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(57)  Inthefield of distributed computing, the commu-
nication that needs to be performed between the com-
puting nodes or helper nodes, poses a major perform-
ance bottleneck. In order to reduce the time associated
with this so-called shuffling phase of inter-node commu-
nication, it was recently proposed that the computational
redundancy across the nodes be exploited to allow - via
a specific type of coded communications - that each
transmission becomes useful to more than one node at
a time, thus significantly reducing the overall communi-
cation time. But the authors in this patent application

here, have identified as a main bottleneck of such coded’
current approaches, the fact that the input dataset to be
processed for a given job, has to be split into an expo-
nentially large number of smaller subsets, which is often
impossible, thus significantly constraining the speedup
gains attributed to coded communication. The inventors
here have invented a new method of assigning data to
the computing nodes, which dramatically alleviates the
aforementioned bottleneck, thus resulting in dramatic re-
duction to the overall execution time of the distributed
computing job.

Grouping nodes into groups

Arranging a first time slot during which
the information to be computed is
communicated to the nodes

Arranging a second fime slot during which
the computing nodes perform some preliminary
operation on their stored information

Arranging a third time slot during which

- A set of nodes communicates part

of the operated-upon information by means
of group-based node coordination; \

- Other sets of nodes, which decode 24
said information by means of their
preliminarily operated-upon information
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Description
Technical field

[0001] The invention relates to the field of parallel processing and more particularly to a system and method for
managing distribution of computations in multi-antenna and multi-transmitter environments.

Background Art

[0002] Parallel computing has long been used to speed-up execution of algorithms, by exploiting the presence of meore
than one available computing node (server), to divide the original computational task into different smaller tasks (sub-
tasks), and then to assign these subtasks to different servers which will compute them in parallel. The general distributed
computing problem considers the job of processing a large dataset, and aims to generate Q output results, in a distributed
fashion across a set of K computing nodes, each being in charge of generating one or more of the Q output results.
[0003] Computational problems can be separated into two classes:

* the rare class of the so-called "embarrassingly parallel problems"”, which are the problems which, by nature are
already parallel and thus require no communication between the servers to parallelize them, and

* i) the class consisting of the majority of computational problems which - in order to be parallelized - require an
intermediate processing (mapping’) step, and then require extensive exchange of information between the servers.
While having more servers can speed up computational time, the aforementioned information exchange often yields
unchanged or even increased communication load, leading to a serious bottleneck in the performance of distributed
computing algorithms.

[0004] Many distributed computing algorithms are comprised of three main phases:

i) the mapping phase, where each element of the dataset is assigned to one or more servers, and where the servers
perform an intermediate computation aiming to ’prepare’ for parallelization,

ii) the shuffling phase (or communication phase), where servers communicate between each other the preprocessed
data that is needed to make the process parallel, and

iii) the reduce phase, where the servers wark in parallel to provide a final version of the output that each server is
responsible for.

[0005] Distributed computing is based on the premise that as we increase the number of computing nodes, the mapping
and reduce phases benefit from splitting’ the job, thus yielding a reduced computational cost. At the same time though
it has become apparent that - because the amount of data to be communicated is not diminished - this increase in the
number of nodes does not diminish the cost of the shuffling phase, and in fact in many cases, it exacerbates the problem
because more and more nodes need to exchange information. Hence the entire distributed computing process remains
bottlenecked by the cost (delay) of the shuffling phase.

[0006] Example - uncoded distributed computing. To clarify this further, let us look at the example of a distributed
sorting algorithm that seeks to sort (for example, in ascending order) a dataset of F real numbers, and where this job
will be performed (eventually in parallel)by a set of K distributed nodes. This sorting algorithm is again comprised of the
mapping and shuffling phases, and the final reduce phase where the servers will work in parallel to provide a sorted
version of the part of the data that each server is responsible for.

[0007] In the mapping phase, the first step is data assignment, where each node is assigned (is sent) some fraction

YEG,Z, 1) | | |

of the dataset. Then, in the same mapping phase, next comes the step of pre-processing where
each node must process their assigned subset, by splitting its assigned subset into K different categories: category 1
consisting of all numbers of the subset that are - for example - between 0 and 100, category 2 with numbers between
100 to 200, and so on.
[0008] Consider for now the case where communication in the shuffling phase, is simple in the sense that it does not
benefit from the aforementioned possible computational redundancy at the different nodes. In this shuffling phase, the
nodes communicate the contents of these categories between themselves. Let us assume that in the end (i.e., in the
next’'reduce’ phase), Server 1 will be responsible for sorting all numbers between 0 and 100, Server 2 will be responsible
for sorting all numbers 100 to 200, and so on. Then during the second phase, Server 1 must receive all categorized
data, from all servers, that correspond to category 1, i.e., that are between 0 and 100, Server 2 must receive the category
2 data (numbers from 100 to 200) from all the other servers, and so on.
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[0009] Once this shuffling (data exchange) is done, we can see that the problem is now fully parallelized. In the final
reduce phase, each node performs the final sorting task only for its own category. Server 1 will sort all numbers from 0
to 100, Server 2 from 100 to 200, and so on. This can naturally be done in a completely parallel manner, in the sense
that at the end, the sorted categories can be simply stacked together to form the sorted output of the entire dataset.
[0010] Inthe context of this same example of sorting, it is well known that the mapping phase (splitting numbers into
categories based on their range) is a process whose cost increases linearly to the number of elements in the dataset,
and thus this mapping phase requires time (dencted here as Tmap) that is proportional to

Tmapz m*Y

where T, represents the time required for one node to map the entire dataset (of size F).Let us assume (for simplicity
F

of presentation) that each category (each range of numbers) contains the same amount of K elements.

[0011] Moving on to the shuffling phase, we see that this phase induces delay T,,,(F) = T, - (1- ), where T denotes
the time required to transmit the entire mapped dataset, from one node, to another, without any interference from the
other nodes. T, essentially describes the capacity of the communication link, as a function of the dataset. The observed
reduction by the factor (1- 3), is due to the fact that each node already has a fraction yof each category, and thus already
has a fraction y of the category that that node will eventually be responsible for during the reduce phase next.

F F
Tieq & Trea (7('): Treq (E)
where

[0012] Finally, in the reduce phase, we have duration is the time required

F

K

for a single node to reduce a mapped dataset of size elements. Note that, for this specific case of sorting, T,.4(F)

F F F
Tyea () ~ Tlogr.
red \ K 0g K
~ F - log F, and thus ‘ ‘
[0013] Consequently for this uncoded algorithm (generally referred to as the MapReduce algorithm) - under the tra-
ditional assumption that the three phases are performed sequentially - the overall execution time becomes

MR F. F
Tiot = Tmap + Tcom + Trea = Tm Y+T.-1-py)+ ﬁ-logk;-

F F

T v+ zlog=
[0014] We can see from the above equation that, as mentioned before, while the joint cost K K of
the mapping and reduce phases can keep on decreasing as we add more servers (as K increases), the communication
timeT, - (1 - ») is not reduced and thus this cost of the shuffling phase emerges as the unchanged actual bottleneck of

the entire process.

[0015] Coded distributed computing. Recently, a method of reducing the aforementioned communication load was
introduced in [1], which maodified the mapping phase, in order to allow for the shuffling phase to employ coded commu-
nication. The main idea of the method - which in some settings is referred to as Coded MapReduce - was to assign and

1

then force each node to map a fraction y(e.g. Y= K} of the whole dataset, and then - based on the fact that such a
mapping would allow for common mapped information at the different servers - to eventually perform coded communi-
cation where during the shuffling phase, the packets were not sent one after the other, but were rather combined together
into XORs and be sent as one. The reason this speedup would work is because the recipients of these packets could
use part of their (redundant) mapped packets in order to remove the interfering packets from the received XOR, and
acquire their own requested packet. This allowed for serving several users at a time, thus reducing the communication
(shuffling) time.

[0016] Example - coded distributed computing. As an example, assume that K = 3 servers are being assigneda

2

dataset of F numbers to perform a sorting algorithm on, as introduced in the previous example. For " 37 inthe
conventional (uncoded) setting, the overall time would have been approximately equal to
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F_F 2 1 F F
TR = Ty + Tc(l——y)+ilog-]? =§Tm+§TC +§log-§.

[0017] If though one exploits the fact that each mapped subset of the dataset has redundancy t =Ky=2, (i.e., it appears
t = Ky= 2 times), then - by employing the ideas in Coded MapReduce - one can achieve (as we will see below) a lower
overall execution time equal to

(1-y) F_ F:

Tiot" = Tmap + Teom + Treq = Tm¥ + Tc—]a,—' + Elog?
2 1 F_F
Tt%{m = §Tm + ETC + glogg

[0018] This new "coded" process happens - in this example - as follows. Assume that the dataset is divided intc 6
F

non-overlapping subsets F4,F,,F3,F4,Fs, Fg, each of size 6 elements,and that Server 1 is assigned (receives) subsets
Fy,F5,F3,Fy, Server 2 subsets F3,F,F5Fg and Server 3 is assigned subsets F4,F,,F5,Fg. Then each server maps their
own subsets into Q = 3 categories, i.e., splits each of their own subsets into, for example, Q = 3 ranges of numbers.

f1 fZ f3 fl f2
Hence for example, Server 1, would map subset £y, into 3 categories /1 2 J1 » J1 » wouldmap Fyinto /2 + J2 1

3 1 2 3 1 2 3
f2 *.would map F5 into f3 ’ f3 ' f3 ' and would map F,into f4 ’ ﬁl . f4 - Similarly Server 2 would map Fsinto

£1 f2 1 72 £3 1 f2, f3 f1 g2
fi fss would map Finto fa I J&5 woud map Fsinto fs. f5h s and would map Fginto fé, fé.

f 3 f 31’ f 3 f 33
6 * and similarly for Server 3. So we see that for example, the mapping outputs /3 have been created
by both Server 1 and Server 3. Now we have the following subset-specific categories

2 r3 3 2 £3 2 2 £3 ¢ 2 £33
'{fli'fl 'fl 'le’fzz'fz rf31 sf3 rf3 rf41'ﬁ¥ lﬁ:3'f51lf5 :fs ‘rf61i-f6"'f6 } Given that - later on in the reduce

phase - Server 1 will be responsible for category 1, Server 2 for category 2, and Server 3 for category 3, implies that
1
during the shuffling phase, Server 1 will need to acquire all the subset-specific categories with upper index 1, i.e., fl ’

1 1 1 1 1 2 2 2
f2 ’ f3 ’ ﬁl» ’ f5 ’ f6 * (some of which, Server 1 already has) Server 2 will need to acquire f‘l ’ f2 ) f3 ’

2 £2 2 3 r3 3 £3 3 3
f4; fs, f6'andServer3wiIIneedtoacquire fi. fz" f3' f& f5 fé.

uw=fi®f
[0019] Hence the shuffling phase would take the form of the following transmitted signals: 1 3 then

X2 = f4’3 @ f51’ then X3 = f22 @ f61’ where the x;/ = 1,2,3 denote the transmitted signals, and where x; is sent

by Server 1, x, is sent by Server 2, and x, by Server 3, while symbol © denotes the bit-wise XOR operation. This results

in a decrease in the communication time.

[0020] Generally speaking, with the overall redundancy being t = yK, meaning that each server is assigned a fraction

Y€ l,%,...,l] . . I
of the whole dataset, and given a total of Q = K categories, then the overall execution time using

coded communication, becomes
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o A-y) F F
Toor: = Ty + Te——— rea +Elogz

which in turn implies a theoretical reduction by a factor of £ = yKin the communication delay, from T (1 - 7) in the uncoded

7 GV _ p @)
case, to €t KY in the coded case. This theoretical reduction that appears in the state of art Coded
MapReduce approaches, is a result of the coding-enabling structure that links the subpackets (recall:F4,F,,F3,F4 goes
to Server 1, F5,F4,F5,Fg to Server 2, and F4,F,,F5,Fg to Server 3) and that links their mapped outputs. As we will see
below, this state-of-art structure has some serious drawbacks, and our solution is to invent a fundamentally different
structure that solves these problems.

[0021] Identifying here the Subpacketization Bottleneck of distributed computing. Despite the fact that the afore-
mentioned coded method (for example, Coded MapReduce) promises, in theory, big delay reductions by a factor of f =
yK compared to the conventional - uncoded - scheme, the authors of this patent application here, have identified a crucial
bottleneck, referred to as the Subpacketization Bottleneck, which limits the gains of Coded MapReduce to levels far
below the promised theoretical gains. The bottleneck comes due to the requirement, in the current state-of-art, that the
initial dataset must be split into an exponentially high number of smaller subsets (subpackets), where this number can
be as high as the well-known n-choose-k (binomial) form

=[5

where t = Ky is the integer parameter of choice of gain: the higher the { the lower the communication cost

- _ a-y
T = T
Ky t of the shuffling phase, but this requires higher subpacketization. Thus naturally, if the size of
the dataset places a hard limit on the subpacketization to be no more than some § < S, then t must be limited

K
accordingly. Itis important to note that the currently required subpacketization - t( t)’ increases exponentially as
afunction of the parameter Kand becomes astronomicalfor high values of {,and hence itcan become enormous very soon.
[0022] The three main problems of high subpacketization. This high subpacketization requirement of the existing
state-of-art Coded MapReduce algorithms, creates the following problems:

* Limiting the communication gain t. The fact that the finite-sized dataset can only be divided into a finite number of
subpackets, limits the values of parameter f that can be achieved, because the corresponding subpacketization,

—_ (K
which need be as highas~ t( t)' must be kept below some maximum allowable subpacketization S,,,,, which

. +(K
itself must be substantially less than the total number of elements F in the dataset. When this number S = t(t)

exceeds the maximum allowable subpacketization S,.,, then what is often done is that coded communication is
K

limited to include coding that spans only K users at a time (thus coded communication is repeated K times, for

- Ky (RI? ) < Smax) -
some K that satisfies 14 : thus resulting in a smaller, actual, gain t = Ky < Ky, which can be far
below the theoretical communication gain from coding.

* Increasing packet overheads. The second problem caused by the requirement of an astronomically large number
of subpackets, relates to the fact that as the number of subpackets increases, the subpackets themselves become
smaller and smaller, which means that the transmissions that combine these subpackets (the XORs), are themselves
becoming smaller and smaller, which means that the overhead 'header’ that must accompany each such transmis-
sion, will occupy a significant portion of the transmitted signal. Simply put, the more the subpackets, the smaller
they are, hence the more the communication load is dominated by header overheads.
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» Inefficient XOR creation due to category size unevenness. The third problem from high subpacketization is that the
resulting small subpacket size, causes high variations between the sizes of the categories that each subpacket is
splitinto, which further restricts the aforementioned gains, because size-unevenness requires large amounts of zero
padding (we can only XOR equal-sized bit streams) which wastes communication resources.

[0023] As we recall, each subpacket is processed (for example, split) during the mapping phase, into different cate-
gories, and as we can imagine, within a subpacket, the size of each category can vary. While this variation is smoothened
out (averaged out, due to the law of large numbers) for large subpacket sizes, when the subpackets are relatively small,
this variation becomes more pronounced, in turn causing serious problems when the different subpacket categories are
XORed together.

[0024] This can be better understood by using the previously introduced example of K = 3 nodes, with a chosen
redundancy of t = Ky = 2, but instead of assuming that each category has equal amount of elements, i.e., instead of

1 F
=17 = 1] =31Rl =5,
assuming that 1/1 l 3 18" j=1,2,....6, (recall that each of the 6 subpackets has size
IFil =% 2B R
6 )we will instead assume that any category 1, J2 )3, J4s J5¢ with upper index 3,will each

1 F
l |fi3|=_‘-|Fi|=_2:
occupy a fraction 2 of the elements of the respective subpacket (i.e., 2 127

1 f£1 1 r1 1 r1 2 £2 f2 £2 f£2 2
categories with upper index 1 or 2 ( fi, fz’ f3’ f4" fS' fé ' and fi fz’ 13 ﬁ*’ fs' f6 ), will

=1,2,...,6), while

| 1 F
z ] =3 1Fl =,
only have 4 of the elements of their respective subpacket each (i.e., 247 = 1,2,...,6), and
1= IRl =5
‘ 4 24" j=12,..6. In the case of uncoded placement, the corresponding delay would remain

2 1
(1—V)Tc=(1_')Tc="c -

3 3 because there are no XORs, and because despite the unevenness, the total
amount of information that must be communicated, remains the same. On the other hand, in the case of coded com-

IfH| = I = IRl = S # |f3] =5 IRI =,

munication, having

— 2@ f3 . —
doneaxor 1 =fi @ f5 1= f7

in turn means that for every aforemen-

1
@ fs that has Category-3 elements inside, we would have to perform
— £3 1 1
zero padding; for example, in the case of X2 = f4 @ f5 ' we would have to zero pad fS to double its size, thus

( X = f12 @f33, X, = f43'@ fsl, X3 = féz ® fi)

wasting resources. Now the three introduced XORs

F F
. Pyl =l = Z |x3} = —, . .

) will have sizes 24" and thus sending all three would require a total delay of
T T, T ST, 1

4+ =+ = =5 =T,

12 12 24 24 Comparing this to the delay 3 in the uncoded case, we can see that the multiplicative

1
, 3 8
gain = (—3) = -=1.6,
gain - due to coded communication - is limited to 24 instead of the theoretical gain of £ = 2.

[0025] On the other hand, by decreasing subpacketization, we automatically increase the size of these subpackets,
thus decreasing - with high probability, due to the law of large numbers - the relative unevenness, which in turn allows
for higher speedup gains.

[0026] Inwhat follows, we will solve the above problems with a novel invented method of assigning data across servers,
and a novel method of cooperation/coordination between servers in the transmission, which will jointly yield a much
reduced subpacketization, allowing for a wider range of { values to be feasible, thus eventually allowing very substantial
reductions in the overall execution time for a large class of distributed computing algorithms.

[0027] Example of impact of our invented solution. To get an idea of the massive gains offered by the invention
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here, consider an example where the number of nodes (servers) is K =120, and where the farget redundancy (theoretical
communication gain) was initially set to t = Ky = 12. For the state-of-art (coded) mapping and communication algorithm,
to achieve this redundancy (and thus to achieve the reduction of the shuffling phase by a factor of = 12), would require

§=12-(3¥) =~ 10V
subpacketization equal to 12 different subpackets (each data set would have to be split into
more 1017 smaller pieces). This clearly suggests that such high f cannot be chosen here, thus leaving the shuffling-
phase delay as the dominant bottleneck. On the other hand, the mapping and shuffling methods that we have invented,
will allow us - as we will see - to employ node cooperation (forming groups of four nodes each), and to achieve the full
desired delay-reduction by a factor of t = 12, with a dramatically reduced subpacketization

120

12 e

§*=— (:_2) =3 (%)) = 12180.
4

[0028] The following bibliographical references are of interest to this technical problem.

[1] S. Li, M. A. Maddah-Ali and A. S. Avestimehr, "Coded MapReduce," 2015 53rd Annual Allerton Conference on
Communication, Control, and Computing (Allerton), Monticello, IL, 2015, pp. 964-971.

[2]S. Li, S. Supittayapornpong, M. A. Maddah-Ali and S. Avestimehr, "Coded TeraSort," 2017 |IEEE International
Parallel and Distributed Processing Symposium Workshops (IPDPSW), Lake Buena Vista, FL, 2017, pp. 389-398.

[3] S. Li, Q. Yu, M. A. Maddah-Ali and A. S. Avestimehr, "Edge-Facilitated Wireless Distributed Computing," 2016
IEEE Global Communications Conference (GLOBECOM), Washington, DC, 2016, pp. 1-7.

Summary of the invention

[0029] Itis anobjectof this invention to decrease the communication time required by distributed computing algorithms
by using replication of the dataset among the nodes.

[0030] It is an object of this invention to reduce the execution time of replication-assisted distributed-computing algo-
rithms, by using node cooperation and a new assignment of dataset chunks to the nodes.

[0031] It is an object of this invention to reduce the complexity associated with dataset-replication based distributed-
computing algorithms.

[0032] It is another object of this invention to use an intermediate node or base station or master node to facilitate the
communication between the computing nodes, where this intermediate node has two or more input and output interfaces.
[0033] It is an object of this invention to reduce the complexity associated with the communication phase of node-
assisted replication-based distributed-computing algorithms.

[0034] It is an object of this invention to use multiple-antennas in the helper (facilitator) node in a wireless distributed
computing environment, where the helper node facilitates the inter-node communication, to allow for reduced commu-
nication times, which reductions come from a combination of precoding, node cooperation and redundancy-aided com-
putation.

[0035] Itis still another object of this invention to use multi-antenna helper/facilitator node(s) to reduce implementation
and hardware complexity of distributed computing systems.

[0036] Itisanotherobjectofthisinventiontointroduce a method that extends single antennafacilitator-based computing
algorithms, to be applied in systems with helper/facilitator node(s) with at least two antennas.

[0037] It is another object of this invention to apply multiple transmitting helper/facilitator nodes, rather than just a
multiple-antenna facilitator node, to achieve the above said objects of this invention.

[0038] It is another object of this invention to introduce a method of using multi-node transmitter coordination to deliver
files, where said method achieves reduced file subpacketization.

[0039] It is another object of this invention to apply transmitters with multiple interfaces, or multiple transmitters or
relays, to achieve the above said objects of this invention in the presence of a wired network.

[0040] The above and other objects of this invention are achieved by means of a process that applies to a set of K
computational nodes connected in a wired or a wireless environment and where each node is equipped with one or
more communication input-output interfaces and which nodes are assigned a task to execute in a distributed manner,
such as MapReduce and which nodes need to communicate through a bottleneck connection. The here proposed
process involves the steps of

*  Grouping K nodes into groups containing a specified number of nodes per group,
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* Assigning dataset fractions to nodes for the mapping process in a manner that is dependent, among other things,
on the group each node belongs to,

* Mapping at each node that maintains some of the group-based structure introduced in the above step,
*  Exchanging of mapped subsets of the dataset by having members of a group form a number of distributed vectors,
which will then be combined into a single vector, for example by forming a linear combination of those messages,

and transmit that vector,

* Decoding at the receiving nodes by means of state-of-art decoder, as well as using the mapped sub-datasets that
each node has computed.

Description of the Drawings
[0041]

Figure 1aillustrates a first embodiment of the invention based on anarchitecture of a wired system of a set of Knodes
connected to a set of communicators.

Fig 1b illustrates the main phases of the basic process.

Figure 2 illustrates the process of segment creation and assighment of segments to the computing nodes corre-
sponding to the wiredsetting of Figure 1.

Figure 3 illustrates the process of decoding of segments in the wired setting of Figure 1.
Figure 4 illustrates the process of transmission of segments in the wired system corresponding to Figure 1.

Figure 5 illustrates a second embodiment of the invention wherein a set of K nodes with computing capabilities and
which nodes are capable to communicate in a wireless environment.

Figure 6 illustrates the process of segment creation and assignment to the computing nodes corresponding to the
wireless setting of Figure 5.

Figure 7 illustrates the process of decoding of the segments corresponding to the wireless setting of Figure 5.
Figure 8 illustrates the process of transmission of segments in the wireless system corresponding to Figure 5.

Figure 9 illustrates a third embodiment of the invention based on a wireless Base Station that is used to exchange
information between wireless nodes with computing capabilities.

Figure 10 illustrates the creating of segments and the assignment of-these segments to nodes in the environment
corresponding to Figure 9.

Figure 11 illustrates the process of decoding of the segments corresponding to the wireless setting of Figure 9.
Figure 12 illustrates the process of transmission of segments in the wireless setting of Figure 9.

Figure 13 illustrates the process of signal reception and transmission taking place in the Base Station and corre-
sponds to the setting of Figure 9.

Description of the Preferred Embodiments

[0042] We will now describe in detail how one can reduce the delay of distributed execution of algorithms when these
algorithms require communication between the computing nodes. Specifically we will describe how the assignment of
subpackets can be modified in order to allow for a novel method of efficient node cooperation in the transmission (as
well as in order to allow for the use of possible multiple antennas), yielding a reduced overall execution time of these
algorithms.
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Identification of the Problem

[0043] Current state-of-art methods induce redundancy in the mapping phase, by allowing mapping of each element
of the dataset to be performed at more than one node. This redundancy can be exploited by creating multicasting
opportunities where transmitted signals are useful to many users at a time, which in turn results in speedup gains.
Unfortunately such state-of-art methods though, achieve speedup gains thatare severely limited, because of the identified
limitation that - for the state-of-art algorithms - larger gains require the dataset to be segmented into an astronomically
large number of subpackets.

[0044] This limitation is tackled here with invented new methods and apparatus, which dramatically increase the gains
compared to state-of-art methods, by dramatically decreasing the aforementioned subpacketization complexity and by
dramatically decreasing the minimum dataset size that is needed for high gains to appear.

[0045] In order to achieve such a feasible solution, the inventors had to reconsider the formulation of the technical
problem to solve. In summary, in order for the high gains to appear, one needs to reduce the aforementioned subpack-
etization.

[0046] By reconsidering such technical problem, the inventors have carried out a new approach and a new
mapping and shuffling solution for achieving an exponential reduction in segmentation complexity, and for
achieving a multiplicative reduction in the delay of the shuffling phase of the algorithm.

[0047] Example:To get anidea of the gains from the invented algorithm that will be revealed in the proceeding part of
the patent application, let us consider an example where a set of K= 400 wireless, single antenna nodes are engaged
to perform parallel execution of a sorting algorithm. In this context, the subpacketization that results from state-of-art

— K)
algorithms is, as stated before, equal to =t (t > for some choice parameter ¢, which denotes the gain (multipli-
cative reduction of the delay) in the communication phase. For such high number of computing nodes, this subpacketi-
zation could become astronomical. For example, if we aimed for a reduction of ¢, = 5 then the corresponding required

subpacketization would have beenS; ~ 4 - 1011, while if we aimed for delay reduction of ¢, = 10, this would imply a state-
of-art subpacketization of S, ~ 2 - 1020, This means that in order for any of the two gains to appear, it is required that
the original dataset should have at least S; or S, elements respectively. As these numbers are astronomical, the cor-

responding gains would never materialize. On the other hand, by employing the novel invented method here that assigns
data in a way that allows for transmitter coordination with a certain cooperation parameter L, (note that the processes

of cooperation and data-assignment, as well as the role of parameter L, will be described in detail later on in the
document),large gains appear. Specifically by setting this cooperation parameter equal to L, = 5, we can achieve the
same reductions in the communication-phase delay, by respective factors t, = 5and t, = 10 , but now with much reduced

* C* — 7"

subpacketization Sl =80 and SZ = 6320 respectively. From this example we can see that the here-proposed
solution will be able to dramatically reduce the subpacketization of these systems, and thus will allow - for the first time
in many settings of practical relevance - for the thecretically predicted performance to emerge.

General principle of the proposed Technical Solution resulting in increased gains

[0048] These new increased gains are achieved mainly as a result of three innovative aspects that are key in our
invention:

a) A novel segmentation (fragmentation of the overall dataset) and subpacket assignment technigue, which - unlike
in any other algorithms(e.g., unlike in the state-of-art Coded MapReduce method) -regulates the amount of overlap
between the subsets assigned to the nodes, to be a variable that changes from node to node. It is, to the best of
our knowledge, the first time that it appears in the literature of redundancy-assisted computation, an algorithm that
assigns dataset subpackets in such a way that the overlap between the segments of two nodes is a variable that is
dependent on the group (see below) that a node belongs to. This results in a new structure of linking the mapped
data at different nodes, and it is a key ingredient in the success of the algorithm.

b) The introduction of the concept of node-grouping (server-grouping), which allows - in some instances of the
problem, if we choose to - to employ an identical subpacket assignment for all the nodes in a given group. This
breakthrough reduces the subpacketization complexity of the problem without reducing the performance gains.

c¢) The introduction of node cooperation/coordination in the context of coded communications, which takes advantage
of the node grouping and the new structure that links the mapped data at different nodes, in order to create a
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combination of distributed vectors of data that can be now delivered in a single transmission duration, and which
would have otherwise needed many transmission durations to be sent. This coordination is achieved without any
additional overhead for exchange of mapped data between the nodes.

Main phases of the proposed process

[0049] More particularly, the invention delivers a process, which main phases are illustrated in figure 1b, that applies
to a system of K single-antenna or multiple-antenna computing nodes, forming a wireless or wired network of nodes
that must perform, in a distributed manner, a computational task, and which involves four main phases:

a. Grouping nodes into groups, with a given number of nodes per group;

b. Arranging a first time slot during which the information to be computed is communicated to the nodes and where
each node stores a predefined portion of this information;

c. Arranging a second time slot during which the computing nodes perform some preliminary operation on their
stored information;

d. Arranging a third time slot during which a set of nodes communicates part of the operated-upon information by
means of group-based node coordination. Other sets of nodes, which decode said information by means of their
preliminarily operated-upon information.

[0050] More particularly the process involves the following steps:

Grouping K nodes into groups containing a specified number of users per group. A grouping function g takes as
input the nodes’ names and potentially other elements - such as the network topology (channel capacities), node
battery life and nodes’ computational power - and then this function outputs the number of the group a node is
assigned to. We use the symbol G; to indicate a set of users belonging to the i-th group G;, and we use G{j) to
denote j -th user of group G;. Thus, if group G, is comprised of L users, then G; = {G(1),G{(2),...,G{L)}.

The assignment phase in a first time slot, during which the dataset is distributed to the computing nodes with a
proper strategy. Initially, a segmentation function is executed by the (master) node or the set of nodes that has/have
the dataset (or who know where each element of the data is located). Such segmentation function, ¢, takes as input
the dataset F and divides it into non-overlapping subpackets (or segments or chunks) which are denoted by F .
where we use a double subscript index o; ithat will be explained later on. After that, the master node/nodes em-
ploys/employ one or more antennas or wires to communicate the segments to the computing nodes. Computing
nodes receive and store some of the segments according to, at least, the aforementioned grouping of the nodes.
Moreover, in this phase, a process, R, assigns each of the Qcategories that will be created in the next process -
i.e., in the mapping process - to one of the nodes. We denote as IGiky the set of all categories assigned to node
G/(k)(these are the categories that the node will be eventually responsible for in the last phase), and we denote as
rG,-(k)(j) the j-th category corresponding to the set rG,-(k).We here note that whenever the dataset is already divided
into smaller segments stored across several servers (this isdone quite often, for example, for fault-tolerance reasons),
the data assignment phase and the previously described grouping function, can easily be re-designed - by simply
extending the two aforementioned phases which will be described in details later on - to further split, if necessary,
and move the segments across the servers in order to have the desired structured redundancy of the dataset placed
across the servers.

The mapping phase performed in the second time slot, wherein each computing node performs some pre-processing
computation over the part of the dataset that that node has received in the assignment phase. In this phase we have
different mapping functions, executed at all computing nodes, where a mapping function takes as input a subpacket,
and outputs Q output categories for that subpacket (i.e., the mapping of each subpacket, consists of Qcategories).
The type of the map function may depend on the type of job to be processed.

The communication process or shuffling phase, performed in a third time slot, during which all computing nodes
exchange some of the categories(some of the mapped data) that have been generated during the second phase.
In particular, in this process, each node receives the categories that it is in charge of reducing in the following, fourth
and last (reduce) phase. The aforementioned data exchange is happening here (in the shuffling phase) by some
"boosted-transmission” invented here, which exploits the here-invented structure in the mapped data, to serve - via
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the same communication channel - a high number of nodes with a single message, even if these nodes request
different mapped data. This communication process is further comprised of the following three steps:

o CSl exchange: In the wireless environment, nodes exchange channel state information (CSl), while in the
wired environment the nodes exchange information on the network coding coefficients (NCCI). We note that
this exchange of CSI and NCCI need not be explicitly a result of exchanging such information between the
nodes, but rather can be a result of precoding pilots, as is common in wireless communications. Given a pair
of groups G;and G/-, and assuming now for clarity that each group has L nodes, we denote as HG,-,G,— the L X L
channel matrix between group G; and group Gj, whose entries are the channel gains in the wireless case and
the network coding coefficients in the wired case. Thus, in this step, the nodes are informed(via CSt exchange
or pilot training) of the matrices HG;,G,— that will be required in the subsequent steps. On the other hand, the
channel matrix between a set of nodes in Group G; and the Base Station (third embodiment) is denoted by
Hps ¢, OF Hg, gs for, respectively, the downlink or the uplink.

o Message Creation& Transmission: Nodes belonging in the same group, create a linear combination of the
messages intended for some other groups, which when transmitted by all nodes in a group resultin a distributed
vector. In the message creation, each group acts as a distributed transmitter. Assuming Group G; to be such a

L

distributed transmitter, then we denote with GuGj the precoding matrix used to serve interference-free (or
with reduced interference) each user of group G/-. In the wired case, such precoder could for example simply

be the inverse of the matrix HG;,G," while in the wireless case it can be any chosen precoder such us ZF, MMSE,

dirty paper(or other precoders that maximize different performance and/or complexity metrics). Each transmis-
sion will involve a given set of N + 1 groups, i.e., one transmitting group and N receiving groups, where this set
of groups is denoted by . We will henceforth refer to this set of groups as the ‘active groups’. For a given y,
one of these groups, say Group G; E , is chosen at a time, to act as a distributed transmitter while the others

are the receiving groups. Consequently, we will denote - given a set of active groups y, and given a transmitting
group G;- the transmitted signal (vector) as XG/;;\G/" which is formed as a combination (e.g. a linear combination)

of precoded messages, for all nodes that belong in the groups inside g, apart from the transmitting groupG;.

o Decoding: Decoding in the participating receiving nodes takes place on the basis of the use of the categories
that each node has mapped in the second phase, and as a function of the channel state information (wireless)
or network coding coefficients information (wired) that have been received during the CSI exchange phase.

[0051] In accordance with the invention described, the exchange of information during the shuffling phase is done by
first selecting a subset of the receiving groups and then selecting another group (a transmitting group) that will simulta-
neously deliver information to all the nodes inside the selected subset of the receiving groups, by having the nodes of
the transmitting group jointly form a distributed transmitted vector, which is comprised of some of the desired content of
each node from the selected receiving groups and which can be the combination (for example, the linear combination)
of the precoded data vector for each group.

[0052] Decoding ata receiver group is done by using the mapped content (present at each node in that specific group)
along with the needed CSlI or the network coding coefficients relating to the other receiving groups participating in the
communication at that particular instance, meaning that CS| or network coding coefficients need only correspond to
receivers in the selected (active) groups.

[0053] Onethusseesthat, byintroducing here a new apparatus and method which precede the redundancy assignment
and communication phases, we can improve the performance: from that of a system that achieves a compromised
redundancy-aided multicasting gain, to the performance of a system that achieves in many cases of real-life interest,
the entire (theoretical) speedup gain, thus boosting the previously compromised gains by a substantial multiplicative
factor. This is the first time that node coordination/cooperation methods (and/or multi-antenna methods) are used to
boost the real-life gains of Coded MapReduce methods.

Note on a key aspect of the invention:
[0054] A key aspect of the proposed communication process above is based on the grouping of the nodes which
defines, to a certain extent, the assigned content and the mapping output, whereby the assignment algorithm guarantees

that for some nodes, the data that they are assigned to are similar or identical (and the mapping actions at these nodes
are also similar or identical), while on the other hand, other nodes are assigned content, which they then map, in such
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a way that there exists only a certain degree of partial overlap between these nodes’ mapped data. The speedup gains
are in part because intra-group assigned content has very high redundancy (for example, assignment in the same group
can have all elements in common), while inter-group content assignment can have reduced redundancy. Having some
nodes (members of the same group) with very similar or identical assigned (and then mapped) content, manages to
reduce the dimensionality of the segmentation and multicasting problems, thus reducing complexity, while maintaining
the overall speedup gain.

Note on the timeliness of the invention:

[0055] The above exploitation of multiple nodes to decrease computational time, comes at a time when the dimen-
sionality of computational problems is exploding, and at a time when the shuffling phase communication load is becoming
the clear bottleneck in many distributed computing problems, especially in the presence of a large number of computa-
tional nodes.

Note on the scope of the invention

[0056] The intent of this patent is to change the structure linking the mapped output at different computing nodes, so
asto allow for a type of node coordination that leads to substantial speed-up in the shuffling phase of distributed computing
algorithms. This coordination is achieved without any additional overhead for exchange of mapped data between the
nodes. As a result, the other two phases, namely the mapping and reduce phases, are algorithmic specific, i.e., their
implementation depends on the algorithm design. For example, the reduce phase of a sorting algorithm could be a
"Merge Sort"or a"Quick Sort", but, whatever the choice, the here-proposed invention is not affected by the aforementioned
choice.

[0057] Inorder toillustrate the broad possibilities of application of the invention, there will now be described, in detail,
a first embodiment covering a wired connection over bottleneck links (1), a second embodiment in a general wireless
environmentwhere nodes can communicate directly betweenthem (l1), and a third embodiment for awireless environment
where nodes are communicating only via a helper node with multiple antennas (1l).

l. First embodiment (Wired_Computation Network)

[0058] There will now be described a preferred first embodiment showing the invented role given to K nodes with
computing capabilities, where these nodes are connected in a wired network and share a bottleneck connection. The
objective is to offload a computational task to these nodes, so that it can be performed in a parallel manner. We will
focus on distributed computation problems which require data exchange between the nodes, such as in the MapReduce
paradigm, and where this data exchange between the nodes, can pose a bottleneck in reducing the overall execution
time of the computation.

[0059] To tackle the problem of limited gains caused by the aforementioned subpacketization constraints, we will
demonstrate in this embodiment how a novel assignment of data to the nodes (together with the corresponding mapping
at these nodes), along with node coordination in transmission, will allow for increased gains and substantial reductions
in the total execution time of the overall distributed processing algorithm, as compared to the state-of-art methods.
[0060] Figure 1 shows the first embodiment, where K computing nodes (31) are connected via routers or relays (32),
thus sharing bottleneck links via wired connections (33),and where different network coding operations can be performed
on received signals at different points in the links(34) so that the input-output relationship is a high rank matrix. In the
here-proposed solution, by inducing and then exploiting node cooperation/coordination, we can severely reduce the
subpacketization requirements to a number that could be, in some cases, even less than the number of nodes. To do
s0, we will describe a new assignment of dataset segments (of subpackets), and a new method of data exchanging
between the nodes, where this method is based on node cooperation and on the fact that network coding operations
take place to form a higher-rank "channel".

[0061] The dataset is to be divided among the nodes, while the whaole process is composed of four phases. In the
first phase, the dataset is divided into chunks (subpackets), and different chunks are communicated (assigned) to
different nodes. In the second phase, also called the map phase, the nodes perform a pre-processing (mapping) step
on the subpackets that each node has received in phase 1, which results in the creation of Q categories of data, for
every subpacket, at each node. Inthe third phase, also called the communication or shuffling phase, part of the categories
created in phase 2 at each node, are exchanged between the nodes. Finally, in the fourth phase (reduce phase), the
nodes perform a computation involving the categories each node is responsible for; this is done in a parallel manner.
[0062] In more detalil, the four phases are described below.
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* Phase 1 - Data Assignment

[0063] In the first phase, described in Figure 2, the node that has access to the dataset F to be processed, we call it
master node, splits the dataset into non-overlapping chunks (subpackets)F,, . and assigns the chunks to the computing

nodes in a proper manner. This process is comprised of the following steps 101-108 to be performed in a first time slot.
In a Step 101names are assigned to nodes. To achieve this, the master node names the computing nodes, for instance
by enumerating them. In a Step 102 the cooperation parameter, L, is chosen by master node. Then, in a Step 103
nodes are assigned to groups by the master node using a grouping function to assign the computing nodes to one of

K

the Le groups. Different groups can generally have different number of nodes, butfor clarity, in this specificembodiment,
we will consider the special and convenient case where all groups are comprised of exactly L, nodes. In this specific

embodiment, by choosing the enumerating function as a naming function, the grouping function could simply associate

{1.841,% 49, 2B q) 2f+2%4p. By 0]
nodes L¢ Le Le to group 1, nodes ¢ to

’ LC LC
group 2, and so on. In a next step, Step 104, master node performs the creation of the subpacketization indices (g; 7).

' t q Ky _t
cE{12.,7} Tc{12.,7} HE
Each index pair (o, 7) is created such that ¢ and L™ where set rhas size <
In the here-proposed method, the dataset is divided into many non-overlapping chunks (one option is to have
« L (K/-LC)
S Lc t/LC

chunks), where t € {1,2,...,K} is a parameter of choice which could be provided as an input of the
program or which can be calculated by some optimization algorithm. In a Step 105 the dataset is segmented into smaller
subsets £  according to the indices (o, 7) that have been created in the previous step. In sequence, in a Step 106, the

master node communicates the chunks to the computing nodes, while the nodes store chunks as a function of the group
they belong to. The transmission can be broadcast, multicast or partial unicast. The next step, Step 107, of this process
consists of a group-based storing of the transmitted chunks. In this particular embodiment, any node in group G, stores

gef12..,5,

{For L je 7, 1.e., each node of a certain group G;, stores all subpackets (chunks) F ;. whose rindex
includes the number i (this is one option that is based on clique-coverings: other options for such data assignments can
also readily be applied and be covered by our invention, without much difficulty, and these can include other methods
that facilitate memory-aided multicasting, like those based on placement-delivery arrays, hypergraph codes, and others).
[0064] Finally in a Step 108, a process R assigns each of the Q categories to one of the nodes. Specifically such a
process R will tell us that in the reduce phase, node G(k) will reduce all the mapped data belonging to the categories
in the set g, (we recall that g, denctes the set of all categories assigned to node G(k), and that rg (/) denotes the
J-th category corresponding to the set ’G,-(k)) In the here described embodiment, for the sake of simplicity, we set Q = K|
and we assume (again for simplicity, but without considering this to be a limiting assumption) that each node G{k) is
assigned only one category rGi(k) (i.e., that |rGi(k)|=1); for example Server 1 is assigned category 1, Server 2 is assigned
category 2, and so on.

* Phase 2 - Data Mapping

[0065] In a second time slot, the computing nodes perform a pre-processing computation, referred to here as the

mappingphase, on the subpackets of data that they have stored in their memory at the end of the data assignment

phase. The nature of the pre-processing function is not of interest here, and our method can be used for any conceivable

such function. There could be cne or more functions, which, when applied to each chunk, generate Q (here Q = K)
i

o‘!

subpacket-related categories, i.e., Q categories for each of the assigned segments, which are denoted by t where

i
ie{12,.,Q}.To clarify, f""‘ refers to the ith category output of the mapping phase of subpacket F, . Each node
generates all categories / = {1,2,...,Q}, for all chunks F ;. that that specific node had been assigned.
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* Phase 3 - Data Exchange

[0066] In a third (shuffling) phase, nodes - in this particular embodiment - have to communicate the contents of each
subset-specific category that was created in phase 2, except for those categories that the nodes will use at the next
phase, i.e., in the reduce phase. Here we recall that in phase 2, each node G{k) has mapped each chunk F, .into Q =

i
K categories (outputs) fU:T’ ie{1,2,.., Q}that are of interest to the other nodes but, also recall that there are some
categories r6ik) that this node itself is responsible for (here, without limiting, we assume that rGik) holds just one category).

rGi(k) {1:2) "'I_t-}l.

ence, a given node Gik) needs to get the mapped data from a " for o € L
[0067] H de Gfk) needs to get th d data f a.t

K t
T C'{1,2, ,z—} . ITl = Z—
¢ ¢ Nevertheless, recall that the node (by virtue of the fact that it belongs to the ith group)
fTGi(k) TGk)
already has 0.t 7 je g sothatnode G{k) has to receive, in this data exchange phase, all /0% (i € 7) from the
other computing nodes. The exchange of information is comprised of the following steps.

Process that leads to the transmission of the categories

[0068] This process is performed in the third time slot and consists of a sequence of 10 steps named as steps 50-59
as illustrated in Figure 3. In a Step 50, the process proceeds with the creation of Sets of Actives Groups. It is decided
which groups will be involved in the upcoming transmission (active groups). To be precise, in this step, setsy

{Gli ey G_!g}
Lc

of |7 = N+ 1 active groups are created. We denate with X the set of all sets y. In a particular application,
ot

| Xl=—=+1, | |

the size of the set y could be - Le but this is not limiting. After the completion of Step 50, in a Step 51, the

set of Active Groups is selected. To achieve this, the sets y are picked, e.g. sequentially, from the set X of all possible

(N + 1)-tuples . When a given set y is chosen, it automatically identifies the(N + 1) groups, and thus the(N + 1) X L,

nodes involved in a given transmission-reception. Once a set y is chosen, in-a Step 52 dedicated to the Selection of the
Transmitting Group, one group from the set y is chosen to be the transmitting group, to the remaining N receiving groups.
[0069] Then, in a Step 53, the inter-Group CSl is collected. In this respect, the transmitting group Gj € y gathers the

information on the network coding coefficients corresponding to the remaining N active groups, which correspond to N
network coding matrices each of dimensions L, X L, i.e., the network coding coefficient information between the nodes

in the transmitting group and those in the N selected groups. In the following Step 54, Distributed Precoders are created :
the nodes of the transmitting group create a distributed precoder, which could be for example (but is not limited to) an
inverse of the network coefficient matrix, for each of the channels of the N groups. We denote the precoder designed

1
for the channel Hg, ¢, as GGy where again Hg, g, denotes the "channel” between the transmitting group G, and a
receiving group G, Then, in a Step 55, the process proceeds with the creation of Distributed Messages: the transmitting
nodes of group G/- multiply each precoder with the message vector

def T6i(1) T6;(2) T6;(L)

fGi(X) = [fX\Gi 'fX\Gi"m’fX\Gi ]

7l- (v

intended for the particular group G; thus creating vector HG}"Gi fGt(X) T

T6;(1) T6y(2) TGy(L)
Unai T fnay )

o clarify,

are the intermediate results obtained in the map phase by group G/-which are wanted
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r6;1)
by group G;, so for example, 2\G; represents the intermediate result obtained in the map phase by each node of
group G/-, and which is wanted by the first node of group G,

Hg 6, f6,0)
[0070] Then the same is done for all other groups, thus creating N vectors GGy fG‘l "je ;(\Gj. Then these

vectors (precoded messages) are combined in a Step 56 entitled "Combine Distributed Messages”, by creating - for
example - a linear combination of those vectors, in, for example, the form

— 1 :
Xe06; = Z He6, f6,Q0-

Gi€X\Gj

[0071] All the N message vectors that are combined together are such that each of them is intended for a specific
group and each of them is known already by the other N - 1 groups, which have mapped it already and have it stored.

L
. (HG',Gi'fGi(X)) o .
To clarify, each vector J is intended for group G;, but is already known at all the nodes of all the
groups G, € A\G;. This fact that all nodes in these groups know the values of these vectors, is a direct result of the

invented grouping method and it will result in a communication speedup.

[0072] Then, ina Step 57, the Message Vector is transmitted by Group G/-Which transmits the generated vectorXGjYX\Gj.
In a Step 58 the process is repeated from Step 52 by choosing, if required by the specific implementation, a new
transmitting group from the set 4. In a standard, basic implementation of the process all nodes in the set y are eventually
chosen to be the transmitting group. Finally, in a Step 59, the process is repeated for all possible sets y € X.

Process of decoding at the receiving nodes

[0073] With respect to Figure 4 there will now be described a process - which is presented here from the point of view
of any one node - for decoding at the receiving nodes and which comprises the steps 60-67 in sequence.

[0074] A first step, Step 60 consists of having each node check if the node’s group belongs in the set Z\Gj of active
receiving groups, where in this case G/- e yis the transmitting group.

[0075] If the node belongs to the group ;(\G/- (i.e., if the node is an active receiver), the process proceeds with a Step
61 otherwise with a Step 62. If the node does not belong in the set of active receivers, then in Step 62 it awaits for the
next transmission. Else, if it belongs in the upcoming reception (active receiver), then in Step 61, the node gathers the
necessary network coding matrices between the transmitting group and the other N - 1 active groups from y (this can
involve for example, pilot training, and the information can be in the form of composite precoder-channel matrices), and
in a Step 63 the node transmits its own network coding coefficients - NCCI - corresponding to the channel between the
receiver and the transmitting group. In a next step 64 the node receives a message. Then, in a Step 65, the mapped
segments are used to remove interference. To achieve this, the node proceeds to decode the received message by
removing the unwanted interference intended for the nodes in other groups by using a) the network coding coefficients
information that was exchanged in Step 61 and 63 and, also by using b) the categories that the node has computed in
the mapping phase. We remind here that interference caused by messages intended for users in the same group (intra-
group interference) is resolved by the use of the precoding matrix at the transmitter.

[0076] To clarify, at a group level, a given receiving group Gcalculates

1
HGj,Gi ’ fGi(X)
Gi€X\(G.Gi)
and subtracts it from the received signal (recall: any such node in group G, has both the NCCl/precoder information in
the above expression, as well as - due to invented data allocation-and-mapping method - also has all the information

foln), Gi e ;{\{Gj,Gk}.) Hence, at a group level, the received (noise here is ignored for brevity) signal, after subtraction
of the above combination, takes the form
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¥y =Hey6, H 6, fo,(0)

which, by standard choices of precoding matrices HGJ"G’C' can be free (orapproximately free) of inter-group interference.
We here clarify that by saying "at a group level" we refer to the fact that the i-th node of the group, can calculate the i-th
element of the above vector.

[0077] In a Step 66, the message is stored in the node’s memory in order to be used in the reduce phase. In a Step
67, a test is performed to determine whether the node has received all remaining chunk-categories. If the node has
received all categories, then the process ends , otherwise it repeats the process from the beginning.

* Phase 4 - Reduce

[0078] In a fourth time slot, the reduce phase takes place. Here, the computing nodes merge all chunks of the same
category and perform the requested task in a completely parallel manner.

Analysis

_ (K
[0079] By comparing the number of chunks Sl - t(t) required in the aforementioned state-of-art and the number

eV

of chunks in the here proposed method, we can note that

— t
S* b (ke €\
I, (t/Lc) Y

and can thus deduce that, for a fixed parameter f, the number of required chunks is now exponentially smaller compared
to the state-of-art algorithm.

[0080] To further understand the above process, we will use the following illustrative example.

[0081] Example based on the first embodiment: Assume K = 16 wired nodes with single output interfaces, being
assigned the task of sorting a set of 1.2 - 104 real numbers belonging in the range of (0,1600]. There will be Q = 16
categories, where the first category will involve numbers (0,100], the second category the numbers (100,200], and so
on. Inthe end - during the reduce phase - the first user will be responsible to sort the first category (i.e., to sortall numbers
in the dataset, that are between 0 and 100), the second user will be responsible to sort the numbers between 100 and
200, and so on.

[0082] If we assume that the chosen parameter is { = 8 for this setup, we can see that the state-of-art, which does not

=t (¥) ~ 108
involve any grouping and node coordination, requires that the number of chunks should be Sl (t 10

chunks for the above gains to be achieved in the communication phase, hence making it infeasible to achieve the gain
of t = 8 (a delay reduction by a factor of 8) in the communication phase, simply because - for the algorithm to run - it
needs more chunks than the actual numbers in the dataset. On the other hand, in the here proposed method, we will
see that, by choosing the cooperation parameter to be L, = 4 (4 nodes per group), the subpacketization will be reduced

) ¢ = Lic(’t‘//t:) =2-(3) =12

+ Phase 1 - Data Assignment: Initially, the dataset F(present at some master node) comprised of the 1.2 - 104
numbers, is segmented into 12 non-overlapping chunks, where each chunk is named using two indices as follows

chunks which will automatically allow the aforementioned gains.

Fre 0 €{1, Li} ={1,2}, rc {1, Z‘i} =124l =L =2
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Specifically, the chunk indices created are (g;7) e {(1.{1.2}),(2,{1,2}),(1,{1,3}),(2,{1,3})(1,{1,4}),(2,{1.4}),(1,{2,3}),

t

—_ = 2
(2,{2,31),(1.{2,41,(2,{2,4}),(1,{3,4}),(2,{3,4})}. It can be seen that the second index is a set comprised of Le
numbers, creating all possible combinations of two distinct numbers from the set {1,2,3,4}. Then, nodes are divided

groups, such that in each group there are L, = 4 nodes. We adopt here, in our example, the following
assignment of nodes to groups:

G, ={1,59,13},G, = {2,6,10,14}, G; = {3,7,11,15}, G, = {4,8,12,16}.

After nodes are assigned to a group, the chunks are sent (by the master node) to the K = 16 nodes, and each node
G{k) stores the following chunks

Gi(k) « {F;ri0€{1,2}, T3 i}

So for example, each node of the second group G, (i.e. i = 2) would be assigned chunks

Fy (1,2 F1,2,31 F102,4),F2(1,2),F2,02,3, F 2,{2,4I}.

We recall that, as mentioned in the description of the embodiment, intra-group dataset assignment is correlated; in
this particular example, we choose that intra-group dataset assignment is identical, thus nodes belonging in the
same group receive exactly the same chunks for processing.

Phase 2 - Mapping: In the mapping phase, each node acts on each chunk that has been assigned to that node in
Phase 1. In particular, a node for each of its chunks will create Q = K = 16 chunk-specific categories as follows. For

fow forzs i fo? fox

any one chunk, say chunk £, . the following categories are created 70, such that category

2
will be filled with all numbers of chunk F, . which belong in the range (0,100], category fG,T will be filled with all
numbers of chunk £, ,which belong in the range (100,200], and so on. This mapping process happens in all nodes

and for each chunk that has been assigned to these nodes.
Phase 3 - Communication: In this phase the objective is for the nodes to exchange the different categories created

k
in Phase 2, such that node k € {1,2,...,K} can receive all fU,T' oe {12}, 7= {1,2,3,4}, |1 = 2. To this end, initially
nodes exchange network-coding coefficients, Then, the nodes of a group cooperate and transmit some categories

t
of interest to all nodes in some Lc other groups at a time. Specifically, the transmissions that take place are
(order here does not matter):

Group 1 transmits:

[0083]

T 3 11 ¢15 17
X6,(6,6:) = Hél,az ‘ [f1%13»fflz’ff,?s'fﬁs] + Hél,a3 : [f1,1z» f17,12'f1,112'f1,'1z )

_ 2 6 T 1 4 8 £12. £16 |7
X6, (6,60 = Hél,Gz : [f1,14' fi1a ff&» 11,1}4] +Hg ¢, - [f1,12;f1,12:f 112 fitz)

17



10

15

20

25

30

35

40

45

50

55

EP 3 496 366 A1

_ gl 3 7 11 4 . £8 12 - 16 17
X6, 465,64) _HGLG3 : [f1,14:f1,14' 1,14 114] '*‘Hc:l,c4 [f1,13:f1,13:f1,13'f1,13] .

Group 2 transmits:

[0084]

s 9 e1317 gL 3 7
XGz,{Gl,Gg} HGz Gy [f1%23'f1,23'f1,23‘ 1,23] +H62,Gg ' [f2,12!f2?12' 212'f2 12 )

5 9 13 17 L L8
X666 = Hazal [f11,24'f1,24'f1,24:f1,24] +Haz,c4'[f2‘f12'f2,12' 212:f212 )

8  £12 f16 17
XGZ,{0364] HGZ,Gg [f124'f124rf124' 124] +HGZG4 [ffzs'fl-,zarffz&f1,23]-

Group 3 transmits:

[0085]

_ s 9 1317 L zb 6 710 1417
X6,(6,65) = Hé;,cl : [fzi,zs'f2,23:f2,23'f2,23] +Hg, G, - [f2,13:f2,13'f2;13'f2,13
' 5 9 . 8
XG3,{61 G4} HG3,61 [f11,34»f1,34'f1,34' 134] + HG3 Gy .[fz‘f13»fz,13; 213'f2 13 )

_ 6 f1 T 1 8
X6 46,60 = H(J;;,Gz : [f12,34» a0 fiSa f11,§}4] +Hg ;- [fzdfza'fz,zs: 353, f25 23

Group 4 transmits:

[0086]

XG4,{61,62} HG461 [f224lf224lf224'f224] +HG462 [f214-'f214-l 214'f214 'b

_ 9 T
X, (6,63 = Hc';L‘,,al ' [fz%szp f: 25,34: faza 21,334] + Hti,ag ’ [f23,'14» f27,14' 214: f 2, 14 )

_ 1517
X6,46,.65) = Hé;,Gg [f 2 34:fz 34 2 3 f2 34] + Hc,z1L Gs " [f 2,24 f1 24 f32 220 2,24]_

[0087] Note that in the above, for brevity of presentation, we have removed the comma from the double index z, so

6 .
for example, when we say f2134' we refer to f2,‘{3,4}’ which- we recall - represents the (ordered) numbers inside

Fy30 € Fo34)
chunk ! © 7T thatare in category 6, i.e., the numbers in F, 44 that are in the range (500,600]),.

18



10

15

20

25

30

35

40

45

50

EP 3 496 366 A1

[0088] After transmitting the above, we can see that each node has access to all the elements of the category that
was originally assigned to it, thus the communication phase is completed. For example, let us assume that node6 is

6
assigned category 6, then in the end, node 6 must collect all fO'.T ' for all possible o1, i.e., for all (o7 €

{(1.{1.2),(2,{1,2)),(1,{1,31),(2,{1,3}) (1.{1,4}).(2,{1,4}).(1,{2,3}),(2.{2,3}).(1.{2.4}),(2.{2,4}),(1,{3,4}),(2.{3,4})}.

6
[0089] Given though that node 6 belongs in group G, (second group), that node will need to only receive ff’ff for all

rsuchthat2 ¢ 7, i.e., for all rthat do notinclude 2. Hence during communication, node 6 will need to receive f‘fﬂ' for
all (g;7) e {(1,{1,3}),(2,{1,31,(1,{1,4}1,(2,{1,4}),(1,{3,41,(2,{3,4})}. This is achieved by the aforementioned transmission.

* Phase 4 - Reduce: Following the shuffling phase, each node has access to all the numbers of its category; for
example, Node 1 has access to all the numbers of the original vector that belong in the range (0,100], Node 2 has
access to all the numbers of the original vector that belong in the range (100,200] and so on. That means that, each
node can perform the process of reducing, in this particular example sorting, in a completely parallel manner; then
the final sorted vector will be the concatenation of the sorted vectors from all 16 nodes.

[0090] Example of impact of our invented solution in this embodiment. Consider in this example the case where
the number of computing nades is K = 400, and where we aim for targef redundancy (theoretical communication gain)
of t = Ky = 20. For the state-of-art (coded) mapping and communication algorithm (CMR), to achieve this redundancy
(and thus to achieve the reduction of the shuffling phase by a factor of { = 20), would require subpacketization equal to

§=20-(%) =~ 103 y .
different subpackets (each data set would have to be split into more 1034 smaller pieces).

[0091] Assume now that the dataset size allows for a maximum subpacketization of S,,,,, ~ 107. If we were to use this

state-of-art CMR method, we would need to (as stated before) limit coded communication to include coding that spans

Ky (Ky) < Smax-

only K users at a time such that This would imply K = 80 and a reduced gain of t = Ky =

8020 =

400 (i.e., 5 times less than what theory implied).
[0092] On the other hand, the mapping and shuffling methods that we have invented, allow us (without an additional
cost of exchanging mapped data between the nodes in order to facilitate cooperation) to employ node cooperation with
L. =5 (forming groups of five nodes each), and to achieve the full desired delay-reduction by a factor of { = 20, with a

400
. _ 20 =) _ 80\ . 6
S —?~<39)—4-(4)~6-10 :
dramatically reduced subpacketization ]

[0093] Let us now recall that for the original CMR state-of-art method, the total delay takes the form

' 1
a-n_1. . . (1-%)
f{%R - Tmap + Trea + Tcom ~Tm¥ + Treqg + To—5—= %‘Tm'i' Treg + To——=—"
1
az, 05 pulir 4
[0094] We see that for i being the total cost of communication, and 20 ™ T, being the

total cost of computation, then the state of art method gives

g,"{R-AJrB

while for the invented method here we get
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oA y
Tt0t=L_+B=§+B
c

[0095] Assuming now, for example, that in the state-of-art CMR method, communication takes 80% of the total re-
sources, i.e., that A =4 - B, then a quick calculation shows that the reduction that we get - as a result of our invented
algorithm - in the total execution time is

Tr. A+B A+B 5B 25
T A,5 4,5 98 9
o [-+B F+B %

2 3.

[0096] By switching to our invented algorithm, without any additional assumptions of exchanging mapped data to
facilitate cooperation, we get a total speedup in the distributed computing execution time, by a multiplicative factor of
approximately 3.

Il. Second embodiment (Wireless D2D Computation)

[0097] There willnow be described a second embodimentbased on a set of Kwireless nodes (such as mobile terminals,
tablets, drones to name a few) with computing capabilities. These nodes have to execute a given computational job,
which requires processing of a big dataset. This can be a job that some master node (such as a base station or a Wi-
Firouter for example), wants to execute, and which is offloaded to K wireless nodes for distributed computation. We will
focus on jobs that in order to be executed in a distributed fashion, require communication between the nodes; this
constitutes the majority of jobs. In this embodiment, the authors will show how a novel assignment of dataset chunks
and, also node cooperation, can significantly reduce the total execution time of these algorithms by transforming the
communication phase of these algorithms.

[0098] State-of-art distributed computation approaches, which make use of dataset chunk replication, require the

()
dataset to be divided into t subpackets (or segments or chunks), where t represents the amount of replication of

. K)
the dataset across the K nodes. While though, the above subpacketization quantity t(t grows exponentially with the
K (and in generally increases rapidly with £) in reality the finite-sized dataset cannot be partitioned in so many chunks.
As a consequence, the coded communication methods proposed to overcome the bottleneck associated with commu-
nicationin distributed computation, such as Coded MapReduce, reach limited effective gains due to the finite amount of
allowable subpacketization, and eventually due to the finite size of the dataset.

[0099] Figure 5 shows the preferred embodiment, where a set of K wireless computing nodes - e.g. a node 40 - which
are connected to each other through a wireless medium. Each computing node is equipped with one or more antennas
41. The here-proposed solution reduces significantly, compared to the state-of-art, the number of sub-datasets that are
required for achieving the theoretical speedup gain equal to tin the communication phase, with a consequent big reduction
in the overall execution time of the computationally-intensive job. For ease of describing this specific embodiment, we
will assume - without limiting the scope of the invention - that all nodes have the same properties (battery life, power,
etc.) and that the different channelllink strengths are statistically the same. This need not be the case, and the algorithm
can be modified easily to account for different asymmetries.

[0100] The overall algorithm is comprised of at least five basic processes, encompassing four time slots. First is the
process of data assignment, happening in afirsttime slot, during which the datasetis divided into chunks and is transmitted
to the computing nodes (Figure 6). In a second time slot, the map phase takes place, during which the nodes perform
a pre-processing step on their assigned data. In a third time slot, the communication (shuffling) phase takes place, which
consists of the data exchange between the nodes via a device-to-device (D2D) communication model. In this third time
slot, two different processes are present: the one that leads to the transmission of the mapped data (Figure 7), and the
other of decoding the data (each node is responsible for) at the receiving nodes (Figure 8). Finally, in the fourth time
slot, the nodes perform a computation over their sub-tasks (on the data categories that they are responsible for) in a
parallel manner (This latter phase is called the reduce phase).

[0101] A more detailed description of the above four phases can be found below.
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* Phase 1 - Data Assignment

[0102] In the first phase, the node that has access to the dataset F to be processed, we call it master node, splits the
dataset into non-overlapping chunks £ . and assigns the chunks to the computing nodes in a proper manner. This

process (Figure 6) is comprised of the following steps 201-208 to be performed in the first time slot, which are quite
similar to steps 101-108 described above with respect to the wired embodiment. In a Step 201 the master node names
the computing nodes, for instance by enumerating them. In a Step 202 the cooperation parameter, L, is chosen. Ina

K

following step, Step 203, the master node uses a grouping function to assign the computing nodes to one of the Le

groups. Different groups can generally have different number of nodes, but for clarity, in this specific embodiment, we
will consider that all groups are comprised of exactly L, nodes. In this specific embodiment, by choosing the enumerating
function as a naming function, the grouping function could simply associate  nodes
(1L, LBy
Le Le

(4

(Le—1)K

I +2

K
{2,,— +2,
to group 1, nodes Le to group

2, and so on. The next step, Step 204, consists of the creation of the subpacketization indices (o, 7). Each-index -pair

2K
-L-C-+ 2,..,

t K ‘ t
c€{L2,..,7} tc{l2.,-} |zl = —~.
(o, 7) created such that ¢ and Le™" where the set 1 has size ¢ the here-
t (K/L
5= ()
LC t/LC

proposed method, the dataset is divided into many non-overlapping chunks (one option is to have

1,2, ..
chunks), where L€ { e K} is a parameter of choice which could be provided as an input of the program or be
calculated by some optimization algorithm. In a Step 205 the dataset is segmented into smaller subsets,F ;. . according

tothe indices (o, 7) thathave been createdin the previous step. In sequence, in a Step 206, the master node communicates
the chunks to the computing nodes, while the nodes store chunks as a function of the group they belong to. The
transmission can be broadcast, multicast or partial unicast. In a next step, Step 207, the process proceeds with a group-
based storing of the transmitted chunks. In this particular embodiment, any node of group G; stores {f, ,

o {120},
¢ 75 i} In words, this means that each node of a certain group G, stores all segments (chunks)
Fo..Whose zindex includes the number / (this is one option that is based on clique-coverings: other options for such
data assignments can also readily be applied and be covered by our invention, without much difficulty, and these can
include other methods that facilitate memory-aided multicasting, like those based on placement-delivery arrays, hyper-
graph codes, and others).
[0103] Finally, in a Step 208 a process, R, assigns each of the Q categories to one of the nodes. Specifically this
process lets each node know which category they are eventually responsible for reducing. Thus, in the reduce phase,
node G(k) will reduce all the mapped data belonging to the categories in the set IGiky: We recall that TGk denotes the
set of all categories assigned to node Gfk), and that ’G;(k)(/) denotes the j-th category corresponding to the set Ik In
the here described embodiment, for the sake of simplicity, we set Q = K, and we assume (again for simplicity, but without
considering this to be a limiting assumption) that each node G{k) is assigned only one category TGk (i.e., that |rG,(k)| =
1); for example Node1 is assigned category 1, Node 2 is assigned category 2, and so on.

* Phase 2 - Data Mapping

[0104] In the second time slot, the computing nodes perform a pre-processing computation, referred to here as the
mappingphase, on the subpackets of data that they have stored in their memory at the end of the data assignment
phase. The nature of the pre-processing function is not of interest here, and our method can be used for any conceivable
such function. There could be one or more functions, which, when applied to each chunk, generate Q (here Q = K)

i
subpacket-related categories, i.e., Q categories for each of the assigned segments, which are denoted by f‘-""f where

i
ie{12,.., QL To clarify, fa-T refers to the ith category output of the mapping phase of subpacket £ . Each node
generates all categories i = {1,2, ..., @}, for all chunks F,  that each specific node had been assigned.
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Phase 3 - Data Exchange
[0105] In the third (shuffling) phase, nodes - in this particular embodiment - have to communicate the contents of each

subset-specific category that was created in phase 2, except for those categories that the nodes will use at the next
phase, i.e., in the reduce phase. Here we recall that in phase 2, each node G{k) has mapped each chunk F, into Q =

i
K categories (outputs) fa,‘r "ie{1.2, .., Q) that are of interest to the other nodes but, also recall that there are some
categories rGik) that this node itself is responsible for (here, without limiting, we assume that rGik) holds just one category).

TG'(k) K-
i t
fO’,T » Vo € {112; e I_}7 {1'21 et ’L_} '
[0106] Hence, agivennode G{k) needs toget the mapped data L™ e ¢

t
7| = —.

L¢

TGk
[0107] Nevertheless, node G(k) already has all{ 7@.7 ’ 73 j} sothat node G{k) only needs to receive, in this data
T6i(k)

exchange phase, all { 79, ’ ¢ 3 /} from the other computing nodes. In detail, there exist two sub-processes: one

taking place in the nodes of the transmitting group and another taking place in the nodes of the receiving groups.
Process that leads to the transmission of the categories

[0108] This process happens in a third time slot and consists of a sequence of 10 steps 70-79illustrated in Figure 7
and which are quite similar to steps 50-59 used in the wired embodiment.Initially, in a Step 70 , Sets of Active Group
are created. To achieve this, it is decided which groups will be involved in the upcoming transmission (active groups).

XCc {Gll ...,GL(_}

L¢

[0109] To be precise, in this step, sets of || = N + 1 active groups are created. We denote

lxl=N=2+1,
with X the set of all sets . In a particular application the size of the set y could be ¢ but this is
not limiting. After completion of step 70, in a Step 71, the process proceeds to select the Set of Active Groups. In that
respect, sets y are picked, e.g. sequentially, from the set X of all possible (N + 1)-tuples y. When a given set yis chosen,

it automatically identifies the (N + 1) groups, and thus the (N + 1) X L, nodes involved in a given transmission-reception.
Once a set y is chosen, in a Step 72, the process proceeds to select the Transmitting Group. Thus, one group from the
set y is chosen to be the transmitting group, while the remaining N groups will be the receiving groups.

[0110] Atthis point, given a set y of active groups, ina Step 73 the transmitting group, call it G/-, gathers Channel State
Information (CSI) from the receiving groups. In particular, the transmitting group gathers information for a total of up to
N channel matrices, each of dimensionality L. x L where these channel matrices correspond to the channel between

t

the nodes of the transmitting group and the nodes of each of the Le selected (receiving) groups. The aforementioned
CSl is typically communicated by using training signals that yield the compasite precoder+channel coefficients. Such
information can also include other aspects such as receiver state information, precoder preference, location information,
etc. Inafollowing Step 74, the nodes of the transmitting group create a distributed precoder, which could be - for example,
but not limited to - a Zero Force precoder or an MMSE precoder or a dirty paper precoder, to name a few, for each of

H
the channels of the N receiving groups. We denote the precoder designed for the channel HG,-,G,- as Gj'Gi " where
again HGj,G; denotes the channel between the transmitting group Gj, and a receiving group G;.
[0111] Then, in a Step 75, the transmitting nodes of group Gj multiply each precoder with the message vector

i eT6i) 2762 "6
Fal) € L £,
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I _ T6;(1) T6;(2) TGy
HGj,Gi fGl(X)' [fX\Gl ’fX\Gi ""'fx\Gi ]

intended for the particular group G, thus creating vector Toclarify,

are some of the intermediate resutts obtained in the map phase by group G; which are wanted by group G; so for
‘ 7‘(_;;(1)

example, X\Gi represents the intermediate result obtained in the map phase by each node of group G/-, and which

is wanted by the first node of group G;.

Hi s fe.
[0112] Then the same is done for all other groups, thus creating N vectors GJ’G‘ fG‘(X)’ vie ;{\Gj.
[0113] Then these vectors (precoded messages) are combined in Step 76, by creating - for example - a linear com-

bination of those vectors, in, for example, the form

1
XGj,X\Gj = Z HGj,Gi ' fGl.(X)'
Gi€EX\Gj

[0114] All the N message vectors that are combined together are such that each of them is intended for a specific
group and each of them is known already by the other N - 1 groups, which have mapped it already and have it stored.

1l
. HG-,Gi'fGi(X), , .
To clarify, each vector J is intended for group G, is already known at all the nodes of all the groups
G, Gy € 1\G,. This fact that all nodes in these groups know the values of these vectors, is a direct result of the invented

grouping method, and it will result in communication speedup.

[0115] Then, in Step 77 Group G/- transmits the generated vector XGM\Gf In a Step 78 the process is repeated from
step 72 by choosing, if required by the specific implementation, a new transmitting group from the set ». In a standard,
basic implementation of the process all nodes in the set y are eventually chosen to be the transmitting group. Finally,
in a Step 79, the process is repeated for all possible sets y ¢ X.

Process of decoding at the receiving nodes

[0116] The process of decoding takes place at each of the nodes and is described here from the view of any one of
the nodes. It consists of steps 80-87.Afirst step, Step 80, consists of having each node check if the node’s group belongs
in the set Z\Gj of active receiving groups, where in this case Gj € yis the transmitting group. If the node belongs to the
upcoming transmission (its group belongs in the set y) then the process procedes with a Step 81 otherwise with a Step
82. If the node does not belong in the set of active receivers, then in Step 82 it awaits for the next transmission.
[0117] Else, if it belongs in the upcoming reception (active receiver), then in Step 81 the node gathers the necessary
channel state information between the transmitting group and the other N - 1 active groups from y (this can involve for
example, pilot training, and the information can be in the form of composite precoder-channel matrices), and in a Step
83 the node transmits its own channel state information CSI.

[0118] In a Step 84 the node receives a message and in a Step 85 interference is removed by using mapped segment.
To achieve this, the node proceeds to decode the message by removing the unwanted interference intended for the
nodes in other groups by using a) the channel state information that was exchanged in the Steps 81 and 83 and, also
by using b) the chunk-related categories that the node has computed in the mapping phase. We remind here that
interference caused by messages intended for nodes in the same group (intra-group interference) is resolved by the
use of the precoding matrix at the transmitters.

[0119] To clarify, at a group level, a given receiving group G, calculates

H(J;-j,Gi ) fGi(X)
Gi€xX\{G .G}

and subtracts it from the received signal (recall: any such node in group G, has both the CSl/precoder information in
the above expression, as well as - due to invented data allocation-and-mapping method -has all the information (),
G; e ;(\{G/-,Gk}.). Hence, at a group level, the received (noise here is ignored for brevity) signal, after subtraction of the
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above combination, takes the form

y= HG,-,Gk : H(%]-,Gk 'fok(X)

1

which, by standard choices of precoding matrices HGJ"Gk' can be free (or approximately free) of inter-group interference.
We here clarify that by saying "at a group level" we refer to the fact that the i-th node of the group, can calculate the i-th
element of the above vector.
[0120] In a Step 86, the message is stored in the node’s memory in order to be used in the reduce phase. In a Step
87, a test is performed to determine if the node has not received all remaining chunk-categories. If the test is positive,
i.e. if the node received all chunk-categories, then the process ends and, otherwise, it repeats the process from the
beginning.

* Phase 4 - Reduce

[0121] In a fourth time slot, the reduce phase takes place. Here, the computing nodes merge all chunks of the same
category and perform the requested task in a completely parallel manner.

Analysis

K
S =t
[0122] By comparing the number of chunks 1 (t) required in the aforementioned state-of-art and the number
§* == (¥ke)
of chunks Lo \t/ke in the here proposed method, we can note that

K
S_o el ) tE
s+ 1, (k/'Lc) ‘
L \t/L
and can thus deduce that, for a fixed parameter t, the number of required chunks is now exponentially smaller compared

to the state-of-art algorithm.

lll. Third embodiment (Wireless, Edge Facilitated Computation)

[0123] There will now be described a preferred third embodiment illustrated in Figure 9, describing the invented role
given to a set of K wireless nodes (13) (for example mobile terminals, tablets or drones) with computing capabilities,
which nodes can communicate only through the help of some intermediate node (11), eg. a wireless router or a base
station, and which nodes are assigned some computational task to perform in a parallel manner. The helper node is
equipped with L > 1 antennas (12) and can act as a relay, i.e. it can receive information from the nodes and retransmit
the signals it receives, while the nodes have one or more antennas (14).

[0124] The authors here propose a new algorithm that - by properly splitting and distributing the dataset-to-be-proc-
essed among the computing nodes - guarantees significantly better performance in the overall execution time of the
jobs than the existing state-of-art algorithms by significantly reducing the communication time required by these algo-
rithms. This new approach comes as a combination of i) a novel assignment of dataset chunks to nodes, ii) the use of
node cooperation and iii) multiple antennas at the helper node.

[0125] State-of-art distributed computation approaches, which make use of dataset chunk replication, require the initial

K
dataset to be divided into (t) sub-datasets or segments or chunks, where t represents the degree of replication of

K
()
the dataset in the K nodes. While though, the above subpacketization quantity ~ “t/ grows exponentially with K, in
reality the finite-sized dataset generally cannot be partitioned in so many chunks. As a consequence, the coded com-
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munication methods proposed to overcome the bottleneck associated with communication in distributed computing,
such as Coded MapReduce, reach limited effective gains due to the finite size of the dataset.

[0126] The here-proposed solution reduces significantly - compared to the state-of-art - the number of sub-datasets
that are required for achieving the theoretical speedup gain equal to t in the communication phase that results in a
consequent big reduction in the overall execution time of the computationally-intensive job. For ease of describing this
specific embodiment, we will assume - without limiting the scope of the invention - that all nodes have the same properties
(battery life, power, etc.) and that the different channel\link strengths are statistically the same. This though need not be
the case, and the algorithm can be modified easily to account for different asymmetries.

As in many distributed computing models, the overall algorithm is comprised of at least five basic processes, encom-
passing four time slots. First, the process of data assignment, which takes place in a first time slot, during which the
dataset is divided into chunks and is transmitted to the computing nodes (Figure 10). In a second time slot, the mapping
phase takes place, during which the nodes perform a pre-processing step on their assigned data. In the third time slot
the communication phase takes place, during which the computing nodes wish to exchange - via the wireless edge node
- the outputs of the mapping phase. In this time slot, two different processes are present: the cne that leads to the
transmission of the mapped data and the one of decoding the mapped data at the receiving nodes (Figure 13). The
process of transmission is further divided into 2 sub-phases: the uplink transmission from some group of nodes towards
the edge node (Figure 11) and the downlink from the edge node to the computing nodes (Figure 12). Finally, in the fourth
time slot the reduce phase takes place, during which the nodes perform the computation of their sub-tasks in a parallel
manner.

[0127] A more detailed description of the four phases can be found below.

* Phase 1 - Data Assignment

[0128] In the first phase, illustrated in Figure 10, the node or nodes that has access to the dataset F to be processed,
we call it master node, splits the dataset into non-overlapping chunks F, ;. and assigns the chunks to the computing
nodes in a proper manner. This process is comprised of the following steps 301-307 to be performed in a first time slot.
In a step 301 the master node names the computing nodes, for instance by enumerating them. In this embodiment the
cooperation parameter is equal to the number of antennas in the transmitter, i.e. L, = L. In the following step, Step 302,

K

the master node uses a grouping function to assign the computing nodes to one of the L¢ groups. Different groups
can generally have different number of nodes, but for clarity, in this specific embodiment, we will consider that all groups
are comprised of exactly L, nodes. In this specific embodiment, by choosing the enumerating function as a naming

+1
to group 1

K . 2K (Lc-1K
LE+1 24 1.7
function, the grouping function could simply associate nodes c Le ' ¢
K
L¢

2K (Le-DK
2,—+ »2, . + 2, ... '_Lc

(denoted as G,), nodes

+2
to group 2 (denoted as G), and so on. In a next
step, Step303, there is provided the creation of the subpacketization indices (o, 7). Each index pair (o, 1) is created such

t K ) t
ceft2,..2} rcfiz..5, =1
that Led and Led” where the set rhas size € In the here-proposed method,
the dataset is divided into many non-overlapping chunks (one option is to have Lc t/Le chunks), where {

{1,2, ..., K} is a parameter of choice which could be provided as an input of the program or be calculated by some
optimization algorithm. In a Step 304, the dataset is segmented into subsets -, ,according to the indices (o, 7) that have
been created in the previous step. In sequence, in a Step 305, the master node communicates the chunks to the
computing nodes, while the nodes store chunks as a function of the group they belong to. The transmission can be
broadcast, multicast or partial unicast and it can employ one or more transmitting antennas. In a next step, Step 306,the
processproceeds with a group-based storing of the transmitted chunks. In this particular embodiment, an ynode of group

o€ {1,2, 5},

’
G;stores{F, , L 73 i}. Inwords, this means that each node of a certain group G,, stores all segments

(chunks) F, . whose zindex includes the number i (this is one option that is based on clique-coverings: other options

25



10

15

20

25

30

35

40

45

50

55

EP 3 496 366 A1

for such data assignments can also readily be applied and be covered by our invention, without much difficulty, and
these can include other methods that facilitate memory-aided multicasting, like those based on placement-delivery
arrays, hypergraph codes, and others).

[0129] Finally, in a Step307, a process, R, assigns each of the Q categories to one of the nodes. Specifically, this
process lets each node know which category/categories they are eventually responsible for reducing. Thus, in the reduce
phase, node Gk) will reduce all the mapped data belonging to the categories in the set TGk We recall that IGitk) denotes
the set of all categories assigned to node G[(k), and that rGi(k)(j) denotes the j~th category corresponding to the set rGik)-
In the here described embodiment, for the sake of simplicity, we set Q = K, and we assume (again for simplicity, but
without considering this to be a limiting assumption) that each node Gk) is assigned only one category TGk (i.e., that
|rG’(k)| = 1); for example Server 1 is assigned category 1, Server 2 is assigned category 2, and so on.

* Phase 2 -Mapping Phase

[0130] In the second time slot, the computing nodes perform a pre-processing computation, referred to here as the
mapping phase, on the chunks of data that they have stored in their memory at the end of the data assignment phase.
The nature of the pre-processing function is not of interest here, and our method can be used for any conceivable such
function. There could be one or more functions, which, when applied to each chunk, generate Q > K (here Q = K) chunk-

i
related categories, i.e., Q categories for each of the assigned segments, which are denoted by fO’:T‘ whereje {12, ...,

{
Q}. To clarify, fo"f refers to the ith category output of the mapping phase of chunk £, . Each node generates all
categories / = {1,2, ..., Q}, for all chunks F . that each specific node had been assigned.

* Phase 3 - Data Exchange

[0131] In the third (shuffling) phase (Figure 11), nodes - in this particular embodiment - have to communicate the
contents of each subset-specific category that was created in phase 2, except for those categories that the nodes will
use at the next phase, i.e., in the reduce phase. Here we recall that in phase 2, each node G{k) has mapped each chunk

i
F s rinto Q= K categories (outputs) f"'T "ie {12, ..., Q) that are of interest to the other nodes but, also recall that there
are some categories IGik) that this node itself is responsible for (here, without limiting, we assume that IGitk) holds just
one category).

firGi(k) {1,2,.. '_t-}’

[0132] Hence, a given node G{k) needs to get the mapped data from ‘0T ’ for o e L¢
f

K =t TGy(k) |
TC {1,2, ...,LC} , |T| f i

Le Nevertheless, node G{k) already has all necessary { gt ‘e 7} so that node
TGy(k).
G/(k) only needs toreceive, in this data exchange phase, allnecessary { 0, " i¢ 7} from the other computing nodes.

[0133] Since the nodes are not connected to each other, their communication is facilitated via the edge node. This
implies that when a node or nodes transmits/transmit a message, it/they has/have to transmit to the edge node, which
in turn re-transmits to the intended nodes. In order to describe better this phase we can look separately at the three
processes that take place, namely i) the transmission from the computing nodes to the edge node ii) the transmission
from the edge node to the computing nodes and iii) the decoding taking place at the computing nodes.

Process that leads to the transmission of the categories in the uplink

[0134] This process happens in a third time slot and consists of a sequence of 12 steps 310-321(Figure 11).Initially,
in a Step 310,the sets of Active Groups are created. To achieve this it is decided which groups will be involved in the

X C {Gl, .y Gﬁ}

L¢

upcoming transmission (active groups). To be precise, in this step, sets of |x| = N+ 1 active groups

¥l =—+1,

are created. We denote with Xthe setof all sets y.In a particular application, the size of the set y could be Le
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but this is not limiting. After the completion of step 310, in a Step 311, the process proceeds with the selection of the
Set of Active Group. In that respect, sets y are picked, e.g. sequentially, from the set X of all (N + 1) -tuples . When a
given set y is chosen, it automatically identifies the (N + 1) groups, and thus the (N + 1) X L nodes involved in a given

transmission-reception. Once a set y is chosen, in a Step 312,one group from the set y is chosen to be the transmitting
group to the remaining N groups.

[0135] At this point, in a Step 313 the intra-Group Channel State Information CSlI is collected. In that respect, the
transmitting group G/-, gathers the uplink channel matrix HG,;BS between Gjand the base station. Ina Step 314, the inter-
Group CSl is collected. This is achieved by the transmitting group ijhich gathers the channel state information of N
channel matrices each of dimension L, X L, each one corresponding to the downlink channel from the Base Station to

the nodes of each group in y. The CSl is typically communicated by using training signals that yield the compaosite
precoder+channel coefficients. Such information can also include other aspects such as receiver state information,
precoder preference, location information, etc. In a next step 315) the process proceeds with the creation of Distributed
Precoders. In that respect, the nodes of the transmitting group create a distributed precoder, for each of the messages

t

1
. L . HGj,BS
intended for the “¢ groups. We denote the precoder designed for the channel, HG,—,BS as

! .
where again Hg, g5
denotes the uplink channel between the transmitting group Gj and the Base Station. On the other hand, we denote as

1
BS,Gk! the precoder designed for the downlink channel Hgg g, between the Base Station and group Gy. Then in a

Step 316, Distributed messages are created. To achieve this, the transmitting nodes create N distributed vectors each
of size L, constructed by multiplying each precoder by the message intended for the group the precoder was built for.

The precoded message intended for group G;, takes the form

Hé‘S,Gi : fGi(X)

76;1) T6i(2) T64(L)
def i i i
Fai) = U, Fva - F ) . »
where are some of the intermediate results obtained in the map phase
TG;(1
by group ijhich are wanted by group G, so for example, X\G; represents the intermediate result obtained in the
map phase by each node of group G/-, and which is wanted by the first node of group G;.

[0136] Then these vectors (precoded messages) are combined in a Step 317, by creating - for example - a linear
combination of those vectors, in, for example, the form

XBS,X\G]' = 2 HBLS,Gi ' fci()()

GiE){\Gj

[0137] All the N message vectors that are combined together are such that each of them is intended for a specific
group and each of them is known already by the other N - 1 groups, which have mapped it already and have it stored.

Hgsg. - fe,
To clarify, each vector BS,G; fGl (X) is intended for group G, is already known at all the nodes of all the groups
G, € AG; This fact that all nodes in these groups know the values of these vectors, is a direct result of the invented

grouping method, and it will result in communication speedup.
[0138] Ina Step 318, the process proceeds with the Precoding of the Combined Messages. This is achieved as follows:

gl

GBS
XBS,Z\G]. is pre-multiplied by the precoder ] Hence, the signal to be transmitted by group Gj takes the form:

—yl 1
XGj,BS,){\Gj - HG]‘,BS ) Z HBS,G," ) fGi(X)
Gi€X\Gj
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[0139] Then, in a Step 319Group Gj transmits the vector generated at Step 318. Each of the L. scalars of the vector
is transmitted by a different node of the group.

[0140] In a Step 320the process is repeated from step 312 by choosing, if required by the specific implementation, a
new transmitting group from the sety. In a standard, basic implementation of the process, all nodes in the set y are
eventually chosen to. be the transmitting group. Finally, in a Step 321, the process is repeated for all possible sets y € X.

Phase 3: Process that leads to the transmission of the categories in downiink

[0141] This process is illustrated in Figure 12 and takes place at the wireless edge node after the wireless edge node
has received a signal, Step323, from a transmitting group Gj in Step 319, i.e. after it receives:

oyl gl
HG]',BS ) HGj,BS : Z HBS,GL' : fGi(X)
Gl'EX\Gj '

which, by design, is :

XBS,)(\Gj = Z H;S,Gi ) fGi(X)l

GiEX\Gj
the wireless edge node re-transmits the received signal XBS,;(\G,' (Step-324).
Phase 3 - Process of decoding at the receiving nodes

[0142] In the following the authors describe the process of decoding, illustrated in Figure 13 happening in the third
time slot. The process is presented for a single node and it has to be executed by all K nodes involved in the computation.
This process is comprised of 7 steps (330-336).

[0143] Inafirststep, Step 330,each node checks if the node’s group belongs in the set Z\Gj of active receiving groups,
where in this case G/- e yis the transmitting group. If the node belongs to the upcoming transmission (its group belongs
to the set y) then the process proceeds with a Step 331 otherwise with a Step 337. If the node does riot belong in the
set of active receivers, then in Step 337it waits for the next transmission.

[0144] Else, if it belongs in the upcoming reception (active receiver), then in a Step 331, the node gathers the channel
matrices (CSl) between the edge node and the other N - 1 active receiving groups from #. In a next step, Step 332, the
node transmits its own channel state information CSI.

[0145] In a next step 333, the process proceeds to the reception of a message. In that respect, the node receives the
signal from the base station. After that, in a Step 334, interference is removed by the use of mapped segments. To
achieve this, the node proceeds to decode it by removing the unwanted interference intended for the nodes in other
groups by using a) the channel state information that was exchanged in step 331 and 332 and, also by using b) the
chunk-related categories that the node has computed in the mapping phase. We remind here that interference caused
by messages intended for users in the same group (intra-group interference) is resolved by the use of the precoding
matrix at the transmitter.

[0146] To clarify, at a group level, a given receiving group G, calculates

Hisg, * fo,C0)

Gi€EX\{G},Gr}

and subtracts it from the received signal (recall: any such node in group G, has both the CSl/precoder information in
the above expression, as well as - due to invented data allocation-and-mapping method - also has all the information
fein), G e ;(\{G/-,Gk}). Hence, at a group level, the received (noise here is ignored for brevity) signal, after subtraction
of the above combination, takes the form

28



10

15

20

25

30

35

40

45

50

55

EP 3 496 366 A1
N .
HBS,Gk ! HBS,Gk ) ka(X)

1

which, by standard choices of precoding matrices HGJ"G"' can be free (or approximately free) of inter-group interference.
We here clarify that by saying "at a group level" we refer to the fact that the i-th node of the group, can calculate the i-th
element of the above vector.

[0147] In a Step 335, the message is stored in the node’s memory in order to be used in the reduce phase. In a Step
336 a test is performed to determine whether the node has received all remaining chunk-categories. If the result of the
test is positive, i.e. if the node has received all remaining chunk-categories, then the process ends, otherwise it repeats
the process from the beginning.

* Phase 4 - Reduce

[0148] In a fourth time slot, the reduce phase takes place. Here, the computing nodes merge all chunks of the same
category and perform the requested task in a completely parallel manner.

Analysis

_ +(K
[0149] By comparing the number of chunks Sl - t( t) required in the aforementioned state-of-art and the number

S* = L (K/Lc

of chunks L C/LC) in the here proposed method, we can note that

s_ e (1)%‘1
S+t (ki €
I, (¥) Y

and can thus deduce that, for a fixed parameter t, the number of required chunks is now exponentially smaller compared
to the state-of-art algorithm.

[0150] To further understand the importance of the above, we will use the following example.

[0151] Example based on the third embodiment: Assume K = 16 wireless computing nodes, a base station (BS),
being assigned the task of sorting a set of 1.2 - 104 real numbers belonging in the range of (0,1800). Assume these
nodes cannot communicate via D2D communication (for example because of power constraints and/or due to large
distances between each other). A wireless edge node with L = 4 antennas is available to facilitate them to communicate,
meaning that all K nodes can communicate with the edge node. If we assume that the chosen parameter is t = 8 for this
setup, we can see that the state-of-art with a single antenna edge node and without including any cooperation, in order
for this redundancy associated gains to be achieved, it would require that the number of chunks should be

S, = (K) ~ 105
1=t ~ N , , , _—

t chunks, thus making it infeasible to achieve the gain of t = 8 in the communication phase. On
the other hand, In the here proposed method we will see that, by choosing the cooperation parameter to be L. =4 and

t (K 4 1
S§* = L_(t//ll:c) =2 (2) =12
by using an edge node with L =4 antennas, the subpacketization willbereduced to ¢ s

chunks which will allow to reap the aforementioned benefits from the smaller number of chunks.

+ Phase 1- Data Assignment: Initially, the dataset F comprized of the 1,2 - 104 numbers is segmented into 12 non-

g€ {1, Li} ={1,2},

overlapping chunks, were each chunk is named using two indices as follow £ .
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r_c{1,...,-L—}= ll=t=2.
c {1,2, ...,4}, Le Specifically, the chunks created are F,, , (5, 7) € {(1,12), (2,12),
(1,13), (2,13), (1,14), (2,14), (1,23), (2,23), (1,24), (2,24), (1,34), (2,34)} . It can be seen that the second index is a
t ——
set comprised of L¢ numbers, creating all possible combinations of two distinct numbers from{1,2,3,4}. Then,
K
—_— 4,

nodes are divided into Le¢

assignment of nodes to groups could be

groups, such that in each group there would be L, nodes. For example, one

G, = {1,5,9,13},G, = {2,6,10,14}, G5 = {3,7,11,15}, G, = {4,8,12,16}.

After nodes are assigned to a group, the chunks are communicated to the nodes and each node stores some of the

t
| (12,7},
chunks according to Gk) «{F, ;o€ .e
intra-group dataset assignment is correlated, so in this particular example, nodes belonging in the same group store
exactly the same chunks for processing.
Phase 2 - Mapping: In the mapping phase, each node acts on each chunk that had been assigned in Phase 1. In
particular, a node will create, for each of its chunks, 16 chunk-specific categories as follows. For any one chunk,

75 i}. As mentioned in the description of the embodiment,

£1,f2 16 fl
say chunk F . the following categories are created 0,1J0,0 1 JO,T g ch that category . will be filled with

2
all numbers of chunk £ which belong in the range (0,100], category fa,t
F & - Which belong in the range (100,200], and so on. This mapping process happens in all nodes and for each chunk

will be filled with all numbers of chunk

that has been assigned to these nodes.
Phase 3 - Communication: In this phase, the objective is to exchange among the nodes the different categories

fa'lf’tl TC {1121 '";5}:
created in Phase 2, such that node k  {1,2, ..., K} will finally haveall o e {1,2}, L,
|T| = L,
Le  1othis goal, initially nodes exchange channel state information (CSl), i.e. each group gets the channel
matrices between the Base Station and the other groups. Then, the nodes of a group cooperate by creating a
distributed wireless transmitter and transmit the categories of interest to the base station, which Base Station simply

t
==2
rebroadcasts the signal, as it was received, to all nodes in some Le groups.

Specifically, the transmissions that take place are the following:
Sub-phase 1- Uplink
From Group 1:

[0152]

T . T
- i L . [r2 6 10 14 L L [f3 - £7 11 f15
Xcl,BS,[Gz,Gg} - Hcl,BSHBS,Gz [f1,13'f1,13' 1,13 1;13] + Hcl,BSHBS,G3 [f1;12:f1,12:,f1,12'f1,12 ’

gl gl 2 6 510 p147 | gl gl 4 8 12 16 17
X, BS{6,,6,) = Hg, sHBs6, ° [f1,14,f1,14, 1,14:f1,14] + Hg, psHas, [f1,12:f1,12'f1,12»f1,12] )
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_pgl gL .
X6, Bs.(6.6,) = 1, 8sHBsc,

From Group 2:

[0153]

X5,8516,6s) = Ha, ssHas .

. gL gl
X,85(6,,64) = H,sHBs¢c,

o _ gL opL
X6,.85,6,6,) = Ha,8sHas,c,

From Group 3:

[0154]

— gl pl
Xe, 86,6, = Hz, 8sHas 6,
X6,Bs, [61 69 = Hé, psHisc,

— gl oyl
X, 85(6,6 = Hz, ssHas e,

From Group 4:

[0155]

X6, 556,65 = Hé, psHis g,

_yL oyl .
X, 85(6..65) = Ha, ssHas 6,

gl oyl
X6,85(6,65) = Hg, ssHBs, *

Sub-phase 2- Downlink
Messages received from Group 1:

[0156]

EP 3 496 366 A1

7
[fii0 flve fle 114] +Hal, sHisg, -

1 1317 L gt 1
(fias foaz fian fi33) + Hg, psHs g,

1 5 £9
2w fra filaw fi 24] + HGZ,BSHBS G,

. 51T ,
e 2w fl3a Fi54) +HéLz,BSH§-S,G4

1 13 17 1 1
'[fz,zzrfzs,za'fz?zs' 2,23] + Hg, psHisc,

1 £5 13 1T 1 1
[ flsa F3a fsa fi34)] + Hg, psHpss,

2 6 10 g14 17 L L
[ flaa flau fiSa fida] + Hg, psHisc, -

1
[fiza fRra fr2a: 24] +Hg,, BSHBS 6

13 17

1 1 oyl
(30 30 foan fi3a] + Hg, ssHzsc, -

[fRaa f30 2300 f 234] + Hg, psHasg, -

3

[Fa foon fi2 28]

[ £3 7
Nfz fiaz fiia 23 12

8 1 T
[f ,z‘fiz'f 212, f: i f zlfz

4. £8
[ 1,23:'f1,23' 1230 f1 23

g2 10
'[f2,13ﬂ_f2§13'f2,13ff213 ’

4 ‘v
'-[fz,is}fzifm' 213'f213 !

a . X T
[fztfz's‘rfzgzs;le,zzsile,gs] .

i T
N fira 0 it
3 g7
[fz,w f2,14: 2 14'f2 14 )

s 1 51T
[f ‘23,'24_' f 17,2'4; f; 21,_214' f; 21,24] .
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X 356,65 = Has,g, 1 flaz fas fits 113] + Hgsg, -

_ gl 2 6 £10
Xpsic,6,) = Hese, * [f1,14' fira fiie fi 14] + Hgs G4

—pyl 3 1 15 1
XBS,{Gg,G,;] = HBS,G3 ) [f 1,14 f1?14: 1,%4' f 1,14] + HBS,G4 )

Messages received from Group 2:

[0157]

Xps.(6,,65) = Hps.z, - [fil2s fl2a s fi5 ] + His g,

5 9 13 1T 1
XBs(6.,6) = Hzasc;1 [f11,24,f1,z4,f1,24'f1,24] + Hgsg, -

_ gl 3 07 11
XBs,c.c = Hase,, [f1,24; fize fiza f 124] + Hgs,

Messages received from Group 3:

[0158]

' _yl 1 g5 9 13174 gyt
XBS,{G1,Gz} - HBS,61 ) [f 2,23:f2,23»f 2,23rf 2,23] + HBS,GZ )

XBS{Gl,G4} H3s01 [f134'f1 34'f134'f1 34] +HBSG4

-yl 2 6 10
XBS,-{GZ,_G,,} - HBS,62 ) [f1,34' f1,34' 1,34' 134] + HBS Gs

Messages received from Group 4:

[0159]

XBS (Gu6s) = Has.6, * [fizm from fana f2 24] + Hgs g, *

‘ _ 5 9 1377
XBS,{61,63} - His}s,a1 ) [f 21,34: f 2,34 f 2,34 f 21,34] + HéS,Gg )

32

, ' 18 1T
[ffmf1?12:»f1%2'f11,152 '
4 8.
[f1,12»f1,12: 112:f1 12 ,

[f1‘,l13'f1?1é: 113 f1 13

3 7
[f2,12" f2?12' 2, 12'f2 12 ’

4 8
[fz,1z:f2,12' 2,12 fz 12 )

[f1231f1231f1231f123]

2 6
[f2,13'f2,13: 213'f213 )
[f4 f8‘ f12 £ ]T
2131213 J2,13 J2,13]

8
[fz‘fzs' f2,23' 2 23; fz 23

2 . r6
[f2,14»f2,14' 214:f2 14 ’

3
[f2,14' f2'{1_4l 2,14+ fZ 14 ;_
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_pyl 2 6 10 f14 17 1L 3 7 11 £15 17
Xps, 6,63 = Has, * [f 334 234 [2,34) f2,34] + Hgsg, - [f2,24'f‘1,24;f2,214'f2,24‘ .

[0160] After transmitting the above, we can see thateach node has access to the category that was originally assigned
to it, thus the communication phase is completed.

* Phase 4 - Reduce: Following the shuffling phase, each node has access to all the numbers that need to be sorted
from the original vector that belong to a certain range that this node was assigned. For example, Node 1 has access
to all the numbers of the original vector that belong to the range (0,100), Node 2 has access to all the numbers of
the original vector that belong to the range (100,200) and so on. This means that, each node can now perform the
process of reducing, in this particular example sorting, in a completely parallel manner. At the end, the final sorted
vector will be the ordered concatenation of the sorted vectors from all 16 nodes.

BROAD APPLICABILITY OF INVENTED METHOD

[0161] The invention presented in this patent application here is fundamental and basic, and hence applies readily -
with simple modifications - to a wider variety of settings than the ones presented in the embodiments that we have
chosen. Here we list a set of (but not limited to) variations, some of which are already mentioned throughout the patent,
which can be derived promptly from the main method described above.

¢ Use, in a wireless setting, of multiple antennas in the transmission and reception of the messages.

* Already existing presence of the dataset distributed among the computing nodes. Such already existing dataset
assignment is generally not optimal as the one presented in the above embodiments. To adapt, one could act as
follows:

0 Re-assigning the dataset to the nodes, by splitting and moving the segments, in order to get the desired
structured redundancy;
0 Re-designing the data exchange phase to exploit the existing (most likely sub-optimal) redundancy.

* Unevenness of the categories’ size, which for instance can be handled by zero padding the smaller categories, or
with greedy methods.

» Unequal number of categories each node is responsible for, which for instance can be handled by greedily repeating
(picking one category per node at a time) the basic presented exchange phase.

*  Variation of the grouping function that additionally takes into account the nodes’ properties (battery life, power, etc.)
and different channel\link strengths among the nodes for a wireless setting and other topological characteristics,
the node’s existing loads, etc.

*  Not necessarily sequential execution of the four phases that the invented method is comprised of. For example, the
exchange phase can start while some other nodes (not involved in the communication) have not finished the mapping
phase yet. This, for example, becomes useful when the nodes have different computational power.

» Different data assignment methods than the clique-covering based described above. Such methods can include,
among others, for example placement-delivery array codes, hypergraph codes, clique covering codes where the
data assignment is a fraction or approximation of what we have described in the basic setting here, or where the
codes can be of a more decentralized nature with random placement and potentially greedy delivery. All the methods
benefit directly from the grouping and coordination basic invention here.

Claims

1. A process of communication between a set of K nodes (31), {Ny,N,, ..., Ny}, connected in a wired manner, which
nodes (31) have storing and computing capabilities and which nodes have a distributed algorithm to execute, wherein
each node is connected to one or more wired intermediate nodes which intermediate nodes can process and
retransmit the information received, wherein the said process involves the steps of:

a. Grouping nodes (21) into groups, with a given number of nodes per group;

b. Arranging a first time slot (22) during which the information to be computed is communicated to the nodes
and where each node stores a predefined portion of this information;

c. Arranging a second time slot (23) during which the computing nodes perform some preliminary operation on
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their stored information;
d. Arranging a third time slot (24) during which

i. A set of nodes communicates part of the operated-upon information by means of group-based node
coordination;

ii. Othersets of nodes, which decode said information by means of their preliminarily operated-upon infor-
mation.

The process of Claim 1 where the storing of information in the first time slot, happens, at least, as a function of the
group a node belongs to.

The process of Claim 1 where nodes have one or more input-output interfaces.

A process of communication between a set of K nodes, {N,, N,, ..., N}, connected in a wireless manner, which
nodes have storing and computing capabilities and which nodes have a distributed algorithm to execute, wherein
the said process involves the steps of:

a. Grouping nodes (21) into groups, with a given number of nodes per group;

b. Arranging a first time slot (22) during which the information to be computed is communicated to the nodes
and where each node stores a predefined portion of this information;

c. Arranging a second time slot (23) during which the computing nodes perform some preliminary operation on
their stored information;

d. Arranging a third time slot (24) during which

i. A set of nodes communicates part of the operated-upon information by means of intra-group node coop-
eration;
ii. Othersets of nodes, which decode said information by means of their preliminarily operated-upon infor-
mation.

The process of Claim 4 where the storing of information in the first time slot happens, at least, as a function of the
group a node belongs to.

The process of Claim 4 where nodes have one or more antennas.

A process of communication between a set of Knodes, {Ny, N,, ..., N} connected in awireless manner to a facilitating
base station (BS), where these nodes have storing and computing capabilities, where the nodes have a distributed
algorithm to execute, and where the facilitating base station is equipped with L > 2 antennas. This said process
involves the steps of:

a. Grouping nodes into groups, with a given number of nodes per group;

b. Arranging a first time slot during which the information to be computed is communicated to the nodes and
where each node stores a predefined portion of this information;

c. Arranging a second time slot during which the computing nodes perform some preliminary operation on their
stored information;

d. Arranging a third time slot during which

i. A set of nodes communicates part of the preliminarily operated-upon information to the facilitating base
station by means of intra-group node cooperation;

ii. The facilitating base station retransmits the information received to the destination nodes;

iii. Other sets of nodes decode said information by means of their preliminarily operated-upon information.

The process of Claim 7 where the storing of information in the first time slot happens, at least, as a function of the
group a node belongs to.

The process of Claim 7 where nodes have one or more antennas.

The process of Claim 7 where there are more than one facilitating base stations.
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11. Atransmitting apparatus comprised of:

a. A dataset segmenter implemented as a software or hardware or as a combination of the two that can divide
the initial dataset into smaller datasets;

b. A cooperator which arranges the cooperation between a set of nodes in the form, among others, of time
synchronization;

c. A communicator which could be in the form of wireless network or a wired connection or a combination of
the two, between the nodes which allows for the exchange of some form of channel state information and
general cooperation information, so as to create distributed precoders;

d. A distributed precoder which arranges the creation of a message in each of the transmitting nodes making
use of network coding coefficients or channel state information - which channel state information could take
various forms such as precoder preference.

e. A combiner, which takes a set of elements and creates a new element as a form of a combination of the
aforementioned elements;

f. An encoder, which is implemented as software or hardware or a combination of the two and which receives
a message from the combiner and maps it into an encoded message.

12. Areceiving apparatus comprised of:

a. A storage;

b. A decoder which makes use of preliminarily operated-upon information as well as network coding coefficients
or channel state information - which channel state information could take various forms such as precoder
preference - in order to remove interference from a received signal and output the desired signal.
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