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Abstract : Subspace fitting has become a well known method to identify FIR Single Input Multiple Output (SIMO)
systems, only resorting to second-order statistics. The main drawback of this method is its computational cost, due to
the eigendecomposition of the sample covariance matrix. We propose a scheme that solves the subspace fitting problem
without using the eigendecomposition of the cited matrix. The approach is based on the observation that the signal
subspace is also the column space of the noise-free covariance matrix. We suggest a two-step procedure. In the first step,
the column space is generated by arbitrary combinations of the columns. In the second step, this column space estimate
is refined by optimally combining the columns using the channel estimate resulting from the first step. Our method only
requires computation of two eigenvectors of a small matrix and of two projection matrices, although yielding the same
performance as the usual subspace fitting.

1. INTRODUCTION 2. DATA MODEL

We consider a communication system with one emit-
ter and a receiver consisting of an arrayléfantennas.
The received signals are oversampled by a factevr.r.t.
the symbol rate. We furthermore consider linear digital
modulation over a linear channel with additive noise, so
that the received signglt) = [y1(?) . .. yar (¢)]7 has the
following form

y(t) = _h(t — kT)a(k) + v(1)

Subspace fitting algorithms have been applied to the
multi-channel identification problem. In [8], it was
shown that oversampled and/or multiple antenna re-
ceived signals may be modeled as low rank processes
and thus lend themselves to subspace methods, exploit-
ing the orthogonality property between the noise sub-
space of the covariance matrix and the convolution ma-
trix of the channel. Recent papers [1] [10] provide per-
formance analysis of these methods. The huge major-
ity of algorithms recently pposed to perform subspace
fitting resort to SVD (singular value decomposition),  \yhereq() are the transmitted symbolg, is the symbol
which make them of little use for real-time implemen-  perjod anch(t) = [h1(t) ... ha(t)]T is the channel im-
tations. On the other hand, literature on other, computa- pulse response. The channel is assumed to be FIR with
tionally less demanding rank revealing decompositions durationN7T". If the received signals are oversampled at
[3] has lead to some fast subspace estimation methods the rate7, the discrete input-output relationship can be
(see a.0. [5]). The usual scheme is to use a rank reveal- Written as :

ing decomposition (the SVD being the best, but the less
cost-effective one) to determine the so called signal sub-
space. Possible candidates for this decoritiposare the
URV decomposition, the rank revealing QR decomposi-
tion and the HQR factorization in a Schur-type method Where

N—-1

y(k) =Y h(ia(k — i) + V(k) = HAx (k) + (k)

1=0

(see [5] and references therein). yk) = YEDPy(,T + 57)7 . y(kT + 520) "),
h(k) = [hWET)"h(ET + 27 h(kT + =247,

Recently, using the circularity property of the noise
in a real symbol constellation based communication sys-
tem, Kristensson, Ottersten and Slock proposed in [6]
an alternative subspace fitting algorithm. In this paper,
we show that this method can be used in the general
case, leading to a consistent estimate, and that the per-
formance is similar to that of the usual subspace fitting
algorithms. Our method does not require the eigende-

v(k) = V(D) PV(KT + )7 L ov(kT + 221y H]H

H = [h(0),...,h(N=1)] and An(k)
[a(kT)...a((k—N+1)T)], superscript’ denoting con-

I jugate transpose. So we get a SIMO system witin

channels. We consider additive temporally and spatially

white Gaussian circular noisgk) with ro,(k — 7)

E{v(k)v(i)?} = o02lpmdi;. Assume we receive

composition of the covariance matrix. Nevertheless, as
in the usual subspace fitting method, the computation of
a projection matrix is required which may remain com-
putationally demanding. Although we do not discuss this
topic in detail here, fast algorithms can be used to allevi-
ate this problem. In this paper, we consider the channel
identification problem, but the ideas presented here ap-
ply to any subspace fitting problem.

samples :

Yi(k) = To(H)ALyn-1(k) + Vi(k)
where7z(H) is the convolution matrix oH, Y (k) =
[y (k) ---y? (k- L+1)] and similarly forV (k). In
an obvious shorthand notation, we will use the following
expression :

Y=HA+V.
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We assume thatM L > L + N — 1, so that the con-
volution matrix X is “tall” and we assumé{ to have
full column rank (which leads to the usual identifiability
conditions). The covariance matrix @fis

Ryy = E{YY#} = HR 4 H" + 021
3. SUBSPACE FITTING

3.1. Signal Subspace Fitting

One can write the eigendecomposition of the co-
variance matrixRy y E{YY#} = VsAsVE +
VNANVﬁ in which Vs has the same dimensionsHs
andAy = ¢Zl. The signal subspace can be expressed
as:

rangdVs} = rangd #}

We can then formulate the classical subspace fitting
problem :

min ||H — VsQ||%

na I ||z

)

SinceV y spans the noise subspace, this leads to

LMm
minH' [ S T (VT (VI | i
H i=D+

whereV; is columni of V = [VsVy], Dt = N+ L and
superscript denotes the transposition of the blocks of a
block matrix. Under constraiffH|| = 1, A’ is then the
eigenvector corresponding to the minimum eigenvalue of
the matrix between the brackets. One can lower the com-
putational burden by usin+ > N + L, loosing some
performance (see a.o. [7],[9)]).

Obviously, the projection on the noise subspace sat-
isfies :

Py, = P\L,S =1 Py, =1-Vs(V§Vs)~'V{
which leads to the equivalent maximization :

Dt-1

S TV T (VI | I
i=1

max H?

H

3.2. Noise Subspace Fitting

Similarly to signal subspace fitting/ y spans the
noise subspace afnd” (H*) spans most of it, wherd -
is such thaHT(2)y(k) = 0 andHT(z) = H7(1/2%)
(for more details, see [2]). Hence, the following noise
subspace fitting (NSF) can be introduced :

. H 1 2
nis [T#(HH)-VNQ|, 1)
4. ALTERNATIVE SIGNAL SUBSPACE FITTING

4.1. The method
In the absence of noise, we have :

Ryy = HRAAHT = R=VsAVE + VAL VE

whereAs = As — o2l andAy = 0. From this expres-
sion, we observe that the column space#/adndR are

the same, leading us to introduce the following subspace
fitting criterion :

min ||# — RBQ||? 2
He | I )

)

where||.||r denotes Frobenius norm aftlis a consis-
tent estimate oR. The matrixB has the same dimen-
sions asi and is fixed; we will see later how its choice
influences the performance. Note that the range ef

RB provides an estimate for the signal subspace. We can
takeR asR = Ryy —35| = Ryy —/\mm(Ryy)| where
Amin (.) denotes the minimum eigenvalue (a rank reveal-
ing decomposition 0Ryy — Amin (Ryy)l would lead

to a better estimate d?). We note that the simulations
below show that even simpRR = Ryy can work well
also. The criterion (2) is separable thand Q. Mini-
mizing w.r.t.Q first yields

Q= (F'R)~'Fix.
Substitutionin (2) yields :

nﬁnnp,é%n% = nﬁn trace { " PEH} .

With the constrainf|H|| = 1, we get:
H= arg Iﬁ'laX { trace {HHPFH} = Ht}"HHt}
[1H]=1

whereF is a sum of submatrices of block si2éof Pg.
The solution is thu¥,, ., (F), the eigenvector of cor-
responding to\,q. (F). Given thatR = HR4aH,

not every choice foB is acceptable. For instance, if
the columns oB are in the noise subspace, then= 0

for R = R. Intuitively, the best choice fdB should be

B = #, which corresponds to matched filteritg’ with

H (postmultiplication ofB with a square non-singular
matrix does not change anything since that matrix can
be absorbed iQ). These considerations lead to the fol-
lowing two-step procedure

step 1: at first, B is chosen to be a fairly arbitrary se-
lection matrix. The first step yields a consistent channel
estimate (if# " B is non-singular).

step 2: in this step, the consistent channel estimate of
the first step is used to forf¥ and we solve (2) again,
but now withB = H.

For the first step, for instance the choiB& = [I (]
leads to something that is quite closely related to the
“rectangular Pisarenko” method of Fuchs [4]. We found
however that 8 of the same block Toeplitz form &4

but filled with a randomly generated channel works fairly
well (this choice will be the one used in the simulations).

4.2. Asymptotics: exact estimation

Aymptotically, R R. We getF = RB
HR 44 HTB. AssumingR 44 > 0, then if % B is non-
singular, we get

3)

If furthermore we have a consistent channel estimate,
then we can take asymptoticall/ = #. In that case,

PF:PH:PVQ'



the use oR = Ryy and hencd- = Ryy# also leads
to (3). Pursuing this issue further, and applying a per-
turbation analysis similar to the one hereunder, we will
have a consistent estimate of the channel With Ry y
as SNR> co.

4.3. Perturbation analysis

For the first step of the algorithm, we get a consis-
tent channel estimate % B is non-singular. We can
furthermore pursue the following asymptotic (first order
perturbation) analysis.This analysis is based on the per-
turbation analysis of a projection matrix.Af= F+ AF,

then up to first order in\F, Pe =Pp+ APE where

APE = 25ym (Pg AF (F7F)~'F) 4
where2Sym(X) = X4+X*.

a. Optimality of B =

LetR = R+ AR, then using the eigendecomposition
of R, we get up to first order

AR=AVs A VE 4 Vg AN VE £ VoA, AVE
+AVN Ay VE + Vi AN VE +Vy Ay AVE

Let B = VsBs + VyBy where we assumBgs non-
singular. Then using = RB leads to

AP = 28ym (Py,, [AV AL+ Vy ANy BNBS
(V)™ R ()~

This shows thaBy = 0 is optimal.
b. Asymptotic equivalence of the two SSF
UsmgF = (Ryy — /\mm(Ryy) )7{ with Ryy and
# consistent estimates, one can show thét- is the
same as Wit = V5. Hence we get up to first order

P ~ =

= P~
(Ryy— Amm(Ryy)U’H

P~
(Ryy—o'gl) Vq

This shows that the alternative signal subspace fitting
method gives asymptotically exactly the same perfor-

mance as the original SSF method. Furthermore, as long

as consistent estimates are usedfpand#, the corre-
sponding estimation errors have no influence up to first
order.

c¢. Simplified method R

When we use simplf = Ryy 7, then we get

APE = 2Sym(Py _ (AVs + AH(VIH) T ANAG") VE)

The use ofRyy instead ofR leads to the appearance
of the second term, the relative importance of which is
proportional toA y A5 *. Hence this term is negligible at
high SNR.

5. ALTERNATIVE NOISE SUBSPACE FITTING

Another possibility to formulate the NSF criterion is :

mm (5)

2
R
YY F

‘T

where the matrix square-root is of the fonﬁéy =

VsAZQ for some unitaryQ. This NSF criterion can be
written asminyy of

JREy Ryfy T(HH) )
=tr{7T(HY)Ryy T (HH)}
Itf{HL( e 1RYY(/<7)) HHY
= (M=N+Dtr{H*RyyHL}

tr{7(Ht
(6)

Furthermore, it is possible to write this NSF criterion as
minH? BH .
H

This coincides with the Subchannel Response Matching
(SRM) formula in [2]. This proves that the noise sub-
space fitting problem given by (5) is nearly equivalent to

the SRM problem, apart from a weighting matnix, .

6. SIMULATIONS

6.1 Signal Subspace fitting

In our simulations, we use a randomly generated real
channel of length 6T, an oversampling factorof= 1
andM = 3 antennas. We draw the NRMSE of the chan-
nel, defined as

100
1 @
NRMSE= 1OOZ||H _H||F/||H||F

WhereH(l) is the estimated channel in tHE trial.

The SNR is defined a§|H||*c2)/(mMc2). The
correlation matrix is calculated from a burst of 100
QAM-4 symbols. For these simulations, we used 100
Monte-Carlo runs.

We draw the NRMSE for the first step of the al-
gorithm, the second step and the subspace fitting with
eigendecomposition.

These curves show that the proposed algorithm
yields the same performance as the subspace fitting al-
gorithm with eigendecomposition (even slightly better
at low SNR, but this is not relevant). It is to note
that we made the simulation usif®yy and Ryy —
Amin (Ryy)l, which gives the same performance.
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Figure 1: Subspace Fitting performance



Furthermore, we also include the NRMSE of channel

the eigendecomposition-free approach to the original

estimate when using a perfect estimated covariance for method. This equivalence was confirmed by simulation

the two steps. Comparison of the two graphs illustrates

results. Further work should explore different rank re-

the preponderance of the covariance estimation error on vealing decompositions that can improve the finite sam-

the channel estimation error.

Channel NRMSE with Perfect estimation of the covariance matrix
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Figure 2: Subspace Fitting performance

6.2 Noise Subspace fitting

In these simulations, we use a randomly generated
complex channel of length 3T, an oversampling factor of
m = 1 andM = 3 antennas and 300 Monte-Carlo runs.

In the figure hereunder, we plot the curves corre-
sponding to NMSE versus SNR using the NSF technique

with Réy replaced byRyy. We also plot the normal-
ized deterministic Cramer-Rao bound [9]. The obtained
curves are identical to SRM curves. In order to study
the influence of noise, on NSF performance, we con-
sider NMSE Computed Witﬁyy, IA?YY — /\mm(ﬁyyﬂ
andRyy — o2I: the obtained curves are superimposed
which shows that noise has little influence on NSF (note

that this was to be expected since the considered NSF is [6]

equivalent to SRM and it is well known that usiRg y
or Ryy — al leads to same performance for SRM).

2
wCRBy/|IHI”

10k 9" Ryy .
1 Ryy = Apinl
o B 2
X Ryy —agl

10° I I I I
5 10 15 20 25 30
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Figure 3: NSF performance

7. CONCLUSIONS

We have proposed a new two-step algorithm for
solving the signal subspace fitting problem, in the
channel identification context, which is computation-
ally less demanding than the usual algorithms. Per-
turbation analysis shows the asymptotic equivalence of

ple performance and explore fast algorithms for the cal-
culation of the projection matrix and associated perfor-
mance if degraded. Continuing our investigations for
the noise subspace fitting, we found a tight link between
noise subspace fitting and SRM.
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