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Abstract
Recent work by the authors presents a novel class

of signal space codes called Collision Resistant Mod-
ulations (CRM) for bandwidth e�cient transmis-
sion on a random access collision channel, as in
packet-radio applications. Results show that CRMs
achieve a signi�cant gain over traditional modula-
tion formats under a Slotted ALOHA protocol. In
this paper, we investigate the potentials of using
CRM under a partially ordered access protocol like
Packet Reservation Multiple Access (PRMA). A sys-
tem based on Reed-Solomon coded CRM is com-
pared with a more traditional system using the same
Reed-Solomon coding concatenated with simple one-
dimensional modulation schemes. Results show that
the proposed coded PRMA yields signi�cant im-
provements in terms of both blocking probability and
number of established calls (served users), at the ex-
penses of a slight increase in the average transmitted
power.

1 Introduction
Several coding techniques aimed at improving the

system performance of a wireless fading multiple ac-
cess channel have been proposed in the last years
[1, 2, 3, 4, 5]. These techniques allow to reduce the
negative impact of collisions on the system through-
put by exploiting channel coding error correcting ca-
pability. In [6, 7], the authors present a novel class
of signal space codes nicknamed Collision Resistant
Modulations (CRM). Results show that it is possible
to achieve a signi�cant gain by using CRM instead
of traditional modulation schemes under a Slotted
ALOHA protocol. The major advantage of this sig-
nal space coding over traditional coding schemes is
the fact that a coding gain is obtained with no band-
width increase for the transmission of redundant in-
formation.

In this paper, we investigate the potential ben-
e�ts of using CRMs in conjunction with more com-
plex MAC protocols that involve both random access
and collision free transmissions. A simple Markovian
model has been developed to evaluate the system
performance in the case of real-time voice transmis-
sion. Results show that the system performance can
be signi�cantly improved by careful use of CRMs,
even with partially ordered multiple access.

The paper is organized as follows. In Section 2
the access protocol is described; in Section 3 Colli-

sion Resistant Modulations are reviewed; in Section 4
an analytical model for the protocol is developed; �-
nally, a numerical example and conclusions are pre-
sented in Section 5.

2 MAC protocol description
We consider a population of Nu users access-

ing NW common subcarriers. Time is divided into
frames. Each frame comprises NT time slots for each
subcarrier. Then, Ns = NT � NW time-frequency
slots per frame are available for transmission. Each
slot can carry Ls elementary waveforms [8] for the
transmission of Ls real dimensions. According to
the \2WT -Theorem" [9], the total number of real
dimensions per frame is NsLs � 2WT , where T is
the frame time duration and W is the overall system
bandwidth.

Slots in each frame are dynamically partitioned in
two classes: reserved slots and random access slots.
Reserved slots can be accessed by a single user only
and are assigned from the base station to a particular
user after an explicit request. Random access slots
can be accessed in a random fashion by all the users
that have no reserved slots.

Considering voice services, we suppose that each
user, during each talk-spurt accesses a sequence of re-
served slots. At the end of every talk-spurt reserved
slots are released. Reservation requests are submit-
ted to the base station from users that become active
(i.e., at the beginning of each talk-spurt) by trans-
mitting on a random access slot the �rst voice packet.
The base station informs all users about the up-link
slot reservation state by transmitting some signaling
packets on the down-link channel. All the terminals
must keep an updated map of the slots state. The
above protocol is a possible implementation of the
PRMA [10].

In the following, we consider a slight generaliza-
tion of the above basic scheme involving coding and
interleaving. A (signal-space) code for the Gaus-
sian channel is simply a set X of sequences x of real
numbers of length n (block length). The code rate

is R = 1

n
log

2
jX j bit per real dimension. We as-

sume that users encode their information packets by
a given code X , so that each transmitted packet cor-
respond to a code word. Code words can be trans-
mitted over a single slot (in this case, Ls = n), or
interleaved over D slots (in this case, DLs = n).
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We observe that the performance of the protocol
at hand depends critically on the blocking probability
(BP), de�ned here as the probability that the �rst
packet of a talk-spurt is not received correctly. In
fact, if a blocking event occurs, no slots are reserved
for the transmission of the remaining packets and
the user must send the next packet on some random
access slot in the next frame, and so on. The result-
ing voice quality-of-service rapidly degrades as the
BP increases. Then, it is reasonable to protect the
�rst packet of each talk-spurt from collisions as much
as possible, by using coding and interleaving, while
in order to save bandwidth, less error protection is
needed for the packets transmitted on reserved slots,
since they must cope with noise (and fading) only,
and not with collisions.

Hence, we will consider a generalized coded and
interleaved PRMA protocol where users transmit
with a code X1 of length n1 = LsD overD slots when
accessing the channel (at the beginning of each talk-
spurt) and with a code X2 of length n2 = LsK over
K � D slots when transmitting over reserved slots
(i.e., during the talk-spurt if the �rst packet trans-
missionwas successful). Since the bit-rate is constant
and equal to Rb bit/s, the number of information bits
per code word must be equal for the two codes, i.e.,
log

2
jX1j = log

2
jX2j = RbT . Then, the two codes

have di�erent rates R1 = RbT=n1 and R2 = RbT=n2.
This is an example of variable-rate coding used in
conjunction with a MAC protocol. Generally speak-
ing, in wireless communications the protocol and the
user coding scheme should be jointly designed and
optimized.

3 Collision Resistant Modulation

We model the collision channel as an on-o� vector
channel

y = C(Gs+ n) (1)

where s = (s1; : : : sD)
T is the transmitted signal

vector (or \symbol") taken from a signal set S of
cardinality jSj in a D-dimensional Euclidean space,

n = (n1; : : :nD)
T is the additive white Gaussian

noise with ni � N (0; N0=2), y = (y1; : : : yD)
T is the

received signal, G = diag(g1; : : : gD) represents the
channel fading gains and C = diag(c1; : : : cD), with
ci 2 f0; 1g, is the collision pattern (a 0 represents a
collision). As it is apparent from (1), if a component
of s is transmitted over a collided slot it is erased.

We assume that the receiver has perfect channel
state information (CSI), i.e., it has perfect knowledge
ofC andG. The MaximumLikelihood (ML) decision
rule is obtained by minimizing, over all s 2 S, the
following modi�ed Euclidean distance

d
2

C
(s;y) =

DX

i=1

ci(yi � gisi)
2
: (2)

This corresponds to the minimum distance criterion
of the received point from the points of a signal
set S(C) in an l-dimensional Euclidean space, where
S(C) is the projection of S on the subspace gener-
ated by the l axes corresponding to the non zero ci's.
According to this detection criterium, to avoid sys-
tematic errors, we require that the points in S(C) are
all distinct. This observation leads to the following
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Figure 1: Example of CRM for D = 2 obtained by
rotation of a 4-PSK signal set.

De�nition | A Collision Resistant Modulation
(CRM) is a D-dimensional signal set S with the
property that any projection on any coordinate sub-
space is a signal set with the same number of distinct
points, i.e., jS(C)j = jSj for all non zero C. 2

Equivalently, the vectors in S must have all distinct
coordinates or, more precisely, the Hamming dis-
tance between any pair of vectors must be D. A
similar requirement is imposed in the design of high
diversity signal constellations for the fading channel
where the number of distinct components is called
modulation diversity [11, 12].

The construction of CRMs is discussed in [6, 7].
Here we provide only a simple two-dimensional ex-
ample (D = 2).

Example 1. | Rotated cubic constellations with
maximum diversity introduced in [12] are CRMs.
These constellations are obtained by applying a
particular rotation matrix to the vertices of a D-
dimensional hypercube in order to produce the
maximum possible modulation diversity. A two-
dimensional case is shown in Figure 1. 3

Channel coding schemes like TCM or BCM can
be constructed from CRM signal sets [7]. For sim-
plicity, here we consider the concatenation of a Reed-
Solomon (RS) code with CRM. Information packets
are encoded by the RS encoder. The resulting code
words are mapped onto sequences of CRM signals
by a simple binary labeling (e.g., Gray labeling of
the CRM signal points). On the receiving end, the
CRM signals are detected and the resulting sequence
of hard-decisions are passed to the RS decoder, which
implements simple t-error correcting algebraic de-
coding. In order to apply a CRM to the MAC proto-
col described in the previous section we assume that
di�erent components of the same D-dimensional sig-
nal are transmitted in di�erent slots. This guaran-
tees that collisions a�ecting di�erent components of
the same signal are statistically independent. Then,
the transmission of a CRM-modulated RS code word
needs D slots. Because of the properties of CRM, a
variable-rate coding scheme as described in Section 2
can be obtained simply by transmittingK � D com-
ponents of each signal. As the number of transmit-
ted components per signal decreases, the code rate
increases and its ability of coping with channel errors
diminishes. Hence, K must be chosen by trading-o�
spectral e�ciency with power e�ciency, as it will be



apparent from the examples of Section 5.

Example 1 (cont.). | We illustrate the use of

the CRM signal set of Fig. 1 with RS coding. Con-

sider the 2-error correcting RS code over GF(16) with

parameters (15; 11; 5). Its block length is 15 GF(16)

symbols, i.e., 60 bits. This corresponds to 30 CRM

signals per code word, or 60 real dimensions per code

word, since each 2-dimensional signal carries 2 bits.

Users transmit 2 slots of length Ls = 30 (slot 1 car-

ries all the �rst signal components and slot 2 carries

all the second signal components) at the beginning

of their talk-spurt and only 1 slot of the same length

(carrying only the �rst signal components) for the re-

maining packets in the talk-spurt, if reservation was

successful. The modulation format in each slot is the

projection of the signal points on the �rst or second

coordinate axis, which is a sort of 4-level pulse ampli-

tude modulation (4-PAM). Let E be the transmitted

average energy per dimension. Then, the average

transmitted power is given by

P = (f12LsE + f2LsE)=T

where f1 is the fraction of frames with random access

(�rst packet of a talk-spurt) and f2 is the fraction of

frames with reserved access. In normal operating

conditions, f1 � f2, so that the transmitted power

is determined essentially by the voice activity ratio

p = f1+f2 ' f2 (the fraction of time in which a user

is voice-active) and by the instantaneous transmitted

power during reserved slots, i.e., P ' pLsE=T . Fig. 2
shows the packet-error probability (PER) for this ex-

ample vs. Eb=N0 in AWGN (for the time being we

neglect the possible presence of fading), where the

energy per bit is given by Eb = P=Rb. The leftmost

curve refers to a random access packet where both

slots are not collided. The rightmost curve refers

either to a random access packet, where one slot is

collided, or to a reserved packet. In both cases, only

one slot is received and it is used for decoding. As-

suming a desired BP= 10
�2
, we must guarantee that

the PER is at least two orders of magnitude less, so

that the system performance is interference-limited

and not power-limited. From Fig. 2 we get an SNR

operating point of Eb=N0 � 12 dB for target PER

� 10
�4

with a single non-collided slot. The analy-

sis carried out here for this simple example can be

extended to more general D � 2 CRM signal sets

and RS codes. Results for a conceptually similar,

but more complicated example, will be illustrated in

Section 5. 3

4 The Markovian model

In this section we describe the Markovian model

that we used for evaluating the system performance.

We consider a voice environment and suppose that

the voice activity process of the terminals during a

call can be modeled by a two state Markov chain,

whose states are labeled as on-state and o�-state.

During the o�-state the terminal is silent, no voice

packets are emitted; during the on-state (i.e a talk-

spurt) voice packets are emitted at a �xed rate (e.g.,

one in each frame). The transition probabilities

between the two states are denoted by pon!o� and

po�!on.

When a terminal switches from the o� to the on-

state, it transmits the �rst voice packet of the talk-
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Figure 2: PER over a Gaussian channel for dif-

ferent numbers of collisions, for the RS-encoded 2-

dimensional CRM scheme with D = 2 and K = 1 of

Example 1.

spurt by �lling D non reserved slots of the �rst in-

coming frame. The transmitted packet is interpreted

by the base station as a reservation request. If the

base station is able to \correctly" decode the trans-

mitted information (i.e., at leastK non collided com-

ponents are received by the base station
1
) starting

from the following frame K slots will be reserved to

the terminal for the following voice packet transmis-

sions.

If more than K collisions occur the base station

is not able to reserve any slot. As a consequence,

also the following voice-packet of the talk-spurt will

be transmitted on non reserved slots. The terminal

will go on in transmitting packets using non reserved

slots until it will manage to successfully transmit a

packet.

When the terminal switches to the o�-state, it sig-

nals the base station to release the reserved slot by

using the last incoming reserved slot.

We model the voice activity dynamic and the slot

reservation dynamic of Nu calling terminals. For

this purpose, we use a discrete time Markov chain

whose state descriptor is a pair of integers (i; j), with

0 � i � Nu and 0 � j � Nr = min(Nu; bNs=Kc)
and j � i, representing, respectively, the number of

active terminals (i.e., the number of terminals in the

on-state) and the number of reserved slots (i.e., num-

ber of terminals to whom a slot has been reserved).

Transitions probabilities from state (i; j) ! (k; l)

are given by:

pij!kl =

x�min(Nna;i)X

x=0

y�min(x;j)X

y=max(0;x��)

pa(� + x;Nna)�

pd(y; j)pd(x � y; �)pr(� + y; � + y;Nf + y)

for k � i, while for k < i:

pij!kl =

x�min(Nna;i)X

x=0

y�min(x+�;j)X

y=max(0;x��+�)

pa(x;Nna)�

1We neglect the noise e�ects since the system works at a

SNR operatingpoint so that the PER is negligiblewith respect

to BP if at least K non collided components are received.



pd(y; j)pd(x� y + �; �)pr(� + y; � + y;Nf + y)

where:

pa(x; y) =

�
y

x

�
p
x
o�!on

(1� po�!on)
y�x

is the activation probability and represents the prob-
ability that x among y non active terminals switch
from o� to on-state,

pd(x; y) =

�
y

x

�
p
x
on!o�

(1� pon!o�)
y�x

is the deactivation probability and represents the
probability that x among y active terminals switch
from on to o� state,

pl(x; y; z) =

� �
y
x

�
psucc(y; z)x[1� psucc(y; z)]y�x x � 0; y � 0

0 otherwise

is the reservation probability and represents the
probability that x packets will be successfully trans-
mitted among the y packets transmitted in the z

random access slots, where psucc(y; z) is the proba-
bility that the transmitted information arrives not
corrupted at the receiver (i.e at least K components
are non collided):

psucc(y; z) =
i=DX
i=K

�
D

i

�
(1 � pcol(y; x))

i
pcol(y; z)

D�i

where pcol(y; z) represents the collision probability
for each transmitted component:

pcol(y; z) =

�
1�

D

z

�D(y�1)

Additionally we have set:

Nna = Nu � i non active terminals
� = i� j active non allocated terminals
� = jk� ij change of active terminals
� = k � j minimum number

of contending terminals
� = l � j di�erence in allocated slots

between two successive frames
Nf = Ns � j free slots

5 Results and conclusions

In this section we present numerical results show-
ing some remarkable performance improvements ob-
tained by CRMs over conventional 1-dimensional
modulation schemes. Most of the presented results
were obtained by means the analytical Markovian
approach described in the previous section. A sim-
ulation tool was also developed to validate the ana-
lytical model. The simulation and analytical results
are in a very good agreement. For brevity, we report
only some of the simulation results, however analyt-
ical results always fall within the simulation con�-
dence interval that was �xed at 10% (the con�dence
level was �xed at 0.99).
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Baseline conventional system. We assume data
packets are 55 bytes long (two bytes of Wireless MAC
control header and 53 bytes of payload, as in a wire-
less ATM application). Data packets are encoded
by a (77; 55; 23) Reed-Solomon code over GF (256)
(each RS symbol is represented by a 8-tuple of bits,
i.e., it can be considered as a byte). The simple
1-dimensional modulation formats considered here
are 2-PAM, 4-PAM and 16-PAM, carrying 1,2 and 4
bit/dimension. Each RS code word is mapped onto
a sequence of 1-dimensional signals by Gray labeling
and transmitted over a single slot for both random
access packets and reserved packets (D = K = 1).
The resulting slot lengths are Ls = 8 � 77, 4 � 77
and 2� 77 for 2-PAM, 4-PAM and 16-PAM, respec-
tively. We consider systems with the same 2WT

product. The number of slots in the 2-PAM case

is N
(2)

s = 2WT=(8� 77). This was set to 40 in our
examples. The number of slots in the case of 4-PAM

and 16-PAM is then N
(4)

s = 80 and N
(16)

s = 160,
respectively.

Fig. 3 shows the PER vs. Eb=N0 for the RS en-
coded 2-PAM, 4-PAM and 16-PAM over reserved
slots or, equivalently, over non-collided random ac-
cess slots. From these curves, for desired PER at
10�4 we get the SNR operating points of the three
conventional systems approximately at 7 dB, 10.5 dB
and 19 dB, respectively.

System based on CRM. In this case, the RS
code is the same of before but the RS code words are
mapped onto sequences of D = 4-dimensional sig-
nals from a CRM signal set with 16 points presented
in [7]. Each signal carries 4 bits, for the same spec-
tral e�ciency of 2-PAM, i.e., 1 bit/dimension. The
number of signals per code word is 2�77, since each
byte is mapped onto a pair of signals. The result-
ing block length is 8� 77 real dimensions. As illus-
trated previously, our scheme uses 4 slots of length
Ls = 2 � 77 for each random access packet, while it
uses only K � 4 slots of the same length for reserved
packets. The number K of slots to be used depends
on the desired PER and SNR operating point.

Fig. 4 shows the PER vs. Eb=N0 for K = 1; 2; 3; 4
of the proposed scheme. Notice that the PER for a
given K is also the PER of a random access packet
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where D �K slots are collided. Then, by �xing the
operating point so that K slots are su�cient to meet
the PER target, our system can a�ord D �K colli-
sions on the random access slots without su�ering a
blocking event. This explains intuitively the poten-
tial gain of this method over conventional schemes.
For target PER at 10�4 we obtain the required SNRs
of 7 dB, 8 dB, 12 dB and 19 dB for K = 4; 3; 2; 1 re-
spectively.

As measure of the system performance we chose
the blocking probability for admitted calls, i.e the
probability that the base station is not able to re-
serve slots to a terminal that has switched from the
silent period to the talk period because of a bad recep-
tion of the data packet transmitted on a contention
slot, or because of the lack of available channel band-
width. The average period talk-spurt is set to 50
frames where the frames are supposed to last a 20
ms. The mean duration of the talk-spurts is 1s and
the average silent period is instead set to 100 frames.
As a consequence pon!o� = 0:02, and po�!on = 0:01.

In Table 1 the blocking probability for an ordi-
nary 2-PAM modulation is reported. Results shown
in the �rst column were provided by the analytical
model described above; the results obtained by sim-
ulation are reported in the second column for valida-
tion. In Table 2, instead, the blocking probability for
a 4D-4-CRM system (a 4D-CRM in which K = 4)
is reported. Both systems operate at 7dB of SNR,
however the traditional 2-PAM based system allows
a larger number (about 60) to be accommodated by

keeping the BP lower than 10�2. The use of CRM
modulation, in this case, does not bring any bene-
�t, on the contrary it leads to a waste of the system
bandwidth.

If a 4D-3-CRM (i.e., a 4D-CRM system in which
K = 3) system is used, however, up 88 users can be
accommodated in the system (see Table 3). As al-
ready said, the 4D-3-CRM operates at 8 dB of SNR,
as a consequence, a really signi�cant improvement
of the system throughput can be achieved by using
a 4D-3-CRM instead of a 2-PAM modulation at the
cost of a power penalty of just 1 dB.

In the �rst column of Table 4, the blocking
probabilities are shown, for the 4D-2-CRM modu-
lation where only two di�erent components of a 4-

dimensional CRM symbol, are transmitted by each
user on reserved slots (K = 2). In the second column
of Table 4 results are shown for a system in which a
4-PAM modulation is used. The spectral e�ciency
of both systems is the same (we refer to packet trans-
mission on reserved slots). Also in this case a larger
throughput (150 users instead of less than 110) can
be achieved by using 4D-2-CRM instead of a 4-PAM
modulation. To this end, about 2 dB power penalty
(12 dB against 10 dB) must be paid.

In the �rst column of Table 5, �nally, are shown
the blocking probabilities for the 4D-1-CRM modu-
lation where only one component of a 4-dimensional
CRM symbol, is transmitted by each user on reserved
slots (K = 1).

In the second column of Table 5 results are shown
for a system in which a 16-PAM modulation is used.
Also in this case a larger throughput (300 users
against less than 220) can be achieved by using 4D-
1-CRM instead than a 16-PAM modulation. In this
case no power penalty must be paid in this case (19
dB for both systems are needed).

The above results show that adaptive CRM
schemes are an e�ective technique to increase the sys-
tem capacity at no expense of bandwidth. The only
price to pay is an additional demodulator complexity
which needs to process higher dimensional symbols
and a moderately larger power consumption in some
cases.

We conclude by addressing some directions of re-
search. i) First of all we are currently investigating
the case of fading. Some preliminary results show
that the high modulation diversity which is implicit
in the CRMs provides good performance over the
fading channel. In fact the receiver can consider a
deep fade in a slot just like a collision and erase it. ii)
In this work we have implicitly assumed that power
control keeps all the users at the same SNR. An in-
teresting case to analyze is when no power control
is added and the capture e�ect is considered. iii)
Another possibility to be analyzed in the absence
of power control is a di�erent adaptive scheme de-
pendent on each user SNR's, i.e., users with high
SNR transmit only one dimension of the CRM and
users with low SNR transmit more components ac-
cordingly. This variable-rate coding scheme replaces
the power control one.

Nu BP BP by symul.
45 0.006129 0.006087
50 0.007396 0.007381
55 0.008892 0.009010
60 0:010693 0:010167
65 0:012924 0:012812
70 0:015862 0:016034
75 0:020325 0:021345

Table 1: Blocking probability for an ordinary 2-PAM
modulation
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