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Abstract— In the context of caching in heterogeneous net-
works, the work explores the setting where a multi-antenna
transmitter (/Vo antennas), broadcasts to K receiving users, each
assisted by one of A < K helper nodes serving as limited-sized
caches. Our aim is to identify the limits of coded caching when
there are fewer caches than users (A < K), the interplay between
having fewer caches but more transmit antennas, and the impact
of non-uniformity where some caches serve more users than
others.

For a broad range of parameters, under the assumption of
uncoded cache placement, the work derives the exact optimal
worst-case delivery time (or equivalently, the optimal sum
degrees of freedom (DoF)), as a function of the cache sizes
and the user-to-cache association profile. This is achieved by
presenting an information-theoretic outer bound based on index
coding that adapts to user-to-cache association non-uniformities,
and an optimal caching-and-delivery scheme. The result reveals
the effect of these non-uniformities, and also reveals a powerful
effect of introducing a modest number of antennas and a modest
number of helper nodes; when A < K /Ny, adding a single degree
of cache-redundancy yields a caching-gain increase equal to Ny,
and similarly, adding antennas has a multiplicative DoF impact
where for example introducing a second transmit antenna can
double the DoF.

I. INTRODUCTION

A recent information theoretic exposition of the cache-
aided communication problem [2], has revealed the potential
of caching in allowing for the elusive scaling of networks,
where a limited amount of (bandwidth and time) resources
can conceivably suffice to serve an ever increasing number of
users. This exposition in [2] considered a single-stream broad-
cast channel (BC) scenario where a single-antenna transmitter
has access to a library of N files, and serves (via a single
bottleneck link) K receivers, each having a cache of size equal
to the size of M files.

In a normalized setting where the link has capacity 1 file
per unit of time, the work in [2] showed that any set of K
simultaneous requests can be served with normalized dela
(worst-case completion time) which is at most 7' = Ii:_l;(z
where v £ % denotes the normalized cache size. This implied
an ability to treat K + 1 users at a time; a number that is
often referred to as the cache-aided sum degrees of freedom
(DoF) dy, £ K(le'Y) , corresponding to a caching gain of Kvy
additional served users due to caching.

For this same single-bottleneck setting, this performance
was shown to be approximately optimal (cf. [2]), and under
the basic assumption of uncoded cache placement where
caches store uncoded content from the library, it was shown
to be exactly optimal (cf. [3], [4]). This coded caching was
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adapted for a variety of basic broadcast settings that include
uneven topologies [5], the erasure channel [6], [7], the MISO
BC with fading [8], see also [9]-[12].

Cache-aided heterogeneous networks: A next step was
to explore coded caching in the context of more involved
topologies, that better capture aspects of wireless networks.
Of particular interest are the so called heterogeneous net-
works where communication between the base station and
the receiving nodes, takes place in the presence of helper
nodes which can now serve as caches. This heterogeneous
topology nicely captures an evolution into denser networks
where many wireless access points work in conjunction with
bigger base stations, in order to better handle interference
and (when storage of data is allowed) in order to alleviate the
backhaul load by replacing backhaul capacity with storage
capacity at the communicating nodes.

The use of caching in such networks was famously explored
in the Femtocaching work in [14], where wireless receivers are
assisted by helper nodes of a limited cache size, whose main
role was to bring content closer to the users. A transition to
coded caching can be found in [15] which considered a similar
heterogeneous network, where one receiving user can have
access to a main base station (server) as well as to multiple
access points (multiple helper caches). In this context, under
mostly a uniform user-to-cache association, [15] proposes a
coded caching scheme which is shown to perform to within a
certain constant factor from the optimal. This uniform setting
is addressed also in [16], again for the single antenna case.

Notation: For n a positive integer, we will use [n] =
{1,2,...,n}, and we will use 2" to denote the power set of
[n]. The expressions «|S denote that integer « divides integer
B. We will use P(n,k) £ —2 and (}) £ (n%k'),k, If A
is a set, then |.A| will denote its cardinality. N will represent
the natural numbers. We will use Conuv(f(i)) to represent the
lower convex envelope of the points {(i, f(4))|é € [»] U {0}}
for some n € N. For n € N, we will use S,, to denote
the symmetric group of all permutations of [n]. To simplify
notation, we will also use such permutations = € S, on
vectors v € R™, where 7(v) will now represent the action
of the permutation matrix defined by 7, meaning that the first
element of 7(v) is v, (1) (the w(1) entry of v), the second is
Vr(2), and so on. (L) will denote the sorted version of L
in descending order.

II. SYSTEM MODEL

In this work, we consider a basic broadcast configuration
with a transmitting server having Ny transmitting antennas
and access to a library of N files W, ..., W of total size
2onevy /W = N units of ‘file’, where this transmitter
is connected via a broadcast link to K receiving users and
to A < K helper nodes that will serve as caches which
store content from the library. The communication process is
split into a) the cache-placement phase, b) the user-to-cache
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Fig. 1: Representation of the addressed problem (left) and a
system example with Ny = 2, K = 6, A = 3 (right)

assignment phase during which each user is associated to a
single cache, and ¢) the delivery phase.

a) Uncoded cache placement phase: During this phase,
helper nodes store content from the library without having
knowledge of the users’ requests. Each helper cache has size
M < N units of file, and no coding is applied to the content
stored at the helper caches; this corresponds to the common
case of uncoded cache placement. We denote by Z) the cache
content at helper node A € [A].

b) User-cache association: After the caches are filled,
each user is randomly assigned to exactly one helper
node/cache, from which it can download content at zero
cost. We denote by U the set of users associated to helper
node/cache A € [A]. The user-to-cache assignment is indepen-
dent of the cache content and independent of the file requests
to follow. The resulting user-to-cache association is described
by

L= (Lla ) LA)
where L, is the number of users associated to helper
node/cache A. Naturally >,y Ly = K.
c) Delivery: The delivery phase commences when each

user k =1,..., K requests from the transmitter, any one file
Wk dy, € [N] out of the N library files. Upon notification
of the entire demand vector d = (di,da,- - ,dk), the

transmitter aims to deliver the requested files, each to their
intended receiver, and the aim is to design a caching and
delivery scheme x that does so with limited (delivery phase)
duration 7'. For each transmission, the received signals at user
k, take the form

ye=hle+w, k=1,...,K 1)
where x € CNoX! denotes the transmitted vector satisfying a
power constraint E(||z||?) < P, where hj, € CNo*1 denotes
the channel of user k, and where wy represents unit-power
AWGN noise at receiver k. We will assume that P is high
(high SNR), we will assume perfect channel state information
throughout the (active) nodes, statistically symmetric fading,
and that each link (one antenna to one receiver) has capacity
log(SNR) + o(log(SNR)).

d) Performance measures: As in [2], T is the number of
time slots, per file served per user, needed to complete delivery
of any request vector'. We use T'(L, d, x) to define the delay
required by some caching-and-delivery scheme x to satisfy
demand d in the presence of a user-to-cache association vector
L. Our interest is in the regime of N > K where there are
more files than users.

IThe time scale is normalized such that one time slot corresponds to the
optimal amount of time needed to send a file from a single-antenna transmitter
to a single-antenna receiver, had there been no caching and no interference.

IIT. MAIN RESULTS

We first describe the main results for the single antenna
case, and then generalize to the multi-antenna case. The
outer bound encompasses the class of all caching-and-delivery
schemes x that employ uncoded cache placement under a
general sum cache constraint Zi\:l |Zx] = M which does
not necessarily impose an individual cache size constraint.
The outer bound also encompasses all scenarios that involve
a library of size >,y [W"| = N but where the file sizes
may be of different size. In the end, even though the actual
designed optimal scheme will consider an individual cache
size M and equal file sizes, the outer bound guarantees that
there cannot exist a scheme (even in settings with uneven
cache sizes or uneven file sizes) that exceeds the optimal
performance identified here.

For the single transmit antenna case, the optimal delivery
time takes the following form.

Theorem 1. In the K-user, single-antenna network with A
caches and cache-size vy, the optimal average delivery time
T* £ min, Eg maxq T(L,d, x) is

A—r

T =Epr {C’onv (Z:\:lA’Y L”"’(T)( Ay ) )}

A
(A’y)
for points v € {%, %, ..., 1}, where 7 is the permutation
that sorts L in descending order.

(@)

The lower bound proof is in Section IV, and due to lack
of space, the optimal scheme y is presented in [17]2.
Effect of user-to-cache association non-uniformity: One
can see that the different L can be split into classes

Sy 2 {n(L):Vr € S)}

where each class defines a different type of non-uniformity
in user-to-cache association®. To capture this effect of non-
uniformity, we will here describe the optimal average delay
for each type, by calculating

T*(Sz) £ minEres, mgXT(L, d,x)
X

representing the optimal delivery time averaged over the L of
a given type.

Corollary 1. Within any class Sr, the optimal T*(SL,) takes
the form

A—r

MM
T*(St) = Conv(zr_ (A )( )(M ))
Ay

3)

.1}

The lower bound proof is in Section IV, and the scheme is
in [17].

We proceed to extend the above to the multiple antenna
case.

at points v € {1, %,...

2For any given L, and any v € {%,%,...,1} the scheme
achieves a worst-case delivery time equal to maxq7T(L,d,x) =
A=A A—r
oo ! st(r)( Ay )

X which, when averaged over all possible L, gives the

Ay
optimal delay stated in the theorem. Whenever ~y ¢ {%, %, ..., 1} the lower
convex envelope of these points is achieved.
3We here emphasize that we consider set Sz, to accept repetitions, i.e., to
accept entries consisting of identical vectors. In that sense, note that |Sg| =
|Sa| = Al Repetition will occur whenever there will be caches populated
with the same number of users.



Theorem 2. In the Ny-antenna K-user MISO BC with A
caches of normalized size vy, the optimal delay for any Ny-
admissible class* Sy, is equal to

A—A~vy A—r
1 re1  Lrr
T*(SL)ZVOCOHU<Z ! (A)”(A’*)) “)

Ay

1}

€{lz
0 AN

which reveals a multiplicative gain of Ng with respect to the
single antenna case.

The lower bound proof is in Section IV, and the scheme
is in the long version [17]. An example of the scheme can
be found in Section V. The Nj-admissibility condition of
Theorem 2 has been relaxed in [1] for a broader range of
user-to-cache associations.

As a direct consequence of the above theorem, the fol-
lowing corollary provides, under the assumption of uncoded
cache placement, the exact optimal delay for the uniform case’
L= (% % . %)with Ny < X

AN A
Corollary 2. In the uniform case of L = (%, X, ... &) where
Ny < %, the optimal delay is
K1 -)
T(L) = ———%. 5
&) No(Ay+1) ®

The lower bound proof is in Section IV, and the scheme is
given in the long version [17].

IV. DERIVATION OF THE LOWER BOUND

In this section we develop an information theoretic lower
bound on the normalized delivery time

Eres, (m(fiixT(L,mx)) (6)
associated to any given user-cache association class Sy.
This will directly allow us to prove the results stated in
Theorem 1 and Theorem 2. The proof technique is based
on the breakthrough in [3] which — for the single stream
case with A = K — employed index coding to bound coded
caching performance. Part of the effort in our proof, will be
to adapt the index coding approach to account for having
shared caches, multiple antennas, and non-uniform user-to-
cache association. At this point we note that due to lack of
space, the proof is limited to the bare essentials. For a clearer
version of the proof, which includes explanatory examples,
we refer the reader to [17].

We will start by lower bounding the normalized delivery
time T'(L, d, x), for any user profile L, demand vector d and
a generic caching-delivery strategy x. The use of index coding
will be facilitated by reordering the demand vector d to take

the form d(L) 2 (duyy, -+ ,dyy, ), where dyy, is the vector of
indices of the files requested by the set of users U/ associated
to cache A.

4An L and its class St are Ng-admissible if the following three conditions
are met: i) Ly = Zle nyjA; VYA €e[A]L i) Aj €N, Ng < Aj <
2No ny,; € N, P € N, and iii) if ny j > nys ; then ny ;> nys i V5’ €
[P]. Part of what Np-admissibility controls is that the number of caches does
not exceed a certain threshold. For examgle, in the uniform case that follows,

Np-admissibility guarantees that A < Ng
SWe here assume that A|K.

The corresponding index coding problem: At this point
each requested file W% by each user Uy(j), can be
thought to be split into 2 disjoint subfiles Wf;“* @ T e 2lAl
where 7 C [A] indicates the set of helper nodes in which
the subfile W;iuw) is cached®. Transitioning from the coded
caching problem to the equivalent index coding problem, each
subfile W;iu*” ' can be thought to be requested by a user that
has as side information all the content Z, of helper node
A associated to the original (in the caching problem) user
Ux (7). Naturally no subfile of the form W;Uk(j), VT > A
is requested because (caching) user Uy (j) already has this
information. Therefore the corresponding index coding prob-
lem has K22~ users and it is represented by the so-called
side-information graph G = (Vg, £g), where Vg is the set of
vertices (nodes representing subfiles WTMW> , T #X) and &
is the set of direct edges of the graph. A directed edge from
node W:,i-”* @ to W;I,“/“') exists if and only if X € 7. This
graph G is defined by L, d, x, and the total delay T required
to serve all index coding users, is our desired T'(L, d, x). This
T is bounded in the following lemma.

Lemma 1. For the Ny-antenna MISO BC with side informa-
tion graph G = (Vg,&g), then

TZNLO Z [V]

veVy

holds for every acyclic induced subgraph J of G, where V7
denotes the set of nodes of the subgraph J and |v| is the size
of the message/subfile v.

The above draws from [18] (see also [19, Corollaryl] for
a simplified version), and it is easily proved in [17].

Creating large acyclic subgraphs: As we see, the above
bound requires the creation of (preferably large) acyclic
induced subgraphs of G. The following lemma will tell us
how to properly choose a set of nodes that induce a large
acyclic subgraph.

Lemma 2. An induced acyclic subgraph J of G corre-
sponding to the index coding problem is designed here to

d -
consist of subfiles WTM““)(J), J € [La,on]s YA € [A] for

PN

all T C [A]\ {rs(1),...,ws(N)} where wy € Sy is the

permutation such that Ly 1y > Ly (2) > ... 2 Lz (a)-
The proof of Lemma 2 is given in the long version [17].

Remark 1. Lemma 2 is an adaptation of [3, Lemma 1] to
our setting. The choice of the permutation ws is critical;
in our case, for each L,d,x, we pick this single ws that
forces larger (in comparison to other permutations) acyclic
subgraphs and thus yields a tighter (eventually optimal)
bound. This is different from [3], which instead considered a
set of all possible permutations, to ensure a certain symmetry
that is crucial to that proof, but which would dilute the non-
uniformity in St that we are capturing here.

Having chosen an acyclic subgraph according to Lemma 2,
we go back to Lemma 1 and form the following lower bound

®Notice that by considering a subpacketization based on the power set 2[4],
and by allowing for any possible size of these subfiles, the generality of the
result is preserved.



by adding the sizes of all subfiles associated to the chosen
acyclic graph.

T(L,d, x)

1t du, 1))
NO(Z 2y

Trs(1)
J=1 T ) CIAN{7ms (1)}

Lrga) Wdu”s(/\)<j)
+ 2 > Wrw )

J=1 Trg) CAN{7s(1),...,ms (A) }

>T'(L,d, x) £

@)
At this point we average over L € S, to get
A
T(SL7 X) = ELESL <H1aXT(L, da X))
(a)
(L.d, (®)
SR PIPILLLE
we L

which yields

(b)

T(SLaX) = P N K

DD A PR C)

dEch LeSt

where in the above, (a) is due to interchanging the max and
average operation and due to the worst-case delay assumption
where each d belongs to set D, consisting of requests
vectors with K different files. Finally (b) is due to having
|Dye| = P(N, K), |Sp| = Al, and due to combining (7) and
(8).

After applying (7), we can rewrite the double summation
in (9), to get

Z Z TEB(L,d,x) = (10)
deDuu‘ LeSL
Z Z Z ‘W';l—| Z Z 1y ST (WT)
i=0 ne[N] TC[A]:| T |=i deDy. LESL

Qi(W3)

where V e is the set of vertices in the acyclic subgraph
chosen according to Lemma 2 for a given d and L.

A crucial step towards removing the dependence on 7T,
comes from the fact that

Qi = Z Z Iy (L) WT)

d€Dy. LESL

A
=1

where we notice that the total number of times that a specific
subfile appears — in the summation in (10), over the set of all
possible d € D, L € S, and given the chosen permutation
ms — is not dependent on the subfile itself but is dependent
only on the number of caches ¢ = |7 storing that subfile.
The proof of (11) can be found in [17].

By considering z; £ ZHE[N] >_7Cal:|T|=i W] to be the
total amount of data stored in exactly ¢ helper nodes, and by
noting that

X P(K — I,LM(T) — (11)

12)

WeY Y S Wy

=0 ne[N] TC[A]:|T|=1

A
=0

we can combine (9), (10) and (11) to get

T(Sw.x (13)

- ZPNKA'

Now applying (11), after some manipulation, we get

A —A—i A—r A
1 >t Ly (1) 1 Zi,
T S N > — r= s 2 T, = — .
102 5 TR W 2 N
(14)
A—i A—r
where ¢; £ Troi e (1) decreases with i € {0,1,...,A}

()
(see [17)).

Under the file-size and cache-size constraints Zf\ 0Ti =
N, ZZ o tw; < KM respectively, (14) gives a lower bound
on the delay of any caching-and-delivery scheme x whose
caching policy implies a set of {x;}. We then employ the
Jensen’s-inequality based technique of [4, Proof of Lemma 2]
to minimize the above, over all admissible {z;}. First we see
that for any integer A~y, we get that

A— A’y A—r
1 L.,
T(SL7X) = NO Z (A) ( Ay ) (15)
Ay

and for all other values of A~, this is extended to its convex
lower envelop. The details of deriving (15) are found in [17].

The above concludes lower bounding
Eres, (maxqT(L,d, x)), for any scheme yx. Hence
the above automatically concludes the proof of
the lower bound part of Corollary 1, as well as

the proof of the
yielding T*(Sp) >

lower bound part for Theorem 2,
b Lm<r>(Af)> for

Ay

v €{%,%,...,1} which holds’ for any Sg.
For Corollary 2, we simply consider the uniform Sz, and
then apply Pascal’s triangle, while for Theorem 1, we directly

have that
M L) (AAJ)> .
(ay)

V. EXAMPLE OF SCHEME

1
N—OC’onv

T > Eg, Conv (Z

Due to lack of space, we describe the scheme for a specific
example case. The reader is referred to [17] for the general
description of the scheme and is encouraged to read [1] for an
improved version of the algorithm. Let K = 15, Ny =2, N =
15, and consider A = 3 helper caches of size M = 5 units of
file. We first split each file W™ in 3 equal parts W*, W3, W3,
and as in [2], each cache A stores W{, Vn € [15].

Let users U; = {1,2,...,8} be associated to helper node
1, users Us = {9,10,...,13} to helper node 2, and users
Us = {14,15} to helper node 3. This association implies L =
(8,5,2). Let us assume the demand vector d = (1,2, ..., 15).

The proposed optimal scheme will consider two rounds,
with the first one serving users R; = {1,2,9,10, 14,15}, and
the second serving users Ro = {3,4,5,6,7,8,11,12,13}. In
the first round, the 3 transmissions are:

L [wi wy

T{1,2,9,10) = H{11,2} {Wé] + H{9 10} {Wllo} (16)
o (W Wy

T{1,2,14,15) = H{11,2} [WQ} + H{14 15} {Wlf’} a7

_ WQ W14
2(9,10,14,15} = H{g{lo} [Wm] +H{14 15} |:W15:| (18)

"The outer bound does not need the Np-admissibility condition.



where H{_Z.lj} is the zero-forcing (ZF) precoder for the
channel Hy; ;3 = [h7h]] to users i and j. Hence
user 1, during the first transmission, receives y; = ng +

9
11 O]thH{—g1 10} {IYVV%O} +w; and simply caches-out W7 and
’ 1

Wi to decode W4. Similarly for the other users.

In the second round, each remaining subfile is split into
two parts as W = {Wp ,Wz,}. This round is split
into two sub-rounds, where the first sub-round serves users
3,4,5,11,12,13 and the second serves users 6, 7, 8. The first
3 transmissions for the first sub-round are

_W < ‘Wll'
I 51 —1 1,1
®(34,11,12) =H 5 4y Wiy +H 1 w3
s T (AL

yr—1 2,2 -1 1,2

@ 35,1118} =H 3 5y W3, +Hs w3
AT 2T

_pr-1 2,2 -1 1,2
®(a,5,12,13) =H 5, w3, +Hi 0 w3

each serving 4 users, while the rest, as seen below, are each
intended for 2 users.

w3 w3
_ -1 3, -1 392
T34} = H{3,4} {Wélj L35} = H{S,s} {ng}
Wi ey
-1 . 1 ,
113{4’5} = H{4,5} |:W§5§:| 213{11’12} = H{11712} |:W§'%:|

Wll W12
-1 -1
{113y = Hygy 1y [Wzl%] Ti2,13) = Hypy gy [Wilgﬂ

We can now easily verify that the intended users
3,4,5,11,12,13 can successfully decode. The last sub-round
serves users 6,7,8. These users cannot benefit from coded
multicasting because they share the same cache content, hence
ZF is applied as follows:
(W W _
-1 2,11"W31 _1g-1
Ti6,7} _H{6a7}[W;1|W;1 , 16,8} H{6,8}
- Wo o |WT
x —H! 22132l
{78} (7.8} [W28,2|W38,2
_1 1 1.q_21 *
Thze delay 1;:3-3—1—@9%—36—@, matches T*(Sg5,21) >
Silran(*y7) _ 82451 _21
6 6

2(3)

pER
W2,1|W3,1

from Theorem 2.

VI. CONCLUSIONS

The work further bridges the gap between realistic wireless
networks and coded caching, and is among the first to enlist
index coding as a means of providing (in this case, exact) outer
bounds for more involved cache-aided network topologies that
better capture aspects of cache-aided wireless networks, such
as shared caches and user-cache association non-uniformities.
These non-uniformities raised an interesting challenge in re-
designing outer bounds, as well as redesigning coded caching
which is generally known to thrive on symmetry. As we
have shown in this work, the non-uniformity of user-to-cache
association results in reduced DoF compared to the uniform
setting; the higher is the skewness of the users’ distribution
among the caches, the lower is the optimal achievable DoF.

A multiplicative relationship between caching gain and
multiplexing gain: One important conclusion is on the in-
terplay between the number of antennas and the number of
different caches. Focusing here on the uniform case where
each cache serves K /A users, this work revealed that as long
as No < K/A, the derived DoF is dyx. = No(1 + A7) (users
served at a time), thus revealing the powerful impact of adding

antennas; for example introducing a second transmit antenna
can double the DoF. This multiplicative effect comes in strong
contrast to the additive effect experienced in the standard
cache-aided BC setting where all K = A users have their
own cache, in which case, as we know from [20], adding one
antenna allows for one additional DoF.

Similarly, again assuming that A < K /N, directly tells us
that every time we add a single degree of cache-redundancy
(i.e., every time we increase Ay by one), we gain Ny degrees
of freedom. This is again in contrast to the case of A = K,
where again a unit increase in the cache redundancy yields
only one additional DoF. The above observations are further
evidence of the powerful impact of jointly introducing a
modest number of antennas and a modest number of helper
nodes.
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