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Abstract—Partial frequency reuse (PFR) is one of the key
techniques to improve max-min fairness for cell-edge user equip-
ments in the fourth generation of mobile communication systems.
Recently, multi-layer PFR schemes have been proposed, which
are considered to be a promising evolution of this technique. In
this article, we propose an analytical framework for multi-layer
PFR scheme design, which uses a triplet to completely describe a
given PFR scheme. Then, closed-form expressions of the average
spatial capacities of certain typical regions of a cell are derived.
Based on a comprehensive analysis using this framework, a novel
multi-layer PFR scheme is designed, which divides each cell
into inner, middle, and outer layers, with two homolographic
sublayers for the middle layer. Reuse factors for the three layers
are 1, 3/2, and 3, respectively, and an orthogonal division of the
spectrum among different layers is guaranteed. Based on our
numerical results, this novel scheme outperforms the traditional
2-layer PFR scheme in max-min fairness without degrading the
average spatial capacity. Compared with several representative
multi-layer PFR schemes, it achieves a better tradeoff between
these two metrics.

Index Terms—Partial frequency reuse; max-min fairness; ave-
rage spatial capacity; inter-cell interference; mobile communica-
tion system

I. Introduction
In the first and the second generations of mobile communi-

cation systems, the whole space was divided into multiple cells
with frequency reuse techniques to improve the system’s ave-
rage spatial capacity. The original frequency reuse technique,
called hard frequency reuse, divides the whole spectrum into
multiple sub-bands based on the reuse factor and frequency
division pattern [1]. If each of the adjacent cells uses the
whole spectrum, the scheme is called reuse-1. User equipments
(UEs) on the edge of each cell suffer from serious inter-
cell interference (ICI) in reuse-1, because they are far from
their own base stations (BSs) but close to the adjacent ones.
By contrast, reuse-3 divides the whole spectrum into 3 sub-
bands and assigns different sub-bands in adjacent cells, which
decreases ICI but also spectrum utilization [2].

In the third generation, frequency reuse techniques were
not obviously improved due to the usage of code division
techniques. In the fourth generation (4G), code division was
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replaced by orthogonal frequency division multiple access
(OFDMA), and modern frequency reuse schemes with a
compound reuse factor between 1 and 3 were developed to
achieve a tradeoff between reuse-1 and reuse-3 [3], which was
considered as one of the key techniques for 4G. Since the
fifth generation (5G) mobile communication system requires
extremely large improvement for the network traffic volume
density and user quality of experience, this new frequency
reuse technique may coexist and integrate with heterogeneous
cellular networks (HCNs), coordinated multi-point transmis-
sion, and interference alignment, making it also a promising
option for 5G radio resource management (RRM) [4], [5].

Modern frequency reuse schemes [6], [7] include partial
frequency reuse (PFR), soft frequency reuse (SFR), flexible
fractional frequency reuse (FFFR), sectorized fractional fre-
quency reuse (SFFR), etc. The traditional PFR scheme divides
each cell into an inner and an outer layer consisting of a disc
and a ring with a BS as their centers, respectively. The whole
spectrum is divided into four sub-bands: one sub-band is used
by all the inner layers and the remaining three sub-bands are
used by outer layers, in a way that no adjacent cells use the
same sub-band for their outer layers. Therefore, reuse factors
for inner and outer layers are 1 and 3, respectively, achieving
lower ICI for the outer layers than reuse-1 [8].

The traditional SFR scheme also divides each cell into an
inner and an outer layer, but the whole spectrum is divided
into three sub-bands instead of four. For each cell, two sub-
bands are used for the inner layer while the other sub-band
for the outer layer, in a way that no adjacent cells use the
same sub-band for their outer layers. Although each outer
layer uses the same sub-band with the inner layers of its
adjacent cells, ICI is mitigated to a tolerable level by using
higher transmission power for outer layers than for inner layers
[9]. Different from the above schemes, FFFR does not fix
frequency reuse patterns for outer layers. Instead, it requires
a completely flexible optimization so that the performance of
UEs in the outer layers can be improved [10]. SFFR divides
each cell into inner and outer layers and further divides the
outer layers into sectors. Taking the 3-sector SFFR scheme as
an example, the spectrum is divided into 3 sub-bands for the
3 sectors, respectively [11].

To sum up, these modern frequency reuse schemes usually
have compound reuse factors between 1 and 3, which usually
improve the max-min fairness significantly. PFR schemes
outperform previous schemes significantly in terms of max-
min fairness thanks to their rational tradeoff between the ICI



and the spectrum utilization [12]. However, as shown in this
article and in [13], the traditional PFR scheme still has the
following disadvantage. When the outer layer is large, the
radius of the inner layer (shortly called inner radius) becomes
small and the spectrum utilization is low. This results in low
capacity for both cell-edge UEs and the whole cell, indicating
that the outer layer should not be large. In contrast, when the
inner layer and the inner radius are large, UEs on the edge
of the inner layer become far from their BS. This results in
low capacity for the UEs on the edge of the inner layer and
indicates that the inner layer should not be large. Therefore, to
guarantee high max-min fairness, both inner and outer layers
should not be large, indicating the necessity to insert middle
layer(s) and the possibility to further improve the achievable
max-min fairness.

Based on the above analysis, we propose a multi-layer PFR
scheme with two homolographic middle sublayers between
inner and outer layers with a specifically designed reuse
factor for each layer. Meanwhile, although there are several
existing studies on multi-layer PFR schemes, a methodology
to systematically analyze their performance is still missing.
Compared with previous works, the contribution of this article
is twofold. On one hand, we establish an analytical framework
for multi-layer PFR schemes, which helps us to analyze the
trend for designing an optimal multi-layer PFR scheme. On
the other hand, a new multi-layer PFR scheme is proposed
based on the above framework. Simulations show that our
proposal improves max-min fairness without degrading the
average spatial capacity.

The remainder of this article is organized as follows. Section
II provides the related work. In Section III, the proposed
analytical framework is described. In Section IV, we analyze
the traditional PFR scheme using the proposed analytical
framework. In Section V, we propose a novel multi-layer PFR
scheme. In Section VI, the framework is validated with nume-
rical results and the novel multi-layer scheme is compared with
existing ones by simulations. Finally, conclusions are drawn
in Section VII.

II. RelatedWork

Extensive studies on the PFR technique could be traced
back to about a decade ago. Well known survey papers [6],
[7] summarize previous studies for homogeneous hexagonal
cellular networks in the past decade. Recently, extended PFR
schemes to irregular and heterogeneous networks were also
studied. In [14], PFR and SFR were evaluated analytically us-
ing Poisson point process for modeling the BSs’ locations and
closed-form expressions were derived. In [4], PFR, SFR, and
SFFR schemes were considered for heterogeneous networks,
and a new SFFR scheme with 6 sectors per cell was proposed,
whose average spatial capacity was found significantly higher
than the three schemes above by Monte Carlo simulations.

The above studies showed that PFR schemes outperform
traditional reuse-1 and reuse-3 schemes. However, few of these
studies considered one key direction, i.e., multi-layer PFR. Af-
ter a comprehensive survey, we find that the studies on multi-
layer PFR are limited to the following papers. G. Mange [15]

described a 3-layer scheme using reuse-1, reuse-3, and reuse-
7 for the inner, middle, and outer layers, respectively. Layer
radii can be adjusted flexibly by varying a set of signal-to-
interference-plus-noise ratio (SINR) thresholds which separate
these layers. Z. Xie and B. Walke [16] proposed an enhanced
3-layer PFR scheme using reuse-1 and low power for inner
layer, reuse-3 and moderate power for middle layer, and reuse-
9 and high power for outer layer. R. Ghaffar and R. Knopp
[12] proposed a 3-layer scheme, which divided each cell into 3
layers and the whole spectrum into 4 sub-bands. It led to a 33%
improvement of the average spectral efficiency, but increased
ICI. Recently in [13], the authors did extensive simulations
on various multi-layer PFR schemes and found that multi-
layer schemes could achieve better average spatial capacity
and max-min fairness than the traditional 2-layer scheme.

Besides multi-layer PFR schemes, there are a few papers on
other multi-layer schemes, such as multi-layer SFR. S. Ruiz
et al. [17] proposed a 3-layer SFR scheme which divided the
whole spectrum into 3 sub-bands and each layer used exactly
one sub-band. Moreover, the power for inner, middle, and
outer layers gradually increased. C. Kosta et al. [18] proposed
a 4-layer sectorized SFR 3/7 scheme, using 3 out of 7 sub-
bands in each cell. Each layer was interfered by 2 adjacent
cells based on its rigorous design and sectorization. X. Yang
[19] proposed a multi-layer SFR scheme with different power
density upper limits for different layers to better control the
interference level. D. Liang and W. Wang [20] described a 3-
layer scheme with one sub-band for outer layer, the remaining
for middle layer, and full spectrum for inner layer. After the
detection of the inner layer signal, successive interference
cancellation technique was used to subtract the corresponding
ICI on middle and outer layers. Average capacity of various
layers were formulated with integral expressions, but closed-
form solutions were not given. SFR schemes have high spec-
trum utilization, but also tend to exacerbate ICI [12], [13].
The objective of this study is to further enhance the max-min
fairness of traditional PFR scheme, while SFR technique goes
on the opposite direction. Therefore, SFR schemes exceed the
scope of this study.

To design a multi-layer PFR scheme, besides the number
of layers and the reuse strategy of frequency bands, the radii
of various layers should also be key design parameters. The
above studies on multi-layer PFR may not consider the design
of the radii of different layers. However, there are studies
specifically focusing on the optimization of the inner radius for
the traditional 2-layer PFR scheme in the literature. Z. Xu, G.
Y. Li, and C. Yang [21] studied the optimal threshold between
inner and outer layers. The average throughput with round
robin or maximum normalized SINR was derived, and it was
observed that the cell throughput with the optimal threshold
outperformed the scheme with a fixed threshold. In [22], the
optimal inner radius and inner region bandwidth was obtained
based on user throughput and user satisfaction. In [23], the
optimization of PFR was formulated as a combined integer
and linear continuous optimization problem which was solved
by the primal dual interior point method. The optimal inner
radius was determined as approximately 2/3 of the overall cell
radius. Besides, H. Fujii and H. Yoshino [24] modeled the
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Fig. 1. System model. The shadowing regions within different cells use the
same frequency band and cause ICI.

average capacity by taking an integral on the whole area using
the same frequency band and the expression for the average
capacity of the traditional PFR scheme was given, but a closed-
form solution to the integral was not provided. In [11], ICI
was modeled as an integral and Taylor series was used to
reach an approximated solution. H.-B. Chang and I. Rubin
[25] modeled the average spectral efficiency of the traditional
PFR and SFFR by an integral on a spectral efficiency level
function. Approximated solutions were achieved by using fluid
process approximations.

Different from all the above studies, each of which focused
on a particular scheme, we propose a generalized analytical
framework for the design of PFR schemes in this article. We
also propose a novel multi-layer PFR scheme that outperforms
existing ones.

III. The Proposed Analytical Framework

A. System model

We consider the uplink transmission of a mobile commu-
nication system consisting of M cells with BSs at the cell
centers, denoted by BS = {BS m|m = 1, ...,M}, as shown in Fig.
1. In cell m ∈ {1, ...,M}, J UEs, denoted by UEm = {UE j

m| j =
1, ..., J}, are uniformly distributed. For UE j

m, its performance
is evaluated by channel capacity, given by

C j
m = B j

m log2(1 +
S j

m

I j
m + N0

), (1)

where B j
m, S j

m, and I j
m represent the assigned bandwidth,

the received signal strength (RSS), and the cumulative ICI,
of UE j

m, respectively. N0 represents the variance of additive
white Gaussian noise (AWGN). We assume that the amount
of resource allocated to UEs in a unit area is fixed, so B j

m
is obtained as the total bandwidth that can be used in a cell
divided by the total number of UEs in that cell.

Since PFR is a type of static ICI coordination which has
a long resource allocation period, S j

m should be the average
RSS without channel fading effect, given by

S j
m =

GP

(r j
m)γ
, (2)

where P is the transmission power, γ is the pathloss expo-
nent, and r j

m is the distance between UE j
m and BS m. G =

GT GRλ
2/4π2 is a constant related to the transmission antenna

gain GT , the reception antenna gain GR, and the wavelength
λ.

For a PFR scheme with L layers, Rl, l ∈ {1, ..., L} is used
to denote the radius of layer l, i.e., the distance from any
BS to the border of its layer l. Thus, RL represents the cell
radius. For layer l ∈ {1, ..., L}, Fl, is used to represent the
reuse factor of such layer. Therefore, a PFR scheme can be
described completely by a triplet, given by

TripletPFR = {R,F,G}, (3)

where R = {Rl|l = 1...L}, F = {Fl|l = 1...L}, and G represents
the frequency division pattern. For all PFR schemes, ortho-
gonal frequency division among different layers is required.
G, in this study, assumes that the ratio of the frequency bands
assigned to different layers should be specially designed so
that each UE gets the same amount of resource, i.e., hard
fairness. In this way, the cumulative ICI for UE j

m in such a
PFR scheme can be expressed as

I j
m =
∑
n∈N

1

A j
mn

	
A j

mn

GP
(Dkm)γ

ds, (4)

where ds = rk
ndrk

ndθkmn. Dkm is the distance between UEk
n

and BS m, obtained by the law of cosines, given by Dkm =

[D2
mn + (rk

n)2 − 2Dmnrk
n cos θkmn]1/2 with Dmn indicating the

distance between BS m and BS n and rk
n indicating the distance

between UEk
n and BS n. A j

mn represents the area within each
adjacent cell using the same frequency band as UE j

m, and N
represents the cells that contain certain layer using the same
frequency band as UE j

m. A j
mn and N are both functions of the

above triplet.
In this way, the average spatial capacity (i.e., the cumulative

capacity per unit area) of a given part of cell m can be written
as [20], [24], [25]

C =
2

R2
i − y2

∫ Ri

y
C j

mr j
mdr j

m, (5)

where Ri represents the radius of layer i. y is the lower limit of
the integral, which could be the radius of layer i−1 (0 for the
innermost layer) for calculating the average spatial capacity of
layer i or Ri − δ for calculating the average spatial capacity of
a very thin edge δ of layer i.

B. Formulation of ICI and average spatial capacity

Based on the above system model, we could calculate the
average spatial capacity of any part (e.g., a layer or the border
of a layer) within a cell. In common wireless communication
environments, pathloss exponent should be between 2 and
4. A generic pathloss exponent γ makes it quite difficult
to achieve closed-form expressions of the average spatial
capacities. Therefore, we derive the case γ = 2 and 4 in this
subsection and discuss the case γ = 3 too.

The derivation of the average spatial capacity is divided into
two steps. First, the generic form of ICI for certain part of a



cell is calculated as [11]

I j
m =
∑
n∈N

1

A j
mn

	
A j

mn

GP
(Dkm)γ

ds =
∑
n∈N

1
πR2

i − πy2∫ Ri

y

∫ 2π

0

GPrk
n

(D2
mn + (rk

n)2 − 2Dmnrk
n cos θkmn)γ/2

dθkmndrk
n.

(6)

Eq. (6) can be changed into

I j
m =
∑
n∈N

1
πR2

i − πy2∫ Ri

y

∫ 2π

0

GP · (1/rk
n)

(a2 + 1 − 2a cos θkmn)γ/2
dθkmndrk

n,

(7)

where a = Dmn/rk
n > 1. According to Part 3.616 in the table

of integrals by Gradshteyn and Ryzhik [26],∫ 2π

0

dθ
(a2 + 1 − 2a cos θ)b

=
2π

(a2 − 1)b

b−1∑
b′=0

(b + b′ − 1)!
(b′!)2(b − b′ − 1)!

1
(a2 − 1)b′ ,

(8)

where b could be any positive integer, corresponding to half
of the pathloss exponent. Therefore, for γ = 2,

I j
m =
∑
n∈N

1
πR2

i − πy2

∫ Ri

y
GP · (1/rk

n) · 2π
a2 − 1

drk
n

=
∑
n∈N

1
πR2

i − πy2

∫ Ri

y

2πGPrk
n

D2
mn − (rk

n)2
drk

n

=
∑
n∈N

GP
R2

i − y2
ln
(D2

mn − y2

D2
mn − R2

i

)
.

(9)

While for γ = 4,

I j
m =
∑
n∈N

1
πR2

i − πy2

∫ Ri

y
GP · (1/rk

n) · 2π(a2 + 1)
(a2 − 1)3 drk

n

=
∑
n∈N

1
R2

i − y2

∫ R2
i

y2

GP(rk
n)2[D2

mn + (rk
n)2]

[D2
mn − (rk

n)2]3
d(rk

n)2

=
∑
n∈N

[ 1
R2

i − y2
ln
(D2

mn − y2

D2
mn − R2

i

)
+
D2

mn(2D2
mny2 + 2D2

mnR2
i − 3y2R2

i −D4
mn)

(D2
mn − y2)2(D2

mn − R2
i )2

]
.

(10)

Note that I j
m, the cumulative ICI, is independent of r j

m. To
calculate the average spatial capacity in (5), we do not need
to take I j

m into the integral beforehand. Therefore, taking (1)
into (5), we obtain

C =
2

R2
i − y2

∫ Ri

y
B j

m log2(1 +
GP/(r j

m)γ

I j
m + N0

)r j
mdr j

m. (11)

For γ = 2,

C =
B j

m

R2
i − y2

[
(c + R2

i ) log2(c + R2
i ) − R2

i log2 R2
i

− (c + y2) log2(c + y2) + y2 log2 y2], (12)

where c = GP/(I j
m + N0). While for γ = 4,

C =
B j

m

R2
i − y2

[
R2

i log2(1 +
c

R4
i

) − y2 log2(1 +
c
y4 )

+
2
√

c
ln 2

arctan(
R2

i√
c

) − 2
√

c
ln 2

arctan(
y2

√
c

)
]
.

(13)

When the pathloss exponent is an odd number, according to
Part 3.617 in the table of integrals by Gradshteyn and Ryzhik
[26], ∫ 2π

0

dθ
(a2 + 1 − 2a cos θ)u+1/2

=
4

|1 + a|2u+1 Fu(
2
√
|a|

|1 + a| ), |a| , 1
(14)

where Fu(v) =
∫ π/2

0
dx

(1−v2 sin2 x)u+1/2 , and u could be any posi-
tive integer, corresponding to odd numbers for the pathloss
exponent. Take γ = 3 as an example, (14) can be written as∫ 2π

0

dθ
(a2 + 1 − 2a cos θ)3/2

=
4

|1 + a|3 F1(
2
√
|a|

|1 + a| ) =
4

|1 + a|3
E( 2

√
|a|

|1+a| )

1 − ( 2
√
|a|

|1+a| )
2
,

(15)

where E(b) =
∫ π/2

0

√
1 − b2 sin2 xdx is the complete elliptic

integral of the second kind that cannot be solved analytically.
Therefore, when γ = 3 or any other odd numbers, I j

m in (7)
could not reach a closed-form expression.

IV. Analysis on the Traditional PFR Scheme

In this section, we analyze the traditional PFR scheme using
the proposed analytical framework. As shown in Fig. 2, this
scheme divides each cell into inner and outer layers which
are a disc and a ring with a BS as their center. The whole
spectrum is divided into 4 sub-bands, denoted by B1, B2, B3,
and B4, respectively, so we have

B1 + B2 + B3 + B4 = BT , (16)

where BT is the total spectrum for the whole system. To
guarantee that each UE, no matter which layer it belongs to,
obtains the same amount of bandwidth, the ratio of the above
sub-bands obeys

B1 : B2 : B3 : B4 =
R2

1

R2
2 − R2

1

: 1 : 1 : 1, (17)

where R1 and R2 represent inner and cell radii, respectively.
Combining (16) and (17), B1 could be expressed by BT , then
the average assigned bandwidth per unit area can be written
as

B j
m =

B1

πR2
1

=
BT

π(3R2
2 − 2R2

1)
. (18)

To decrease ICI while maintaining a relatively high spec-
trum utilization, the inner layers of all the cells use the
same sub-band (i.e., reuse-1), while each cluster, formed by 3
adjacent cells, uses different sub-bands for their outer layers
(i.e., reuse-3), so we have FT = {1, 3}.



TABLE I
Analytical Results of The Traditional PFR Scheme

ICI Average Spatial Capacity

Inner Layer
GP
R2

1
ln
[( 4R2

2
4R2

2−R2
1

)6( 12R2
2

12R2
2−R2

1

)6( 16R2
2

16R2
2−R2

1

)6] Cinner layer =
B j

m
R2

1

[
c log2

(
1 +

R2
1

c

)
+ R2

1 log2

(
1 + c

R2
1

)]
Inner Edge Cinner edge =

B j
m

δ(2R1−δ)

{
c log2

[ c+R2
1

c+(R1−δ)2

]
+ R2

1 log2(1 + c
R2

1
) − (R1 − δ)2 log2

[
1 + c

(R1−δ)2

]}
Outer Layer

GP
R2

2−R2
1

ln
[( 12R2

2−R2
1

11R2
2

)6] Couter layer =
B j

m
R2

2−R2
1

[
c log2

( c+R2
2

c+R2
1

)
+ R2

2 log2

(
1 + c

R2
2

)
− R2

1 log2

(
1 + c

R2
1

)]
Outer Edge Couter edge =

B j
m

δ(2R2−δ)

{
c log2

[ c+R2
2

c+(R2−δ)2

]
+ R2

2 log2(1 + c
R2

2
) − (R2 − δ)2 log2

[
1 + c

(R2−δ)2

]}
All UEs - Call UEs =

πR2
1Cinner layer+π(R2

2−R2
1)Couter layer

πR2
2

Available resource per cell

16 17 18

B4 B3 B2 B1

15 6 7 19

821514

913

11

3
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4

10

Fig. 2. Traditional PFR scheme.

As shown in Fig. 2, all the cells use B1 for their inner layers,
while B2, B3, and B4 for their outer layers so that no adjacent
outer layers use the same sub-band. In this way, the inner layer
of cell 1 is interfered by all the 18 cells around it, but SINR is
high (and ICI is low) thanks to the long distances from inner-
layer UEs of adjacent cells. The outer layer of cell 1 is only
interfered by cell 9, 11, 13, 15, 17, and 19, which are all far
from it, guaranteeing low ICI for the outer layer too.

Compared with reuse-1, the reuse pattern of the outer layers
decreases the outer-layer ICI but also degrades the spectrum
utilization. Compared with reuse-3, the inner layers reuse the
same sub-band, which increases the spectrum utilization but
also exacerbates the inner-layer ICI. Therefore, the traditional
PFR scheme can be considered as a tradeoff between reuse-1
and reuse-3, guaranteeing relatively high spectrum utilization
while keeping low outer-layer ICI.

Based on the analytical framework in Section III, we could
obtain ICIs and average spatial capacities of inner layer,
outer layer, inner edge, outer edge, and the whole cell of
the traditional PFR scheme, respectively. Taking γ = 2 as
an example, for the edge of each layer, results are obtained

by taking y = Ri − δ into (9) and (12). For each whole layer,
results are obtained by taking y = Ri−1 for layer i (or 0 for
the innermost layer) into the same equations. The average
spatial capacity of all the UEs is obtained by taking an average
on all the layers on the basis of their areas. These results
are summarized in Table I and will be used to validate our
analytical framework on the performance evaluation of the
traditional PFR scheme in Subsection VI.A.

V. A NovelMulti-Layer PFR Scheme

As explained in Section I, neither the inner layers nor
the outer layers should be large, indicating the necessity to
insert middle layer(s) between them. The above analysis on
the traditional PFR scheme and the corresponding simulations
in Subsection VI.A provide further insights on the design of
a novel multi-layer PFR scheme. The reuse factor of inner
layers should be small (e.g., reuse-1) to keep a relatively
high spectrum utilization. Meanwhile, the reuse factor of outer
layers should be large (e.g., reuse-3) to avoid serious ICI
for cell-edge UEs. This motivates us to design a multi-layer
scheme with reuse factors gradually increasing from inner to
outer layers with the inner layer adopting the minimum usable
value 1. To make the cell cluster easy to design and implement,
the reuse factors from inner to outer layers can be set to

FM = {1,
L

L − 1
,

L
L − 2

, ...,
L
2
, L}. (19)

Further simulations in Subsection VI.B show that the reuse
factor of the outermost layer should not be too large, so (19) is
generally the most reasonable choice. Cluster design, e.g., the
number of cells in each cluster, is related to the reuse factors.
When there are multiple layers, different reuse factors might
be used for them, which makes it quite difficult to design the
cell cluster. For a scheme easy to implement, the number of
layers and their reuse factors are supposed to be not large and
should be correlated with the number of cells in a cluster, so
L = 3 is chosen in our proposed scheme. Detailed reasons for
this choice are as follows.

1) The previous analysis in Section I and above indicates
that a cell should be divided into inner, middle, and outer
layers, so L ≥ 3 is intuitive.



TABLE II
Analytical Results of The ProposedMulti-Layer PFR Scheme

ICI Average Spatial Capacity

Inner Layer

GP
R2

1
ln
[( 4R2

4
4R2

4−R2
1

)6( 12R2
4

12R2
4−R2

1

)6( 16R2
4

16R2
4−R2

1

)6] Cinner layer =
B j

m
R2

1

[
c log2

(
1 +

R2
1

c

)
+ R2

1 log2

(
1 + c

R2
1

)]

Inner Edge
Cinner edge =
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Fig. 3. The proposed multi-layer PFR scheme.

2) L = 3 corresponds to the multi-layer scheme with the
smallest number of layers, so it is the simplest from the system
design point of view.

3) With L = 3, it is easy to organize the cluster, which can

be exactly the same as the traditional PFR scheme.
4) When L > 3, the design of clusters becomes quite

complicated and the number of sublayers is too large for a
real implementation.

To sum up, L = 3 is a feasible and practical choice
for the design of a multi-layer PFR scheme, and the reuse
factors in such a case should be FM = {1, 3/2, 3}. Besides the
practicability reason, we also simulate in Subsections VI.B
and VI.C the L = 4 case, to show that L = 3 is also preferred
from the performance point of view.

To design reuse factor 3/2 for middle layers, we divide each
middle layer into two sublayers, i.e., middle1 and middle2,
as shown in Fig. 3. Each sublayer uses 3 sub-bands, and
the two sublayers share the same sub-bands, so that the
combined reuse factor for them is 3/2. The inner and outer
layers are designed in the same way as the traditional PFR
scheme. Because of orthogonal frequency division among
inner, middle, and outer layers, the whole spectrum should
be divided into 7 sub-bands: 1 single sub-band B1 for inner
layers, 3 sub-bands B2, B3, and B4 for middle layers, and 3
additional sub-bands B5, B6, and B7 for outer layers, so we
have

B1 + B2 + B3 + B4 + B5 + B6 + B7 = BT . (20)

To guarantee that each UE, no matter which layer it belongs
to, obtains the same amount of bandwidth, the ratio of the
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where R1, R2, R3, and R4 represent, in every cell, the radii of
the inner layer, the middle1 and middle2 sublayers, and outer
layer, respectively. Since middle1 and middle2 share the same
3 sub-bands,

R2
2 =

R2
1 + R2

3

2
. (22)

Combining (20), (21), and (22), B1 could be expressed by
BT , then the average assigned bandwidth per unit area can be
written as

B j
m =

B1

πR2
1

=
2BT

π(6R2
4 − R2

1 − 3R2
3)
. (23)

In this way, the strongest ICI for middle1 using B3 in cell
1 is from middle2 in cell 3, 5, and 7. Similarly, the strongest
ICI for middle2 using B4 in cell 1 is from middle1 in cell 2,
4, and 6. Similar to Table I, we could obtain ICIs and average
spatial capacities of inner layer, middle1 sublayer, middle2
sublayer, outer layer, inner edge, middle1 edge, middle2 edge,
outer edge, and the whole cell of the proposed multi-layer PFR
scheme, respectively. For γ = 2, the results are summarized in
Table II and will be used to validate our analytical framework
on the performance evaluation of the proposed multi-layer PFR
scheme in Subsection VI.A.

VI. Numerical Results
In this section, we provide extensive simulations to vali-

date the proposed framework and the novel multi-layer PFR
scheme. The basic simulation scenario is composed of 19
adjacent cells arranged in the same way as in Fig. 2 and 3.

Cell radii are set to 1 km, and 105 UEs are uniformly
distributed in each cell. Note that the values of cell radii
and the number of UEs per cell are not critical. They only
change the absolute values of the simulation results but not
the relative relationship between the simulation curves. We fix
both transmission power and antenna gain to unit 1 in all the
simulations to guarantee that the performance enhancement
results from the PFR design, not from other RRM mechanisms
such as power control. Actually, since PFR schemes use
orthogonal sub-bands for different layers, power control for
different layers would not affect their SINR or performance.

Some other simulation parameters are set as follows. The
whole spectrum used by the system is 20 MHz. The variance
of AWGN is 10−10 Watt. The pathloss exponent is 2 for
the validation of the proposed framework and [2, 4] for
performance evaluation of the proposed multi-layer scheme.
When we evaluate the performance of cell-edge UEs or UEs
on the edge of a certain layer, instead of considering only the
worst UE, we actually consider the UEs located within the
outermost 2 meters of that layer. In this way, we could avoid
the fluctuation of the curves for max-min capacity caused by
the uncertainty of random UE deployment and stabilize the
max-min point of the PFR scheme, so that our analysis and
design could be more generic from the system point of view.
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A. Validation of the analytical framework

With the above scenario, we first evaluate the performance
of the traditional 2-layer PFR scheme, i.e., the average spatial
capacity of inner layer, inner edge, outer layer, outer edge, and
the whole cell. In Fig. 4, curves represent analytical results,
which are drawn based on Table I, while markers represent
simulation results with the above configurations. We can see
that analytical and simulation results match well each other,
demonstrating the correctness of our analytical framework. By
increasing the inner radius, the capacities of inner layer and
inner edge both decrease, while the capacities of outer layer
and outer edge both increase. The average spatial capacity of
the whole cell also increases slightly because of the increment
of the spectrum utilization. All the above phenomena are
consistent with our analysis in previous sections. UEs on the
edge of a certain layer definitely have the worst performance
within that layer, so max-min fairness corresponds to the
intersection point of the curves for inner and outer edges,
around 0.467 times the cell radius, as shown in Fig. 4. At
this point, the max-min value is 0.382 × 107 bps/km2 and the



average spatial capacity for the whole cell is about 0.563×107

bps/km2.
In the proposed multi-layer PFR scheme, since the radii

of middle1 and middle2 sublayers obey (22), there are two
variable radii, i.e., R1 and R3. Therefore, we need to decide
the optimal radii for inner and middle layers at the same time.
Fig. 5 is a 3-dimensional figure including three curved surfaces
for inner edge, middle2 edge, and outer edge, respectively.
Middle1 edge is not considered for finding the max-min point.
It is always better than middle2 edge due to the fact that
middle1 and middle2 sublayers hold the same reuse factor
and middle1 edge is much closer to its BS. Therefore, with
the three curved surfaces, the max-min point is found at (0.46,
0.59), indicating that the optimal inner and middle2 radii are
about 0.46 and 0.59 times of the cell radius. Based on our
experiments and previous extensive simulations [13], we set
the ratio between the middle and the outer areas to 1:5 for
further validating the proposed framework with the proposed
multi-layer PFR scheme in Fig. 6.

Fig. 6(a) shows the average spatial capacities of different
layers and that of the whole cell, while Fig. 6(b) shows the
average spatial capacities of different layers’ edges. Curves
represent analytical results, which are drawn based on Table
II, while markers represent simulation results. They fit quite
well with each other, indicating the correctness of the pro-
posed framework for evaluating the performance of multi-layer
schemes. Seen from Fig. 6(b), max-min fairness is achieved
when the inner radius is around 0.468 times of the cell radius,
which is an intersection of inner edge, middle2 edge, and
outer edge curves. The corresponding capacity is 0.413 × 107

bps/km2, indicating about 8.1% improvement of the max-min
value compared with the traditional PFR scheme. Checking the
0.468 point of the curve for the whole cell in Fig. 6(a), we
obtain 0.566×107 bps/km2, indicating no decrease of the whole
cell’s performance. The above results show that the proposed
multi-layer PFR scheme does not decrease the average spatial
capacity of the whole cell while significantly improving the
max-min fairness.

To sum up, compared with the traditional PFR scheme, the
proposed multi-layer scheme achieves a significant improve-
ment on max-min fairness without degrading the system’s
average spatial capacity.

B. Performance evaluation of the proposed multi-layer scheme
In this subsection, we compare our proposal with existing

multi-layer PFR schemes, i.e., the schemes in [12], [15], [16].
To simplify the following description, we name them 1/3/7
scheme, 1/3/9 scheme, and Eurecom scheme, respectively.
The 1/3/7 and 1/3/9 schemes are similar to each other. They
both set reuse-1 for inner layers, reuse-3 for middle layers,
and a larger reuse factor for outer layers (reuse-7 for 1/3/7
and reuse-9 for 1/3/9). Therefore, we can imagine that their
performance should be similar too. The Eurecom scheme is
designed to improve the system spectral efficiency by a large
spectrum utilization, which sets reuse-1 for inner layers and
reuse-3 for both middle and outer layers. Its middle and outer
layers use the same sub-bands, so it is strictly speaking a 2-
layer scheme with the division of the outer layer into two
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Fig. 6. Performance of the proposed multi-layer PFR scheme.

homolographic sublayers in each cell, i.e., two sublayers with
a joint reuse factor 3/2. Therefore, it can be also considered
as a benchmark design on 2-layer PFR, and this comparison
also helps to understand the difference between our proposal
and the advanced design of 2-layer PFR schemes.

In order to explain the rationality of choosing L = 3 for the
novel scheme design from the performance point of view, we
also simulate a 4-layer scheme, denoted by “L = 4”, whose
reuse factors are set to {1, 4/3, 4/2, 4} from the innermost to
the outermost layers. The whole spectrum is divided into 11
sub-bands, with 1 for the inner layer, 4 for the first middle
layer close to the inner layer, 2 for the second middle layer
close to the outer layer, and 4 for the outer layer. Since the
first middle layer has a reuse factor 4/3, 3 sublayers are used
for this layer and each sublayer uses 1 out of the 4 sub-bands.
In this way, each cell cluster contains 4 adjacent diamond-
shaped cells and each cell uses 6 out of the 11 sub-bands.
The average assigned bandwidth per unit area is calculated in
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Fig. 7. Performance comparison of different schemes at max-min fairness point.

the same way as in Section IV and V, so that the same amount
of bandwidth assigned for each UE is guaranteed.

For our proposal and the Eurecom scheme, we simulate a
scenario with 19 cells (i.e., two tiers of cells around the central
cell as shown in Fig. 3). Reuse-7 and reuse-9 in 1/3/7 and
1/3/9 schemes avoid ICI from the two innermost tiers of cells,
while too many cells in the outermost tier in the L = 4 scheme
contain the same sub-bands causing nonnegligible ICI on the
central cell. Therefore, for the 1/3/7, 1/3/9, and L = 4 schemes,
we have to consider a scenario with 37 cells, i.e., with another
18 cells forming the outermost tier of cells around the two
tiers stated above. This difference does not obviously affect
the comparison of these schemes because the ICI from the
two inner tiers in our proposal and the Eurecom scheme are
of obviously higher magnitude than the ICI from the outermost
tier.

For any of the schemes we are discussing, to merely
maximize the average spatial capacity, the inner radius should
be extremely enlarged, resulting in reuse-1, which is demon-

strated by Fig. 4 and Fig. 6(a). In the literature, reuse-1 is not
preferred due to its low max-min fairness, which is exactly the
motivation of PFR schemes, including our design. From the
system design point of view, poor performance of cell-edge
UEs is caused by unsuitable BS deployment during network
planning, so UEs should not experience serious performance
degradation because of their locations. Therefore, max-min
fairness should be a key factor for the design of a PFR
scheme. When the number of layers and their reuse factors are
fixed, the performance of a multi-layer PFR scheme is highly
dependent on the radii of these layers. Therefore, we evaluate
the performance of the above schemes with a specifically
designed layer radii corresponding to max-min fairness for
each scheme, such as the (0.46, 0.59) point for our proposal
when pathloss exponent is 2.

Fig. 7(a) shows the radii of the inner and middle layers of
the above schemes corresponding to max-min fairness. We can
see that, our proposal leads to a similar inner radius to 1/3/7
and 1/3/9 schemes. The difference is mainly on the middle



Fig. 8. The proposed multi-layer PFR scheme with irregular BS deployment.

radius: our scheme requires a very thin middle layer, while
the 1/3/7 and 1/3/9 schemes require the middle radii to be as
large as possible. Generally speaking, when the middle radius
increases, the performance of UEs on the edge of the middle
layer should decrease due to the increase of their distances
to BS. However, this is not true for the 1/3/7 and 1/3/9
schemes, because the reuse factors of their outer layers are too
large. In such a case, when we enlarge the middle radius, the
spectrum utilization increases significantly, leading to a much
larger average bandwidth per UE than before. Therefore, the
middle radii of the 1/3/7 and 1/3/9 schemes become as large
as possible, forcing their outer layers to completely disappear.
This phenomenon also shows that the reuse factor of the outer
layers should not be as large as 7 or 9, which demonstrates
the rationality of reuse-3 for outer layers in our proposal.

For the L = 4 scheme, reuse factor 4 of the outer layer
still guarantees relatively high spectrum utilization compared
with the 1/3/7 and 1/3/9 schemes. However, reuse factors
4/3 and 4/2 of the two middle layers cause severe ICI from
adjacent cells. Therefore, the L = 4 scheme should use
relatively thin middle layers to achieve the max-min fairness,
as demonstrated in Fig. 7(a). Meanwhile, the reuse factor of its
outer layer is larger than the proposed 3-layer scheme, leading
to a lower spectrum utilization, so all the layer radii should
be smaller than the proposed 3-layer scheme for the max-
min point. Seen from the curves of the Eurecom scheme, its
inner and middle radii are both large, resulting in large system
spectral efficiency, as we intuitively analyzed in previous
sections. Since the middle and outer layers use the same sub-
bands in this scheme, ICI for cell-edge UEs is much larger
than in other schemes. Therefore, to guarantee a relatively
high max-min fairness, the middle and outer layers should not
be large.

To further compare our proposal with the others, we consi-
der the max-min fairness, the average spatial capacity, and the
Jain’s fairness index, as shown in Fig. 7. Generally speaking,
the max-min point is obtained as the intersection of the curved
surfaces of cell-edge, middle-edge, and inner-edge, so it also
represents the performance of cell-edge UEs. Our proposal

outperforms the others in terms of max-min fairness, especially
compared to the Eurecom scheme. Since the usage of a reuse
factor 4 for the outer layers degrades the spectrum utilization
in the L = 4 scheme, the average capacities of all the UEs
tend to slightly decrease, which also slightly declines the max-
min point, as shown in Fig. 7(c) and 7(b), respectively. In the
end, our proposal achieves a Jain’s fairness value much higher
than the Eurecom scheme while being slightly lower than the
1/3/7 and 1/3/9 schemes, as shown in Fig. 7(d). Meanwhile,
we can see that the L = 4 scheme achieves the highest Jain’s
fairness. By dividing each cell into more layers (sublayers), the
flexibility of the tradeoff between these layers might increase,
hence increasing the Jain’s fairness. Moreover, along with the
increment of the pathloss exponent, ICI is greatly ameliorated.
Therefore, for any given scheme, the capacities of all the UEs
correspondingly increase, which shifts up the curves for the
max-min capacity and the average spatial capacity.

To sum up, the proposed framework provides a methodology
to design a multi-layer PFR scheme which can be more
rational and fairer than existing PFR schemes.

C. Performance evaluation in an unideal scenario with irre-
gular BS deployment

In this subsection, we evaluate the performance of the above
schemes in an unideal scenario with irregular BS deployment.
In reality, instead of deploying each BS on its ideally planned
location, a nearby location (such as a nearby tall building) is
usually chosen for it. The location of each BS seems randomly
shifted to a position within an area around the ideal location.
Therefore, in this simulation, we uniformly distribute each BS
within a round area (radius equaling 0.4 km) with its ideal
location in the center. Now that the BSs’ locations are shifted,
Voronoi cells are used to represent the shapes of these cells
and each UE is connected to its nearest BS [27].

To apply the proposed multi-layer PFR scheme for this
unideal scenario, the whole spectrum is still divided in the
same way as before. Inner and middle layers still have circular
boundaries, while outer layers’ boundaries are irregular, i.e.,
corresponding to Voronoi cells’ boundaries, as shown in Fig.
8. Note that, when the inner or middle layer boundaries span
out of the Voronoi cells, we keep the circular feature of these
boundaries and simply remove the part out of the cells. Similar
changes apply for the 1/3/7, 1/3/9, Eurecom, and L = 4
schemes.

For this unideal scenario, the calculation of the average
assigned bandwidth per unit area should also be slightly
revised. Since the division of the whole spectrum remains
the same, but the areas of different cells are not identical
anymore, the larger the cell area, the smaller the average
assigned bandwidth per unit area is. When evaluating the
performance of the central cell in Fig. 8, the average assigned
bandwidth per unit area is calculated based on this cell’s actual
size. Taking our proposal as an example, πR2

4 in (23) should
be replaced by the actual area of the central cell. Moreover,
since the unideal scenario generated in the simulation greatly
impacts the results, we run 100 rounds of simulations based on
the same parameter setting and then we calculate the average
values to obtain the subfigures in Fig. 9.
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Fig. 9. Performance comparison of different schemes at max-min fairness point in unideal scenario.

Similar to the ideal scenario in the previous subsection, we
first obtain the optimal inner and middle radii corresponding
to max-min fairness, as shown in Fig. 9(a). We can see that the
trends of the curves are similar to those for the ideal scenario.
Note that the boundaries of middle layers may intersect with
Voronoi cell boundaries, so it is sometimes possible to slightly
improve the max-min fairness by further increasing the middle
radius. However, in order to be consistent with the simulations
of the ideal scenario, we stop searching at the point where the
middle radius equals 1 km.

Then, we further evaluate the max-min fairness, the average
spatial capacity of all UEs, and the Jain’s fairness index for
the unideal scenario. Fig. 9(b) shows the max-min fairness at
the max-min point of different schemes. The proposed scheme
outperforms the others as before, indicating the improvement
of max-min fairness. Note that, the curves for the 1/3/7 and
1/3/9 schemes overlap with each other in the ideal scenario, but
they may be separated in the unideal scenario, as shown in Fig.
9(b) and 9(c). In the ideal scenario, when the middle radius

becomes 1 km, outer layers disappear, so the 1/3/7 and 1/3/9
schemes become completely the same. In the unideal scenario,
due to the irregular boundaries of the Voronoi cells, outer
layers usually remain as irregular regions between the middle-
layer boundaries and the Voronoi boundaries. Therefore, the
difference of reuse factors for the outer layers, i.e., reuse-7
and reuse-9, still impacts the performance, causing a small
gap between the curves of the 1/3/7 and 1/3/9 schemes. Fig.
9(c) and 9(d) show the average spatial capacity per unit area
and the Jain’s fairness index at the max-min point. We can see
that the Eurecom scheme is still the one with the maximum
average spatial capacity and the minimum Jain’s fairness. The
proposed scheme achieves better average spatial capacity than
the 1/3/7 and 1/3/9 schemes at the expense of a slightly
lower Jain’s fairness. Therefore, the merits of our proposal
remain substantially the same as in the ideal scenario, i.e.,
an improvement of max-min fairness without degrading the
average spatial capacity.

The irregularity of the unideal scenario makes some UEs



much farther from their BSs than in the ideal scenario, so the
curves for the max-min fairness and the average spatial capa-
city of these schemes all slightly shift downwards. However,
the performance degradation of the proposed scheme and the
L = 4 scheme is less than the others. These two schemes
adapt better in the unideal scenario because they have more
layers (sublayers) hence higher flexibility for adjusting toward
the max-min point. For the same reason, comparing Fig. 7(b)
with Fig. 9(b), the improvement by our scheme on the max-
min fairness is obviously larger in the unideal scenario than in
the ideal one. Comparing Fig. 7(c) with Fig. 9(c), the proposed
scheme achieves almost the same average spatial capacity as
the 1/3/7 and 1/3/9 schemes in the ideal scenario but becomes
obviously better in unideal scenario. Similarly, the average
spatial capacity of the L = 4 scheme also relatively augments
compared with the other schemes. The max-min fairness of the
L = 4 scheme becomes almost the same as the 1/3/7 scheme.
These results show that the L = 4 scheme adapts better than
all the other schemes for the unideal scenario, but it is still
worse than the proposed scheme except achieving higher Jain’s
fairness.

To sum up, for the unideal scenario, our proposal still
achieves the highest max-min fairness and a rational tradeoff
between max-min fairness and the system’s average spatial
capacity compared with all the other schemes in the simula-
tions.

VII. Conclusion
In order to overcome the disadvantages of the traditional 2-

layer PFR scheme, multi-layer PFR technique has been studied
for further advancement in recent years. To improve max-min
fairness, our study showed that the details in the design of a
multi-layer PFR scheme could materially impact the achiev-
able performance. In this article, we proposed an analytical
framework for multi-layer PFR scheme design. Based on a
comprehensive analysis using this framework, a novel multi-
layer PFR scheme was designed to further improve the max-
min fairness. This scheme outperformed the traditional PFR
scheme in max-min fairness without degrading the average
spatial capacity of the whole system. Compared with existing
multi-layer PFR schemes, it achieved a better tradeoff between
the two metrics, i.e., max-min fairness and average spatial
capacity. This study also showed that the proposed framework
provided an efficient method to design a multi-layer PFR
scheme that could meet the desired requirements.
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