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Abstract—In the setting of the two-user broadcast channel,
recent work by Maddah-Ali and Tse has shown that knowledge
of prior channel state information at the transmitter (CSIT) can
be useful, even in the absence of any knowledge of current CSIT.
Very recent work by Kobayashi et al., Yang et al., and Gou and
Jafar, extended this to the case where, instead of no current CSIT
knowledge, the transmitter has partial knowledge, and where
under a symmetry assumption, the quality of this knowledge is
identical for the different users’ channels.

Motivated by the fact that in multiuser settings, the quality
of CSIT feedback may vary across different links, we here
generalize the above results to the natural setting where the
current CSIT quality varies for different users’ channels. For this
setting we derive the optimal degrees-of-freedom (DoF) region,
and provide novel multi-phase broadcast schemes that achieve
this optimal region. Finally this generalization incorporates and
generalizes the corresponding result in Maleki et al. which
considered the broadcast channel with one user having perfect
CSIT and the other only having prior CSIT.

I. INTRODUCTION

In many multiuser wireless communications scenarios,
having sufficient CSIT is a crucial ingredient that facilitates
improved performance. While being useful, perfect CSIT is
also hard and time-consuming to obtain, hence the need for
communication schemes that can utilize partial or delayed
CSIT knowledge (see [1]-[6]). In this context of multiuser
communications, we here consider the broadcast channel
(BC), and specifically focus on the two-user multiple-input
single-output (MISO) BC, where a two-antenna transmitter
communicates to two single-antenna receivers. In this setting,
the channel model takes the form

y) = hjm, + 2V (1a)
(2)

y? = gle, + 27, (1b)

where for any time instant t, h;,g; € C?>*! represent the
channel vectors for user 1 and 2 respectively, where z,gl), zt(g)
represent unit power AWGN noise, where x; is the input signal
with power constraint E gthQ) < P, and where in this case,
P also takes the role of the signal-to-noise ratio (SNR). It
is well known that in this setting, the presence of full CSIT
allows for the optimal 1 degree-of-freedom (DoF) per user,
whereas the complete absence of CSIT causes a substantial

degradation to just 1/2 DoF per user!.

An interesting scheme that bridges this performance gap by
utilizing partial CSIT knowledge, was recently presented in [1]
which showed that delayed CSIT knowledge can still be useful
in improving the DoF region of the broadcast channel. In
the above described two-user MISO BC setting, and under
the assumption that at time ¢, the transmitter knows the
delayed channel states (h, g) up to time ¢ — 1, the work in [1]
showed that each user can achieve 2/3 DoF, providing a clear
improvement over the case of no CSIT.

This result was later generalized in [7]-[9] which considered
the natural extension where, in addition to the aforementioned
perfect knowledge of prior CSIT, the transmitter also had
imperfect knowledge of current CSIT; at time ¢ the transmitter
had estimates th, g; of h; and g;, with estimation errors

hi=h; —hi, G:=g:—a )

having i.i.d. Gaussian entries with power

2B (IRd?) = 3B (I:1?) = P,
for some non-negative parameter « that described the quality
of the estimate of the current CSIT. In this setting of ‘mixed’
CSIT (perfect prior CSIT and imperfect current CSIT), and
for dy, ds denoting the DoF for the first and second user over

the aforementioned two-user BC, the work in [7]-[9] showed
the optimal DoF region to take the form,

{dl < ].; dg S].; 2d1+d2 §2+Oé; 2d2+d1 §2+Oé} (3)

corresponding to a polygon with corner points
{(0,0),(1,0), (1, @), (252, 22) (a,1),(0,1)},  nicely
bridging the gap between the case of o = 0 explored in [1],
and the case of a = 1 (and naturally a > 1) corresponding to
perfect CSIT.

A. Notation and conventions

Throughout this paper, (o)=L, (o)7, ()", respectively denote
the inverse, transpose, and conjugate transpose of a matrix,
while (e)* denotes the complex conjugate, and || || denotes
the Euclidean norm. | e | denotes the magnitude of a scalar,

'We remind the reader that for an achievable rate pair IgRl’ Ry3), the

corresponding DoF pair (dy,d2) is given by d; = limp_, o ﬁ, i=1,2.
The corresponding DoF region is then the set of all achievable DoF pairs.



and diag(e) denotes a diagonal matrix. Logarithms are of

base 2. o(e) comes from the standard Landau notation, where

f(z) = o(g(x)) implies lim,_,o f(2z)/g(x) = 0. We also use

= to denote exponential equality, i.e., we write f(P) = P to

d _ log f(P)
enote lim

. P—oo . log P .
consider a unit coherence period, as well as perfect knowledge

of channel state information at the receivers (perfect CSIR).

= B. Finally, in the spirit of [7]-[9] we

II. THE GENERALIZED MIXED-CSIT BROADCAST CHANNEL

Motivated by the fact that in multiuser settings, the quality
of CSIT feedback may vary across different links, we extend
the approach in [7]-[9] to consider unequal quality of current
CSIT knowledge for h; and g;. Specifically under the same
set of assumptions mentioned above, and in the presence of
perfect prior CSIT, we now consider the case where at time ¢,
the transmitter has estimates ﬁt, g; of the current h; and g,,
with estimation errors

hi=h; —hi, §:=gi— 4)

having i.i.d. Gaussian entries with power
1 - _ 1 - _
SE(I1R:]1?) = P=, SE (lgell?) = P72,

for some non-negative parameters «;, o that describe the
generally unequal quality of the estimates of the current CSIT
for the two users’ links.

We proceed to describe the optimal DoF region of the general
mixed-CSIT two-user MISO BC (two-antenna transmitter). The
optimal schemes are presented in Section III, parts of the proof
of the schemes’ performance are presented in Appendix V,
while the outer bound proof is placed in Appendix VI.

A. DoF region of the MISO BC with generalized mixed-CSIT

Without loss of generality, the rest of this work assumes that
1>a1 2 a2 >0. 5

Theorem 1: The DoF region of the two-user MISO BC with
general mixed-CSIT, is given by

d <1, dy<1 (6a)
2d1 +dy <2+ oy (6b)
di+2ds <2+ as (6¢)

where the region is a polygon which, for 2a; — ae < 1 has
corner points

2+2a1—a2 2+20¢2—C¥1
{(0,0),(1,0),(1,@1),( 3 ’ 3

and otherwise has corner points

1+Ot2

)a(QZal)v(Ovl)}a

{(070)3(170)7(13 )7(0‘231)7(071)}'

The above corner points, and consequently the entire DoF
inner bound, will be attained by the schemes to be described
later on. The result generalizes the results in [7]-[9] as well as
the result in [10] which considered the case of (a3 = 1, a9 =

d. 2 dZ

\d,+2d,=2+a, \ d,+2d, =2+,

~
D ~d+2d,=2+a,
h . - -
\ ~
‘.
~.

~ dl - - d;
0 1 2+« 2+a, 0 1
P ‘ 2

(@) Case I: 20, —ax, <1 (b) Case 2: 20, —a, >1

Fig. 1. DoF region when 2a1 — o2 < 1 (case 1) and when 2ap — a2 > 1
(case 2). The corner points take the following values: A = (1, H%), B =

(ag,1), C = (F2a1=a2 2H202-01) 4pd D = (1, o).

0), where one user had perfect CSIT and the other only prior
CSIT.

Figure 1 depicts the general DoF region for the case where
201 — ag < 1 (case 1) and the case where 2aqy — oy > 1
(case 2).

We proceed to describe the communication schemes.

III. DESIGN OF COMMUNICATION SCHEMES FOR THE
TWO-USER GENERAL MIXED-CSIT MISO BC

As stated, without loss of generality, we assume that 1 >
a1 > ag > 0. We describe the three schemes X1, X2 and X3
that achieve the optimal DoF region (in conjunction with time-
division between these same schemes). Specifically scheme
X1 achieves C' = (2t2a1=02 2H2a2-01) (case 1), scheme Xy
achieves DoF points D = (1,a;) (case 1) and A = (1, 1£22)
(case 2), and scheme X3 achieves B = (aq, 1) (case 1 and
case 2). The scheme description is done for 1 > a1 > ag > 0,
and for rational «, ais. The cases where a; = 1, or a1 = o,
or where ay, o are not rational, can be readily handled with
minor modifications. We proceed to describe the basic notation
and conventions used in our schemes.

The schemes are designed with S phases (S varies from
scheme to scheme), where the sth phase consists of T’s channel
uses, s =1,2,---, 5. The vectors h,; and g, will denote the
channel vectors seen by the first and second user respectively
during timeslot ¢ of phase s, while fzs,t and g, ; will denote
the estimates of these channels at the transmitter during the
same time, and h,; = hg; — fl&t, st = Gst — gs¢ Will
denote the estimation errors.

Furthermore a,; and a;kt will denote the independent
information symbols that may be sent during phase-s, timeslot-
t, and which are meant for user 1, while symbols b, , and
b;yt are meant for user 2. Vectors u,; and v, are the unit-
norm beamformers for a,, and b, ; respectively, chosen so
that u 4 is orthogonal to g, ., and so that v, ; is orthogonal to




~ !/ ’ .

h ;. Furthermore u, 4, v, , are the randomly chosen unit-norm
st Vst ¢ '

beamformers for a, , and b, , respectively.

Another notation that will be shared between schemes
includes

*(b) A hT

at_

_(a) _gs Ws,tAs tWS tus ta‘s St t= 1 TS

s, tbs t"'hl t'U; tb; ts
(7N

that denotes the interference seen by user 1 and user 2
respectively, during timeslot ¢ of phase s. For {c(gat) , 52”2 21
being the accumulated interference to both users during

phase s, we will let {c(at), :(sz }X | be a quantized version

of {cgat), *Sbt)}t 1> and we will consider the mapping where

the total information in {“g‘?, ASbZ}t 1 is split evenly across

symbols {cet1, ¢}>4" transmitted during the next phase. In
addition we use w11 to denote the randomly chosen unit-
norm beamformer of ¢y 4.

Furthermore, unless stated otherwise,

! I ! /
Tt = Wt Csp TUst At UGy Aoy TVs0 bsy +0, 4 by
~~ ~~ ~~—~ ~~

pLo pl@ P P

®)
will be the general form of the transmitted vector at timeslot ¢
of phase s. As noted above under each summand, the average
power that is assigned to each symbol, throughout a specific

phase, will be denoted as follows:

pla"

P 2 Elegy?, P 2 Ela.,[?, P 2 Ela )

b v /

'L B, PSR
Furthermore each of the above symbols carries a certain amount
of information, per timeslot, where this amount may vary across
different phases. Specifically we use r§“)
phase s, each symbol a,;, t =1,--- T, carries rs logP +

o(log P) bits. Similarly we use rE, ) rgb) rgb ) ( ) to describe
the prelog factor of the number of bits in as + bs,t,b;t, Cs t
respectively, again for phase s.
Finally the received signals during phase s for the first and
second user, are respectively denoted as yg,lt) and yEQt), where

generally the signals take the following form

to mean that during

yilt hl 4Tst + z( )

ﬁ?f%ﬂw+%Lt:L~nn. ©)
A. Scheme X1 achieving C = (#29=02 2+202-01) (cqge ])

As stated, scheme X; has S phases, where the phase
durations 74,75, --- ,Ts are chosen to be integers such that

T2 :T1§7 TS:TS_l/L:Tlgus_QaVS S {3747 75_1}a
Ts = Ts-1y = Théu™ >, (10)
where £ = 2=0=02 = =oALy _ aiceadIA apg

where A is any constant such that 0 < A < M

1) Phase 1: During phase 1 (77 channel uses), the transmit
signal is

ml,t:uuau+u'1,ta/1,t+vl,tb1,t+v1,tb1,t, (11
while the power and rate are set as
P =p pe)zpl-e p®-p  pl) = ploa
ria):l, rga):lfcm, rgb):l, rgb):lfal.
(12)

The received signals at the two users then take the form

~(b)
C1,t

(1) —hT +hT ! ! MT b +hT 4 b/ (1)
Y1t 11,601, H Wy 4y Yy 0140155 01 101 4129 ¢
~—

P pl—az pl—aj pl—a; PO

42

(2) U au v1 b vy byt (2)
Y1 =01 1,401,4g7 1ta1t+91t1t 1t‘|‘g1t1t 16210
——— ——

PpPl—ag Ppl—ag pPl—ag PO

(13)

where under each term we noted the order of the summand’s
average power.

At this point, and after the end of the first phase, the trans-
mitter can use its knowledge of delayed CSIT to reconstruct

{C§a3 ) Egbt 1 (cf.(7)), and quantize each term as
Egat)_cg 6§at)? Egbg_é(lbz—’_égbi)t? = 1727"' ,Tlv
where cgat) , 6% are the quantized values, and where

~(1at) , cgbg are the quantization errors. Noting that E|¢

Pl (12’ E| (b)|2 Pl ozl’
that assigns each c(a) a total of (1 — az)log P + o(log P)
bits, and each Agbz a total of (1 — «ay)log P + o(log P) bits,
thus allowing for E[&%)|> = E[&")|> = 1 ( [11]). At this
point the T (2 — a; — a2) log P + o(log P) bits representing

gat) ) Agbz T1 | are distributed evenly across the set {ca )72,
which will be sequentially transmitted during the next phase.
This transmission of {co;}72, will help each of the users
cancel the interference from the other user, and it will also
serve as an extra observation that allows for decoding of all
private information of that same user.

2) Phase 2: During phase 2 (T5 channel uses), the transmit
signal takes the exact form in (8)

(a)|2 -

we choose a quantization rate

! ! ’ !’
Tt = W2 1C2 ¢+ U2t A2t + Uy A9 ¢ + V2 tb2 ¢ + Vg by (14)

where we set power and rate as

PQC)iPa TQC):l_al_A
P(a) porta, réa) =1+ A
P(a ) - - poi- Otz-i-A7 Tga ) _ a1 —ag + A (15)
P(b) Poc1+A Téb) =a; +A
2(b)£PA, Téb):A7

(e)

and where we note that ry "’ satisfies TQT‘éC) =T1(2—a; —as).
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Fig. 2. Received power levels at user 1 (phase 2).

The received signals during this phase are given as

(1)
Y =hg wa co i thy us as i +hy tu2 ta2 ¢

P pao1+A pol—az+A
RS 02,1bs 1+ Ry 0y by 25 16
+hy V2,102 4 +Ng Vg 1Oy T+ 25 1, (16)
~—
PA PA PO
2 _ T ~T T, 4
Yo,i =02, W2,1C2t+Go 1 U2,102,t+G3 1 U A9 4
P poy—as+A pol—as+A
(2)
+95v2.4b21 + g5 t”z tb2 ¢+ 2o ¢ a7
v
Pa1+A PA PO

for t=1,2,---T5, where under each term we noted the order
of the summand’s average power.

At this point, based on (16),(17), each user decodes c3; by
treating the other signals as noise. After decoding {cs, t}tTQl

and fully reconstructlng {cgat) , égbz,

phase and subtracts ¢; 2 from y, t) to remove (up to bounded

+—1, user 1 goes back one

noise) the interference corresponding to c( ) The same user

sla) e =(a)

will also use the estimate ¢; ; of ¢} ; as an extra observation

which, together with the observation yg t) , present the user with

a 2 x 2 MIMO channel that allows for décoding of both a; ; and
al +- Similarly user 2, after fully reconstructing {cgat) , cgbz,

t=1
subtracts c§2 from yﬁ), to remove (up to bounded noise) the

interference corresponding to aﬁ“f?, and also uses the estimate

A(b) (b)

¢y of ¢j; as an extra observation which, together with the

observation y§2,2 , allow for decoding of both b;; and bl1,t-
Further exposition to the details regarding the achievability of
the mentioned rates, can be found in Appendix V.
Consequently after the end of the second phase, the transmit-
ter can use its knowledge of delayed CSIT to reconstruct

Gy, t),ég’z L, and quantize each term to ééag,éébg With

E‘E2at |2 pai—az+A , E|& () ‘2
tion rate that assigns each c( ) a total of (a1 —ag+ A)log P+
o(log P) bits, and each c( ) a total of Alog P + o(log P)
bits, thus allowing for ]E|c(a)|2 = \N(b) |2 = 1. Then
the TQE | — as + 2A)log P + o(log P) bits representing
{ééat) ) 62{’2}21, are split evenly across the set {c3 ;}*, which
will be sequentially transmitted in the next phase so that user 1
can eventually decode {as 4, az,t};‘Ep and user 2 can decode
{b27tv b2,t}?il‘
We now proceed with the general description of phase s.
3) Phase s, 3 <s<S—1: Phase s (T, =T. ,1m

11—« 1— A
channel uses) is almost identical to phase 2, with one difference

P2, we choose a quantiza-

being the different relationship between 7 and T5_;. The
transmit signal takes the same form as in phase 2 (cf. (8),(14)),
the rates and powers of the symbols are the same (cf. (15)) and
the received signals yg t) , yft) t=1,---,T,) take the same
form as in (16),(17).

Most of the actions are also the same, where based on
(16),(17) (corresponding now to phase s), each user decodes
cs,¢ by treating the other signals as noise, and then goes back

one phase and reconstructs {A(a)l + éib)l t . As before,
~(b)

user 1 then subtracts ¢, , from y, )1 + o remove, up to

bounded noise, the interference corresponding to c( )1 + The

A() ()

same user also employs the estimate ¢, ; of ¢

extra observation which, together with the observation y —
(b

h;_lﬁtws_ucs_l?t — cs_)Lt obtained after decoding cs_u,
allow for decoding of both as_;; and a:;—l,t' Similar actions
are performed by user 2.

As before, after the end of phase s, the transmitter can use

its knowledge of delayed CSIT to reconstruct {cbat) , *ibz Ve,

and quantize each term to c( t) , cgbz with the same rate as in

phase 2 ((a; —ap+A) log P+o(log P) bits for each ég‘?, and
Alog P+ o(log P) bits for each ég t)) Finally the accumulated
To(ap — as + 2A) logP + o(log P) bits representing all the
quantized values {cs £, C gbz tT 1, are distributed evenly across

the set {cs41, f}t °*1 which will be sequentially transmitted in
the next phase. More details can be found in Appendix V.

4) Phase S: During the last phase (Ts = Ts,l%
channel uses), the transmit signal is
L5t = Wg+Cst + US 05+ + Vs tbs s (18)
where we set power and rate as
PO =P Y =1-a
Péa) = poz, Tga) — oy (19)

PP = pe2 ¢ — g

The received signals are

v )—hs (Ws ics i Hhg us tas, H—hs tVs,tbstt+2 ( Z

v
pPaz—ay Po

P P2

(2

. 2
Ys.t =g51Ws,tCs,t + G5 4Us,105,t 195 V5,105 ¢ + ngz , (20)
~—

P PO

fort=1,2,---,Ts.

At this point, as before, the power and rate allocation
of the different symbols allow both users to decode cg;
by treating the other signals as noise. Consequently user 1
can remove hfg LWs s from ygg and decode ag;, and

similarly user 2 can remove 95 LWs ¢Cg from y( ) and decode
bs.+. Finally each user goes back one phase and reconstructs

Eqa)1 t,ég)ll,t, tle‘l, which allows for decoding of ag_1 ¢
and aS_Lt at user 1 and of bg_1 + and b/S_Lt at user 2, all as
described for the previous phases (see Appendix V for more

details).

P2 po



Table I summarizes the parameters of scheme X;. The use
of symbol L is meant to indicate precoding that is orthogonal
to the channel estimate (rather than random). The table’s last

row indicates the prelog factor of the quantization rate.

TABLE I
SUMMARY OF SCHEME Xj.

Phase 1 Phase 2 Ph. s (3<s<5-1) Phase S
Duration Th T € TiEps—2 T1EpS 3y
r(a) 1 a1 +A a1 +A Qg
r(a) 1—ao a1—aot+A a1—aot+A -
r(® 1 al+A a1 +A Qs
P 1—aq A A -
r(©) - l—a1—A l—a1—A 1—ao
pla) ] P parts porta Ppos
pla’) pl—a2 poi—axtA poi—axtA -
p® J2 portA portA paz
p®) pl—o1 pA pA _
P P P P
Quant. 2—ar-az | arax2A ar-azt+2A 0

a) DoF calculation for scheme X1: We proceed to add up

the total amount of information transmitted during this scheme.
(a) ( "

In accordance to the declared pre-log factors rs ’,r and
phase durations (see Table I), we have that
S—1 s
di=(Ty(2—a2)+ Y Ti(2a1 —az+2A)+Tsas) /(Y T))
1=2 i=1
S-1
= (O _(T(1—a1 = A)+Ti(a1+A))+Ts(1-ay)
i=2
5-1 5
+Tsaz + Tion =AY T)/(OT)) (21)
i=2 i=1
T A—-1)+TsA
RN (C )+ TsA (22)

Zf:1 T
where (21) considers the phase durations seen in (10). Con-
sidering that 0 < pu < 1 (see (10) for case 1), that
Zf Ogu = 1_1’1” , and given an asymptotically high S,

we see that
4= (1-A) Tﬁ(oq + A1)+ Top®3yA o3
Dl + a3 — 1))
R (T e
3 1—p
:(1—A)— 1—}—0&2—320[1—3A _ 2—&-20&1—0&2.
(24)

Similarly, considering the values for r( ) § )

T1(2 — 0[1) + Z (041 + QA) + TSOZQ

Z’L IT‘
(2 2a1—2A)+TS(a2—a1—2A)

Zi:l T;

, we have that

dy=

—041+2A+

%(2*2@1*2A)+T2M373’Y( 2 — a1 —24A)
B Do(id + 573y — 1)

=a1+2A+

which, in the high S 11m1t, gives

1
dy = a1 +2A + 5(2 I 20&11 28)
&N I-p
2(1—|—O{2—2041—3A) . 2429 — a1
3 B 3 '
In conclusion, scheme X; achieves DoF pair C =
(2+2a?)1—a2 2+2032—a1) (case 1)

)

—ai 20+ (25)

B. Scheme Xy achieving D = (1,aq) (case 1), and A =
(1, 1422 (case 2)

Scheme X, is designed with S phases, with phase durations

T1,Ts,--- ,Ts chosen to be integers such that

Ty =Tir, Ts=T,1B=T17B8 2 Vse{3,4,---,S—1},
Ts = Ts—1n = Ti78° *n, (26)
where 7 = %:gf = 6‘117;‘12 n= %

The scheme is similar to Xy, but with a different power and
rate allocation, and a different input structure since now user 2
only receives a single private information symbol.

1) Phase 1: During phase 1 (7} channel uses), the trans-
mitter sends

/ ’
X1t = U1ears + U Qg 4 + V101,

with power and rate set as

Pl(a) - P7 P(a,) - Pl—cvcg7 P(b) = poa
rga) =1, ia) =1- ao, rib) =aq;.

The received signals take the form

(1) _ g T T (1)
Y1t = hl,tul,tal,t + hl,tul,tal,t + hl,tvl,tbl,t + 24
~—

P ploas PO PO
_(a)
Cit
(2) _ =7 T, T (2)
Yii = G14U1,t01,t + g1 Uy 4Gy T 91 V1eb1 e+ 20
~—
pl—az pl—az Po1 po

After the end of the first phase, the transmitter reconstructs
{Egat) 1 (cf.(7)), and quantizes each term as

A= 249

Ciir, t=1,2,--- T

Noting that Ele; ; (a) |2 = P'=%2_ we choose a quantization rate
A( )

that assigns each ¢; ; a total of (1 —ag)log P+ o(log P) bits,
thus allowing for E|c(a) |2 = 1. Then the T} (1 — ) log P +

o(log P) bits representing {c(a)}t;1 are distributed evenly
across the set {Cz,t}t:1 which will be transmitted in the next
phase. As before, transmission of {co ;}72, aims to help user 2
cancel out interference, as well as aims to provide user 1 with
an extra observation which will allow for decoding of the user’s
private information.



2) Phase 2: During phase 2 (I3 channel uses), the trans-
mitter sends

7 7
Tt = W2 tCo ¢ + U2 A2t + Ug 1Ag 4 + V2,tbo

with power and rate set as

P9 =p, r{? =1-q
P(a) = po Tga) =
(“ ) - a1 —a (a”) (28)
Pyl =PYT oy =a —ap
P(b) P, r =y,

where we note that réc) satisfies T2rgc) =Ti(1 - az).
The received signals in this phase are

)

(D _g1 T T, T

Yo 1 =ho a2 tCo1thg o ras +hy ps yag y+hy 2 o 1+25
—_———

P Pl pPo1—a2 po PO

(29

(2)_ 71 ~T T T (2)
Yo 1 =ga W2,tC2,t + go 2,102, 1+Ggs Mo 10 1 +go V2,2 1425
P poy—ag pPal—a2 Pl Po

(30)

for t=1,2,---T5.
Then, based on (29),(30), each user decodes cy ¢ by treating
the other signals as noise, and then proceeds to reconstruct
égag }14 . User 1 combines each égag with its corresponding

observation yglt) to introduce 7% independent 2 x 2 MIMO

channels that allow for decoding of all a;; and a/1 +- At the

(2)

same time, user 2 subtracts c(a) from y;7; to remove (up to

bounded noise) the interference corresponding to cg t), which
in turn allows for decoding of by ;.

Consequently after the end of the second phase, the trans-
mitter can use its knowledge of delayed CSIT to reconstruct

{*5“2 |, and quantize each term to cgt) With Elel* X )12 =

Pe1=>2 we choose a quantization rate that assigns each c(a)

a total of (a3 — ag) log P + o(log P) bits, a choice that allows
for lEl|c(a)|2 = 1. Then the T5(a1 — ) log P + o(log P) bits
representing {c(a)}t 1» are distributed evenly across the set
{es.+}72, which will be transmitted in the next phase.

3) Phase s, 3 < s <S5 —1: Phase s (T, = T,lo‘ll_;;i2
channel uses) is almost identical to phase 2, except for the
relationship between T and T,_;. Specifically the transmit
signal takes the same form as in phase 2

Ty

)

’
!
t=Wst Cst HUst Qst TUG 4 Agy +Ust st
~~ ~~ ~~ ~~

P‘ic) P‘S{a) Péa’) P‘gb)

the rates and powers of the symbols are the same (cf. (28)),
and the received signals yg 9 Yst (2) (t =1,---,T;) take the
same form as in (29),(30).

The actions are also the same, where based on (29),(30)
(corresponding now to phase s), each user decodes c,; by
treating the other signals as noise and then goes back one phase

To_
and reconstructs {Cb—u ;27" As before, user 1 then employs
the estimate ci_)u of cg_)u as an extra observation which,

together with the observation ygl_)u —h{_ | ws 10511

attained after decoding cs_i., allow for decoding of both
as—1, and a;_l_t. At the same time, user 2 subtracts éga_)l_t

from yiz_)u to remove (up to bounded noise) the interference

corresponding to ES?IW which allows for decoding of b,_1 ;.

Again as before, after the end of phase s, the transmitter
can use delayed CSIT to reconstruct {Egat) }E |, and quantize
each term to ég‘? with the same rate as in phase 2 ((a; —
ag) log P 4 o(log P) bits per channel use). Finally the total of
the T (a1 —as) log P4o(log P) bits representing the quantized

Al Ts - : Ts1 :

values {¢g ; };2, is split evenly to the set {csy1,};27" which
will be transmitted in the next phase.

4) Phase S: During the last phase (T = Tg_19—=22

1 (6]
channel uses), the transmitter sends
Ty = WS,1CS,t + US,105,: + Vs,1bst (31)
with power and rates set as
PO 1
Py = pes, <"> =y (32)
P = pos 0 _ g
resulting in received signals of the form
1)_ hT hT iLT b 1)
Yg:=Ns Ws st tNg  Us 105+ g Vs,t054+2g
~—~
P P2 pog—aj po
2)_ 7 =T T b (2)
Ys =95, Ws,tCst +9s5,1Us,105,t95:Vs,t05,t + 254,
~—~
P PO Pz PO
(tzlv ) TS)

As before, both receivers decode cg; by treating all other
signals as noise. Consequently user 1 removes hg ,wg cg
a ) '

from y(sz

from y¢; and decodes ag ;, and user 2 removes ggytwgic&t

and decodes bg ;. Finally each user goes back one
phase and reconstructs {é(SaZLt}Z:Sl’ ', which in turn allows for
decoding of ag_1,; and (1/371 , atuser 1 and of bg_1 ¢ at user 2,
all as described in the previous phases. The DoF achievability
details follow those of scheme X; (Appendix V).

Table II summarizes the parameters of scheme Xs. The last
row indicates the prelog factor of the quantization rate.

TABLE II
SUMMARY OF SCHEME X2.

Phase 1 | Phase 2 | Ph.s (3<s<S—-1) Phase S
Duration T TyT T35 2 Tlrﬂs_?"r]
r(a) 1 a1 (e %1 a2
(@) 1—oo al—asg al—o -
7r® o o o 2
7(©) - 1—oq l—ay 1—ao
P@L P Pt pet P2
pla) pl-az | pai—a: poar—az i
POL | px Pt I P2
P - P P P
Quant. 1—a2 a1 —ag a1 —a2 0




a) DoF calculation for scheme Xo: We proceed to add up

the total amount of information transmitted during this scheme.

In accordance to the declared pre-log factors 7"( ) £ and

phase durations (see Table II), and irrespective of whether
a1, oo fall under case 1 or case 2, we have that
dl—(Tl(Q (%) +ZT 2041—042 +T5a2 ZT

=2

S—1 S
=(T1+T1 (1-a2)+Y_(Tion+Ti(a1—az)) +Tsan) /(Y T)

=2 i=1
Tl—‘rz ZT

(34)

S—1

1 (e} +TO{1)—|—T5(1 a9 +Tsa2

_T1+T2—|—T3+"'+TS_1 +Ts
Th+To+---+Ts
where (34) is due to (26).

Regarding the second user and the declared r; ), for case 1
(2a1 — a3 < 1) we see that

=1

(35)

dy — 25;11 Tiay + Tsag Ts(on — az)
2 — S = Q] — S —
Zi:l T; 21:1 T;
T S—3 _
oy 178° (a1 — az) 36)

T+ Tt Yooy i+ Tir 53y
= — - B j?go‘l, — aQ); (37)
z+ Zi:o Bt +BS 377
53_3 (o — a2)
_|_ ﬂs 2 + B5-3p
BS 3 n(og — az)
L+ 8573 - 125)

:al_

= — = ay, (33)
where we have used (26) to get (36), where we have used that
201 — ag < 1 implies B < 1, and where we have considered
an asymptotically large S.

When 2a;7 — as > 1 (8 > 1), then (37) gives that

B 3n(on — ag)

dg = 1 —

T 85— 1)

. n(ar — az)

— T T I B
o T 01— 155)

which, in the high S regime, gives
— 1-2 1
do =aq — n(e 6062) = ares +a2. (39)
_ B 2 2
=15

When 2a; — ay = 1 (8 = 1), then (37) gives that dy =

n(a1—az)

a1 = Togary which, for large S, gives
1
dy =aq = +o¢2. 40)
2
In conclusion, scheme Xy achieves DoF pair D = (1, 1)

(case 1), else it achieves A = (1, 1122).

C. Scheme X3 achieving B = (a2, 1)
This is the simplest of all three schemes, and it consists
of a single channel use? (S = 1,T; = 1) during which the

transmitter sends
xr = wc + ua + vb,

where w is orthogonal to g, v is orthogonal to il, and where
the power and rates are set as

pl) = p, @ =1—a
p@) = pez2  pla) = g, 41)
pl) = poa () —

resulting in received signals of the form

(1): T (1): T T 7T (1)
Y h'xz + 2 h'wc+h'ua+h'vb+ 2\

P Pe2 PO PO
Yy =g'x+ 2% =g'we+gua+gob+ 2@ .
e —— N =~

P PO P po

After transmission, both receivers first decode ¢ by treating
the other signals as noise, and then user 1 utilizes its knowledge
of {h,g,h,g} to reconstruct h™we and remove it from y(1),
thus being able to decode a, while after decoding c, user 2
removes g wc from y(?), and decodes b. The details for the
achievability of r(®) ®) () follow closely the exposition in
Appendix V. Consequently the DoF point (d1 = aa, do =
1) can be achieved by associating ¢ to information intended
entirely for the second user.

IV. CONCLUSIONS

The work provided analysis and communication schemes for
the setting of the two-user MISO BC with general mixed CSIT.
The work can be seen as a natural extension of the result in
[10] and of the recent results in [1], [7]-[9], to the case where
the CSIT feedback quality varies across different links.
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V. APPENDIX - DETAILS OF ACHIEVABILITY PROOF

We will here focus on achievability details for scheme X;.
The clarifications of the details carry over easily to the other
two schemes.

Regarding 7\¥ (2 < s < S —1 - see (15)), we recall that
during phase s, both users decode c;; (from y; t),yS t),t =
1,--- T - see (29), (30) ) by treating all other 51gnals as noise.
Consequently for H={h, ;,gi ;. h; j»8i.j, Vi, j}, we note that

I(Cs,t;yi,t)vH) = I(Cs,tyyg t)’H)
=(1—a; —A)log P+ o(log P),

2We will henceforth maintain the same notation as before, but for simplicity
we will remove the phase and time index.



to get

) = @ min{I(css 9l H). I (cos v H)Y
=1—a; —A.
Similarly for the last phase S (see (18),(19),(20)), we note that
I(cs,i; y(slz)w H)=1I(csu; ygL H)=
to get
(e) _

(1—az)log P+o(log P),

1 .
) = —— min{I(cs;y5, H), essy5), H)} =1 as.

log P

Regarding achievability for r%a) @)
and rgb) =1-—a; (see (11),(12),(13)), we note that each
element in {cy};2, has enough bits (recall that réc) =1-

— A), to match the quantization rate of {clat) , Agbz ; that
is necessary in order to have a bounded quantlzatlon n01se
Consequently going back to phase 1, user 1 is presented with

T linearly independent 2 x 2 equivalent MIMO channels of

® _

=1, rg =1l-ag,

the form
W] gl
o =] o e ey +°
Ci,t 9.t al it _C1 t
(¢ = 1,2,.--.,T1), where again we note that the described

quantization rate results in a bounded equivalent noise, which

then immediately gives that r( “ =1 and rga) =1—- a9
are achievable. Similarly for user 2, the presented 77 linearly

independent 2 x 2 equivalent MIMO channels

~(b) T
Cl ’ |: :| Y v, |:b17t:|
Jr
Lﬁ) gat)] gl Ve v b

t=1,2,--
(v)

~(b)

2 ~
z§2+ )

,T1), allow for decoding at a rate corresponding

to 7y —landrgb):l—al.

Regarding achievability for ) — o+ A, ) =g —
as + A, rg —a1+Aandr(b =A 2<s<S-1-
see (8),(14), (15)), we note that during phase s, both users can
decode c,,, and as a result user 1 can remove h] tws tCs t
from yglt), and user 2 can remove gg ,ws Cs ¢ from yst (t=
1,---,T,). As a result user 1 is presented with T linearly
independent 2 x 2 equivalent MIMO channels of the form

(b
8 WP ]
(a) gl Ws,t Ws |, _ (a)
cs,t s,t s,t Cs,t
(t=1,---,Ts). Given that the rate associated to {cs+17t}tT;J{1,

matches the quantization rate for {cé £, C Agbz ;=1. allows for

a bounded variance of the equivalent noise, and in turn for
decoding of {as,, as,t}tTil at a rate corresponding to (") =

a1+ A and r§“ ) — a1 —ag+ A. Similarly user 2 is presented
with T independent 2 x 2 MIMO channels of the form

A(b) BT )
—|""s,t v, ’Ul |:s,,t:| +
y§2t) - gs tws tCs,t — é‘(gat)‘| |:g:5r,t:| [ it S’t:l bs,t

allowing for decoding of {bs ¢, b;,t}zzl (t=1,---,Ts) at rates

correspondlng to r( ) = =1+ A and rgb ) = A.

Regarding achievability for T(Sa) = a9 and r(sb) = o

(see (18),(19),(20)), we note that, after decoding cg ;, user 1

T (1)
can remove hj ,wscs; from yg;, and user 2 can remove

g};’tws,tcs?t from ygz, t=1,---,Ts). Consequently during
this phase, user 1 sees Ts linearly independent SISO channels
of the form
1)
.t

T T T (1)
hs,th}tCS,t = hsytus,ta&t ""‘hs’tvs,tbs,t +zg;

(t=1,---,Ts) which can be readily shown to support rgl) =

a. A similar argument gives achievability for rg’) =ay. U

VI. APPENDIX - PROOF OF OUTER BOUND

We here adopt the outer bound approach in [9] to the
asymmetric case of a; # ag. As in [9], we first linearly
convert the original BC in (la),(1b) to an equivalent BC
(see (43a),(43b)) having the same DoF region as the original
BC (cf. [9]), and we then consider the degraded version
of the equivalent BC in the absence of delayed feedback,
which matches in capacity the degraded BC with feedback
(for the memoryless case), and which exceeds the capacity
of the equivalent BC. The final step considers the compound
and degraded version of the equivalent BC without delayed
feedback, whose DoF region will serve as an outer bound on
the DoF region of the original BC.

b) The equivalent degraded compound BC: Towards the
equivalent BC, directly from (la),(1b) we have that

yt(l) hix, +z()
= hVPQ—
¢ Qt\/ﬁ

= hz\/ﬁQtwt + Zt( :

= VPhjua} + VPhjva? + zgl)
y? = gimi + 2"

=9 \FQfmt + Z( )

— VPglwa! +VPglva? + 27, 43b)

Qt_lﬂ')t + 251)

(43a)

where

1,2

1
a’té [z xt] £ \/—Qt T,

where Q; £ [u; v;] € C?*? is, with probability 1, an invertible
matrix, where u, is chosen to be of unit norm and orthogonal
to g;, and where v, is chosen to be of unit norm and orthogonal



to h,. Furthermore each receiver normalizes to get
(1)

" _ Y
yt tht
1
— VPl + fhtvtxt Zt( :
¢ hju, hju,
= VPz! + VPR a2 4 2, (44)
, (2)
y@ = Yt
! give
P 2 fgtutxt n Zt(z)
gi vy gi vy
=VPa? +VPleag gl 4 5,®) (44b)
’ z(l) , /PoihTv ’ 2(2) ’
Where zt(l) = h‘F s ht = Pth,:: t» zt(2) = gl 'Ut’ gt -

VP aQ‘“ “t. Consequently v/P1h; and v/P*2g; have identity

gt
covarlance matrices, and the average power of hy, g;, zt(l) and
zt(Q) does not scale with P, i.e., in the high-SNR region this
power is of order P°. With the same CSIT knowledge mapped
from the original BC, it can be shown (see [9]) that the DoF
region of the equivalent BC in (44a)(44b) matches the DoF
region of the original BC in (1a)(1b).

Towards designing the degraded version of the above
equlvalent BC, we supply the second user with knowledge
of yt( ), and towards designing the compound version of the
above degraded equivalent BC, we add two extra users (user 3
and 4). In this compound version, the received signals for the
first two users are as in (44a)(44b), while the received signals
of the added (virtual) users are given by

D= VPal 4 VP a2 + 2, Y, @50)
= VP22 +VPleag/ gl 4 2P (45p)

We here note that by definition, h” and g;/ are statistlcally
equlvalent to the original h and gt respectively, and that z, e
and zt( ) (1)

(2) . Furthermore we note that user 3 is interested in the
same message as user 1, while user 4 is interested in the same
message as user 2. Also we recall that in the specific degraded
compound BC, user 1 knows yt( ), user 2 knows y( ) and
yt( ), user 3 knows Yy /D , and user 4 knows /@ and Yy
Flnally we remove delayed feedback - a removal known to not
affect the capacity of the degraded BC without memory [12].

We now proceed to calculate an outer bound on the DoF
region of this degraded compound BC which at least matches
the DoF of the previous degraded BC and which serves as an
outer bound on the DoF region of the original BC.

c¢) Outer bound: We consider communication over the
described equivalent degraded compound BC, letting n be the
large number of fading realizations over which communication
takes place, and letting R;, Ro be the rates of the first and

second user. We also let H[n = {ht,gt,ht,gt}t 1 7(1}) =S
{ }t 1andy _{yt )}t y fori=1,2.

are statistically equivalent to the original z,""’ and

"(1)

Using Fano’s inequality, we have

nRy <I(Wri; y{,(j)|H[n]) +no(n)

SnlogP—i—no(logP)—h(yi,r(j)|W1,H[n])—l—no(n), (46)
as well as
nRy <I(Wisy, " [H) + no(n)

<nlogP+no(logP)— h(yE;l(}l) |W1, Hip))+no(n), (47)

which is added to (46) to give

2nRy < 2nlog P+ 2no(log P) — h(y,}) Wi, Hyy)

- h(yE;l(]l)|W17 Hy,)) + 2no(n)
< 2nlog P + 2no(log P)
— h(ya s W, Hi)) + 2n0(n). (48)
Let
72 —1 ’ 1)
A ~—[1 h (
1 £ diae(l V) L h’t’] [y’t’m]
t Yt
W
[ |
VPax} \/IDTI%
\/>1't Zt 0 | |
49
[\ﬁxt Tlol Tz (49)
L Ao e
where z; = = Pt = P it and let
2n] = {2¢}7=,. Consequently
nRy +nRy = h(Wy, W)
:I(W17W2§ [(])>y[ Z[n]|H )
(1)
+ h(Wh W2|y[n] , y[n] s Z[n] R H[n])
:I(W17W2§ [(]),y[( Z[n]|H )
+ no(log P) + no( ) (50)
=1(Wy; [(1)’9[ 2{n) | H[ny)
+I(W2,y[n] 7y[n] > |H[n],W1)
+ no(log P) + no(n ), (31

where the transition to (50) uses the fact that the high SNR
variance of Z; and z, scales as P? and P®' respectively, which
in turn means that knowledge of {y;(l),y;/(l),zt,H[n]}?zl,
implies knowledge of Wy, Wy and of {z{,z?}? ,, up to
bounded noise level.

Furthermore

anih(Wl)
’ 1 1" 1 ! 1 1 1
=T33 Yo U2t )+ OV s 0, 21y H)
=I(Wy; y[ﬁ)7 y[n(]l), 2[p] [ Hpp) +n0(logP)+no(n), (52)

since again knowledge of {y;(l), y;/(l);
for W, up to bounded noise level.

24, Hyp iy provides



Now combining (51) and (52), gives
nRQ - (WQ; 7 y
= I(Wz;

z[n]|H , W1)+no(log P)+no(n)

( )
Yin) 7y[n] |H[n]aW1)

+I(W2; 2 |yl(1)7yi;l(]l),H["],Wl)—kno(logP)—kno(n)
=y Yy Hpg W) = h(y )y 1 H g, W, Wa)
no(log P)
= h(zpmly E})vy;m(]l)vH[n]aWhWQ)
no(log P)
+ h(zpn)ly (1)7y[n(]1),H[n],W1)+n0(1ogP)+no(n)
<h(2(n)

<h(y [(1),y[n1)|H Wl)—i—h(z[ ])—i—no(logP)—i—no(n)
<h( Yin ] ,y[n |W1,H[n])+na1 log P
+ no(log P) + no(n),
which is combined with (48) to give

2nR; + nRy < 2nlog P + nay log P + no(log P) + no(n),
(53)

which in turn proves the outer bound

2y 4 dy <2+ ay, (54)

as described in (6b). Finally interchanging the roles of the two
users and of o, ag, gives

dl + 2d2 S 2+ Q9. (55)

Naturally the single antenna constraint gives that d; < 1,dy <
1. O
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