ¢ = [q1 . . . gi]. The matrices Q}, are nonsingular and symmetric, thus (2.11) is
solved by the dominant generalized eigenvectors of the matrix pairs (qkh,g,khkbk, Qr(q)),

ie., g = Vmaw(qkthbkhkbk, Qi(q)),1 <k < K. In case of rank{thbkhkbk} =1,1<k<K,
this is equivalent to the scaled MMSE beamforming solution [69]

8.2 = (O _ahfihy + o°I)"'hfj .
I#£k

Generalized Eigenvectors

e Consider N x N matrices A = A" >0, B=B" > 0.
e Generalized eigen vectors V; and eigen values \;
AV, =\BV;, B'AV;=\V;, det(A —AB) =0

)\1 Z)\Q Z 2)\N ZO, A:dlag{)\laa)\N}
Note that the V; in V' = [V} - -+ Viy] are not orthogonal.

e Let B=B'Y?B#/2 and (U¥U = I, T diagonal)
eigen decomposition B-Y/2A B~#/2 = UTU". Then

V=BH""U, VIAV =T, VIBV=8=1, AV=BVT
so A = T. If we normalize diag(VHV) = I, then E # I and A = E7'T. The

non-singular V' simultaneously diagonalizes A, B.

14
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e Rayleigh quotient is defined as follows
VEAV VEAV

Vi = Vi (A, B) = arg max VABV AL = €ignq. (A, B) = max VHBV

Duality

Imposing the same SINR constraints also in the UL, i.e., SINRYY = SINRPE = ;, it is
possible to rewrite that constraints as

®q+ o =Dq
with
@) g'hll hj g = hyg|?, j#i
0, J=1
D= dlag{ ‘h1b1g1‘27 e |thKgK|2}‘
T T

The power vector can be found as follows

q=(D-®)lo (2.12)

Comparing the definition we can see that ® = ®7. This implies that there exists a
duality relationship between the DL MISO and UL SIMO IFCs.

We can extend the results for UL-DL duality for MAC/BC [8] to the MISO/SIMO
IFC, which state that targets v1,...,7x are jointly feasible in UL and DL if and only if
the spectral radius p of the weighted coupling matrix satisfies p(D™'®) < 1. Also, both
UL and DL have the same SINR feasible region under a sum-power constraint, i.e., target
SINRs are feasible in the DL if and only if the same targets are feasible in the UL:

d gi=1"q=0"1"D-®") "1=0"1"D-®)'1=) p (2.13)
Using these results it is possible to extend some BF design techniques used in the BC [§]

to the MISO IFC: ) Max-Min SINR (SINR Balancing) and i) Power minimization under
SINR constraints.

2.3.2 Perron Frobenius Theory

We shall now consider the following weighted SINR balancing formulation

IN DL
maxminsi & minmaxim (2.14)
(@ . I 1
= minmax — D "®p+D o 2.15
p Ok pk[ |Y Ik ( )
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where (a) follows from (2.8) and p = [p;...pk]. Consider that the total power is con-
strained by P, i.e., 1Tp = P, reparameterize p = 17{Dp/ p’ which satisfies the power con-
straint for any p’ and rename p’ as p. Then, the SINR balancing becomes as follows

A 2
min maxm with A =D7'[® + z 117]
Pk e P

Classical nonnegative vectors and matrices: Note that the optimal powers should
satisfy the power constraint with equality. Furthermore, at the optimum we shall have th
equality

SINRPE 1

- _Z’Vk <~ Ap=Ap

since otherwise the user with higher SINR can lower its power, reducing interference to
the user with the lowest SINR, which then increases. So, p is an eigen vector of A with
eigen value A.

Now, for a non-negative matrix A, the eigenvalue of the largest magnitude is positive,
and its corresponding eigenvector p can be chosen to be non-negative. For a non-negative
matrix, the non-negative eigen vector corresponding to the eigenvalue of the largest norm
is positive and so is the corresponding eigen value A. There is only one such positive
eigen pair which is called Perron Frobenius.

Actually, without physical motivation for the SINR equality, the Collatz-Wielandt
formula for the Perron-Frobenius eigen pair is
[A Pl [A Pk

A = min max = eig,,,.(A), P’ = arg min max = Vinaze (A
i max = Bmnae(A), P’ = argminmax = (A)

The non-smooth optimization criterion minp max;, sn\lvﬁ can be transformed into a
k

smooth problem
. Yk
max min {t + M(——=+ — 1
X p { ; k( SINRkD L ) }
where the A\, > 0 are the Lagrange multipliers for the constraints

SINRPE — k- SINRPF

This leads to the Donsker-Varadhan-Friedland formula

— o _ : [A Pl
A= elgmax(A) - }\Ig:%\)::l mﬁn ; )\k Dr

A related formula is the Rayleigh quotient (A\; = %)
"Ap
A =maxmin —— = Ap=Ap, ¢A=Aq"
a P qp

16
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for which q and p are the left and right Perron Frobenius eigen vectors.

The beamformer optimization now only requires the dual UL powers ¢ from either:

e the left Perron Frobenius eigen vector q, via Lagrangian duality, in particular g =
arg ming [q" Ay,

e by UL/DL duality from p and SINRY*(q) = SINR}*(p),

e by iterating interference functions, which correspond to the power method for finding
a largest eigen vector iteratively.

2.3.3 Rate-MSE Relation

In the following, we consider a MIMO IBC with C' cells with a total of K users, single
stream each. System-wide user numbering: the N,; x 1 Rx signal at user k in cell by, is

Y =Hyp, gi sk +ZHk,bk g; Si +Z Z H, ; g; sitv

: ik Zbr ibi—j
signal bi=by §7be ehi=g

intracell interf. intercell interf.
where s, = intended (white, unit variance) scalar signal stream, Hy,, = Ny x Ny,
channel from BS b to user k. BS by serves K;, = Zi:bi:bkl users. Noise whitened
signal representation is considered: wvj, ~ CN(0,In,,). The Ny, x 1 spatial Tz filter or
beamformer (BF) is gy.

Treating interference as noise, user k£ will apply a linear Rx filter fi to maximize the
signal power (diversity) while reducing any residual interference that would not have been
(sufficiently) suppressed by the BS Tx. The Rx filter output is s, = flys

K
Sk = f{ Hyp, gr sk +Z.f}fHk,bi gisi + il vy
i=1,4k
= fil b s +Zf;fhk,i si + fi v

itk
where hy; = Hyy, g; is the channel-Tx cascade vector.

Hereafter, we introduce the relation between the user rate and user weighted-MSE.
Assuming Gaussian signaling, the achievable rate for user k is given as

Ty = log det <1 — g/?ngkalzlﬂhbkgk) (216)
Ry, = Ry + Hy,, grg H!,
R; = ZHk,bigigz‘HHIfbi + In,, ,

ik

17
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where Ry, Ry represent the total, interference plus noise Rx covariance matrices, respec-
tively, at UE £.

For a general Rx filter fj, we have the MSE e (fx, g) defined as follows, given g = {gx }

er(fr,9) = E{ﬁk - Sk|2}

= (1= f' Hu,g0) (1 — g H{ f1) + Y £ Hi,gig! HYy fio + || Fel | (2.17)
itk

= 1-f{'Hu, g —g{ Hij fi+> _ F' Hu,g:9! HYj fit | fill”, (2.18)

assuming E{|s;[*} = 1.

We notice that r; can be expressed as a function of the error covariance e, after MMSE
receive filtering. The MMSE receive filter at user £ is given as

,?AMSE = arg}min ]E{]f,fyk — sk|2} (2.19)
k

= (g0 Hjy Hyy,, g + Ri) "' Hyy, g (2.20)

The per user MSE e given that the MMSE-receive filter is applied can be written as

er(fi 8, g) = E{|f;§4MSEHyk - 3k:|2}

— (14 gl Hf} Ry Higg0)" (2.21)
Given (2.16) and (2.21) the rate for user k£ can be written as

r, = log det(e; ). (2.22)

2.3.4 WSR Maximization

Maximizing the weighted sum rate of the MIMO IBC system is expressed as follows

K

(975" .. gV5R] = argmax Z URTE (2.23)
9 k=1

with uy, being the per user weight (or priority): 0 < uy < 1,Vk. The latter definition allow
us to either exclude some user rate from the objective function, or reduce the problem to
sum rate maximization, by assigning u; = 0, or u, = 1, Vk, respectively.

In fact, the WSR maximization problem is a non-convex and complicated function of
g. We discuss in the following the different methods to solve it.

18
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From WSR to WSMSE

Using the rate-MSE relation discussed previously, the WSR problem in (2.23) can be
transformed into a weighted sum MSE problem, [26]. The resulting augmented cost
function is as follows

]~

K
WSMSE(g, f,w) = ug(wy, ex(fr, g) — Inwy) + )\(Z llgil* — P)
k=1

k=1 =
where ) is the Lagrange multiplier and P denotes the total Tx power constraint.

After optimizing over the aggregate auxiliary Rx filters f = {fi}1<k<x and weights
w, we get the WSR back,

constant

—~
K

I?inWSMSE(g, fow)=-WSR(g)+ > u
o k=1

With alternating optimization, we can solve simple quadratic or convex functions,
namely

min WSMSE = wy, = 1/eg

W

min WSMSE = fi=(3_ Higig! H{ +Ix,,) " Higs
k .

9k

min WSMSE = g, = (> ww; HY i £ Hi+ My,) ™ H! frugwy

Using UL/DL duality, the optimal Tx filter gy is of the form of a MMSE linear Rx
for the dual UL, in which A plays the role of Rx noise variance and u,wy plays the role of
stream variance.

The optimal Lagrange multiplier A can be found by

i) Bisection: line search on S0 ||gx|[> — P =0 [22].

ii) Analytical update as in [70,71]: exploiting >, g’ 8wasgl\fSE = 0.
k

iii) Reparameterizing the BF to satisfy the power constraint [20]:

P /
9k =\ | =<K 1 15 ks
Zi:l |g;] 2

|kakg;c|2
K / K / .
Doimt e [ FeHigi * + Sl fel12 2255 gyl 2
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Note that i) and i) are equivalent, and lead to the same Lagrange multiplier expres-
sion obtained in [26] on the basis of a heuristic that was introduced in [72] as was pointed
out in [70].

Alternating Minorization Approach

Another way to solve the problem in (2.23) is to use a classical difference of concave
functions (DC) programming approach as in [73,74]. Actually, the WSR maximization
problem is non concave because of interference, the solution discussed here proposes to
isolate the signal of interest from the sum rate of the rest of the signals.

Considering MU multi-stream MIMO IBC notation, let Qi = GG be the transmit
covariance for user k. The WSR maximization problem can be written as

K
WSR = " ug[lndet(Ry) — In det(Ry)]
k=1
with Rk = Hk?,kakngbk + RE’ RE = Hk?(Zz;ék QZ)HIQIbZ + IN'rk'
Consider the dependence of WSR on @} alone, we can write
K

WSR = u; Indet(R-'Ry) + WSRg, WSR; = > w;Indet(R-'R;)
i=1,#£k

where In det(R_ 'R;) is concave in Qj, and W SRz is convex in Q.

Since a linear function is simultaneously convex and concave, consider the first order
Taylor series expansion in Qy around Q (i.e. all @Q;) with e.g. R; = R;(Q), then

WSRE(Qx, Q) ~ WSRE(Qy, Q) — tr{(Q — Q1) A4},

OWSRE Q@) N~ ppr m1 B
30, ) A—Zuzﬂi (R-'—R;")H..

Qr,Q Zzl’#k

A=

Note that the linearized (tangent) expression for W SRy constitutes a lower bound for
it. Now, dropping constant terms, reparameterizing Q, = GG and performing this
linearization for all users, we obtain the following Lagrangian

K
WSR(G, G)=Y uIndet(I + Gf'H{, R'Hy,;, Gy)

k=1
K R C
> {G(Ar+ MG} + D AP
k=1 c=1
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2.4. Closing Remarks

The gradient (w.r.t. Gy) of this concave WSR lower bound is actually still the same as
that of the original WSR or of the WSMSE criteria, allowing the following generalized
eigenvector interpretation

~ —~ 1 ~
H', R_'H;;, G = (Ap + N, I)Gy, u—k(I + Gl H{, R'H,,, Gy)

or hence

/

Gy, = Vinao(HY, RZ Hip Ay + My, I).

, 1
Introducing P, > 0 and substituting G, = G, P;?, the Lagrange multipliers \., for all c,
are adjusted to satisfy the power constraints » ., _ tr{Ps} = F.

Let us define BV = G;HH,fﬁ;HkG;c and £ = G#A,G,. The advantage of this
formulation is that it allows straightforward power adaptation, yielding

C K
WSR = S AP+ S lupIndet(I + PEY) — tr{Py(S? + A, I)}]

c=1 k=1

which leads to the following interference leakage aware water filling (jointly for the P

and \p,)

_ +
Pi(0) = (w(EP@0 + 2D =0 00) Y w{PY} =P
k:bp=c

for all [ s.t. Z,(:) > 0 with ¢ = {1,2}, and z* = max(0,z). Note also that as with
any alternating optimization procedure, there are many updating schedules possible, with
different impact on convergence speed. The quantities to be updated are G;g, P, and ).
The advantage of the DC approach is that it works for any number of streams/user d,
by simply taking more or less eigenvectors. In other words, we can take the d;’** max
eigenvectors of the eigenmatrix G;ﬁ. We mean by the max eigenvectors, the eigenvectors
corresponding to the highest eigenvalues. The waterfilling then automatically determines
(at each iteration) how many streams can be sustained.

2.4 Closing Remarks

In this chapter, we presented an overview of the evolution of power allocation problem
formulation with respect to max-min fairness utility, leading to the max-min per user
(weighted) rate problem considered in this thesis. We also provided the needed theoretical
background to ensure good comprehension in the next chapters.
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Chapter 3

Rate Balancing via MSE UL/DL duality
with total power constraint: BC

3.1 Overview

In this chapter, we focus on transceiver optimization problem w.r.t. rate balancing. The
problem is to maximize the minimum weighted rate (the ratio of rate and given priority).
User-wise rate is considered, i.e., total rate of each user summed over its streams. The
problem is studied in a multi-user MIMO BC under a total power constraint. This opti-
mization problem is here solved in an alternating manner by exploiting matrix-weighted
MSE uplink/downlink duality with proven convergence to a local optimum. The MSE
duality [47] plays an important role, since it ensures that the same MMSE can be achieved
in both links. This guarantees the convergence in each iteration.

The rest of this chapter is organized as follows. Section 3.2 details the system model
under consideration. The problem formulation in downlink communications and its re-
spective dual problem are given in Section 3.3. We provide the algorithmic solution based
on UL/DL duality in 3.4. Numerical results for validation are presented in Section 3.5.
We finally conclude in Section 3.6.
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3.2. System Model
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Figure 3.1: Single cell broadcast channel system model.

3.2 System Model

The considered network is a multi-user MIMO DL system, (see Figure 3.1). We focus
on a Base Station (BS) of M transmit antennas serving K users of each Nj antennas,
(k =1, ..., K is the users’ index). The channel between the kth user and the BS is denoted
by Hfl € CM*Ne and HY = [H}', ..., HY] is the overall channel matrix.

We assume zero-mean white Gaussian noise n;, € CNV**! with distribution CA/(0, 021
at the kth user. We assume independent unity-power transmit symbols s = [s] ...s%]|T,
ie., ]E[SSH} = I, where s, € C%*! is the data vector to be transmitted to the kth user,
with d being the number of streams allowed by user k. The latter are transmitted using
the transmit filtering matrix G = GP'/? € CM*Ne| composed of the beamforming matrix
G =[G,...Gk] =[g:...9n,] with normalized columns | g;||2 = 1 and the diagonal non-
negative DL power allocation P2 = blkdiag{P;"?, ..., P/*} where diag(P,) € R%*!
contains the transmission powers and N, = Z,[f:l dy is the total number of streams. The
total transmit power is limitted, i.e., tr (P) < Phax, see Figure 3.2.

Similarly, the receive filtering matrix for each user is defined as Fi = Pk_l/ 2,3ka S
Co >Nk composed of beamforming matrix F, kH € C%*Nr and the diagonal matrices 3, con-
tain scaling factors which ensure that the columns of F}' have unit norm. We define 3 =

blkdiag{Bi,...,Bk} = diag{[fi...0n,|} and F = blkdiag{Fi,....Fx} = [fi... fn,]

with normalized per-stream receivers, i.e., || fill2 = 1.

The MSE per stream P between the decision variable 8; and the transmit data
symbol s; is defined as follows

Ng
&= E{|§z‘ - 3i|2} = B?/pileH(ijgjg?)HHfi

j=1
— 2B Re{ fi'Hgi} + 0,5} /pi + 1,¥i € {1,..., Na}. (3.1)
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3.3. Problem Formulation
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Figure 3.2: Equivalent downlink channel.
3.3 Problem Formulation

In this work, we aim to solve the weighted user-rate max-min optimization problem under
a total transmit power constraint, i.e., the user rate balancing problem expressed as follows

max min ry/7y

{G,P.F B} k
s.t. t7(P) < Prax (3.2)
where r;, is the kth user-rate
r = In det (I+Hkgkg5H,§ (021+Y " H,G,6" Hg)—1> (3.3)

J7#k
and 7y is the rate scaling factor for user k. However, the problem presented in (3.2) is
complex and can not be solved directly.

Lemma 1. The rate of user k in (3.3) can also be represented as

re = max [Indet(W;) — tr(WLEL") + di]. (3.4)

where
E]]é)L =E (ék — Sk)(ék - Sk)H:|
= (I - FYHG)I - FLH G + ) FIH;G,GH'F. + o) FiF,  (3.5)
7k
1s the kth-user DL MSE matrixz between the decision variable Sy and the transmit signal
sk, and W = {Wih<p<x are auziliary weight matriz variables with optimal solution

Wi = (EPY) " and Fy = (021 + X HiG,GVHI) " H, Gy, [27].
Proof. Appendix A.1. n

Now considering both (3.2) and (3.4), and introducing ¢ = ming ry/ry, we have Vk

ri/(try) > 1orrg/rg >t

& Indet (W) + di — tr(WLEPY) > trf (3.6)
tr(WkEEL) 0 EB’L,; <1

Indet(W},) + dj, — tr§ §e
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3.3. Problem Formulation
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Figure 3.3: Dual uplink channel.

where (a) follows from (3.4) (with optimal W}) and (b) from e = tr(W,EL"), the
matrix-weighted MSE (WMSE), and & = Indet (Wk) + dj, — r;; the WMSE requirement,
with rp = try the individual rate target, i.e. r, > r;. What we exploit here is a scale
factor ¢ that can be chosen freely in the rate weights r{ in (3.2), to transform the rate

weights r, into target rates ry = trp, which at the same time allows to interpret the
WMSE weights & as target WMSE values.

Doing so, the initial rate balancing optimization problem (3.2) can be transformed
into a matrix-weighted MSE balancing problem expressed as follows

min = max ey /&
{G.PFpB} k ’

s.b. tr(P) < Prax, (3.7)

which needs to be complemented with an outer loop in which W, = (EEL)_I, t =
ming /75, 7 = try and & = di + 1, — ) get updated.

The problem in (3.7) is still difficult to be handled directly. In the next sections, we
solve the problem via UL and DL MSE duality. To this aim, we model an equivalent
UL-DL channel plus transceivers pair by separating the filters into two parts: a matrix
with unity-norm columns and a scaling matrix [75]. Then, the UL and DL are proved to
share the same MSE by switching the role of the normalized filters in the UL and DL.
Doing so, an algorithmic solution can be derived for the optimization problem (3.7).

3.3.1 Dual UL Channel

In the equivalent UL model represented in Figure 3.3, we switch between the role of
the normalized transmit and receive filters. In fact, FkQ}C/ % is the kth transmit filter and
Q~'/?BG" is a multi-user receive filter, where Q@ = blkdiag{Q1, ..., Qx } with diag(Qy) €

Ri’““ being the UL power allocation.

Although the quantities H, G, F' and 3 are the same, the UL power allocation g =
[q1---qn,]t = diag(Q) may differ from the DL allocation p = [p;...pn,]T = diag(P),
both verifying the same sum power constraint ||pll; = ||q|l1 < Puax-
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3.4. Algorithmic Solution via UL-DL MSE Duality

The corresponding UL per stream MSE e is given by

Ny
el = B Jaigl HY (> qifif)")Hgi — 26:Re{g/' H" fi} + 028} /i + 1,Vi.  (3.8)
j=1

3.3.2 MSE Duality

With the equivalent DL channel and its dual UL, it has been shown that the same per
stream MSE values are achieved in both links, i.e., "*/PL = diag{[aEL/ PE .5%1;/ Pl =
diag{[e1...en,]} =€ [75].

The UL and DL power allocation, obtained by solving the MSE expressions as in (3.8)
for UL w.r.t. the powers, are given by (see Appendix A.2)

q=o02(e—D—-pB*¥) '3 1y, (3.9)

and
p=o2(e — D - 39" 131y, (3.10)

respectively, where the diagonal matrix D is defined as
(D) = B9/ H" fif Hg; — 2;Re{g; H" f;} + 1

and
Y 0, i=j.

In fact, the MSE duality allows to optimize the transceiver design by switching between
the virtual UL and actual DL channels. The optimal receive filtering matrices in both UL
and DL are MMSE filters and given by

G:3:.Q;,"" = (H'"FQF"H + 0>1) ' H'F,Q}” (3.11)

and
F.6.P, " = (H,GPG"H}' + 0’1) " H,G, P}’ (3.12)

respectively.

3.4 Algorithmic Solution via UL-DL MSE Duality

In this section, the problem (3.7) with respect to the matrix weighted user-MSE is stud-
ied. First, we start by the UL power allocation strategies. Then, the joint optimization
will follow given the MSE duality. In fact, the MSE duality opens up a way to obtain
optimal MMSE receiver designs in (3.11) and (3.12). The DL matrix weighted user-MSE
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3.4. Algorithmic Solution via UL-DL MSE Duality

optimization problems can be solved by optimizing the weighted MSE values of the dual
UL system. The latter can be formulated as

min max €
{G,F W} k “’k/gk

s.b. tr(Q) < Prax (3.13)
where e = tr(WkEgL), and

B = (I-Q, "BGIH!F.Q/")I - Q, "8G} HF.Q;")"
+3 Q. *B.GIHI'F,Q,;FI H,G,.8:.Q; ' + 02Q, * 3G Gi8:Q;. >, (3.14)
J#k

Then, based on the equivalent UL/DL channel pair, we derive a general framework for
joint DL MSE design. First, in the UL channel, we find the globally optimal powers
Q according to the optimization problem under consideration; then, we update the UL
receivers as MMSE filters (3.11) and we compute the associated per stream MSE values
ePl. Vi. Second, in the DL channel, we find the DL power allocation P which achieves the

same UL MSE values; and we update the DL receivers as MMSE filters (3.12). Finally,
we update Wy.

The matrix weighted per user MSE can be expressed as follows
e = tr(WEY) (3.15)
= tr(Wy) + tr(W _I/QﬁkGHHHFkaFHHkaﬁk _1/2)
—Re{w(Q ' WiQ, *BGIHIF) } + 2t (Wi, "B Gl G5 Q. )
+ Yt (WiQ, "8Gl H]'F,Q,F H;GyB3:Q,. %) Vk
ik

We define Qi = §, Q) where tr(Qk) =1 and ¢y is the individual power of the kth user.
Thep, the transmit covariance matrix Ry = FkaFkH can be written as Ry = ¢, Ry with
tr(Rk) = 1. Thus, the matrix weighted MSE ¢,,; becomes a function of ¢ = [Gi, ..., Gx|"

o= ar+ G > Qb + G ekon, Vk (3.16)
itk
where
ar, = tr(W) + tr (Wi@; 28, GIHI R H, G5, Q; %)
- 2Re{tr(Q) " WiQ, "B GHHIF) |,
by = tr(WiQ; *8.GY HP R H,G1.8,Q;, )
and

o = r(WiQ, BiGIGL3.Q; )
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3.4. Algorithmic Solution via UL-DL MSE Duality

Actually, problem (3.13) always has a global minimizer g°** characterized by the fol-
lowing equations:

EUL opt
AL — %, vk, (3.17)
k
1°"" 11 = Pmax (3.18)

where AUV is the minimum balanced matrix-weighted user MSE.

We aim to form an eigensystem by combining (3.17) and (3.18). For that, we rewrite
(3.16) as

elg=AG+o2Clg (3.19)
where " = diag{egﬁ, . ,eg}( ,
C = diag{cy,...,cx}, (3.20)
brj, k#j
and [A]},; = { ki W7 (3.21)
ag, k=1j.
Now, we define & = diag{[& . .fK}} and multiply both sides by £€~! to have
£'ellg=¢"1AG + 02 Clg. (3.22)
From (3.17), we have £ 1€Vt (g°P) = AVLT. Thus, (3.22) becomes
A"Mg =¢1AG + o2¢ I Clg. (3.23)
From (3.18), we can reparameterize ¢ = f%’;’?ql where g is unconstrained. This allows to
K
rewrite (3.23) as [43]
’ ’ 02
AG =A""g , A=¢TA+ ¢ 'Cl1g15 (3.24)

Pmax

It can be observed that AU is an eigenvalue of the non-negative extended coupling matrix
A. However, not all eigenvalues represent physically meaningful values. In particular,
g°*" > 0 and AY" > 0 must be fulfilled.

It is known that for any non-negative irreducible real matrix X with spectral radius
p(X), there exists a unique vector ¢ > 0 and Apax (X) = p(X) such that X ¢ = Apax(X)q.
The uniqueness of A (A) also follows from immediately from the function AV (P.y)
being strictly monotonically decreasing in P,... This rules out the existence of two
different balanced levels with the same sum power. Hence, the balanced level is given by

AL 0P — A (A, (3.25)
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3.4. Algorithmic Solution via UL-DL MSE Duality

Therefore, the optimal power allocation ¢ is the principal eigenvector of the matrix A in
(3.24). As noted in [8], we have in fact

T Aqg T Ag
Amax(A) = mlnmaxp —— = max mmp —— d
p 4 p“q p 4 p’q

(3.26)

where in [8] p was said to have no particular meaning but actually can be shown to relate
to the DL powers. So, the proposed algorithm provides in the inner loop an alternating
optimization of (3.26) w.r.t. p, g, F, G [8], [75]. If we take for p the K standard basis
vectors, then we get

A
Amax(A) = mlnmax( q)
a k qx

which from (3.17), (3.22), (3.24) can be seen to be exactly the WMSE balancing problem
we want to solve.

(3.27)

3.4.1 Algorithm

The proposed optimization framework is summarized hereafter in Table 3.1. Superscripts
()™ and (.)#"?) denote the nth iteration and a temporary value, respectively. This
algorithm is based on a double loop. The inner loop solves the WMSE balancing problem
in (3.7) whereas the outer loop iteratively transforms the WMSE balancing problem into
the original rate balancing problem in (3.2).

3.4.2 Proof of Convergence

In case the rate weights r; would not satisfy r; > 7}, this issue will be rectified by the scale
(™)
factor t after one iteration (of the outer loop). It can be shown that ¢ = min <ty = 1.
Tk
.. . . . tr (Wém 1)E§€m))
By contradiction, if this was not the case, it can be shown to lead to e > 1, Vk
k

and hence A™ > 1. But we have

o (W VE(™) o (W VE™)

A(m) — .m0 Vk, = maxyg m=1)
S o S (3.28)
(a) tr(w,gm VgD )
<maxy £<m71> — Imaxyg -1y <1.
k k
Let E = {E;,k=1,..., K} and
r (m—1)
fM(E) = max;, t(“;'fm—_l)m Then (a) is due to the fact that the algorithm in fact
k

performs alternating minimization of f(™(E) w.r.t. G, F, ¢ and hence will lead to
FEM) < f(EMD) On the other hand, (b) is due to f(m V= q, + Tm b_

o(m—1)

Ty > dj,, for m > 3.
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3.4. Algorithmic Solution via UL-DL MSE Duality

Table 3.1: User Rate Balancing via UL/DL Duality Algorithm

1. initialize: £ = (I, 0), Q00 = Zyx I, m = n = 0 and nuax, muax and fix r;”
2. compute UL receive filter G(*? and B9 with (3.11)
3. set Wk(o) =T and fl(co) =d,

4. find optimal user power allocation g®? by solving (3.24) and compute Q,(CO’O) =

~(0,0) A (0,
C_I;(g O)Q§c 0)

5. repeat
5.1 repeat

n<n-+1
UL channel:
e update G and BUmPtme) with (3.11)
e compute the MSE values eV with (3.8)
DL channel:
e compute P™™~1 with (3.10)
e update F(™m=1) and Btmpimp) with (3.12)
e compute the MSE values eP*(™ with (3.1)
UL channel:
e compute QU™P#P) with (3.9) and Q,(Cn’m_l) = Q,(fmp’tmp)/tr(ngp’tmp))

e find optimal user power allocation g™~ by solving (3.24) and compute
(n,m—1) _ ~(n,m—1) /(n,m—1)
k =4 k
5.2 until required accuracy is reached or n > npyax

5.3 m<+—m+1
(m)
5.4 update W™ = (BM™) 7 " = Indet(W™), ¢ = ming g, ™ =
Tk
try™ ) and € = dy 4+ (™ — 3™

5.5 do n < 0 and set (.)Pmesm=1) — ()©Om) in order to re-enter the inner loop

6. until required accuracy is reached or m > Mmyax
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3.5. Results

Hence, t > 1. Of course, during the convergence t > 1. The increasing rate targets

To(m) constantly catch up with the increasing rates T(m). Now, the rates are upper bounded

by the single user MIMO rates (using all power), and hence the rates will converge and the

sequence t will converge to 1. That means that for at least one user k, TI(COO) = TZ(OO). The
question is whether this will be the case for all users, as is required for rate balancing. Now,

(=D gm)
the WMSE balancing leads at every outer iteration m to t(z(m—_l)E’“) =AM VEk. At

k
convergence, this becomes gflo’g) = A where f,(coo) =dy + T,E;OO) — r,:(oo). Hence, if we have
k
convergence because for one user ko, we arrive at 7‘,(5:) = r,jiooo), then this implies A(>®) =1

which implies r,(:o) = TZ(OO) ,Vk. Hence, the rates will be maximized and balanced.

Remark 1. In fact, the algorithm also converges with ny.. = 1, i.e., with only a single
loop.

3.5 Results

In this section, we numerically illustrate the performance of the proposed algorithm. The
simulations are obtained under a channel modeled as follows : H ,Ij = B.U; A, where
By, Aj, are of dimensions (M x Ni) and (Nj X Nj) respectively, and have independent
and identically distributed (i.i.d.) elements distributed as CN(0,1); U, = pUy, with
the normalization parameter p = (trace(Uk))_1/2 and U, = diag{l,a,a?, ..., oM
(o € R being a scalar parameter). This model allows to control the rank profile of the
MIMO channels. For all simulations, we fix « = 0.3 and take 1000 channel realisations
and nyax = 20. The algorithm converges after 4-5 (or 13-15) iterations of m at SNR =
g =10dB (or 30dB).

Figure 3.4 plots the minimum achieved per user rate using i) our max-min user rate
approach with equal user priorities and ) the user MSE balancing approach [75], as a
function of the Signal to Noise Ratio (SNR). We observe that our approach outperforms
significantly the unweighted MSE balancing optimization, and the gap gets larger with
more streams. Note that we observe the same behavior with the classical i.i.d. channel
H{' = B, , but with a smaller gap (e.g., for 15dB, mﬁi’; :?é:;ﬁgﬁidMl\igé) = 1.05 instead of
1.18 with M = 6, N}, = d, = 2 in Figure 3.4).

In Figure 3.5, we illustrate how rate is distributed among users according to their
priorities represented by the rate targets r;. We can see that, using the min-max weighted
MSE approach, the rate is equally distributed between the users with equal user priorities,
ie., r, = r] Vk, whereas with different user priorities, the rate differs from one user to
another accordingly. Furthermore, the Sum Rate (SR) reaches its maximum when user
priorities are equal, as the channel statistics are identical for each user.

These results are extended to multi-user IBC case in [76]. Therein, we consider a
multi-cell case and solve the user rate balancing problem using diagonal weight matrices
by diagonalizing the user signal error covariance matrices, which allows to link the per
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Figure 3.4: Minimum rate in the system vs. SNR: K = 3.
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Figure 3.5: Rate distribution among users: K = 3, SNR= 10 dB, M =6, N, = d;, = 2.
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Figure 3.6: Minimum rate in the system vs. SNR: Channel comparison for K = 3, M =
6, Ny = dp = 2.

stream and per user power allocation problems. In fact, define a modified transmit uplink
filter as

FQ/?=FQ/*V,, B, = %, (3.29)

where V4 is given by the eigenvalue decomposition EJ = V;, 3, V. This operation allows
us to diagonalize {EJY, W},} and does not change the user rates [26], but changes the
identity of the streams (layers) of a user and the power distribution over them.

In Figure 3.6, we plot the minimum achieved rate as in Figure , using the classical
i.i.d. Gaussian channel and diagonal matrix weights. We observe the same behavior with
the classical i.i.d. Gaussian channel, but with a smaller gap. Also, we can see that the
balanced rate obtained using diagonal {W}.} outperforms the balanced rate derived with
non-diagonal weight matrices.

In Figure 3.7, we illustrate how rate is distributed among users according to their
priorities represented here by ry_for multi-cell case. We denote by C, K., M., the number
of cells and number of users and transmit antennas per cell; while Ny and dj, denote the
number of receive antennas and streams allowed per user k., respectively.
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Figure 3.7: Rate distribution among users: SNR= 10dB, C =2, K. =3, M. =12, N;,, =
di, = 2.

3.6 Closing Remarks

In this chapter, we optimized the rate distribution over the streams of a user, within the
rate balancing of the users for a single cell multi-user BC. In this regard, we proposed
an iterative algorithm to balance the rate between the users in a MIMO system. The
latter was derived by transforming the max-min rate optimization problem into a min-
max weighted MSE optimization problem to enable MSE duality. Numerical comparisons
between the proposed weighted rate balancing approach and unweighted MSE balancing
were provided.

37



3.6. Closing Remarks

38



Chapter 4

Rate Balancing via Lagrangian duality
with per cell power constraints: IBC

4.1 Overview

In the previous chapter, we have investigated the performance improvements of weighted
matrix MSE balancing under total power constraints via UL-DL duality. In this chapter,
we move to per cell power constraints case, considering the problem of user rate balancing
for the downlink transmission of multi-user multi-cell MIMO systems. Due to the multiple
streams per user, user rate balancing involves both aspects of balancing and sum rate
optimization. We exploit the rate MSE relation, formulate the balancing operation as
constraints leading to Lagrangians in optimization duality, allowing to transform rate
balancing into weighted MSE minimization with Perron Frobenius theory. The Lagrange
multipliers for the multiple power constraints can be formulated as a single weighted
power constraint in which the weighting can be optimized to lead to the satisfaction with
equality of all power constraints. Actually, various problem formulations are possible,
including single cell full power transmission leading to a dual norm optimization problem,
and per cell rate balancing which breaks the balancing constraint between cells.

The rest of this chapter is organized as follows. Section 4.2 provides the details of
the considered multi-cell IBC. In section 4.3, we introduce the Lagrangian duality to
solve the user rate balancing problem. Simulation results are provided in Section 4.4 to
validate the proposed algorithms and demonstrate their performance improvement over
e.g. unweighted MSE balancing. Finally, conclusions are given in Section 4.5.
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I;.: Intercell and Intracell

Base Station b
k Interference received by user k

Figure 4.1: Downlink channel of user k in cell b.

4.2 System Model and Problem Formulation

We consider a MIMO system with C' cells. Each cell ¢ has one base station (BS) of M,
transmit antennas serving K, users, with total number of users > K. = K. We refer to
the BS of user k£ € {1,..., K} by b,. Each user has Ny antennas. The channel between
the kth user and the BS in cell j is denoted by H}! kj € CMixNe - We consider zero-mean
white Gaussian noise ny € CN+*! with distribution CN (0,021) at the kth user.

We assume independent unity-power transmit symbols s. = [sk  ,4...sf, |7, ie.,
E[scs!l] = I, where s, € C%*! is the data vector to be transmitted to the k:th user, w1th
dj, being the number of streams allowed by user k£ and Ki.. = Zi:l K;. The latter is
transmitted using the transmit filtering matrix G. = [Gx,. ,41...GK,,.] € CMXNe with
G = p,lc/ Gy, Gy being the beamforming matrix, p, is non-negative downlink power
allocation of user k£ and N. = 37, _ dj is the total number of streams in cell c¢. Each
cell is constrained with Pax., i.e., the total transmit power in c is limitted such that
Zkzbk:e Pk < Pmax,c. The received signal at user k in cell by, is

Y = Hyp, Grsi + Z Hy, Gis; + Z Z Hy ,G;s; +n; (4.1)
Vv ik by ibi—j
signal biibk J#by i:b; ir

intercell interf.
intracel interf.

Similarly, the receive filtering matrix for each user k is defined as F} = p, 1/ 2FkH
Ca*Ni - composed of beamforming matrix F{! € C%*Ne. The received filter output is

S, = ]:I,;ka. Figure 4.1 illustrates the described model.

4.2.1 Problem Formulation

In this work, we aim to solve the weighted user-rate max-min optimization problem under
per cell total transmit power constraint, i.e., the user rate balancing problem expressed
as follows

: [¢]
maxmin r/r
naxmin 7Ty

Z Pk S Pmax,c; 1 S & S C (42)
k:bp=c
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where r;, is the kth user-rate

r, = Indet (I—FRE_lHk,bkgkgI;ngbk) = Indet (R%le) , (4.3)

RE = UTQLI+ZHk,blglgl}Ingbl N (44)
1+k

R, = RE—FHk,bkgkgEHEbk , (45)

Ry and Ry, are the interference plus noise and total received signal covariances, and r}, is
the rate priority (weight) for user k. However, the problem presented in (4.2) is complex
and can not be solved directly.

Lemma 2. The rate of user k in (4.3) can also be represented as [27]

= Vrvria}(k [ln det(Wk) — tr(WkEk) + dk]. (4.6)

where

E, =E|(Sk —sk)(Sk — sk)H}

= (I - FYH, G1)I — F Hy, Go)" + > F L Hyy GG HY, Fr+ 00 FRFyp (47)
I#£k

18 the kth-user downlink MSE matriz between the decision variable Sy, and the transmait
signal sg, and {Wih<p<x are auziliary weight matriz variables with optimal solution
WP = [Ek]_l and the optimal receivers are

Fr= R, 'Hy;, Gy (4.8)

Now consider both (4.2) and (4.6), and let us introduce & = Indet(Wy) + di — 7,
the WMSE requirement, with target rate . Assume that we shall be able to concoct an
optimization algorithm that ensures that at all times and for all users the matrix-weighted
MSE (WMSE) satisfies €, = tr(W,E;) < d; and Indet(W}) > rg or hence &, > dj. This
leads Vk to

€w,k

= <1 <= Indet(Wy) + di — tr(W,E,) > 7 (4.9)
k

Lo re/re > 1
where (a) follows from (4.6). To get to (4.9), what we can exploit in (4.2) is a scale factor
t that can be chosen freely in the rate weights r in (4.2). We shall take ¢ = miny /7,

which allows to transform the rate weights 7 into target rates ry = try, and at the same
time allows to interpret the WMSE weights & as target WMSE values.

Doing so, the initial rate balancing optimization problem (4.2) can be transformed
into a matrix-weighted MSE balancing problem expressed as follows
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min max €
Qi me w i/

st ) Pk < Prae 1<e<C (4.10)
k:bk:C

which needs to be complemented with an outer loop in which W, = (Ek)_l, t = miny 71,/77,
re = trp and & = dj + rp — rp get updated. The problem in (7.13) is still difficult to be
handled directly.

4.3 Proposed Solution

In this section, the problem (4.10) with respect to the matrix weighted user-MSE is
studied. The per user matrix weighted MSE (WMSE) can be expressed as follows

Cwk = tI‘(WkEk)
= tr(Wy) — tr (W, G} H, Fy) — tr(W, F Hyp, Gy
K
+p Y ptr (Wi B Hyy, GGl HYY, Fy) + olpy ' tr (W FLFy). (4.11)
=1

Define the diagonal matrix D of signal WMSE contributions

[D];; = tr(W;) — tr(W,Gi'H}}, F;) — tr(W,F{'H,;,G,)
+tr(W,F"H,,G,G} H}, F), (4.12)

and the matrix of weighted interference powers

tr(W,F'H,;, G.GY'HY F;, £ ]
[‘P]l]:{r( i b ST 1,b; )7 Z?éj (4'13>
0, 1= 7.
We can rewrite (4.11) as, with p = [p; -+ - pr] T
€wi = [Dlsi + p; ' [¥p]; + aip[ltr(I/ViFiHE) (4.14)
Collecting all user WMSEs in a vector €, = diag(€y,1, .. ., €w k), We get
€wly = diag(p) ™" [(D + ¥)diag(p)1x + o] (4.15)
where o is a (K X 1)vector defined as
[o]; = oltr (W, F/'F;). (4.16)
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By multiplying both sides of (4.15) with diag(p), we get
e,p=(D+¥)p+o. (4.17)
Let & = diag(&1,...,¢Kk), then

£leup=€ ' (D+T)p+¢lo (4.18)

Actually, problem (4.10) always has a global minimizer p characterized by the equality
¢ ley(p) = Al ie.,
Ap=¢ ' (D+W¥)p+¢to. (4.19)
Now, consider the following problem

: (o]
max min 7 /r
Gp,F k / k

C C
st ) 0eciP <D OcPraxe (4.20)
c=1 c=1

where ¢, is a column vector with ¢.(j) = 1 for Ky...1 +1 < j < Kj.., and 0 elsewhere.
This problem formulation is a relaxation of (4.2), and @ = [0 - - - fc]Tcan be interpreted
as the weights on the individual power constraints in the relaxed problem. The power
constraint in (4.20) can be interpreted as a single weighted power constraint

(0"CY) p < 0" prax (4.21)
with Co = [e;---¢ec] € ]waxc and Prax = [Pmax1 " Puoaxc|’- Reparameterize p =
%‘g’;p/ where now p’ is unconstrained, which allows us to write (4.19) as follows (rewrit-
ing p as p)

Ap=Apwith A=¢1(D+ W)+ OTpmaxg_la 0'C}. (4.22)
Now with (4.22), the WMSE balancing problem of (4.10) becomes
w A
minmax —* = minmax APl (4.23)

p k k Pk Pk

According to the Collatz—Wielandt formula [77, Chapter 8|, the above expression corre-
sponds to the Perron-Frobenius (maximal) eigenvalue A of A and the optimal p is the
corresponding Perron-Frobenius (right) eigenvector

Ap =Anp. (4.24)

Note that this implies the equality € 'e,, = A T as announced in (4.19).
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4.3.1 Algorithmic Solution via Lagrangian Duality

The max-min weighted user rate optimization problem (4.2) can be reformulated as

min — ¢
t,G,p
st. t7) =1 <0, €'p — Praxe < 0. (4.25)

Introducing Lagrange multipliers to augment the cost function with the constraints
leads to the Lagrangian

max min £
A/ ,[,l, t7G>p

L=—t+Y N(trg—r)+ > pte(elp — Puaxc) (4.26)
k c

Integrating the result (4.6), we get a modified Lagrangian

max min L
)\I,,LL t7G7p7T7W

L=—t+ Y Nr(WiB) — &)+ Y pe(cP — Puaxce) (4.27)
k c

From (4.20), we get p. = pif,. Introducing A\, = A&, we can rewrite (with some abuse
of notation since actually miny, continues to apply to tr(WiE) — & (Wy))

max min L
Ay t,G.p.FW

WE
:—t+2/\k A TRTR) k) — +u26 c P — Praxc) (4.28)

We shall solve this saddlepoint condition for £ by alternating optimization. As far as
the dependence on A\, G, p, F is concerned, we have (omitting the power constraint)

max min Z Ak tr(WiEy) (4.29)

which is of the form Weighted Sum MSE (WSMSE). Optimizing w.r.t. Rxs Fy leads to
the MMSE solution mentioned in Lemma 1. To optimizing w.r.t. the Txs G, we can
follow the approach in [26], which is based on [78], but needs to be adapted to a weighted
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4.3. Proposed Solution

sum power constraint. We get a shorter derivation by following [20]. To that end, consider
a reparameterization of the Tx filters to inherently satisfy the power constraint (see (4.21)

where p; = tr{GI'G;}) :

_ OTpmax
~\ 00 {GFG}

involving a unique system-wide scale factor (and note G, # Gy). Introducing (4.30)
directly into (4.29) does not lead to a quadratic criterion. However, reinterpreting the
WSMSE (4.29) as a weighted sum rate via Lemma 2, we get

G Gy . (4.30)

A 1
WSR = — Indet(R-"R 4.31
Ek: . (R, Ry) (4.31)
with Ry as in (4.4) but with G, replaced by G; and with the noise covariance term replaced
by
L Dy 4.32
O P (4:32)

where in fact Xy = opI. Using dIndet(A) = tr{A™'0A} and e.g. (R;'R;)'R;' =
Ri_l, we get

—8\§VGS;R = 0= 2H}, R 'Hy), G,

i,bg Ve

— (Zfil %tr{ZiRngi,bk GZG?HEZ),CR;I}) kuGk:

Now if we note that F; = R;'H;,G; = R-"H;,G,E;, W; = E; ' and R, 'Hy;,, Gy =
Fr = FWiE, = F Wi (I — F}lHyy, Gy), then (4.33) leads to

K 1 —H
> (W F )
Gk:(E :Hg,kflwl’f}{H,,karagebk lZ J jD L
=1 c Vet max,c

1
Gr =V G, Gy = —F——= Gy,
\/ tI‘{GI];IGk}
where W/ = X\, /& Wy, and accounting for the fact that the user powers are actually
optimized by the Perron-Frobenius theory. Note that this result for Gy would also be
obtained by direct optimization of (4.28), but we needed the extra development above to
get the expression for the Lagrange multiplier u. The Perron-Frobenius theory also allows

for the optimization of the Lagrange multipliers \,. With (4.23), we can reformulate
(4.29) as

I)'HY, F.W]

(4.34)

A= max minZ/\k AP (4.35)

which is the Donsker—Varadhan—Friedland formula [77, Chapter 8] for the Perron Frobe-
nius eigenvalue of A. A related formula is the Rayleigh quotient

. . q"Ap
= Inax min T
a » q'p

(4.36)
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where p, q are the right and left Perron Frobenius eigenvectors. Comparing (4.36) to
(4.35), then apart from normalization factors, we get Ay /pr = g or hence A\ = prqy.

The proposed optimization framework is summarized in Table 4.1; Table 4.2 represents
the power optimization algorithm ensuring the per cell power constraints. Superscripts
refer to iteration numbers. The algorithm in Table 4.1 is based on a double loop. The
inner loop solves the WMSE balancing problem in (4.10) whereas the outer loop iteratively
transforms the WMSE balancing problem into the original rate balancing problem in (4.2).

4.4 Results

In this section, we numerically evaluate the performance of the proposed algorithm. The
simulations are carried out over normalized flat fading channels, i.e., each element is i.i.d.
and normally distributed : starting from i.i.d. [Hy jlm, ~ CN(0,1). For all simulations,
we take 500 channel realisations and 7., = 20. The algorithm converges after 4-5 (or
13-15) iterations of m at SNR = 15dB (or 30dB).

In Figure 4.2 (only), the singular values are modified to a geometric series o' to control
the MIMO channel conditioning, in particular « = 0.3. Fig. 4.2 plots the minimum
achieved per user rate using ¢) our max-min user rate approach for equal priorities with
total sum-power constraint and per cell power constraints, and i) the user MSE balancing
approach [75] w.r.t. the Signal to Noise Ratio (SNR). We observe that our approach
outperforms significantly the unweighted MSE balancing optimization. Furthermore, the
gap between the achieved balanced rate using per cell power constraints and the one
obtained with total sum-power constraint over cells is very tiny.

In Figure 4.3, which illustrates the difference between the per cell power constraint
Piax,c and the total power allocated per cell, i.e., cf(mcp, for per cell power contraints and
total sum-power constraint, we observe that using Table 4.2 we ensure the per cell power
constraint with equality, unlike the total sum-power constraint which verifies the total
power over cells.

In Figure 4.4, we illustrate how rate is distributed among users according to their
priorities represented by the rate targets r;. We can see that, using the min-max weighted
MSE approach, the rate is equally distributed between the users with equal user priorities,
ie., rp = r] Vk, whereas with different user priorities, the rate differs from one user to
another accordingly.

4.5 Closing Remarks

In this chapter, we addressed the multiple streams per user case (MIMO links) for which we
considered user rate balancing, not stream rate balancing, in multi-cell downlink channel.
Actually, we optimized the rate distribution over the streams of a user, within the rate
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Table 4.1: User Rate Balancing via Lagrangian Duality Algorithm

1. initialize: G}(ﬁo,o) = (I,: 0)T, p,(f’o) = q,(go’o) = %, m =n =0 and fiX Nmax, Mmax

K.
and 7”2(0), initialize Wk(o) = I, and f,(co) = d
2. initialize Fk(o,o) in .’F,(CO’O) = p,io’o)_lﬂFk from (4.8)

3. repeat

3.1. m+<—m+1
3.2. repeat
n<n-+1
1 update G}, in G, = p,lg/QGk from (4.34)

1 update Fy in Fj = plzl/QFk from (4.8)

114 update p and q using Table 4.2
3.3 until required accuracy is reached or n > nyay
3.4 compute Elgm) with (4.7) and update Wk(m) = (E,(gm))*1

T(m) o(m
3.5 compute 7™ = Indet(W. ™) and determine ¢t = minj, —k—, 3" =
The
trpm),

and f,im) =d, + r,(gm) - Tz(m)

3.6 set n < 0 and set (.)Mmaxm=1 — ()(Om) in order to re-enter the inner loop

4. until required accuracy is reached or m > Mypyax
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Table 4.2: Power Distribution Optimization

1. for given 0©), a=—2— C={0€RS, : 0=0, 140 = 1}

2. repeat

2.1. compute A(0), update p and q as right and left Perron Frobenius eigen
vectors of A

2.2. update 0 using the subgradient projection method, [79] :

oL+l — pc{g(i) — ag(p(i))}’
where §(p¥) = prax — CE p® and P is the projection operator onto C.

23. 1+ 1+1

3. until required accuracy is reached

balancing of the users under per cell power constraints. In this regard, we proposed an
iterative algorithm to balance the rate between the users in a MIMO system. The latter
was derived by transforming the max-min rate optimization problem into a min-max
weighted MSE optimization problem which itself was shown to be related to a weighted
sum MSE minimization via Langrangian duality. Moreover, we reformulated the multiple
power constraints as a single weighted constraint satisfying with equality of all power
contraints. We provided comparison between our weighted MSE balancing approach and
the min-max unweighted MSE optimization. Simulation results showed that our solution
maximizes the minimum rate.
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Figure 4.2: Minimum rate in the system vs. SNR, C' = 2.
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Figure 4.3: Difference between the per cell total power and its respective power constraint
vs. number of iterations: SNR = 30 dB, C' = 2, K, = 3, M, = 20, N, = di, = 2, Ppax1 =
Pmax,2-
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Figure 4.4: Rate distribution among users: SNR=15dB, C =2, K. =3, M. = 12, N}, =
d, = 2.
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Chapter 5

From Rate Balancing to Power
Minimization

5.1 Overview

In the previous chapters, we have focused on (weighted) user rate balancing. So far, we
have considered the weighting factors as user priorities since the considered optimization
aims to maximize (as large as possible) the minimum user rate in the system w.r.t. the
users priorities. However, these weights can represent target rates, and every set of these
targets also corresponds to a point on the boundary of the achievable rate region, which
is defined as the set of all feasible rate points, when all users are active simultaneously
under a total power constraint. Each point on the boundary corresponds to an optimal
transmission strategy, depending on the chosen weights. When the achievable rates are
larger than the target rates, a power efficient strategy w.r.t. that individual rate targets are
jointly achieved with minimum total transmit power. In this Chapter, we study the power
minimization problem w.r.t. per user rate constraints, via rate balancing optimization.

The rest of the chapter is organized as follows. In Section 5.2 we formulate the power
minimization problem w.r.t. per user rate targets. Solution via rate balancing is pro-
vided in Section 5.3, using either UL/DL duality or Lagrangian duality. We present the
numerical results for the solution in Section 5.4, and finally, conclude in Section 5.5.
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5.2. Problem Formulation

5.2 Problem Formulation

Under the same system model assumptions as in Section 3.2, we consider downlink BC.
We have so far considered the rate balancing problem, we refer to this problem as Max-
Min Rate (MMR), namely

MMR:  maxminj<g<g 7 /75

under total power constraints Py,
where 7, and r{ denote the individual user rate and the corresponding priority, respec-
tively.
Here, we consider the total transmit power minimization (PM) problem. In fact, when
having a set of balanced {ry/r}}1<k<x, we can consider the following problem

PM: minimize the total transmission power P

while fulfilling miny :—’; = :—’; =1 Vk.
k k
where P = ||pl]; is the total transmit power.

This optimization is interesting from a network operator’s perspective. In fact, it
minimizes intercell interference and improves the power efficiency of the system. In order
to make the PM problem more practical, let us consider the user priorities 7, as a set of
defined user target rates, i.e., r{ = .. The latters are considered as feasible if and only
if the optimum of MMR is greater than or equal to one, i.e.,

>,
Tk

While optimizing the PM problem, we have to take into account that the predefined
target rates may be unsupported along with the power minimization. Therefore, the de-
sign of the algorithmic solution for PM should be in a two-stage approach: First test for
feasibility, then minimize the transmission power. In case the rate targets are infeasible,
the user rates are fairly balanced between users according to their targets, without reach-
ing them. In other words, users achieve reduced rates. If this drop in rates is important,
resource management is needed to properly relax the initial conditions (e.g., by reducing
the number of users).

We consider the following optimization problem

min f(|lp[}?)

st. r(p, G)/ry > t, Vk
Hle SPmax (51)
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where

FAIplt) = ult = D([lplh +1) =1 (5.2)

with u(x) = {

0, <0

5.3
1, x>0. (5:3)

The problem in (5.1) describes MMR problem when ¢ < 1. When ¢ > 1 (5.1) becomes as
follows
opt _ :
P = min ||p|lx

st. rk(p,G)/ry > 1, Vk
||p||1 < Pmax (54)

5.3 Proposed Solution

Let us denote the function R(Pyax, G) as follows

R(Pax) = max R(Ppax, G) = maxmin ri(p, G)/r}
G p.G  k

s.t. ||pll1 < Paax, Yk (5.5)

such that, at iteration (7), we have

. Tk(p(i71)7 G(Z))
min ~ >

and at convergence

min wz’G) = R(Pnax, G) = max M;G)
k o k e

Let us now assume that R(Pyax, G) > 1 holds, then ¢ > 1. In other words, the
rate targets are feasible; thus, we have additional degrees of freedom that can be used to
minimize the total transmission power. In fact, the PM problem is closely related to the
MMR problem. Both of them become equivalent if we set Ppa.x = P°P'in (5.5). Therefore,
a modified version of the algorithms solving (5.5) from Chapters 3 and 4 can be used to
solve PM in (5.4).

The designed algorithm is summarized within two steps:

e First, we have to make sure that the predefined targets r{,...,r% are feasible. In
other words, there exists at least one iteration n which verifies ¢ > 1. For that,
the algorithm iterates the same steps as for the rate balancing problem in Tables
3.1 and 4.1 until the condition is verified. In case the targets remain infeasible, i.e.,
t < 1 for n — oo, we must relax the initial conditions.
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e The second step is taken into consideration only if the targets are feasible. Thus,
the condition ¢ > 1 here is fulfilled, and the power minimum (5.4) can be found
by changing the power allocation policy for the subsequent iterations. In fact, we
proceed to minimizing the total transmit power while constraining r, = ry, Vk,
instead of maximizing the achievable rate margin under total power constraint.

The key idea of this design is to change the power control policy when the user rate
targets are feasible. In fact we have the following
T

t=min— =1 (5.6)
kory
WMSE
&k (5.7)
&k
or,
T = TZ = WMSEk = fk (58)

In the previous chapters, the transmit beamformers are optimized along with power allo-
cation for MMR using either UL /DL duality or Lagrangian duality. Hereafter, we provide
the power allocation which fulfills the design goal for both approaches.

5.3.1 UL-DL duality based approach

In the MMR optimization using UL/DL duality, the power allocation is optimized in
the virtual UL. Therefore, we minimize the total transmit power in the UL channel, i.e.,
llg|]1, and the DL total power will be minimized accordingly. Moreover, the constraints
are considered under the matrix-weighted MSE formulation in the dual UL, namely

WMSEJY = &, Vk.

Collecting the per user UL WMSE in a diagonal matrix €S, we have (3.19)
elq=Aq+o2Clg
with A and C respectively defined in (3.21) and (3.20).

To achieve the targets € = diag([¢; ... {k]) for fixed Gy, Fy, and fy, the optimal power
allocation is given by
q=o02(&—A)'Clg. (5.9)
Thus, we set the new total power constraint P, for the MMR problem as P., = P,
with
P=1%Lq. (5.10)

The corresponding iterative algorithm summarized in Table 5.1.

Notel: In the designed algorithm, we drop the inner loop from MMR optimization.
Thus, we optimize the PM problem under one loop, unlike in Table 3.1.

Note2: We have followed here the derivations from Chapter 3 which considers BC,
with a total power constraint. However, the extension to IBC with total power constraint
is straightforward.
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Table 5.1: Power Minimization via UL/DL Duality Algorithm

1. for fixed r¢, initialize: F,?(O) = (I,: 0), Q) = P%ZXI, P = Prax, m =0 and mpax
2. compute UL receive filter G and B with (3.11)
3. set W =1, £ = d;, and t© 0
4. find optimal user power allocation ) by solving (3.24) and compute Qéo) =
~(0) ~(0)
4 Q)
5. repeat
51 m+—m+1

5.2 UL channel:
e update G™ and B*"?) with (3.11)
e compute the MSE values €'™(™ with (3.8)
5.3 DL channel:
e compute P™) with (3.10)
e update F™ and B*™P) with (3.12)
e compute the MSE values eP*(™ with (3.1)
5.4 UL channel:
e compute Q) with (3.9) and Q\™ = ngp)/tr(Q,(fmp))
if tm=1 <1

find optimal user power allocation g™ by solving (3.24) with P = P,

else
update g with (5.9) and set P = ||q||1

end if -
5.5 update W,im) = (EEL(m))*l, r,(gm) =1In det(Wk(m)), (™) = miny r’;z
if t0m) <1
update £Igm) =dy + T,(Cm) — tmpo
else

update flim) =d + r,(Cm) —r{ (imposing rate targets are fulfilled, i.e., t = 1)
end if
6. until required accuracy is reached or m > Mmyax
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5.3.2 Lagrangian duality based approach

Considering the rate balancing via Lagrangian duality as in Chapter 4, the power allo-
cation is obtained directly in the DL channel. Since the MMR problem is formulated as
max-min weighted-matrix MSE, the related power minimization problem is constrained
by

WMSE, = &, Vk.

Similarly to what has been considered for the PM based on UL/DL duality, we collect
the per user WMSE in a diagonal matrix €, to obtain (4.17) as follows

esp=(D+¥)p+o.

where D, ¥ and o, are defined in (4.12), (4.13) and (4.16), respectively.

The corresponding optimal power allocation to achieve the targets & is then
p=(€-D-¥) 0. (5.11)
Then, we set the new power constraint for MMR optimization as P,., = P with
P=1%Lp. (5.12)

which completes the optimization framework.

The proposed algorithm is summarized in Table 5.2. In Chapter 4, IBC with per cell
power constraints is considered, and subgradient method is used to verify the latters. The
corresponding iterative alogrithm turns inside the MMR algorithm when optimizing the
power allocation. Here, we drop the subgradient loop and consider BC with total power
constraint. The joint optimization of beamformers and power minimization is obtained
with Table 5.2.

Note4: Extension to IBC with a total power constraint is straightforward.

5.4 Results

In this section, we numerically evaluate the performance of the proposed algorithm. The
simulations are carried out over normalized flat fading channels, i.e., each element is i.i.d.
and normally distributed : starting from i.i.d. [Hy j]m, ~ CN(0,1). For all simulations,
we take 500 channel realisations and m,., = 100.

Figure 5.1 illustrates an example of the PM algorithm execution. The upper subfigure
shows the achieved per user rates vs. the number of iterations, while the lower subfigure
shows the total transmit power vs. the number of iterations. As we can see, the user rates
meet their targets in a very good approximation after convergence, and the total transmit
power is minimized accordingly.
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5.4. Results

Table 5.2: Power Minimization via Lagrangian Duality Algorithm

1. for predefined targets ry, initialize: G,&O) = (I,: 0)T, p;o) = q](€0) = Poax 1y —

i
and fix My,
2. initialize Wk(o) =1, 5}({0) = d, and do t® 0
3. compute Fk(o) in .7-',&0) = p,(go)fl/sz from (4.8)
4. repeat
41 m+—m+1
4.2 update G, in G}, = p,lg/QGk from (4.34)
4.3 update F}, in F) = plzl/sz from (4.8)

4.4 if ¢mD <1
update p and q as right and left Perron Frobenius eigen vectors of A
else
update p using (5.11) and set P = ||p||;
update g as left Perron Frobenius eigen vector of A(Py.x = P)
end if

45 compute E™ with (4.7) and update W™ = (E/™)!

()
4.6 compute 7™ = Indet(W,™) and determine ¢ = min;, e
k

if 1) <1

update 5,(;”) =d, + T}(:ﬂ) — gmpo

else

update €lim) = dy, + Tl(gm) —r9 (imposing rate targets are fulfilled, i.e., t = 1)
end if

5. until required accuracy is reached or m > myax
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5.4. Results

Achieved rate per user

N

20

15

10

Total transmit power (dBm)

—PH—user 1
—¥— user 2
—O—user 3
- - - - rate target

5 10 15 20 25 30
Number of iterations
P
min
5 10 15 20 25 30

Number of iterations

Figure 5.1: Example of total PM algorithm execution: M =12, K = 3,d, = Ny = 2.

In Table 5.3, we can see that for a fixed number of users, the more we increase the
number of transmit antennas, the more we reduce the number of iterations; the average
execution time however remains the same because of the increasing computational oper-
ations per iteration. On the other hand, for a fixed number of transmit antennas, the
number of iterations increases with the increase of the number of active users as well as
the average execution time.

In Figure 5.2, we plot the achieved minimum total power w.r.t.

user targets for
different configurations. In particual, we consider BC, limited by P,.. = 40dBm, and
evaluate how performs the PM algorithm to guarantee the predefined target rates. The
targets here are considered equal for all the active users in the system. We can see that

Table 5.3: Average Execution Time (AET) and number of iterations

antennas M | 12 32 64 users K 8 10 16 32

AET (s) 2.1983 | 2.2784 | 2.299 AET (s) | 5.2029 | 6.3609 | 12.554 | 163.269

iterations ~ 15 ~ 10 ~ 8 iterations | ~ 13 ~ 15 ~ 16 ~ 38
(a) SNR =30dB, K =3, N =dj, =2 (b) SNR = 30dB, M =64, Ny, =d =2
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—*—M=24,K=5,Nk=dk=3

+M=18,K=5,Nk=dk=2
—|—M=12,K=3,Nk=dk=2

Total transmit power (dBm)

—6—M=6,K=3,N, =d, =2
—4—M=3,K=3N,=d =1 | ]

5 10 15 20 25
rate targets (identical for all users)

Figure 5.2: Minimum power vs. user rate targets.

the total transmit power is reduced considerably according to the number of users, their
rate targets and the configuration of the system. Of course, the more we increase transmit
antennas, the more we reduce the total transmit power for the same number of users/rate
targets configuration.

Figure 5.3 represents the achieved rate and the total transmit power for both PM
and MMR approaches. We observe that for equal user rate targets, under constrained
Prax = 10dBm, MMR guarantees the same achievable rate no matter the values of targets
(but of course, for feasible targets). In contrast, the PM approach minimizes the total
transmit power as long as R > 1 till equality of the condition, and thus user rates equal
the predefined user targets. See that when the target rates equal the achievable balanced
rate with MMR, P = Py,.y, i.e., no further minimization is supported. Therefore, the
optimization problem of MMR provides performance measure that reflects the quality
of the corporate multi-user channel and insights about the maximum feasible user rate
targets.

5.5 Closing Remarks

In this chapter, we investigated the total power minimization problem subject to a set
of user rate targets. An iterative strategy was derived via rate balancing to optimize
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Figure 5.3: Comparison of the achieved per user rates with PM and MMR approaches:
Czl, Mc:12, Nk:dk:QandK:i’)

the problem. Simulation results showed that, for appropriate (feasible) user rate targets,
arbitrary points within the achievable rate region can be achieved with minimal expense
of transmission power.
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Part 111

Rate Balancing with Imperfect CSIT
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Chapter 6

Channel Model with Partial CSIT

6.1 Overview

In the previous part, we have studied the joint beamforming design and power allocation
w.r.t. rate balancing assuming perfect knowledge of the channel. Indeed, in order to
fully exploit the spatial diversity gain in the MIMO broadcast channel, Channel State
Information at the Transmitter (CSIT) is required to separate the spatial channels for
different users. However, CSIT is difficult to obtain and is never perfect. In this part, we
consider imperfect CSIT; namely, partial CSIT in terms of transmit covariance matrices
and channel estimates.

In this chapter, we introduce the channel model with partial CSIT. In Section 6.2, we
provide the motivation to considering imperfect CSIT and related works w.r.t. max-min
balancing problems. In Section 6.3, we describe the considered channel model with the
presence of only partial CSIT. Finally, we conclude in Section 6.4.
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6.2. Why Partial CSI

6.2 Why Partial CSI

In downlink communications, when a certain knowledge of the Channel State Informa-
tion (CSI) at the transmitter is available, the system throughput can be maximized. In
practical, obtaining CSI at the receiver is easily possible via training, whereas CSI at the
transmitter acquires reciprocity or feedback from the receiver. Therefore, many works ad-
dress the problem of optimizing the performance of MIMO systems with the presence of
CSIT uncertainties, better known as partial CSIT. Among the different optimization crite-
ria, we distinguish the transmit power minimization, and the max-min/min-max problems
w.r.t. either SINR [8,44-46,79], MSE [47-49] or user rate. The latter is the focus of this
work. In particular, we study Multi-Cell MIMO User Rate Balancing with Partial CSIT.

Perfect CSIT

In perfect CSIT case, [43] studies the balancing problem w.r.t. SINR for MISO sys-
tem using uplink/downlink duality. In fact, most of max-min beamforming problems are
transformed into the dual problem power minimization problem in the uplink. In [80],
SINR balancing problem subject to multiple weighted-sum power constraints for MISO
system is solved by exploiting Perron-Frobenius theory and uplink/downlink duality, and
an iterative subgradient projection algorithm is used to satisfy the per-stream power con-
straints. Similarly, MSE duality, which states that the same MSE values are achievable
in the downlink and the uplink with the same transmit power constraint, has been ex-
ploited to solve max-min beamforming problems w.r.t. MSE. In [49], three levels of MSE
dualities are established between MIMO BC and MIMO MAC with the same transmit
power constraint; these dualities are exploited to reduce the computational complexity
of the sum-MSE and weighted sum-MSE minimization problems (with fixed weights) in
a MIMO BC. On the other hand, we prove that user-wise rate balancing outperforms
user-wise MSE balancing or streamwise rate (or MSE/SINR) balancing when the streams
of any MIMO user are quite unbalanced in [76,81,82].

Partial CSIT

In contrast, due to the inevitability of channel estimation error, CSI can never be per-
fect. This motivates [83] to consider an MSE-based transceiver design problem where the
channel knowledge is modeled in terms of channel mean and variance both at the trans-
mitter and receivers. Then, an iterative algorithm is proposed to solve the expected MSE
balancing problem by switching between the broadcast and the multiple access channels.
Also, SINR balancing problem with imperfect CSIT is studied in [84] for multi-cell multi-
user MISO system. Therein, the authors introduce an alternative biased SINR estimate
to incorporate the knowledge of the channel estimation error, outperforming the unbi-
ased maximum-likelihood estimate. In [85], CSI error matrix is represented as a bounded
hyper-spherical region within some radius, leading to a robust max-min SINR problem
for single-stream MIMO system. The latter is solved as semidefinite program problem,
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6.3. Considered Model

where robust transmit and receive beamformers are obtained using alternating optimiza-
tion. Rate balancing problem is studied in [86], for broadcast MISO channel, where the
case of erroneous CSI at the receiver is considered. The authors use duality w.r.t. SINR
to solve the balancing problem: they transform the BC problem into dual MAC problem
taking into consideration the erroneous receiver CSI. Actually, in the single stream per
user case (e.g. in MISO systems), balancing w.r.t. SINR, MSE or user rate is equivalent
(in the unweighted case). Another rate balancing work for MISO system is studied in
[87], wherein the statistical properties of the channel are exploited and an algorithm for
optimal downlink beamforming is derived using uplink/downlink duality.

6.3 Considered Model

6.3.1 Joint Mean and Covariance Gaussian CSIT

In this section we drop the user index k for simplicity. Assume that the channel has a
(prior) Gaussian distribution with zero mean and separable correlation model

H=C/”H C” (6.1)

/2 ~1/2 o . . .
where Cr/ , Ct/ are Hermitian square-roots of the Rx and Tx side covariance matrices

EH H" = tr{C,} C,
(6.2)
EH"H = t{C,} C,

and the elements of H' are ii.d. ~ CAN(0,1). Now, the Tx dispose of a (deterministic)
channel estimate - .
H,=H+C>H,C)” (6.3)

where again the elements of H ,are iid. ~ CN(0,1), and typically Cy = ogﬁf N,- The
combination of the estimate with the prior information leads to the (posterior) Linear
Minimum Mean Square Error (LMMSE) estimate

H=H,(C,+C)'C,= H+C/"H, G, (6.4)
C,=C,(C,+Cy)'C,

where H and ﬁ; are independent (or decorrelated if not Gaussian). Note that we get for
the MMSE estimate of a quadratic quantity of the form

E, - H'H=H"H + t{C,}C, =S . (6.5)

H|H,

Let us emphasize that this MMSE estimate implies S = argming By g ||[H"H — T'||*.
It averages out to

Eu,S=Epu,H'H=EgH"H =t{C,}C,; . (6.6)
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6.3. Considered Model

Hence, if we want the best estimate for H” H (which appears in the signal or interference

powers), it is not sufficient to replace H by H but also the (estimation error) covariance
information should be exploited. Other useful expressions are

E g H"QH = H'QH +t{C,Q}C, (6.7)
and P

E,gHPH" = HPH" + tr{C,P}C, . (6.8)
Note that pp = % is a form of Ricean factor that represents the posterior chan-

nel estimation quality. Perhaps more instructive is the deterministic channel estimation
quality. From (6.3)

o Etr{H"H}
pPD Eu{(C)*H,c)/ic? H,cl/*y
_ Euw{c,”H"c H /% (6.9)
Ew{C)? H! C. H,C}*} '
_twr{Cr}tr{C:} _ tr{C:} __ ﬁtr{Ct} 1
- w{Ctu{Ca T w{Ca} T oL T %

where we used tr{C;} = M from Section 6.3.3. On the other hand

_ tr{Ct — Cp} _ tr{Ct (Ct -+ Cd)_lct}
P Tu{C)  w{Ci(Ci+ Co) Gy

(6.10)

6.3.2 Further Explanations

If Cﬁ/ 2, C’t1 /? are not Hermitian square-roots, which means e.g. C; = C’t1 / 2C'tH / 2, then the
more general formula is
H=cC>H c/"” (6.11)

where the elements of H are ii.d. ~ CN (0,1). Note that the matrices C,, C; are unique
up to scale factor that leaves their (Kronecker) product unchanged. One can check that
we still have

EHH" = tr{C,} C,
(6.12)

EHHH = tr{CT} Ct .
Now let h = vec(H ), which also has zero mean. From (6.11), we get, using vec(ABC) =
(CT @ A) vec(B),
h=(C;”?®CY*) R (6.13)
where h' = vec(H'). With (A® B)(C ® D) = (AC) ® (BD) and C,/,y = Ix,y,, this

leads to the covariance matrix

Chn = CtT ® C, (6.14)
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6.3. Considered Model

exploiting C; = C!! and hence C; = CI'. This leads to the term "Kronecker model”. In
a first instance, consider a deterministic channel estimate

hy=h—hy= h+lem (6.15)

where Cf: = Iy, n,. The combination of the estimate with the prior information leads
d
to the (posterlor) LMMSE estimate

h = Chn(Chn + C5 ;. ) 'ha=h —h, (6.16)

daha

with error covariance matrix
Ci iy = (Chn + C;;dl’,;d)fl (6.17)

assuming the last two matrices are invertible. Now consider the Kronecker model in (6.14).
Under what conditions can we have a Kronecker model for C’fﬁpﬁp? Clearly it should be
helpful to consider a Kronecker model for

Chiy = td ®C,gq . (6.18)

So the question becomes, when can a sum of two Kronecker products be written as a
Kronecker product? We can scale one of the terms in the sum to become identity (by
multiplying with its inverse), and we can use the eigen decomposition of the second term
to reduce it to a diagonal form. The question then is, when can we write

IoI+CoD=A®B (6.19)

where C', D are diagonal, which implies A, B to be diagonal. Note that for diagonal
matrices, (6.19) could be written in terms of the vectors of the diagonal elements, leading
to Khatri-Rao products, but we shall stay with the diagonal matrices. We shall denote
the diagonal elements of A, B, C, D as a;, b;, ¢;, d;. Due to the scale ambiguity in a
product, we can fix a; = 1. Equation diagonal block i in (6.19), we get

which for i = 1 becomes B = I +¢; D. Subtracting (6.20) for i > 1 from (6.20) for i = 1,
we get

where we assume that for at least one i, a; # 1 and ¢; # ¢; (note that the case "or” would
lead to the implication of either B or D being zero which is not possible for positive
(semi) definite matrices). So, we assume that A and C are not a multiple of identity.
Then (6.21) together with (6.20) for ¢ = 1 imply that B and D are multiples of I. In
summary, either A and C or B and D are multiples of I. Going back to (6.17), for
C; R to have a Kronecker structure requires that either C 4 is a multiple of C, or C, 4
is a 1 multiple of C,.. Since the Tx side is too important to have such constraint, we shall
consider that C, is a multiple of C, 4.
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6.3. Considered Model

Now, using orthogonal pilots and white Rx noise (or i.i.d. pilots) will lead to Cih, =
o2 1 or
Ct,d = 0—% I = Cd> Cr,d = Cr =1 (622>

and
Cﬁpﬂp = Cg QI . (6.23)

We can now write the (posterior) LMMSE estimate (6.16) as

h=(CrClr+ChH " Y®@I)hs=h—h, (6.24)
which can be written as
H=H,C,+C,)'C,=H - H, (6.25)

with (Tx side) error covariance matrix

C,=(C;'+C/"1=Cy(Ci+Cy)7'C; . (6.26)

6.3.3 Normalizations and Rx SNR

Consider the Rx signal model
y=Hx+wv (6.27)

with white noise Cy, = 02Iy. For computation of the Rx SNR, we consider omnidirec-
tional transmission C,, = % I,; where P = tr{Cy,} is the BS Tx power constraint.
Given the white noise, for the Rx SNR we need to compute the Rx signal power as

E|Hz|?> = LEuw{H"H} = L E|h|?

(6.28)
= % tr{Chh} = % tr{Ct} tr{Cr}
where we used (6.14). Consider normalizing the channel
tr{Cppn} = tr{C;} tr{C,} = Ntr{C;} = NM (6.29)

where N is the number of Rx antennas, i.e. each MIMO channel element has variance 1.
So, this implies tr{C;} = M. Then we get

P
pr =SNRR, = E|H z|]*/o, = N 5= NSNRT, = N pr. (6.30)

The channel estimation SNR is pp.
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6.3.4 Concrete Channel Model for Simulations

So we’ll use C,. = Iy. Essentially what remains to be specified is the model for C;. We
can consider a multipath channel model

Np
Z Q;
n=1 ¢ ¢

which leads to tr{C,;} = Zgil a; = M. Here the number of (equivalent) paths Np leads
to the rank of C;. So the "Power Delay Profile (PDP)” {a;} should be normalized to
have total energy equal to M. Particular choices for the PDP is a uniform PDP, in which
«; = M/N,. Another choice would be exponentially decreasing a; = ¢! induced by a
particular choice for ay,/a; = cNe=1

The antenna array responses v; could be chosen as i.i.d. vectors of M i.i.d. elements
CN(0,1). Note that in (8.56) the v; get equivalently normalized to unit norm. Another
choice would be to choose the Vandermonde vectors of a Uniform Linear Array (ULA)
at A\/2 spacing with a random i.i.d. distribution of Direction of Arrival (DoA) angles

according to a certain pdf (e.g. uniform over a certain sub interval of (=7, %) ).

Finally another important choice is the variation of channel estimation SNR. One
choice is for it to be proportional to the SNR: pp = f pg for some /3 (of the order of 1).
Another choice is to take pp to be constant.

6.4 Closing Remarks

In this chapter, we provided an overview of the channel knowledge assumptions in the
state of the art considering balancing problem. Also, we described in details the considered
model for partial CSIT part.
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Chapter 7

WEMSE Balancing

7.1 Overview

In chapter 4, we have considered the user rate balancing problem for perfect CSIT. In
this chapter, we consider a multi-cell multi-user MIMO system with partial CSIT, which
combines both channel estimates and channel (error) covariance information. In fact,
we focus on ergodic user rate balancing, which corresponds to maximizing the minimum
(weighted) per user expected rate in the network. In particular, we introduce a novel
extension of chapter 4 to partial CSIT, maximizing an expected rate lower bound in
terms of expected MSE. Furthermore, we introduce analytical expression for the per cell
power constraints by solving the problem via Lagrangian duality.

The rest of chapter is organized as follows. The considered system model is described
in Section 7.2 along with the problem formulation for partial CSI. The proposed solution
for the dual Lagrangian problem and the corresponding precoders are derived in Section
7.3, including the analytical expression of the Lagrangian parameter for per cell power
constraints. Numerical results are carried out in Section 7.4. We finally conclude in
Section 7.5.
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7.2 System Model

For the same multi-cell multi-user MIMO system model described in Chapter 4, we con-
sider the channel model detailed in Section 6.3 to solve the ergodic rate balancing problem
formulated below.

7.2.1 Expected Rate Balancing Problem

Here, we aim to solve the weighted user-rate max-min optimization problem under per
cell total transmit power constraint, i.e., the user rate balancing problem expressed as
follows

: ]
maxmin r/r
naxmin 7/

s.t. Z Pk < Praxe, 1 <c < C (7.1)

k:bp=c

where r; is the kth user-rate

re = Indet <I+R%1Hk,bkgkglk{H,Sbk> = Indet (RE_ Rk> , (7.2)

Ry =0,1+» H, GG Hy, , (7.3)
I#k

R, = RE+Hk,bkgkgEH,§bk , (74)

Ry and Ry, are the interference plus noise and total received signal covariances, and
ry is the rate priority (weight) for user k. Actually, in the presence of partial CSIT, we
shall be interested in balancing the expected (or ergodic) rates

max min 7y/ry
k

Gp
s.t. Z Pk < Phaxe, c=1,...,C (7.5)
k:bp=c
where 7, = E H|F Tk We shall need
Si=Hy,, GGV H}, +tr{G'C}1,G:}I, S, = Sy (7.6)
RE :EH|ﬁRE :UzI‘i‘Z pSk,i ) Rk = EE + pkgk (7.7)
ik

However, the problem presented in (7.5) is complex and can not be solved directly.

72



7.2. System Model

Lemma 3. The rate of user k in (7.2) is lower bounded as [88]

> max Trs T, = Indet(W}) — tr (Wi, Ey) + di (7.9)

where Ek = E[(ék — Sk)(ék — Sk)H:|
=1 - FH,, G, — GIH!, F\ + o2 FIF,

K
+ ZFE(Hk,bzglg?iI\gbl +t1{G}'Crp, G I ) F (7.10)

=1

is the kth-user downlink Ezpected Mean Square Error (EMSE) matriz between the deci-
sion variable 8 and the transmit signal sg, and {Wj <<k are auziliary weight matriz

variables with optimal solution W,?pt = E,;l and the optimal receivers are
_71/\
Fr=R, H, G,. (7.11)

Note that 7%, is a lower bound for any Wy, F; and so is maxyw, #, 7. Now consider
both (7.5) and (7.9), and let us introduce & = Indet(W},) +dj —rf, the matrix-Weighted
Expected Mean Square Error (WEMSE) requirement, with target rate ri. Assume that
we shall be able to concoct an optimization algorithm that ensures that at all times and
for all users the WEMSE satisfies €, = tr(WkEk) < dj and In det(Wk) > i or hence
&g > dj. This leads VE to

€w,k

T <1<=1In det(Wk) + dk — tr(WkEk) > Tﬁ (712)
k

L e >
where (a) follows from (7.9). To get to (7.12), what we can exploit in (7.5) is a scale factor
t that can be chosen freely in the rate weights r{ in (7.5). We shall take ¢ = min, 7% /r},

which allows to transform the rate weights 7 into target rates ry = try, and at the same
time allows to interpret the WEMSE weights &, as target WEMSE values.

Doing so, the initial rate balancing optimization problem (7.5) can be transformed
into a WEMSE balancing problem expressed as follows

min max €
iy me w i/ Ek

st Y Pk < Puae 1<e<C (7.13)
k:by=c

which needs to be complemented with an outer loop in which W), = E,:l, t = ming 7% /r},
re =try and & = dj, + 7, — r& get updated. The problem in (7.13) is still difficult to be
handled directly.
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7.2.2 The Weighted User EMSE Optimization

In this section, the problem (7.13) with respect to the matrix weighted user EMSE is
studied. The per user matrix WEMSE can be expressed as follows

€wk = tr(WkEk) (714)
= tI‘(Wk) — 2tI‘(WkGI,;If‘I\][€{’bka) + O'ip,;ltl"(WkFEFk)

K
+ plzlzpltr(Wk’FIg{ (Hk»bzGlGFﬁ\l[ibl +tr{G}{Ck,blGl}I) Fk)

I=1
Define the diagonal matrix D of signal WEMSE contributions
(Dl = (W) — 26 (W,GHEE, ) + tr(WiE! (Hyy, GiGVEY, + 15(G1Cy GV ),
and the matrix of weighted interference powers
@], = {tr{MEH<ﬁi,bjGjG?E%ﬁtr{G?ci,bjGj}I)E-}, i
0, 1=7.
We can rewrite (7.14) as, with p = [p; - - - pg]T
€wi = [Dlii + p; (TPl + opp; 'tr (W, F'F,) (7.15)
Collecting all user WEMSESs in a vector €, = diag(€y.1, - - -, €w k), We get
ewly = diag(p) ' [(D + ¥)diag(p)1x + o] (7.16)
where the K X 1 vector o is defined as
o; = o, tr(W,F/'F;).
By multiplying both sides of (7.16) with diag(p), we get
e,p=(D+¥)p+o. (7.17)
Let & = diag(&y, ..., k), then
Ele,p=€¢'(D+P)p+&lo. (7.18)

Actually, problem (7.13) always has a global minimizer p characterized by the equality
€ le,(p) = Al e,
Ap=¢'(D+¥)p+¢lo. (7.19)

Now, consider the following problem

max min 7 /7,

GpF k
C C
s.t. Z Qccch < Z ¢ Prax,c (7.20)
c=1 c=1
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7.3. Proposed Solution

where ¢, is a column vector with ¢.(j) = 1 for Ky...1 +1 < j < Kj.., and 0 elsewhere.
This problem formulation is a relaxation of (7.5), and @ = [0 - - - 0] can be interpreted
as the weights on the individual power constraints in the relaxed problem. The power
constraint in (7.20) can be interpreted as a single weighted power constraint

(07CE) p < 0" prnax (7.21)

with Co = [e1---¢¢] € ]Rfl’c *C and Puax = [Puax1 - Pmax.c]T. Reparameterize p =
eTpmax
oTCLp’

ing p as D)

p where now p’ is unconstrained, which allows us to write (7.19) as follows (rewrit-

1
07 Prnax
Now with (7.22), the WEMSE balancing problem of (7.13) becomes

Ap=Apwith A =¢ (D + W) + ¢ 'a0rCl. (7.22)

. €w,k . [A p]k
min max —— = milnmax
Pk k Pk Dk

(7.23)

According to the Collatz—Wielandt formula [77, Chapter 8], the above expression corre-
sponds to the Perron-Frobenius (maximal) eigenvalue A of A and the optimal p is the
corresponding Perron-Frobenius (right) eigenvector

Ap=Ap. (7.24)

Note that this implies the equality £ 'e,, = A I as announced in (7.19).

7.3 Proposed Solution

The max-min weighted user rate optimization problem (7.5) can be reformulated as

min — ¢
t,G,p
st. try — 7% <0, c'p — Puaxe < 0,Vk, c. (7.25)

Introducing Lagrange multipliers to augment the cost function with the constraints leads
to the Lagrangian

max min £
Al7/,1, t7G7p

L=—t+> Mg =T+ > el P — Prnaxce) (7.26)
k c

Integrating the result (7.8), we get a modified Lagrangian

max min L (7.27)
A,,,U, t,G,p,T,W

L = —t + Z A;ﬂ(tr(WkE]Q - fk) + Z Mc(cch - Pmax,c)
k c

75



7.3. Proposed Solution

We get p. = po.0. where p, is the Lagrange multiplier associated with the constraint in
(7.20). Introducing A, = A&, we can rewrite (with some abuse of notation since actually
miny, continues to apply to tr(WiEy) — &(Wy))

max min L
A\u t,Gp.FW

W E)
= —t+ Z WAL o _ D)+ fto Y 0c(€rp — Prnaxc) (7.28)

We shall solve this saddlepoint condition for £ by alternating optimization. As far as the
dependence on A, u, G, p, F is concerned, we have

Ak —
max éﬂp}I} a tr (Wi Ey) (7.29)

+ Z,uc Z tr{g?gz} - Pmax,c)

i:b;j=c

which is of the form Weighted Sum EMSE (WSEMSE). Optimizing w.r.t. Txs Gj:

oL

~= =
oG,

e =
TG CHL, FiWi+ i, G+ Zg (H}}, FW.F Hp,+tr{FW.F'}Ciy,)) G
k 7

(7.30)
This leads to

K
- g e~
G.= (> _(Hf, FW/ FI'Hyp +tr{F W/ F'}Cy ) + p, I) " HE, FWY,
=1

1
G =V Gi, Gy = ———G, (7.31)

V{61 }

where W/ = X\, /& Wy, and accounting for the fact that the user powers are actually
optimized by the Perron-Frobenius theory. Note that we can solve for . by multiplying
(7.30) from the left by G}' and summing over the users in cell ¢:

[ tr{ Z gHHk e F s Wi—

k:bp=c

gk(Z( H FW/FUH, , + to{FW/FC;,))Gi]} ]+ (7.32)

A

max c

where we noted that F), = F,W,E;, = F Wy (I — J:I,;If-I\hbkgk) and |z|, =xifzx >0
and is zero otherwise. This nonnegativity constraint on pu. stems from the fact that
He = —3 9L_ > () since indeed the WSMSE can only get smaller if we allow a larger

Pmaz,c

power budget. We then get 6. = p1./ >, pier-
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7.4. Results

The Perron-Frobenius theory also allows for the optimization of the Lagrange multi-
pliers A\g. With (7.23), we can reformulate (7.29) as

(7.33)

which is the Donsker—Varadhan—Friedland formula [77, Chapter 8] for the Perron Frobe-
nius eigenvalue of A. A related formula is the Rayleigh quotient

A
A = max min = p
q p q'p

(7.34)

where p, q are the right and left Perron Frobenius eigenvectors. Comparing (7.34) to
(7.33), then apart from normalization factors, we get Ax/pr = qi or hence Ay, = prqy.

The proposed optimization framework is summarized in Table 7.1. Superscripts refer
to iteration numbers. The algorithm in Table 7.1 is based on a double loop. The inner
loop solves the WEMSE balancing problem in (7.13) whereas the outer loop iteratively
transforms the WEMSE balancing problem into the original rate balancing problem in
(7.5). The proof of convergence of this transformation is similar to the one in [81].

7.4 Results

In this section, we numerically evaluate the performance of the proposed algorithm. Con-
sidering the channel model from Section 6.3, we use for the multipath channel model,

Np
a.
Ci=>» —(F— v (7.35)
with tr{C,} = ;Vil a; = M,, oy = ¢ 'ag and the v; are i.i.d. vectors of M, i.i.d.

elements CN(0,1). We take N, = M./K. For all simulations, we take 1, = 20, though
typically 2-3 inner loop iterations suffice. The algorithm converges after 4-5 (or 13-15)
(outer) iterations of m at SNR = 15dB (or 40dB). For all (partial CSIT) algorithms, we
evaluate the actual expected rate 7, = E ok by Monte Carlo averaging over 500 channel
realizations. The partial CSIT algorithms evaluated are the proposed WEMSE and also
Naive Partial CSIT which corresponds to perfect CSIT by assuming the channel estimates
to be the true channels. Perfect CSIT algorithms are obtained from WEMSE setting
pp = 0o. We also evaluate Lower Bound (LB) WEMSE, which considers In(det(W}, E},)).

We compare the average rate obtained from WEMSE-based method with the one
obtained from balancing the EMSE between user in Figure 7.1, for BC MU-MIMO. Per
user EMSE balancing approach is presented in [83], which consists on minimizing the
maximum per user EMSE for a DL communicating cell. The latter is a direct extension
of [47] under partial CSIT. We observe that solving the max-min expected rate, formulated
as WEMSE, results in a better average rate as compared to the one obtained from EMSE
approach.
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7.4. Results

Table 7.1: WEMSE based User Rate Balancing Algorithm

1. initialize: G’;CO’O) = (I ,: 0)T, p,(co’o) = q,(CO’O) = P’%:’C, m =mn =0 and fiX Nmax, Mmax
and 75 initialize W\” = I, and ¢ = d
2. initialize Fk(o’o) in .7:1(6070) = p,(co’o)_l/sz from (7.11)

3. repeat

31 m+—m+1
3.2. repeat

n<n+1
i update Gy, G, . from (7.31),(7.32)
it update Fj, = p,i/Q.’Fk from (7.11)
iii update p and q using (7.34)

3.3 until required accuracy is reached or n > nyax
3.4 compute E,E:m) and update W™ = (E]E:m))_l

?l (m) o(m o(m— m —t(m o(m
3.5 determine t = miny —&—;, rk( ) = trk( Y and 51(c ) — dp + 70;( ) Tk( )
The

3.6 set n < 0 and set (.)"maxm=1 — ()(Om) in order to re-enter the inner loop

4. until required accuracy is reached or m > Myyay
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7.5. Closing Remarks
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Figure 7.1: Average Rate with Partial CSIT vs. SNR for MU-MIMO BC Channel,
C = 1,K = 37Mc = 12,Nk:dk:2,p[):10

Figure 7.2 considers a MU-MISO cell in order to compare the performances with the
approach proposed in [86]. The latter solves the rate balancing problem for partial CSIT
by optimizing the BC vector along with the constructed dual MAC vector achieving both,
using duality, the same values of the mutual information lower bound. We can see that
the resulting curve (refered to as Vect. Opt. in the Figure) coincides with the one from
WEMSE approach along with the one from EMSE approach.

7.5 Closing Remarks

In this chapter, we addressed the multiple streams per MIMO user case for which we
considered user Erate (Expected rate) balancing, in a multi-cell downlink channel. In
particular, we provided an extension of the proposed solution in Chapter 4 to partial
CSIT. We transformed the maxmin Erate optimization problem into a min-max weighted
EMSE optimization problem which itself was shown to be related to a weighted sum
EMSE minimization via Lagrangian duality, involving linearizing the EMSE balancing
problem by transforming to EMSE constraints. The associated Lagrange multipliers and
user powers get found as left and right eigen vectors of a weighted interference matrix in
the Perron-Frobenius theory. Numerical results confirmed that our solution maximizes
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7.5. Closing Remarks
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Figure 7.2: Average Rate with Partial CSIT vs. SNR for MU-MISO BC Channel,
C = 1,K :4,Mc: 8,Nk:dk:1,pl):10

the average Erate as compared to the unweighted EMSE optimization for multistream
MU MIMO scenario.
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Chapter 8

ESIP method for rate balancing

8.1 Overview

In this chapter, we introduce a new algorithm by exploiting a better approximation of
the expected rate as the Expected Signal and Interference Power (ESIP) rate. Whereas
the ESIP approach have been considered in previous sum utility optimization work, the
algorithm here is based on an original minorizer for every individual rate term, different
from existing DC programming approaches in sum utility optimization. Furthermore, we
investigate the ESIPrate approach within two approximations: i) Received signal level
ESIP (R-ESIP) and i) Stream level ESIP (S-ESIP). Actually, the use of the expectation
operator makes the optimization a daunting task. Therefore, we aim to study which
approximation is more simpler to optimize. In [89], a refined analysis of the gap between
expected Weighted Sum Rate (WSR) and RESIP-WSR appears, where the actual gap
disappears in case of only covariance CSIT. Here, we study study how different R/S-ESIP
based approaches are.

The rest of this chapter is organized as follows. The problem formulation with the
corresponding derivations for R/S-ESIP approches are presented in Section 8.2. The de-
tails of the proposed solution via Lagrangian duality is given in Sections 8.3. In Section
8.4, we consider the total transmit power minimization via ESIPrate approach. Discus-
sions of numerical results are carried out in Section 8.5. Finally, Section 8.6 draws some
conclusions.
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8.2. ESIP Approach

8.2 ESIP Approach

Considering the same rate balancing problem as in Chapter 7, with imperfect CSIT, we
follow here another approximation of the expected rate expression. The following approach
will use a rate minorizer for every r, similar but not identical to what is used as in the DC
programming approach which for the optimization of G}, keeps 7, and linearizes the 7.
The approach does not require the introduction of Rxs. We consider again the (ergodic)
rate balancing problem (7.5) where 7, = E |E Tk 1S nOW approximated by the Expected
Signal and Interference Power (ESIP) rate

T = Emﬁlndet (I—Fpk Gy H,EkaE_lHk,kak:>

~ By Indet (I+p G HYy, By Ry) " Hyy, G )

= Ej; 7 Indet (I—i—pk G!' H!, R Hy,, Gk)

< Indet <I+pk E, 7GlHL, R;' Hu, Gk> (8.1)
_ S = ;i’S(pikRJ = Indet (T +G} Ei(plkﬁk) Gy). (8.2)
B,(T;) = HY, T, Hy,, +tr{T } Cyy, (8.3)

where the 7) approximation 7, in (8.2) in general is neither an upper nor lower bound but
in the Massive MIMO limit becomes a tight upper bound.

Let us now consider the following

T~ Emﬁlndet <I+]0;€ G} H,gka;Hk,bk Gk)

= By ndet(T+p Ry Hy Gy G HE, )
< Indet <I—i—pk R.'E, =H,, Gkagﬂgbk)

H|F (8.4)

1 — 1
— R ,j’R(p—kRE) — Indet <I+ka{sk) . (8.5)

This ergodic rate differs from the ergodic rate in (8.2), because in (8.5) the average is taken
over the expected received signal covariance matrix of user k, S, of dimension (Ng X Ng).
Whereas in (8.2), the average is taken over the expected stream level signal covariance
matrix of dimension (dj X dj).

Lemma 4. The approzimates Ty, T,", can be obtained as f;(iﬁg) = ming, fZ"(Tk, pikﬁg)

with
—S — v o — 1=
25 = Indet (I +GYB,(T}) Gk) +tr{ W (T — o )} (8.6)
and 1
£27 = Indet <I+T,j1 Sk> +tr{WI§‘(T;€—p—k§y)} (8.7)
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8.3. Proposed Solution

where
o —1 =——1
WP =T, (H.p, X, HYY, + t0{ Xy Crp }I) T, (8.8)
—Q —1
with X, = Gy <I+G§B§(Tk) Gk> e (8.9)

and

WR=T, — (T, +5S,)"" (8.10)
The optimizer is T, = pikl_ig. Also, iz s a minorizer for f,j(pikﬁg) as a function of pikl_ig.

Indeed, since f7(.) is a convex function, it gets minorized by its tangent at any point:

ofi(Ty) 1 — —
R = £y = 5T+ 2 R T s.)
and W), = T Note that for the Perron-Frobenius theory, we need a function that

T,
is linear in 2= p , hence we need to work with 2 R,C instead of Rk

8.3 Proposed Solution
The modifications in the Lagrangian formulation in Section 4.3.1 are now

L = —t 4 3N (g = )+ Y p1e(€lp — Prnaxe) (8.12)
k c
where the Lagrangian for stream level ESIP is

o) — 1 T % Sr
£ Y (et (LGB G) — L s (W R (W) 1)
k

+ Z 11e(€XP — Praxe) (8.13)
= —t4 Z)‘k tr{Wk 1)+ > pe(€lp — Praxe) (8.14)
with £ = tr{Wk Tk} + Indet <I+GI,;I§§ Gk) e, (8.15)

v uq —8§ —8 —
= \e/&, B, = B(T),
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8.3. Proposed Solution

and the Lagrangian for received signal level is

vy 1= 1 Y — Y —
[RESIP _ _ _Z)\k(lndet <I+Tk ! Sk) — — tr{ W R 1 tr{W, T} —t 1)
k Pk

+ Z (P — Praxe) (8.16)

= —t+ Y M(— tr{ W R} 1) + Z 11e(€FP — Prae) (8.17)
k pk N

with €% = tr{WRT,} + Indet <I+Tk Sk> —tre, (8.18)

The balancing of the rates in (7.5) or equivalently the weighted interference plus noise
powers in (8.14) or (8.17), ie

max min c tr{G; G} — Praz.c 8.19
w32 T S (3 (6090 < o) (519

i:b;=c

leads to the same problem formulation as in (7.23) with this time

A=+ OTpmaXS l50TCt with (8.20)
5 tr{W;(H,,,G,GUHE +tr{GYC,, G,}I)}, i # j

[\IJ]U: { ( 7b] I ,b] { 7 1b] .7} )} ;A J <821)
0, i=j

o; = o2 tr{W;}, € = diag(&y, ..., Ex) - (8.22)

The Tx BF and stream power optimization will be based on ), 2‘— ij, for both SESIP

and RESIP approximates, which becomes (apart from noise terms) as described in the
following.

SESIP Tx BF

We have from (8.13) (see Appendix B.1)

Z % £5=30 g Indet (I+GI,;I§§ Gk> St {nGIAG) (8.23)
k k k
with Ak,_z @F*bkw H,,, +tr{W3C.p,) . (8.24)
izn Di i

For the optimal Tx BF G}, the gradient of £55'F yields
5\]@—5 355 1 —S
=0& E_SBka (I—l—Gk Bka) —pk(Ak—F,uka) G,.=0. (825)
k

o L*SESIP
0G*
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8.3. Proposed Solution

The solution is the dj maximal generalized eigen vectors
’ —=S —/S 2
G, = Vi, (By, A, + 1y, 1), Gr =G P, Gr=Gi/Di (8.26)

where the P, = diag(pr.1, - -, Prdy), tr{P;} = 1, are the relative stream powers. Indeed,
(8.25) represents the definition of generalized eigen vectors. Consider

sW-GHB, G, »P=GIA, G, (8.27)

then the generalized eigen vectors G of By, A + pp, I lead to diagonal matrices Z( )
E( )4+ 1y, GG, Note that the normalized G, are not orthogonal. Then (8.25) represents
the generahzed eigen vector condition with assomated generalized eigen values in the
diagonal matrix p’/i\—f’“(I + E,&l)ﬁk). Also, plugging in generalized eigen vectors into (8.23)
reveals that one should choose the eigen vectors associated to dp maximal eigen values
to maximize (8.23). Now, premultiplying both sides of (8.25) by p, G}, summing over all
users k : by = ¢, taking trace and identifying the last term with Zk:bk:c ntr{GHG,} =
Proz e allows to solve for

1

) - _ _
S o { S Py P - DU P (8.28)

Me=
Praz,c kibpc Sk

+
The P}, are themselves found from an interference leakage aware water filling (ILAWF)
operation. Substituting G|, into term k of (8.23), dividing by py, and accounting for the
constraint tr{ Py} = 1 by Lagrange multiplier v, we get the Lagrangian

V]

": (1+2VP,) — te{(Z) + )Py} = (8.29)
k Sk

: (I—l—Zgj)ﬁk) tr{(diag(X ())—H/kI)Pk}

k Sk

Maximizing w.r.t. P}, leads to the ILAWF

v

P, =

L (diag(S?) + D) =5, W (8.30)

Pk fk "

where the Lagrange multiplier v, is adjusted (e.g. by bisection) to satisfy tr{P;} = 1.

Elements in P}, corresponding to zeros in El(cl) should also be zero.

RESIP Tx BF

We have from (8.16)

A _
Z ;_ZR_Z _1ndet (I—l—Tk Sk> Ztr{kakHAllek}, (8.31)
k k
_ A L .
with Ag:z v Hi,kaViRHi,bk +tr{Wz~R}Ci,bk) . (8.32)
ik PiGi
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8.3. Proposed Solution

For the optimal Tx BF Gy, the gradient of LR yields
o ERESIP >\k

— 0o 2EBYG, — (A G,=0 8.33
BYel ék k Gr —pr(Ay + L) Gy ; (8.33)
with By, = HYY, (I+T, S)"'T, Hyp+te{(I+T; Si)"'T; }Chy . (8:34)
The solution is the d; maximal generalized eigen vectors
1/2
G, = Vldk(Bk»Ak + p, I )>Gk:GkPk/agk:Gk\/p_k- (8.35)

Then, we can solve for j. by multiplying (8.33) from the left by G} and summing over
the users in cell ¢, i.e.,

b= 1P Y [EGIBE G -nGIAN G (8.36)

kibp=c Sk

Now, we have to find the corresponding P,. Substituting P, in (8.31), we can write
the following

d
1ndet(I+Z el ) Z D itk (8.37)
=1
= . _ _ __ _ ’ —R /
where Py, = diag(pr), Pr = [Py - - - Da,)s ki = %[GkﬁAk |G,].i, and

1 =~ , , / /
[Teles = Tp (Hia, [GUAGHY, + (Gl Cln, [GLAT).
Let Ug(pr) = Zfilﬁkﬂ- [Jilii and ay, = [a; ... aq, |, we can rewrite (8.37) as

Indet (I + Uk(ﬁk)> — aip! — 1y, B (8.38)

with v being the Lagrangian multiplier for the constraint ||pg|l; = 1 and 1,4 is a line
vector of ones, of length dy.

In the following, we omit the user indices k& for simplicity. Consider the Taylor series
expansion for matrices X,Y of dimension Ny,

1
Indet(X +¥) & Indet(X) +tr{X 'Y} — Str{X 'YX 'Y} (8.39)

Let p = p+ p and choose X = I + U(p) and Y = U(p), we obtain the following
Lagrangian

~ 1.

pvl — §pr —ap” —vip (8.40)
where v = [vi...vg] with v; = tr{(I + U(p)) }[J]i;}, and Z is a matrix with the
elements [Z];; = tr{(I + U(p)) ' [J];.,(I + U(p))~'[J],;}. Taking the gradient of (8.40)
w.r.t. p, we get

vi - Zp' —a’ — 11T =0 (8.41)
ep’ =Z (vl —a” —v17) (8.42)
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thus
pl=p" +Z (v —a’ - 1)), (8.43)

and v gets determined by p17 = 1. Having p being p at the current iteration i, we can
write
pT(H-l) _ [ﬁT(z) + Z_l(VT —al — I/]_T)]+ (8.44)

and thus o
P = diag(p). (8.45)

8.3.1 Discussion

The approaches SESIP and RESIP lead to two precoder designs resulting from taking the
expectation of dj dimensional vs. N dimensional matrices, respectively. Actually, the
smaller the dimension, the more averaging occurs of the fixed amount of random entries,
and so bringing in the expectation E inside log det() should be a tighter upper bound for
the smaller dimension case. Nevertheless, when di = Ny, this reasoning stops applying

and either one can be larger or smaller. Simulation results, however, have shown that the
difference is negligible when dj, = Ny, S/R-ESIP becoming then equivalent.

8.3.2 Algorithm

Table 8.1 details the Algorithms 7.1 and 7.2 for SESIP and RESIP, respectively.

8.3.3 Covergence

From the problem formulation in (8.19) (omitting the power constraints), let us define

ABSIP _ L SWeRD) oo
3 Pk ’
57 (m—1)73(m) m—1)95(m—1)
1 te(Wm VR @ 1 a(WmIRMY) o
ESIP(m) _ k k
A = max ooy = < max & =y <1 (8.46)
k Py k Dy

where (a) holds due the minimization step at the mth iteration, and (b) is satisﬁed due to

the definition ofg(m Dty {Wm 1) (m 1) }+—s(m D _yp 0(m 1) > tr {Wm V7 (m— 1)} _

(m—1)g(m—1)
tr(W, R .
Wy e ). Hence, t > 1. Of course, during the convergence ¢ > 1. The increasing
Py

rate targets {r,:(m)} constantly catch up with the increasing rates {r,gm)}. Now, the rates
are upper bounded by the single user MIMO rates (using all power), and hence the rates

will converge and the sequence ¢ will converge to 1. That means that for at least one
user k, r(oo) = TZ(OO). The question is whether this will be the case for all users, as is

required for rate balancing. Now, the weighted interference plus noise powers balancing

) ) (W™ DRI
leads at every outer iteration m to SV(mlfU b~k = ABSIP(M) k. At convergence,
k Py,
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% 7 (00) 7R(00) v v (o0 s(c0 o(o0 :
% = A(®) where £ = tr{Wk(oo)Té } + 7% = %) Hence, if

ke
h b f k i (00) _ o
we nave Convergence ecause I0r Oone user Ko, we arrive at ’I"koo = ’I"k

this becomes

> then this implies

oo

A = 1 which implies r,E/,oo) = rz(oo),Vk. Hence, the rates will be maximized and balanced.

8.4 To Power Minimization

8.4.1 Total power minimization

We consider following optimization problem

min f(||p|[1,?)
p,G
st. m(p,G)/ry > t, Vk

Hle S Pmax (847)
where
flpll,t) = ult = )([|plli +1) —t (8.48)
0 0
with u(z) = { P s (8.49)
1, =>0.

The problem in (8.47) describes MMR problem when ¢ < 1. When ¢ > 1 (8.47) becomes
a total transmit power minimization problem subject to per user rate targets (BC case),
as

min ||pll;
st. rk(p,G)/ry > 1, Vk
||PI| < Prax (8.50)

r? here are the rate targets, i.e., ) = rg, thus, t = 1.

Similar to Chapter 5, total power minimization is held in a two-stage process:

1) When t < 1, we proceed to rate balancing as we do not have enough power to
guarantee all rate targets.

2) When ¢ > 1, we change the power allocation strategy considering the constraints
are fulfilled which minimizes the total transmit power.

Since the ESIP-based MMR problem is formulated as max-min weighted interference
plus noise powers, the related power minimization problem is constrained by

Ty = 7“]2 <~ 1/pktr{Wk§E} = fk, VEk.
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8.4. To Power Minimization

Table 8.1: ESIPrate based User Rate Balancing Algorithm

1. initialize: G;O’O) = (I, : 0)T, plgo,o) = q]E:0,0) = %, m =n = 0 and iX Ny, Mmax,

rz(o), u,(co), and Wk(o) =1 "
2. repeat

21. m<+<—m+1

2.2. repeat

n<n+1
i update Ay, from (8.24) Algorithm 7.1] or (8.32) [Algorithm 7.2]

i update u. and G, from (8.26),(8.28) [Algorithm 7.1] or (8.35),(8.36)
[Algorithm 7.2]

i1 update Py from (8.30) Algorithm 7.1] or (8.45) [Algorithm 7.2]

i update p and g as maximal eigen vectors of A in (8.20)

2.3 until required accuracy is reached or n > nyax

2.4 compute Ez(Tk) and update W} from (8.8)[Algorithm 7.1] or compute
B} (T}) and update W from (8.10)[Algorithm 7.2]

2.5 compute Fi(m) = Indet (I +G1 Ek(pikﬁg) G’k> [Algorithm 7.1] or Fi(m) =
T —s(m)
Indet <I—|—T,€1 Sk> [Algorithm 7.2] and determine ¢ = miny, —£—, T;(m) =
ke
¢l

2.6 update £ from (8.15) [Algorithm 7.1] or £} from (8.18) [Algorithm 7.2]

3. until required accuracy is reached or m > myax
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8.4. To Power Minimization

Similarly to what has been considered for the PM in Chapter 5, we collect the per
user weighted interference plus noise powers in a diagonal matrix €, as follows

[€wlrr = 1/prtr{ W, R} (8.51)
€15 = diag(p) ™" [\i’p - 0'} (8.52)

The corresponding optimal power allocation to achieve the targets é is then
p=(E—-¥)"o,. (8.53)
Then, we set the new power constraint for MMR optimization as P, = P with
P =lplh- (8.54)

which completes the optimization framework. The proposed algorithm is summarized in
Table 8.2.

Total power minimization for IBC
For IBC case, one can proceed as follows:

1) when t < 1, optimize the rate balancing problem while fulfilling the per cell power
constraints by the means of Lagrangian multipliers ..

2) when t > 1, change the power allocation strategy p to meet the targets with equality,
which minimizes the total transmit power P = ||p||;. In this case, the corresponding
MMR problem is constrained only by this new total transmit power, thus, the
Lagrangian depends on fi, = > fic.

8.4.2 Per cell power minimization/balancing

Now, consider the following power minimization problem

min P?°
p,G
st. re(p, G)/ry > 1, Vk

> {glG,} < P, Ve
k:bp=c
P. < Praee, Ve (8.55)
where P° = max, P, and P, = clp = Zk:bk:c tr{GLG.}.

Similar to the total power minimization case, the optimal power allocation to achieve
the targets £ is again

p=(£-9) "o
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8.4. To Power Minimization

Table 8.2: SESIPrate based Total Power Minimization Algorithm

1. For predefined r¢, initialize: G,(CO’ = (I, : 0)T, 00) = q,(CO’O) = %, m=n=0
and iX Nmax, Mmaxs v]io)’ and Wk(o) I, t( ) =0
2. repeat
21 m<+<—m+1
2.2 update A, from (8.24)
2.3 update G, from (8.26)
2.4 update P}, from (8.30)
if tm1) <1
update p and g as maximal eigen vectors of A in (8.20)
else
update p with (8.53) and do P = ||p||; (8.54)
update g as maximal left eigen vector of K(Pmax = P)
end if
2.5 compute Ei(Tk) and update W from (8.8)
2.6 compute Fz(m) = Indet <I + G Ei(pikﬁg) Gk> and determine t™ =
ming i
2.7 if ¢t < 1
update & = tr{ W m)T }+ ™ _ glm)yo
else

update ) = tr{(WECTTM) 4 7 — pg
end if

3. until required accuracy is reached or m > Mmy.x
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8.5. Results

The per cell transmit powers P, are obtained as follows
P, =cl'p.

The defined optimization problem aims to minimize the maximum transmit power among
BSs, namely P° = max, P.. Therefore, we set the new power constraints for MMR
optimization as Pyax. = P?, identical V ¢. Doing so, pi.(Ppax. = P*®) will make sure that
all transmit powers ¢!'p do not exceed the minimized maximum P?, i.e., P, = ¢!p < P*.
Of course, at convergence, we have P. = P* V c.

8.5 Results

In this section, we numerically evaluate the performance of the proposed algorithms. We
use the channel model from Section 6.3, as in Chapter 7, we consider for the multipath
channel model,

NP
a.
C, = — vl 8.56
t n=1 vszi K vl ( )

with tr{C;} = Egil a;, = M., oy = ¢ty and the v; are ii.d. vectors of M, i.i.d.
elements CN(0,1). We take N, = M./K.

Figure 8.1 shows the difference between the approximates received signal level and
stream level ESIP, by considering N, # dj. We can see that for Ny = dj, both R~ and
S-ESIP are equivalent, whereas for Ny > d;, S-ESIPrate outperforms R-ESIPrate, and
the more Ny /dj increases, the more we have gap, especially at intermediate values for

SNR.

In Figure 8.2, we evaluate the average rate w.r.t. SNR, in broadcast channel (only
one communicating cell), for varying levels of channel estimation error agﬁ. It is clear
that the gap between SESIP and RESIP increases when pp = 1 /cr% decreases. In the
following, we take Ny = dj, and refer to the (S/R)-ESIP approches by ESIP as they are

both equivalent.

Figure 8.3 represents the average attained rate using the proposed algorithms for differ-
ent configurations of the system (single and multi-cell). We can see that ESTPrate outper-
forms WEMSE and suffers little loss compared to perfect CSIT, and that the UB ESIPrate
provides a tight upper bound. Note also that for fixed pp as considered here, Naive satu-
rates at high SNR, whereas WEMSE appears to suffer Degree-of-Freedom (DoF') (slope)
loss.

In Figure 8.4, we consider varying levels of channel estimation error agﬁ. It is clear that

when pp =1/ Ugﬁ is proportional to SNR, all algorithms (only) suffer from varying SNR
offset, but ESIPrate still outperforms WEMSE as the signal link channel error covariance
is accounted for in the interference power instead of in the signal power.

Figure 8.5 which illustrates the convergence of the user rates w.r.t. the number of
iterations for one channel realization, with SNR = 20dB and pp = 10. We observe that
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8.5. Results
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Figure 8.1: Average Rate with Partial CSIT w.r.t. SNR: R-ESIP vs. S-ESIP, C =2, K. =
3, and pp = 10.

the rates obtained using ESIP (either with (8.2) or (8.5)) and In(det(W},E},)) are balanced.
Both approaches converge after about 5 iterations of the outer loop, while the inner loop
converges after 2-3 iterations. Of course, due to the CSIT imperfections, the actual rates
exhibit some randomness.

In Figure 8.6, we plot the achieved average rate and total transmit power using Table
8.2, for BC. We set identical user targets ¢ = 4, Yk and Py, = 105VR92/10 We can see
that, when the rate targets are feasible, (i.e., rx(Punax)/7s > 1 with MMR optimization),
the user rates using perfect CSIT and ESIPrate UB meet the targets with equality and
the total transmit power is minimized accordingly. Also, the same total minimized power
P is achieved V Pa.,. In this figure, this case corresponds to SNR> 10dB. When the
targets are infeasible, Table 8.2 acts as MMR algorithm since the power minimization is
not possible.

Figure 8.7 illustrates the minimized total transmit power for both perfect and imperfect
CSIT vs. number of transmit antennas. We observe that we need more power in partial
CSIT case to reach the user targets, due to the uncertainties. However, when we increase
the number of Tx antennas for a fixed number of users, the transmit power gap between
perfect and partial CSIT gets smaller.

Figure 8.8 plots the achieved rate using per cell power minimization for IBC scenario,
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Figure 8.2: Average Rate with Partial CSIT w.r.t. SNR: R-ESIP vs. S-ESIP, C' =1, K =
3, N, =3, and d = 2.

and Figure 8.9 illustrates the corresponding transmitted power per cell. We can that,
when the rate targets are feasible, the transmit power is minimized within each cell with
equality while fulfilling the rate targets.

8.6 Closing Remarks

In this chapter, we considered the ESIP Erate approximation, for which we introduced an
original minorizer, judiciously chosen to be amenable to the Perron-Frobenius theory. We
furthermore introduced original explicit power constraint Lagrange multiplier solutions,
which can handle the case in which some cell power constraints are met with inequality,
as can happen in a multi-cell scenario. The simulation results exhibit the different SNR
behavior of the Erate lower bound vs. actual Erate, showed that the upper bound is
a quite tight approximation, and that the ESIP partial CSIT approach with LMMSE
channel estimation leads to very limited performance loss compared to perfect CSIT.
In the multi-cell case, the proposed algorithms can handle scenarios in which the CSIT
quality could be very different between intracell and intercell links.
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Figure 8.3: Average Rate with Partial CSIT vs. SNR, pp = 10.
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Chapter 9

Conclusions and Future Directions

In this thesis, we have investigated the weighted max-min fairness w.r.t. per user rates,
namely, rate balancing problem subject to total transmit power constraint for multi-cell
multi-user MIMO systems.

In the first part, we have addressed the problem with perfect knowledge of the channel
at the transmitter, for broadcast and interfering broadcast channels. At a first stage, we
have exploited the MSE - rate relation to enable uplink/downlink duality. In fact, the
maximization of the minimum (weighted) rate has been reformulated as a minimization
of the maximum matrix-weighted MSE. Then, MSE duality has been used, consisting
on achieving the same per user weighted MSE at both uplink and downlink links. This
has conducted to the solution in an alternating manner between both links. At a second
stage, we have considered the Lagrangian duality to solve the rate balancing problem.
Actually, the min max weighted matrix MSE balancing operation has been reformulated
as constraints in the dual problem. The corresponding Lagrangian has been therefore
introduced, leading to alternating optimization to reach the saddle point. Also, various
aspects of Perron Frobenius theory have been exploited in the process. Moreover, we
have considered per cell power constraints for which the Lagrangian multipliers could be
formulated as a single weighted power constraint. The weighting could be then optimized
leading to the satisfaction with equality of all power constraints. Subgradient projection
method has been used to this end. The main conclusions of this part are the following

e the max-min rate optimization problem can be transformed into a min-max weighted
MSE optimization problem which itself was shown to be related to a weighted sum
MSE minimization via Langrangian duality;

e the optimization can be held in the uplink channel (via UL/DL duality), or directly
in the downlink channel considering either diagonal or non-diagonal matrix weighted
MSE;

e the min max matrix-weighted MSE optimization provides appreciable performance
improvements as compared to optimizing the conventional unweighted per user MSE
balancing problem:;
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e balancing the weighted user rate via matrix-weighted MSE approach distributed the
rate equally between the users with equal when the weights are equal, when not,
the rate differs from one user to another accordingly;

e reformulating the multiple power constraints as a single weighted constraint ensures
the per cell power constraint with equality, unlike the total sum power constraint
which verifies the total power over cells.

In the second part, we have considered only partial CSIT to solve the rate balancing
problem, as the knowledge of the channel at the transmitter side is never perfect. In
particular, we have focused on ergodic user rate balancing problem, which corresponds
to maximizing the minimum (weighted) per user expected rate in the network. The
partial CSIT that has been taken into account combines both channel estimates and
channel (error) covariance information. Firstly, we have introduced the extension of the
matrix-weighted MSE balancing formulation to partial CSIT, namely, maximizing an
expected rate lower bound in terms of expected MSE. Secondly, we have provided a second
algorithm by exploiting a better approximation of the expected rate as the expected
signal and interference power rate, based on an original minorizer for every individual
rate term. We have studied the latter within two approximations: i) Received signal level
ESIP and 4i) Stream level ESIP. Furthermore, we have introduced original explicit power
constraint Lagrange multiplier solutions, which can handle the case in which some cell
power constraints are met with inequality, as can happen in a multi-cell scenario. The
main conclusions of this part are as follows

e optimizing the WEMSE provides a lower bound of the achieved average rate, both
suffering from Degree-of-Freedom (slope) loss for fixed level of channel estimation
error, as compared to perfect CSIT;

e ESIPrate is proved to outperform WEMSE and suffers little loss compared to perfect
CSIT, moreover, ESIPrate based optimization provides a tight upper bound;

e the R/S-ESIP comparison via simulations motivates the use of SESIP rate approach
when the number of streams is lower than the number of receive antennas, confirming
the intuition: averaging a smaller dimensional matrix results in a tighter bound;

e for a number of streams equaling the number of receive antennas, as also in high
or low SNR regimes, the difference between the two approximations (R/S-ESIP) is
negligible.

On the other hand, we have considered a more practical scenario: the case when
the per user weights/priorities represents individual user targets/requirements. In this
context, maximizing the jointly achievable rate margin under total power constraint is
closely related to minimizing the total transmission power while satisfying a set of user
rate constraints. In particular, if we set the total power as the minimized power in the max-
min optimization problem, both problems becomes equivalent. The main cgonclusions to
this regard are in the following
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e maximizing the minimum user rate to user rate target ratio provides a single perfor-
mance measure that reflects the quality of the multi-user channels, such a measure is
required by the upper layers (e.g., medium access control), to decide whether spatial
multiplexing is meaningful or not;

e the transmission power minimization problem w.r.t. per user rate targets is a vari-
ation of user rate balancing problem subject to total power constraint;

e when the individual rate targets are feasible, i.e., if they can be jointly supported,
the total transmission power can be minimized via rate balancing approaches and
the achieved per user rates jointly meet their respective targets.

The extension of minimizing the total transmit power from BC to IBC is direct via
rate balancing under total transmit power constraint instead of per cell power constraint.
Doing so, the overall transmit power of the system is minimized accordingly when the
rate targets are feasible; the distribution of this transmit power between cells is however
not balanced. Therefore, per cell transmit power balancing problem has been considered,
wherein, the optimization is achieved through the single objective optimization: minimiz-
ing the maximum transmit power among cells. The study has been handled with perfect
and partial CSIT, the main obtained conclusions are the following

e minimizing the maximum transmit power among cells, subject to individual rate
targets, minimizes the per cell transmit powers equally, when targets are feasible,
otherwise MMR operates maintaining the per cell power constraints;

e when user rate targets are supported, the minimized per cell transmit powers with
perfect CSIT are below the ones minimized considering partial CSIT, while both of
them reach the target rates.

Despite the fact that the methods considered in this thesis present contributions in
terms of user rates and power allocation, especially for MU MIMO scenarios, there still
exist several challenges which need to be investigated in the future. In fact, we have
considered the optimization problem in the physical layer, assuming full buffers (each
user is continuously receiving data). It would be of great interest to consider the following
directions.

With transmit power minimization via rate balancing, the algorithm optimizes the
max-min (weighted) user rate problem if we are in some SNR regime that does not support
the individual rate targets. In this case, i) the user rate to target rate ratios are equally
balanced between users, ii) none of the users meet their targets, and ii;) the obtained
user rates to user rate target reduction is fair (equal) for all users.

e If this reduction can still ensure some QoS, (e.g., r/ry = 98%, Vk), we can still
consider the allocation. Otherwise, we must relax the initial conditions, by reducing
the number of users. Actually, MMR optimization balances the user rate ratios by
allocating more power to users in bad conditions and less power to users with good
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channel quality, under a sum power equaling the total power constraint (or per cell
power constraint in IBC). Given that, we can consider a scheduling policy which
drops the user with the highest individual power, namely k£* = argmax;, px, with &*
denoting the user to be dropped, until feasibility of the targets for the remaining
users.

Balancing weighted user rates between the selected users ensures instantaneous fair-
ness between the users that are scheduled together, not all active users. It would
be of interest to study the average (in time) rate balancing problem, to ensure
long term fairness between all active users. Indeed, there are several works of long
term user fairness based on Proportional Fair (PF) scheduling [90-95]. Actually,
PF represents a tradeoff between sum SE and max-min (unweighted) fairness. PF
schemes exploit the weights in WSR optimization while scheduling. In particular,
it considers the users’ current average throughput in a period of time. Then, the
instantaneous channel quality to average throughput ratio determines whether the
user can be scheduled or not, taking account of long term fairness. In this regard,
additional effort to exploit the user weights in MMR is of high interest, in order to
have a more realistic view to the system.

There are applications that require a quasi-constant Quality-of-Experience (QoE)
such as multimedia transmissions. In such cases, buffering may be needed and it
is important to maintain a minimum throughput by considering max-min rate and
power minimization optimizations. However, an end-to-end study considering a well
defined traffic model is needed to provide more realistic insights.

Furthermore, one could extend our works for systems with large dimensions. Do-
ing so, large system analysis can be used to provide approximations for Massive
MIMO (ma-MIMO) to simplify beamforming. Also, a study of the gap between
perfect and imperfect CSIT at high SNR regime can be handled for ESIPrate based
optimizations. In fact, simulation results have shown that ESIPrate curves have a
similar behavior to perfect CSIT curves, with a parallel gap at high SNR. It would
be interesting to characterize analytically this gap in order to better serve user in
partial CSIT.

In case of unfeasibility of user rate targets, user selection is not the only way to relax
the problem. One can also use antenna selection under ma-MIMO assumptions. In
fact, the individual targets may be not supported when BSs are equipped with lim-
ited antennas. However, the QoS requirements may become feasible as the number
of antennas increases. Thus, the total transmit power minimization problem can be
considered as jointly solving the antenna selection and beamforming design. Paper
[96] has solved the problem for fixed beamforming directions when the number of an-
tennas is large. Therein, not only transmitter power, but also hardware-consumed
power is considered which increases with the number of antennas. Thus, energy
efficiency is improved by turning on and off antennas. Asymptotic results based
analysis is handled to provide the number of antennas that are needed to ensure
QoS constraints.
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Appendix A: Rate Balancing via MSE
UL/DL Duality

A.1 Proof of Lemma 3.4

First, by checking the first order optimality condition of (3.4) with respect to Fy, we get

WH(R,F; — H.G:) =0
= F, = R H,; G, (A1)

where Ry, = 021 + ZJK:l Hkgjg?H,f and F* is the optimal solution of (3.4).
By plugging in the optimal value F* in (3.5), we obtain

EV" =1 -GVHIR 'H,G,. (A.2)

Hence plugging E" in (3.4) yields

max log det(W},) — tr(WiEy) + di
G, Wi

= max log det(W}) — tr(W,E." ) + dy.. (A.3)
k
The first order optimality condition of (A.3) with respect to W}, implies

Wy = (B (A4)

By plugging in the optimal W}* in (A.3), we can write
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A.2. MSE Duality

max log det(W},) — tr(WLELY) + di
G, Wi

— —log det(E.") (A-5)
— —logdet(I — H GG} H{'R, ")
= —logdet((R, — HyG:G/H"R;")

= logdet (Ry(Ry — H GG H!)™) = log det (sz_zg 1) , (A.6)

which is the rate of user & in (3.3).

A.2 MSE Duality

Given F', G, and a total power limit P,.x, the same MSE values ¢; ... ey, can be achieved
in the downlink channel (Figure 3.2) and uplink channel (Figure 3.3).

With matrices

[D];; = 51’29?HHfi.szHgi - ZﬁiRe{ngHHfi} +1

and

W, — g H"f;f'Hg;, i#j
70, i=7j.

we can rewrite the downlink MSE (3.1) and uplink MSE (3.8) as

ePL = (D), + B2 /pi [ pls + 0282 Jpi, Vi, (A7)
and
et = [Dlii + 820, % q)i + 025 i, Vi, (A-8)

respectively.

Collecting all layer MSEs in a diagonal matrix e"P/P* = diag{ [5?13/ PE .5?:/ DL]} we

obtain

sULlNd =Q! [(D + BQ\I’)QlNd + 0,216211\;(1} , (A.9)
and

ey, = P [(D+ B*°¥7)Ply, + 02 8%1y,] - (A.10)

d
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A.2. MSE Duality

If Amax((€ — D)™'32W) < 1, then there exists a strictly positive power allocation

q=o02(e—D-pB*¥)'31y, (A.11)

such that eP¥ = ¢;, Vi. This is an immediate consequence of the convergence properties of
the Neumann series in which (A.11) can be decomposed (see [97], and the power control
literature [98] for more details). Conversely, by a similar reasoning as shown in [97] in
the context of SINR, we know that if there exists a ¢ > 0 such that e/’ = ¢;, Vi, then
Amax((€ — D)7132®) < 1 holds.

In the same way it can be shown that downlink targets ¢; Vi, can be achieved if and
only if Apax((e — D)7'3*®T) < 1. If the targets are feasible, then they can be achieved
by a strictly positive power allocation

p=o2(e — D - 30131y,

The same spectral radius of (¢ — D)™!8?¥ and (¢ — D)~ !B2®", implies that g > 1
exists, if and only if p > 1 exists.

Both allocations have the same total power. This can be verified by

Il =1x,q = on1y, (e — D — B*®)"'f%1y, (A.12)
=o21%, [B7%(e — D) — ¥] 1y, (A.13)
=215 [B7%(e — D) — 97T ' 1, (A.14)
=01y (e — D — B*¥7) 71371y, (A.15)
=13,p = [Pl < Puax; (A.16)

i.e., the same feasible layer MSE values can be achieved in both links with the same
total transmit power ||g||1 = ||p]l1 < Pumax-
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Appendix B: ESIP Method for Rate
Balancing

B.1 Minorizor Optimization Formulation

From (8.13), apart from the power constraints and constant terms, we focus the opti-
mization on Zk;\;C Indet (I—I—GEE? Gk> —Zk;—: tr{WSR;}. The first term corresponds

to the first term in (8.23) with 5\; = M\ /52 By developing the second term, we obtain
the following

Z tr{Wk R} = Z tr{Wk 2I+szskz (B.1)
k pkg k itk
—022 tf{WkHZZPZ tr{ WSy}
k itk kfk
_ UZZ tr{Wk Y Zp’f Skt (B.2)
% k;éz

where (B.1) follows from (7.7) and we inverse between the indices k and i to get (B.2), using
Dok Ditk = Dkiitk = 2i 2kzi- Lhe first term in (B.2) is constant, we focus the optimization
on the second term which becomes as follows using (7.6)

3 Pk (WSS = Pk P2 (WP (H,y, Gh G HY, +t1{G} C;, G H)}

ki k#i Di Z k,z,k#zngl
pk)‘ STT VS
- Z ( zkai Hi,bk —l—tI'{VVZ }Cz,bk)Gk:}
k,iki Dl 7
A
=> mtr{GY ) % 5 ( HY, WP H, , +te{ W7} Ciy, )Gy}
e i#k PiSi
—S
= e tr{G} A, Gy} (B.3)
k

which corresponds to the second term of (8.23) and thus completes the formulation.
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