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Abstract : Blind channel identification and equalization based on second-order statistics by subspace fitting and
linear prediction have received a lot of attention lately. On the other hand, the use of cyclic statistics in fractionally
sampled channels has also raised considerable interest. We propose to use these statistics in subspace fitting and linear
prediction for (possibly multiuser and multiple antennas) channel identification. We base our identification schemes on
the cyclic statistics, using the stationary multivariate representation introduced by [2] and [4] [5]. This leads to the use

of all cyclic statistics. The methods proposed appear to have good performance.

1. PROBLEM POSITION

We consider a communication system wjtkemit-
ters and a receiver catitsited of an array ofi/ antennas.
The signals received are oversampled by a factor.r.t.
the symbol rate. The channel is FIR of durati®fi’/m
where7" is the symbol duration. The received signal can
be written as :

Xm) = 32 h(b)u(n— k) +vin)
= i h(n — km)ay + v(n)
where -
u(n) = Y ad(n—km)

The received signad(n) and noise/(n) are aM x 1
vectors. x(n) is cyclostationary with periodh whereas
v(n) is assumed not to be cyclostationary with peried
h(k) has dimensiod4 x p, a(k) andu(k) have dimen-
sionsp x 1.

2. CYCLIC STATISTICS

Following the assumptions hereabove, the correla-

tions :

Ryz(n,7) = E{X(n)XH(n — 7')}

are cyclic inn with periodm (! denotes complex con-
jugate tranpose). One can easily express them as:

Rxog(n, 7'20:
Z Z h(n - O‘m)Raa(ﬁ)hH(n —am+ fm — 7—)
a=—00 f=—co

+Ryy (7)

We then express the” cyclic correlation as :

A 1 m—1
_ o 2mlk
= — E Ryx(l, 7)e™7m

= Ek {X l—T)}

R (7)

whose value is :

R (7 Z 3 ha
oc_—ooﬁ_—oo

hH(a +/m —r1)e”
4Ry (7)d(k)

We can introduce a cyclic correlation matrix as :

R £
RI%(0) RIA (1) RU(K —1)
R (-1) RI%(0) RV (K —2)

RIFF1— k) RIF2-K) RIEH(0)
= Ti (HyDYW PRI TH (H ) 4 6(k)Ry,

whereR{*} = R,, ® I,,, and® is a block Kronecker
product, the first matrix is a block matrix and the second
matrix is an elementwise matrix.

Tx (Hy) is the convolution matrix of
Hy = [h(0)Th(1)T .. .h(N — 1)T]T and

k, ; _j2mk
DI¥r) = blockdiagl,|e = %1, - -

_ 2W(N Dk
“le™? Ip]

3. GLADYSHEV'S THEOREM AND MIAMEE
PROCESS

Gladyshev’s theorem [2] states that :

Theorem 1 FunctionR, (n, 7) is the correlation func-
tion of some PCS (Periodically Correlated Sequence) iff
the matrix-valued function :

m—1

R(r) = [RIE (1))

k,k'=0
whereR{:*) (r) = RETHT (r)e?mk7/m

is the matricial correlation function of some-variate
stationary sequence.
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Reminding thaR "} (7) = RI™ =%} (1), the fol-
lowing matrix
R(0) R(1) R(K—-1)
o | RE=D R(0) R(K —2)
R= : ) :
R(I-K) R(2-K) R(0)

is an hermitiank” x K block Toeplitz matrix ofM m x
Mm blocks.

Then, Miamee [4] gives us the explicit expression of
the multivariate stationary process associated :

—1 A m-—
_, WhereZ; = @ Xx

(n+j)62wyk(n+j)/m
7=0

wherea is the direct sum, i.e., noting = ¢2™/™

Z8 = Wk x(n), x(n+1)w* k(m=1)]

X(n+m—1)w
is defined in a Hilbert space, where the correlation is the
following euclidian product :

r H
Zk

<27V, >= ZE{Z’“ K

J)}

andz, = [z2°"z:" ... z7="7T with the classical cor-
relation for multivariate stationary processes.

On the other hand, Miamee gives the link between
the linear prediction oZ,, and the cyclic AR model of
X(n).

4. EXPRESSION OF Z, w.r.t. u(n) and h(n)

m—1 .
FromZi = &P X(n _|_j)62773k(”+])/m and
j=0
L-1
X(n+j) = D h(ku(n+j—k)+v(n+j)
k=0
u(n + )
u(n+j+1)
— Hy _
umn+j—N+1)
+v(n +j)
DefiningU,+; = [u (n—|—j) u(n+j—N+1)T]T and
vak} [w="Ih(; )] ! we express the Miamee process
as:
m—1 i
Zi = '@0 (H}{V—k}wknun_l_j —|—V(n—|—j)62ﬂ—‘7k%)
]:

= H MW U, Uy -

m—1

Un+m—1]

V(n 4 j)e2mk
7=0

=Z, = Hield(n) + V(n)

0}r -1}7T
HOTHET

where we notetH,,, = [H {1=mTT

n,pN
U(n) = DYE UnUngr -+ U]
andV(n) =
v(n v(in+m—1)
v(n)w” v(n+m — 1)wntm-t

v(n)w =t V(n+m — 1)wlm=Drtm=1)

= Z =Tr4n-1(Heot)Uz + V1L (1)

wherely, = [U(n)]°_,_, clearly is a stationary
process whose correlation matrix can easily be deduced
fromR.,.

Based on relation (1), we apply the classical sub-
space fitting and linear prediction channel identification
schemes, as detailed below.

5. SIGNAL SUBSPACE FITTING

We recall briefly the signal subspactifig (noise sub-
space based) blind channel identification algorithm here-
under.

One can write the (compact form of the) SVD of the
cyclocorrelation matril® = UDV# with the relations:

ranggU} = ranggV} = range 7x (Hror) }

We have assumed th@k (H:,:) is full rank, which
leads to the usual identifiability condition. We can then
solve the classical subspace fitting problem :

min |7z (Heot) — UT| |5

tOtyT
If we introduceU such thafUU'] is a unitary ma-
trix, this leads to

KMm
minH | Y T (U TR (U

tot .
° =D+

Ht
Htot

whereU; isaK Mm? x 1, D+ = N+ K and super-
script! denotes the transposition of the blocks of a block

matrix. Under constrain{H, .|| = 1, Hiot is then the
eigenvector corresponding to the minimum eigenvalue of
the matrix between brackets. One can lower the compu-
tational burden by usin@+ > N + K (see a.o. [6]).

The case > 1 can be (partially) solved in a manner
similar to [7] and [3].

6. LINEAR PREDICTION

We consider the denoised case. The correlation ma-
trix is then computed as follows.

Rig}sb RIY — Ryy(7) yields :
[Rvv(7)]; ;
m—1
= N E{v(n+ OV (n 41 + 1)} w ("D mi ettt
=0
m—1



HenceRyy (1) = Ry (7)
blockdiad! a7 w1 a7 |w?71 37| - - - ™= D714, which,
in R, corresponds to the noise contribution of the zero
cyclic frequency cyclic correlation.

From equation (1) and notingx(n — 1)

JiZh~ ¥, the predicted quantities are :

Z B

=j

Z(n)|ZK(n—1) = plln—l + et pK;n—K

Z(n) =Z(n) = Z(n)|zxc(n-1)

Following [9], we rewrite the correlation matrix as

Ro 7¢
R =
== e

ri
this yields the prediction filter :

FAN —
Pk =[p; - -Px] = TR,
and the prediction error variance :
05 x =Ro— Prri

where the inverse might be replaced by the Moore-
Penrose pseudoinverse, and still yield a consistent chan-
nel estimate. Another way of being robust to order
overestimation would be to use the Levinson-Wiggins-
Robinson (LWR) algorithm to find the prediction quan-
tities and estimate the order with this algorithm.

Lots of ways are possible to go from the prediction
guantites to the channel estimate ([8] and [1]).

For our purpose, we used the simple suboptimal so-
lution hereunder.

From the prediction error equation, it is easy to de-
rive :

H Ti (L Pl ]) = [HE 0]

Hencel yrmrx — HEL Ti (Larm Pl ]) = [HL5(0)0] ; and
H.. is found by minimizing sz, x - 1) — Ho: Tie (P )

and is thus the left singular vector corresponding to the
minimum singular value of this matrix. This solution
corresponds to a “plain least-squares” solution, and is
robust w.r.t. order overestimation. This also means that
it is not the best solution available, but this discussion is
beyond the scope of this paper.

7. COMPUTATIONAL ASPECTS

It is obvious that the correlation matriX built from
the cyclic correlations is bigger (in fact each scalar in
R is replaced by an x m block in R) than the corre-
sponding matrix built from the classical Time Series rep-
resentation of oversampled stationary signals. This fact
must be balanced with the stronger structure that is cast
in our correlation matrix. In fact, one can (not so easily)
prove that the estimatefs{_k} are strictly related (i.e.
Hy ) = w="h(j)]5! for all k), which indicates us
that this structure should lead to reduced complexity al-
gorithms w.r.t. the original ones. When developing the
expressions in detail, thisis particularly obvious in linear
prediction, where the prediction filter has some strong
structure (which is also visible in [5]).

8. SIMULATIONS

In our simulations, we restrict ourselves to the: 1
case, using a randomly generated real channel of length
6T, an oversampling factor ek = 3 andA/ = 3 anten-
nas. We draw the NRMSE of the channel, defined as

100

1 (D)
NRMSE=,| — E h
S 100 =1 ||

2
—h|[/IhlI%

whereh" is the estimated channel in tH8 trial. In the
figures below, the NRMSE in dB has been calculated as
20 x log LO(NRM SE).

The correlation matrix is calculated from a burst of
100 QAM-4 symbols (note that if we used real sources,
we would have used the conjugate cyclocorrelation, wich
is another means of getting rid of the noise, provided it
is circular). For these simulations, we used 100 Monte-
Carloruns.

8.1. Subspace fitting

The estimations of 25 realisations, for an SNR of 20
dB, are reproduced hereunder.

For comparison, we used the same algorithm for the
classical Time Series representation of the oversampled
signal. The results hereunder show a better performance
for the classic approach, which is due to the fact that we
used the same complexity for both algorithms (same ma-
trix size), which results in a lower noise subspace size for
the cyclic approach. In theory, when one uses the same
subspace size, as there is a one for one correspondance
between the elements of the classic correlation matrix
and the elements of the cyclic correlation matrix, the per-
formances should be equal. The third curve illustrates
this fact.

NRMSE for subspace fitting
T T

+: cyclic correlation
o : classic correlation
X : cyclic correlation, increased complexity
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8.2. Linear prediction

For the linear prediction, we expect to have a slightly
better performance in the cyclic approach then in the

For the linear prediction, we get a better performance
due to the fact that we take the very near past into ac-
count. Although the complexity is, for the moment, far
more heavy. Use of the LWR algorithm and of the struc-

classic approach. Indeed, in the classic approach, if we ture of the correlation matrix should lead to similar cal-

use for examplel/ = 1 antenna and an oversampling

factor ofm = 3, we predictlz(n)z(n — 1)z(n — 2)]T
based oriz(n — 3)z(n — 4) - - ], whereas in the cyclic
approach we predict the scalafrn) based onxz(n —
Da(n—2)z(n—3)--]%. The corresponding prediction

filter thus captures little more prediction features in the

cyclic case.

On the other hand, the noise contribution being only
present in the zero cyclic frequency cyclic correlation,
we expect a better behavior of the method if we don’t
take the noise into account in the correlation matrix (i.e.
we don't estimate the noise variance before doing the
linear prediction). Those expectations are confirmed by

the following simulations, note that the mentidrP on
cyclic statistics refers to the use dR where the noise
contribution has been removed, whereas the menti®n
on cyclic statistics, no "denoising” refers to the use of
the plain correlation matrix.

Channel NRMSE using Linear Prediction techniques
T T

+: LP on stationary statistics

X : LP on cyclic statistics

X : LP on cyclic statistics, no "denoising”

NRMSE (in dB)
. . \
3

9. CONCLUSIONS

Using the stationary multivariate representation in-
troduced by [2] and [4] [5], we have explicitly expressed
this process. It can be seen as the ouput of a system with

transfer channet,, = [H{THHT =TT

and input easily related to the actual system input. Once 8]
these quantities expressed, application of the classi-
cal subspace fitting and linear prediction algorithms is

straightforward.

For the subspace fitting, one has essentially the same
performance as in the Time Series Representation [9].

culation loads.
Further work on these topics should stress on reduc-
ing the complexity of these algorithms.
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