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ABSTRACT

We derive a new adaptive filtering algorithm called the In-
strumental Variable Affine Projection (IVAP) algorithm and
give its fast version (FIVAP algorithm). The IVAP algo-
rithm departs from the AP algorithm and uses an IV. The IV
process is generated in a way such that the new algorith
combines between the AP and the Fast Newton Transver
sal Filter (FNTF) algorithms. Simulations show that the
IVAP algorithm is more robust to noise than the AP algo-
rithm. With the IV, the sample covariance matrix loses its
Hermitian property and its disptement structure is differ-
ent from the one of the AP algorithm. Consequently, the
derivation of a fast version is done by deriving the IV Slid-
ing Window Covariance Fast Transversal Filter (IV SWC
FTF) algorithm. Using this and other ingredients, we de-
rive the FIVAP algorithm whose computational complexity
is nearly the same as the one of the FAP algorithm.

1. INTRODUCTION

The Fast Affine Projection algorithm outperforms the clas-

m

this operation in the case where the covariance matrix is ill-
conditioned. This fact is typical in applications where the
input signal to the adaptive filter is highly correlated which

is the case for speech signals. Several solutions have been
given in order to alleviate this problem for Acoustic Echo
Cancellation (AEC) applications. In [1], a regularization is
achieved by adding/ to the covariance matrix whereas in

[2], an exponential window is used in lieu of the rectangular
window. All of these methods lead to approximations of the
exact AP recursions.

In this paper, we introduce an Instrumental Variable (1V)
and derive an algorithm that is situated between the FAP
algorithm and the Fast Newton Transversal Filter (FNTF)
algorithm. The IV is used in the estimation of a new covari-
ance matrix that replaces the covariance matrix of the AP
algorithm. The new covariance matrix appears to be better
conditioned. This renders the new algorithm more robust
against noise amplification. Nevertheless, the Hermitian
structure of the covariance matrix is lost and a new alge-
braic structure appears. Henceforth, the derivation of a fast
algorithm necessitates the derivation of an IV Sliding Win-
dow Covariance RLS (IV SWC RLS) algorithm and there-

sical adaptive algorithms because of its convergence speedore its fast version which is the IV SWC Fast Transversal
which approaches that of the Recursive Least Squares (RLSFilter (IV SWC FTF) algorithm.

algorithm and its computational complexity which is slightly

greater than the one of the Least Mean Squares (LMS) al-

gorithm. The AP algorithm is characterized by an updating-
projection scheme of the adaptive filter onfadimensional

2. THE INSTRUMENTAL VARIABLE AFFINE
PROJECTION ALGORITHM

data-related subspace. This projection on a subspace whosghe AP algorithm constitutes a generalization to the Nor-

dimension is in general very small compared to the filter
length, gives the AP algorithm a tracking ability which is

superior to the RLS and LMS algorithms. Nevertheless,
when a projection is performed, noise amplification always
arises and this phenomenon degrades the performances

malized LMS (NLMS) algorithm. For an adaptive filter of
length NV denoted by ;. at timek and for an input sig-
nalz (k) and the corresponding regression vectaf (k) =

(k),- ~~,xH(k—N+1)]H ( represents the Hermitian

H
X
%anspose operator), the AP algorithm is given by the fol-

the algorithm. In fact, in the AP algorithm, a covariance lowing set of equations

matrix of sizeL is estimated from the data over a rectan-

gular sliding window of size equal to the filter length. In (k) = dp(k)+ XNk W}Q{k_l (1)

order to apply the projection scheme, this covariance matrix pH o

has to be inverted and noise amplification originates from Wk = Wyp-r —pe (R Xnps . (2)
. H
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most recent samples of the desired sigt{a), ¢; (k)



3. THE FAST ALGORITHM

= Aum(zk) A7 k) - The derivation of the fast algorithm is done in 3 steps. The

first step uses the same technique as in [1]. It consists in re-
moving the redundancy in the updating equation (3) due to
Figure 1: Synthesis of the IV. the successive regression vectors of the data mtrix .

The second step updates the generators of the inverse co-
variance matrix. This will be done by deriving the IV SWC
FTF algorithm. Finally, the third step, uses the displace-
ment structure of the inverse covariance matrix in order to
compute recursively

[er(k|k—1) ---er(k—L+1]k—1)]" is thea priori error fil-
tering vectorey (k|i) = d(k)+Wn i Xn(k) . O <p <1 is
the step-size (relaxation facto v . x is theL x N Hankel
data matrixXNyLyk = [XN(k’) XN(k—L+1)]H and p N S-1 _ H [0 -1

Ry = Xn 1 x XL, . isthe sample covariance matrix es- LR R, = (k) = () - 15700 (@)
timated on the basis of a rectangular window of length

The AP algorithm performs at each iteration, a projection 3.1. Fast Computation of the Output Filtering Error

of the deviation filter onto the orthogonal subspace to the
column space ok ¥ ; .

Considery(k) to be an IV signal and the corresponding

In the first step, the key ingredient is the use of a pseudo-
filter Wy 1 such as

. H
IV regression vectoty (k) = [y (k) -- -y (k—N+1)]", _ H
the update equation of the new algorithm is Wi = W = ML 1 ()Y, -1k ®)
where
H ~
Wre = Wag—1— NEi(k’)RZ}kYN,L,k , (3) loH(k)
My (k) = : , (6)

with Yy s = [Ya(k) -+ Ya(k=L+1)]" and Ry, =
Yy kXN 1 - Define the deviation filter to b&/n x =
Wi i + Wg with W5, denoting the optimal filter and con-  is computed recursively as follows

sider the noiseless case wheligk) = Xy s W5 . From

(3), itfollows thativy = W k- (1= X, Ry LYk, MuE) = | 01 Yk, ()
(¢ = 1) which reveals the projection scheme of the devia- (Mr(k=1))o:L-2

tion filter onto the orthogonal subspace to the space col-
umn of X/ ; , in the direction defined by the row space of
YN,L k- TS _vH (g L-1%

The IV signal must lead to decorrelation of the input sig- Wk = Wipor = p¥Vy (k=L+ DM (k) - (8)
nal. One possible IV is the Kalman gain that is computed
in the RLS algorithms. Unfortunately, the Kalman gain
doe; not have the shn‘tllnvarlance property that alloyvs t.he (k) = €8 (k) — pME (k—1)sp_y (k) | (9)
derivation of fast recursive computations in LS adaptive fil-

tering. Hence, consider the LDU decomposition of the in- wherec¥, () is the output error of the pseudo-filter and
verse covariance matrix and suppose the prediction filter is

k= L+1) + - 4+ 1E=Dk)

The pseudo-filter is updatextcording to

and the output error filter is computed in the following way

of order M (AR(M) assumption) withl{ < N as is the sp—1(k) = Ynroip-1Xn(k) =spo(k—1)+
case for the FNTF algorithm. It appears that the IV signal Yi_ (k=1)a(k) = Y/_, (k—=N—1)2(k—N), (10)
. . L-1 L-1 3
can be generated according to Fig. (1) wherg (z, k) =
Zano A, rz~" andAg ; = 1. Note that in the stationary * denoting the complex conjugate operator. The set of equa-

case: Sy, (z) = Am(2)Am (27 1) S0 (2) = Sps(2), hence  tions (5)-(10) constitutes the first step of the fast algorithm
the cross-covariance matrik,.. is equal toR;; which is we are deriving. In the following, we derive an algorithm

diagonal ifA, (2) is the optimal prediction filter associated that efficiently computes the solution to (4). In order to do
with z(k). The prediction filter can be time-updated using this, we have to analyze the displacement structuriézdg.

a trellis structure or an FTF algorithmi (21, k) being This will be done in an RLS context by first, deriving a re-

non-causal, it suffices to replace it by Ay, (271, k) and cursive version thatis the IV SWC RLS algorithm and after-
to delay the input and desired signals kysamples to get  wards, a fast recursive version which is called the IV SWC
a realizable structure. FTF algorithm.



3.2. The IV SWC RLS Algorithm Whereégle(k) =1—- Fr nuXn(k—N+1). Applying the

. . MIL to (13),we obtain
When using an IV in the SWC RLS context, one has to ver-

ify the orthogonality condition¥;_, _ ., Yz (i)e™ (i[k) = RiY =Ry —DE i (B Fong . (19)
01«1 Which lead to the normal equations o o B
N with DF . = =R, X5 (k—N+1). Finally, by associ-
WrnkRLNg = =Py (11) ating the time-order update and order down-date equations,
_ _ the IV SWC RLS algorithm is given by
WhGYERLyNyk = ng andPLyNyk = Zf:k—N+1 YL(i)d{I.

Note that in the present case, the indiéeand N respec- Crn-1p = _Xf(k)RIjiI\f—l,k—l
tively represent the di'mension ofthe'problem and the. Iength éL,N—l,k _ _YLH(k)EilN—l o
of the rectangular window over which the LS solution is . - e
computed. We have the following recursions for the sample 7z (k) = 1—Gry-1xX0(k)
covariance matrix ey noa(k) = dk)+Wr no1 k-1 X1 (k)
. . _ P
RLyNyk; — RLVN_lyk_l + XL(k)YIJ:—I(k) (12) EL,N(k) - EL,N—lpyN(k) N
= Rpn_1s+ Xp(k=N+D)YH (k—=N+1) , (13) Wenn = Win-rs-t+anB)Grn-1
dfor th lati ; RZ}N,I@ = Rz,lj\f—l,k—l - CEN—LWN(]{)GLVN—W
and for the cross-correlation vector ~_
Dpnk = —X§(k=N+1)RT, (20)
PLng = Pon-ige-i+ Yo(k)d" (k) (14) Pong = =Y (k=N+1)Rl,
= PL,N—lyk+YL(k_N+1)dH(k_N+1) -(15) 6L7N(k) = l—PLVNkaN(k’—N—I—l)

VL,N(k)

The derivation of the recursive version of (11) is done con- d(k=N+1) + W n e X (k=N+1)

sidering two RLS problems: first one being a time and order VL N-1 (k) = VL,N(k)5E,1Jv(k)
update recursiotik—1, N—1) — (k, N) and the second W, n_1x = Wi ng+ vi no1(k)PL Nk
one is an order down-date recursign N) — (k, N—1). ~_ ~_ _
on ) ( ) RL,lN—l,k = RL,lN,k - Df,N,k‘SL,lN(k’)PL,N,k .

The first step is a simple Weighted RLS (exponential win-
dow; WRLS) algorithm where the forgetting factbiis set From, the IV SWC RLS algorithm described above, we

to 1. Using (12), (13) and the Matrix Inversion Lemma can now derive the corresponding fast version called the IV
(MIL), it is easy to show that the time and order update s\vc FTE algorithm.

part of the recursive algorithm is given by the first set of
equations (20). Note that because the Heéam property

of the sample covariance matrix disappeared with the use o
the 1V, we have to compute 2 Kalman gaifig x_1 » and In what follows, we will only give the equations of the pre-
GLVN_M that correspond respectively to the input signal diction part of IV SWC FTF algorithm. Details about the
z(k) and to the IV signal(k). The IV WRLS and its fast ~ complete algorithm can be found in [4]. The IV SWC FTF
version called IV FTF algorithm have been derived in [3]. algorithmuses two prediction problems, one associated with
For the down-date part, let us consider the normal equationghe input signalz(k) with y(k) being an IV (41 v and

9.3. The IV SWC FTF Algorithm

Wi N1 xR N-1x = —P'y_1,, using (13) and (15),  Br,n . arethe corresponding forward and backward predic-
one finds easily tion filters) and the other associated to the sigiia) with
z(k) as the IV (A1 n and By v x being the forward and
Wenoi,e =Wong +venv—1(B)Fr Nk (16) backward prediction filters). The prediction part IV SWC

i FTF algorithm s given by
with Fr y o, = —YLH(k’_N"i'l)RE}N,k and

éL N,k (~?L Nk ] _éL,Nm,km gL,Nm,km
I/L,N—l(k) = d(k’—N+1) + WL,N—l,kXL(k'_N-Fl) . Nk YLy N, ALVNmykm ALVNmykm
(17) Apng ALne | = Iy

o (k) a7l (k) vz (k) aE}Nm(km)
ReplacingW; -1 in (17) by the right hand side of (16) Ly LN S L X, (k) Y, (k)
gives the following relation N N - &
Cronn G_L 7Nm7k- BLL;,N,: FLL;,N,:
d(k=N+1) + W np Xr(k—N+1) Brng Brng | = 1Ib S g
1 o 7—1(]{) BLN(k) 7Lp( ) 6L,Nm( m)
= vin-1(k)or n (k) (18) L AR Xr, (k) Y, (k)

>

vi n(k)

)




- [ DrNk, Prong, |
Fy ANk ALnk

3r(km) ap 'y (k)
L Xz, (kn) Y, (kn) |
- [ Dr, N,k P_L,,,N,,,k_
Fp Brnk Brnng
or, (k) Br (k)
| Xz, (kn) Vi, (kn) |

Dprprk Bprprk

AL Nk AL Nk
-9

or, (k) aL,Nm(k)_

Dpngk  Prwg

BN,k Bon, ok
or(k) Brn,. (k) ]

(21)

whereL, = L+1,N, = N+1, L, = L—1, Ny = N—1,
km = k—1,kny = k—N+1, aL,N(k) andﬁLyN(k) are re-
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Figure 2: Comparison of the FIVAP and FAP algorithms.

spectively the forward and backward prediction error ener- the non-relaxed formy(= 1). WhenZ > M, the complex-

gies Fyy and Fp are transformations defined in [4]. The
computational complexity of the prediction part IV SWC
FTF algorithm is20 7. operations per sample.

3.4. The Complete Algorithm

ities are respectivelyN + 8L +21M and2N +2L+21M
operations per sample.

4. SIMULATION

In Fig. 2, we give the learning curves (averaged over 128

The last step consists in using the displacement structure okamples) of the FIVAP and FAP algorithms for an input

the inverse covariance matrix

-1

Ry 0
0

*

RZ,lk = [ ] + B%m,N,kﬁzi,N,k(k)FLm,N,k

H H
Hence, using the fact that; (k) = {e’im(k) *}

[EP*(k) (1—p) (e’i(km))fLm}H, itis easy to show

0 0 _ —
0 Eil . ] +Afm,N,kaLi,N(k)ALm,N,k (22)

k)= [0 (1=p)uf (k)] + (23)
or! N AL, Nkt ()AL N
H
O] = 0 = 2 0B a9

The solution to (4) is computed efficiently with (23) and re-

which is a highly correlated signaly = 256, L = 24,

M = 4andX = .999 (we used a stabilized FTF with
FEy = 10). A sudden variation of the optimal filter arises
at k£ = 9900. White output noise has been added so that
SNR=20 dB. As one can see, the IVFAP algorithm is more
robust to noise amplification than the FAP algorithm.

5. CONCLUDING REMARKS

Due to its numerical error propagation dynamic, the IV SWC
FTF algorithm is unstable. One way to overcome this prob-
lem is to restart the algorithm whenever instability has been
detected. The stabilization of the new algorithm using a
feedback mechanism is the subject of our ongoing research.
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