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1 Random Feature Expansion of the rbf Covariance
We report here the expansion of the popular Radial Basis Function (rbf) covariance. Following the
convolutional representation of images in our cnn+gp(rf) model, the rbf covariance is defined as:

krbf(xi,xj |Ψ,θ) = σ2 exp
[
− (c(xi|Ψ)− c(xj |Ψ))

>
Λ−1 (c(xi|Ψ)− c(xj |Ψ))

]
, (1)

with θ = (σ,Λ = diag(`21, . . . , `
2
d)). It is possible to express this covariance function as the Fourier transform

of a non-negative measure p(ω) Rahimi and Recht (2008), where ω are the so-called spectral frequencies. It
is straightforward to verify that p (ω) = N

(
ω|0,Λ−1

)
. Stacking NRF Monte Carlo samples from p(ω) into

Ω by column, we obtain

Φrbf =

√
σ2

NRF
[cos (C(X|Ψ) Ω) , sin (C(X|Ψ) Ω)] , (2)

where C(X|Ψ) denotes the matrix resulting from the application of convolutional layers to the image training
set X, and the sin and cos functions are applied elementwise to their argument.

2 Variational Inference for the Proposed Model

2.1 cnn+gp(rf)
In cnn+gp(rf), the variational parameters we would like to optimize are Mw,Mψ and MΩ. Our model
parameters W,Ψ and Ω share an identical form for the approximate posterior and prior. Focusing on W,
its elements have a standard normal prior, and we assume that the posterior q (W) is a mixture of two
Gaussian distribution, which can be factorized over rows, governed by variational parameters Mw:

q (W) =

R∏
r=1

q (Wr) , with q (Wr) = πwN
(
Mwr

, σ2ID
)

+ (1− πw)N
(
0, σ2ID

)
, (3)

where πw ∈ [0, 1], σ2 ≈ 0 and Mwr
∈ RD. This form of posterior leads to the sampling procedure which

characterizes dropout Gal and Ghahramani (2016a,b). Given the choice of σ2 ≈ 0, W can be sampled by
introducing Bernoulli variables

W = Mw diag[zw] with (zw)i ∼ Bernoulli(πw), (4)

1



and similarly for Ψ and Ω.
All variational parameters are optimized to maximize the lower bound of marginal likelihood which is

defined as follows

log [p(Y|X,θ] ≥ Eq(W,Ψ,Ω) (log [p (Y|X,W,Ψ,Ω,θ)])−KL [q (W,Ψ,Ω) ‖p (W,Ψ,Ω|θ)] (5)

The expectation in 5 can be unbiasedly estimated using Monte Carlo and also considering a mini-batch of
size m

Eq(W,Ψ,Ω) (log [p (Y|X,W,Ψ,Ω,θ)]) ≈ n

m

1

NMC

NMC∑
i=1

∑
k∈Im

log
[
p
(
yk|xk,W(i),Ψ(i),Ω(i),θ

)]
, (6)

where W(i),Ψ(i),Ω(i) is a sample from q(W,Ψ,Ω), and can be obtained via 4. Im is a set of m indices
to select a mini-batch of training points. In classification, each individual p

(
yk|xk,W(i),Ψ(i),Ω(i),θ

)
can be computed using a softmax transformation. The KL term can be approximated following Gal and
Ghahramani (2016a), noting that the fact that we are treating Ω variationally, gives rise to extra terms that
involve the gp length-scale `:

KL [q (W,Ψ,Ω) ‖p (W,Ψ,Ω|θ)] ≈ πw
2
‖Mw‖2 +

πψ
2
‖Mψ‖2 +

`2πΩ

2
‖MΩ‖2 +NRF d log

(
`−2
)

(7)

2.2 cnn+gp(sorf)
In cnn+gp(sorf), our proposed variational inference scheme is similar to the one in cnn+gp(rf),
except that Ω is replaced by l−1

√
NRFHD1HD2HD3, with length-scale l and Di = diag (di) and H is

the normalized Walsh-Hadamard matrix. Because di is Rademacher distributed, the form of prior and
posterior in mcd proposed by Gal and Ghahramani (2016a,b) is inadequate. Therefore, we use the prior
pε (di) = N

(
di|d∗i , ε2INRF

)
with d∗i sampled from the Rademacher distribution and a small positive ε. The

posterior q (d) is also composed by two Gaussian distribution as in cnn+gp(rf)

q (di) =

NRF∏
j=1

q
(

[di]j

)
, where q

(
[di]j

)
= πdN

(
M[di]j

, σ2
)

+ (1− πd)N
(

[d∗i ]j , σ
2
)

(8)

with πd ∈ [0, 1] , σ2 ≈ 0 and Mdi
∈ RNRF . Following Gal and Ghahramani (2016a), we can approximate the

KL term between q (di) and p (di)

KL (q (di) ‖pε (di)) ≈
πd
2ε2
‖Mdi

− d∗i ‖2 (9)

In terms of implementation, we do not apply mcd to di − d∗i but on di directly. According to this choice,
each element in di is sampled based on the variational parameters Mdi−d∗

i
as in 10. Thanks to this trick,

the implementation of mcd scheme does not change for optimizing di

di =

{
Mdi−d∗

i
+ d∗i , with probability πd

d∗i , otherwise
(10)

In figure 1, we report some experimental results to illustrate the impact of optimizing di. For cifar10-LeNet
and cifar100-resnet, the optimization of sorf parameters outperforms the case where spectral frequencies
are fixed in terms of err, mnll and brier. In the case of cifar10-resnet, the gains are marginal.

2.3 Optimization for covariance parameters
When using 7 to optimize all variational parameters pertaining to q (W,Ψ,Ω) jointly with covariance θ
we encountered some instabilities, and therefore we decided to report results when fixing the covariance
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Figure 1: Impact of optimization of sorf parameters

parameters θ in our paper. For the case where Ω is not learned variationally we can simply draw Ω from
the prior N (Ω·j |0,Λ−1) and consider the reparameterization:

Ω·j = Λ−
1
2 ε, (11)

where εi ∼ N (εi|0, 1) (Lázaro-Gredilla et al., 2010). This reparameterization allows for the update of
covariance parameters θ fixing the randomness in the sampling from p(Ω|θ). The results comparing
cnn+gp(sorf) when updating or fixing θ throughout optimization are reported in table 1. It is interesting
to notice how fixing covariance parameters θ leads to comparable performance to the case where they are
learned.

Table 1: Results on the proposed cnn+gp(sorf) when fixing or learning covariance parameters θ. All
results were obtained on mnist, cifar10, and cifar100 without subsampling the data. Please refer to
table 1 in the main paper for details on the convolutional structure corresponding to SHALLOW and
DEEP.

SHALLOW DEEP

mnist cifar10 cifar10 cifar100

Metrics Fixed Learned Fixed Learned Fixed Learned Fixed Learned

err 0.006 0.005 0.203 0.192 0.113 0.115 0.352 0.359
mnll 0.018 0.018 0.610 0.584 0.348 0.355 1.264 1.287
ece 0.002 0.003 0.015 0.010 0.051 0.054 0.050 0.054
brier 0.009 0.008 0.288 0.271 0.170 0.173 0.466 0.478

3 Variational inference of filters in gpdnn

In this section we report results when applying variational inference on the weights in gpdnn (Bradshaw
et al., 2017). In order to do this, we implemented mcd for the convolutional parameters, similarly to what
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presented in the main paper for our cnn+gp(rf) model.

Table 2: Results on the proposed cnn+gp(sorf) vs gpdnn when inferring convolutional parameters us-
ing mcd. All results were obtained on mnist, cifar10, and cifar100 without subsampling the data.
Please refer to table 1 in the main paper for details on the convolutional structure corresponding to
SHALLOW and DEEP.

SHALLOW DEEP

mnist cifar10 cifar10 cifar100

Metrics cnn+gp(rf) gpdnn cnn+gp(rf) gpdnn cnn+gp(rf) gpdnn cnn+gp(rf) gpdnn

err 0.005 0.005 0.172 0.172 0.111 0.190 0.351 0.820
mnll 0.014 0.019 0.535 0.531 0.344 0.675 1.255 8.606
ece 0.004 0.005 0.012 0.012 0.051 0.036 0.050 0.527
brier 0.0071 0.008 0.245 0.244 0.168 0.278 0.466 1.268

The results in table 2 indicate that this improves the calibration and accuracy of gpdnn compared to
optimizing the filters. In the case of a shallow convolutional architecture, the performance of cnn+gp(rf)
and gpdnn are comparable, although in the deeper case cnn+gp(rf) achieves better performance. This
supports the intuition that inferring convolutional parameters, ranther than optimizing them, leads to
considerable improvements in calibration.

4 Reliability diagrams
In this section, we report the reliability diagram and histogram of predictive output for all methods with
various datasets, i.e cifar10 and cifar100 and convolutional architectures, i.e LeNet and resnet. We
use the best configuration for cgp according to the implementation released by the Authors. In each figure,
rows correspond with the dataset and convolutional architecture, while the column refer to the training size.
After the training phase, all models are evaluated on the entire testing set. The number of bins used to
draw the reliability diagram is 20.

In each subfigure, the dashed line indicates perfect calibration. The horizontal axis is the softmax output
ranging from 0 to 1. The vertical axis indicates accuracy rate for the red line or frequency for the green
bars. The red dot is the real average accuracy at each bin, while the line segments at the red dots refer to
the standard deviation of the accuracies. The green bar is the average frequency histogram at each bin of
softmax values. The experiments of gpdnn, cgp, mcd-cifar10-LeNet and cnn+gp(rf) are repeated
three times.

Having observed these figures, we see that regularizing convolutional filters has a huge impact on calibration.
From figures 2, 3, 4 and 5 we see that cnns and the previous combinations of gps and cnns are miscalibrated.
From figure 7 and 8, instead, we see that Bayesian cnns improve the reliability of the prediction, which is
comparable with post-calibration.

It seems that there is a correlation between the histogram of predictive output and the reliability line. When
the histogram is skewed to the right, the corresponding classifier is poorly calibrated.

Post calibration, mcd and cnn+gp(rf) (our method) are able to yeild calibrated classification.
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RELIABILITY DIAGRAM FOR CNN

Figure 2: Reliability diagrams for cnn

5 Visualization of Convolutional Filters
We investigate the impact of our approach on convolutional filters. In figure 9, we show the filters that
plain cnns, Bayesian cnns (with mcd) and our cnn+gp(rf) learn in the first and second convolutional
layer when applied to the cifar10 data set. The cnn in the experiment includes two convolutional layers
with depth of 16 and receptive field of 11× 11. The convolutional features are 4096-dimensional vector and
these features are fed into a fully connected layer with 256 hidden units. The number of random features
in cnn+gp(rf) is 256. Each row in the figure corresponds to an input channel, while each column is for
an output channel. The figure shows that cnn+gp(rf) learns filters that are similar to mcd, but quite
different to plain cnns.
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Figure 4: Reliability diagrams for cgp
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Figure 6: Reliability diagrams for cnn+cal
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Figure 7: Reliability diagrams for mcd
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Figure 8: Reliability diagrams for cnn+gp(rf)

CNN MCD CNN+GP(RF)

Figure 9: Visualization of the first and second convolutional filters of cnn, mcd and cnn+gp(rf)- ci-
far10 data set
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