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Abstract

We consider both discrete-time irreducible Markov chains with circulant tran-
sition probability matrix P and continuous-time irreducible Markov processes
with circulant transition rate matrix Q. In both cases we provide an expres-
sion of all the moments of the mixing time. In the discrete case, we prove
that all the moments of the mixing time associated with the transition prob-
ability matrix aP + [1 — a|P* are maximum in the interval 0 < o« < 1 when
a = 1/2, where P* is the transition probability matrix of the time-reversed
chain. Similarly, in the continuous case, we show that all the moments of
the mixing time associated with the transition rate matrix aQ + [1 — a|Q*
are also maximum in the interval 0 < o < 1 when o = 1/2, where Q* is the

time-reversed transition rate matrix.
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1. Introduction

In this paper we consider both discrete irreducible Markov chains with
circulant transition probability matrix P and continuous-time irreducible
Markov processes with circulant transition rate matrix Q. Therefore, the
adjacency matrixl] of their associated graph is circulant as well. Hence, our
model can be viewed either as a general case of random Walkﬂ on unweighted
circulant graphs or as a particular case of random walk on weighted circu-
lant graphs, in which the matrix of weights is circulant as well. Examples
of circulant graphs are complete graph, crown graph 2n — 1, Paley graph of
prime order, Mobius ladder, cocktail party graph, Andrasfai graph, antiprism
graph, complete bipartite graph, cycle graph, octahedral graph, pentatope
graph, prism graphs, square graph, tetrahedral graph, triangle graph, and
utility graph (Weisstein)). Moreover, connected circulant graphs are Cayley
graphs (Pegg et al.)).

Circulant graphs have been extensively studied in literature over the years
from both a combinatorics and an algebraic point of view (Morris|, 2007}
Elspas and Turner], [1970; |Codenotti et al., [1998; [So, [2006). They play a fun-
damental role in telecommunication networks, VLSI design, and distributed

computation (Bermond et all 1995} Leighton| 1992; (Cai et al., |1999; |Mans,

!The adjacency matrix of a continuous Markov process is associated with its subordi-
nated chain (Brémaud| [1999) with transition probability matrix K = Q/A + I, for some

A > 0.
2In the continuous case, the number of steps of the random walk over time is distributed

as a Poisson variable with parameter .



1997)), since they are a natural extension of rings, with increased connectivity.

Let us give an overview of the content of this paper. In Section [2| we reca-
pitulate some useful definitions and results on Markov processes. We provide
an expression for all the moments of the mixing time of both discrete and
continuous circulant Markov processes in Sections [3.1] and [3.2] respectively.
In Section [4| we prove a conjecture by |Aldous and Fill (2002), restricted to
the case of circulant discrete Markov chains, claiming that the mixing time of
the matrix aP + [1 — a|P*, where P* is the time-reversed of P, is maximum
in the interval 0 < o < 1 at @ = 1/2. We refer to such mixing time as
maximum entropy mixing time. We extend the validity of Aldous and Fill’s
conjecture to all the moments of the maximum entropy mixing time, and we
provide analogous results in the continuous case. We dub these results as

maximum entropy theorems of mixing time.

Let us provide some remarks about notation. The imaginary unit is
referred to as j. Let ¢ € C. Its complex conjugate is ¢; R(c) and I(c) indicate
its real and its imaginary part, respectively. The convolution between two
functions a and b is denoted by axb. Ny is equivalent to NU {0}. Ry is the
set of nonnegative real numbers. We use bold fonts for matrices and vectors.
B, is the (n,m) component of matrix B. The acronym ROC stands for

Region Of Convergence.



2. Background on Markov processes

2.1. Discrete-time Markov chains

Let P be the stochastic transition probability matrix of a discrete-time
homogeneous Markov chain (DT-HMC) on the finite state space S, having
cardinality N. The matrix P is irreducible when each state is reachable from
any state with positive probability. The stationary distribution of P is the
column vector w € RN : w”P = 77, 3N 7, = 1. If P is irreducible, then
7 is unique and 7r; > 0 for all 7 (Brémaud, |1999). Hence, in such a case we
can define the transition probability matrix P* of the time-reversed chain,

such that Py = = P, 7., /m,, for all n,m.

Theorem 2.1 (Brémaud (1999)). Let P be an irreducible transition probabil-
ity matriz matriz. Let {\;}; be its eigenvalues. Then, 1 is a simple eigenvalue

of P (i.e., it has multiplicity 1) and |N;| < 1, for all i’s.

The k-th moment of the hitting time from state s, to state s,,, where k € N,

is defined as
E, (T}) =E (inf {* > 0,i € Ng: S; =5, } |So = s) ,

where S; is the state of the Markov chain at time step ¢. We denote by
U*)(P) the k-th moment of the mixing time associated with P, i.e.

vOP)= YN mma By (TF) (1)

n=1 m=1
Let the matrix P be circulant, i.e. there exist cg,cq,...,cy_1 such that

P, = Connmoa(n)- Hence, its eigenvalues {\;}o<i<y—1 of P can be com-



puted as (Gray, 2006])

N—-1
Ai = c, exp(—j2mni/N), 0<i<N-1 (2)
n=0
If P is also irreducible, then the column vector w = 1y5/N is its unique

stationary distribution.

2.2. Continuous-time Markov processes

In the continuous case, we still consider the state space S to have cardi-
nality N. Let {S(t) }+er be a continuous-time homogeneous Markov process

(CT-HMP) on S. Let P(t) be, for any ¢t € Ry, the transition probabil-
ity matrix such that prob (S(t2) =s;, | S(t1) =s;,) = f’ihi? (to — t1), for all
to > t1. The transition rate matrix Q is defined as the component-wise limit

of [P(h) — P(0)]/h when h | 0. The following result is well known.

Theorem 2.2. Let Q be the transition rate matrixz of an irreducible CT-

HMP. Then, the null eigenvalue has multiplicity 1.

Note that, if we suppose Q to be circulant, then 13(25) = exp(Qt) =
> ooeolQt]?/4! is circulant as well, for all ¢ > 0. The k-th moment of the

hitting time from state s, to s,, is here defined as
E, (iﬁ) =E (inf {tF, te RS : S(t) = sm} ‘ Sy = sn) :

The expression of the k-th moment of the mixing time is analogous to the
one in the discrete case , and we call it \Il(k)(Q). The time-reversed CT-
HMP is characterized by the transition rate matrix Q*, such that Q;,, =

Quun T /705, where 7 is the stationary distribution of Q.



We assume that the reader is familiar with the fundamentals of zeta and

Laplace transform. A suitable reference is (Brown and Churchill, |1996).

3. Moments of mixing time

3.1. Discrete-time Markov chains

In this section we consider an irreducible DT-HMC with circulant tran-
sition probability matrix and we will provide a formula for all the moments

of its mixing time.

Theorem 3.1. Let P be the circulant transition probability matriz of an
wrreducible DT-HMC. Let \i,...,An_1 be the eigenvalues of P which are
different from 1. Then,

N-1

1—1—[2—1]23[2—&]1 ., zeC. (3)

i=1

dk
TR (P) = (—1)F —
(P)= (=1)" =

z=1
Proof. Let the discrete-argument function f(™™ be the probability mass
function associated with the hitting time 7, when the initial state is s,,
ie.

f(n,m)(i) = prob (Tm =1 | So = Sn>7 Vi € Ny,

and (™™ (i) = 0 for i < 0. Since P is circulant, then for all i € Z, k € N,
1 < n,m < N7 En [Trlﬂ = En+i71m0d(N)+1 |:T7]:L+7;,1mod(]v)+1 : Thus7 the
expression S _ E,(T*), for all k € N, does not depend on the initial state
n. Hence, it is straightforward to see that the k-th moment of the mixing

time W*)(P) can be expressed, for any 1 <n < N, as

N
P (P) = % SN ik M), VEeN,

m=11€Ny
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Thanks to a well known property of zeta transform (see e.g. |Brown and

Churchill (1996))) we can write

WOP) = S R @)

m=1 z=1
where F(™) is the zeta transforms of f™. Let us define p™™ as the
discrete-time function associated with the probability of transition from state
s, to state s, i.e. p™ (i) = (P?),m, for all i € Ny, and p™»™ (i) = 0, for
all 7 < 0. The following recursive property holds for all 1 <n,m < N, i € Z
(see (Chung (1967), Theorem 2, p. 21)

) = prmGE) =3 p =) 0,
=0
which can be rewritten as p(»™ = f0nm) o plmm) = Tet Pm) he the zeta

transforms of p(™™) . Then, thanks to the convolution theorem of zeta trans-

form (see e.g. Brown and Churchill (1996)),

P(”’m)(z)

P = Py

VYn,m, z € ROC(F™™)nROC(P™™). (5)

Let u be the discrete step function, i.e. u(i) =1 for ¢ € Ny and u(i) = 0 for
i < 0. Let U(z) = [1 — z7']7! be its zeta transform. Then, thanks to the

linearity of zeta transform, we can write

N
S Pz = Uz), |z > 1.
m=1

Since any power of a circulant matrix is still circulant, then we can define
the discrete-time function w = p™™| for all m € [1; N]. Let Q be the zeta

transform of w. Let )\(()i), cee )\%)71 be the eigenvalues of P?, for i > 2. Then,



by elementary properties of eigenvalues,

N—-1 1 N—-1
AW — v YN, VieN,

=i n=0

1 - 1
w(i) = N trace(P’) = N

3

and w(i) = 0 for all i < 0. By Theorem , P has only one eigenvalue equal
to 1,1e. \g =1> |\, for all <. Then,

N-1

1 1 1

1=

Hence, we can say that, for any n € [1; N],

3 P () = 2’8 2] > 1. (6)

m=1
Since F™™) is the zeta transform of a probability distribution, then the point
z = 1 belongs to the interior of its region of convergence, hence we are allowed

to cancel out the discontinuity of @ in z = 1. Therefore, ZN FOm) () is

m=1

analytic in z = 1, and we can rewrite as

—1]F d* U(2)

¥ (P) = Tim | — : 7
(P) P N dzF Q(z2) (7)
It is straightforward to see that coincides with , q.e.d.. O

For k = 1, equation reduces to the classic expression for mixing time (see

e.g. |Aldous and Fill (2002); Hunter| (2006)), i.e. ¥MW(P) = SN 1 — AL

i=1
For k = 2, we obtain the second moment of the mixing time:
N—-1

vAP) = 2 [TOP)] + vOP) +23 A1 - A7 (8)

i=1



3.2. Continuous-time Markov processes
In this section we will provide an expression for the moments of the mixing
time of an irreducible CT-HMP with circulant transition rate matrix. We

will omit the proof, which is similar to the one of Theorem [3.1]

Theorem 3.2. Let Q be the circulant transition rate matrix of an irreducible

CT-HMP. Let Xl, e ,XN,l be the nonnull eigenvalues of Q. Then,

v (Q) = [—1]’“5—; 1+s Z_[s — Xl]ll , seC 9)

Substituting £ = 1 into @, we obtain the classic mixing time expression for
continuous-time HMC, ie. ¥M(Q) = — S V! X For k = 2, we obtain

the second moment of the mixing time:
- - o N1
TO(Q) = 2 [\I/(l)(Q)] +9 Z A2
i=1

4. Maximum entropy mixing time theorems

In this section we prove Conjecture 24 in Chapter 9 of (Aldous and Fill,
2002)), in the case of a DT-HMC with circulant transition probability matrix.
We also extend its validity to all the moments of the mixing time. More-
over, we provide analogous results for CT-HMP with circulant transition rate

matrix.

Theorem 4.1. Let P be the circulant transition probability matriz of an
wrreducible DT-HMC. Let P* be the transition probability matrixz of the time-
reversed chain. Then, all the moments of the mizing time ¥®)(P@) k € N,
associated with the transition probability matriz P = oP +[1 —a|P* attain

their mazimum in the interval 0 < a <1 at a=1/2.

9



Proof. Let {\;}; be the eigenvalues of P. Let us define P(®) = aP +[1 —a|P*.
Hence P is circulant, too. Let {¢§a)}i be the eigenvalues of P(®). Firstly

we observe that

N [1 - ¢§.“)}
- — 10)
o k+1 (
P =l [z—¢§“)}+
Next we claim that W) (P(®)) can be written as a finite sum of terms of this
form:
N-1 oL N-1 ™
z—1 dh z—1
x| MET | w
i=1 % ¢z( : =1 dz i=1 _¢z(' : =1
N-1

— 6] ] N (12)

i=1
where L,n; € N, such that

L
Cy = Cy [ [ t[—1) 1 > 0. (13)
This can be proved inductively. For k = 1 this is true, since

—1 -2
d | BV | B | d = .
e +Z—m>

dz i=1 % ¢(a)
Now suppose the claim is true for £ > 1. Then, if we compute the derivative

z=1 7 z=1

with respect to z of the expression in z in and we multiply it by —1,

then we obtain

N-1 —no—1 N-1 L n
z—1 d z—1 d -1
Cmo 1+ - +
; 2 ¢§a ] [dz i=1 % E ] 111 [dzkl i= gbfa
N-1 —no g, N-1 N-1
z—1 dFntl z—1 dFn z—1
- Cl 1 + np
Z 2 - ¢§“)] Z dzht Z 2 - d)E‘“] [d Z 2= ¢
L N-1 i
d" z—1
< 11 [dzkl > _ (a)] (14)
1=1,I%h -1 2 — O



It is easy to check that the coefficients of each addend in still satisfy the
rule in . Now we prove that the expression in attains its maximum
at a« = 1/2. First, we note that the eigenvalues of P make conjugate pairs
and they are equal to the eigenvalues of P*. Then, exploiting formula we
derive ¢\ = R(N\;) + j[2a—1]S()), for all i’s. Next we claim that, since
{¢§.“)}i make conjugate pairs too, then we can write as

Vv
—
|
=
RS

£
=
_l’_
—
|
[\
L,
N
/(32
RS
£
o
<C
Q
Mm
=)
Mt

> %([1—@(“)}’”)', Ya € [0; 1.

Therefore, for alll =1,..., L,

Jil?}? <[1 - ¢§1/2)]_kl)rl > [Ni@% ([1 - qu“)]_kl)rl‘, Va e [0:1).

Then, we can conclude that the expression in attains its maximum at

a = 1/2 and the thesis is proved. O

The following Corollary follows straightforward from the proof of Theo-
rem [£L11

Corollary 4.2. IfP has at least one pair of non-real eigenvalues then a=1/2

is the unique point of mazimum of WHF (P®), for all k € N.

11



The name of Theorem follows from the fact that the mixing time
¥®)(P@) is maximum when the entropy of the distribution (o, 1—a) is
maximum. Next we prove the analogue of Theorem [4.1] for continuous-time

HMCs.

Theorem 4.3. Let Q be the circulant transition rate matriz of an irreducible
CT-HMP. Let Q* be the transition rate matrix of the time-reversed process.
Then, all the moments of the mixing time \Tl(k)(Q(a)), k € N, associated with
the transition rate matriz Q) = aQ + [1 — a]Q* attain their mazimum in

the interval 0 < a <1 at a=1/2.

Proof. The proof follows the same lines as the one of Theorem [£.1 Let
{X,}, be the eigenvalues of Q. Let us define Q@ = aQ + [1 — a]Q*. Let
<Z§°”) = RO + j[2a — 1]S(X;) be the i-th eigenvalue of Q. Firstly we
observe that “ . 5('0) "

By induction on k, similarly as in Theorem we can show that U®)(Q()

can be written as a finite sum of terms of the form:

N-1 oo, g N—1 ™
C |1+ i ] I1 [[_1]kz—1 d- Sy ]
i=1 S @(a) =1 dz i=1 S5 ¢z(a) =0
N—-1 _ky ™
=] [ [ ¢§”>} (17)
=1 I=1 Li=1

with L,n; € N, forl =0,...,L, and C' > 0. Next we claim that, since {¢§“)}i
make conjugate pairs, then 32V 1[—g{®] "k = N1 ?R([—Zb/(a)]_kl). Recall

(2 7

12



R ([—55»1/ ] _kl> > H%(X)r 20— 12 [%MQ e
> fr([-0) )] 1sisnon
Thus, for all 1 <1 < L,
N-1 _ —k n N—1 N L ny
L [8 [T oo
=1 i=1

Therefore, the expression attains its maximum at o = 1/2 and the thesis

is proved. O

Corollary 4.4. If Q has at least one pair of non-real eigenvalues then a=1/2

is the unique point of mazximum of \Tl(k)(Q(a)), for all k € N.
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