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Abstract

Cognitive Networks have been proposed to opportunistically discover
and exploit (temporarily) unused licensed spectrum bands. With the excep-
tion of TV white spaces, secondary users (SUs) can access the medium only
intermittently, due to deferring to primary user (PU) transmissions and scan-
ning for new channels. This raises the following questions: (i) what sort
of delays can an SU expect on a channel given the PU utilization of this
channel? (ii) how do specific characteristics of the PU activity patterns (e.g.
burstiness) further affect performance? These questions are of key impor-
tance for the design of efficient algorithms for scheduling, spectrum handoff,
etc. In this paper, we propose a queueing analytical model to answer them.
We model the PU activity pattern as an ON-OFF alternating renewal process
with generic ON and OFF durations, and derive a closed form expression for
packet delays by solving a variant of the M/G/1 queue. Contrary to the com-
mon belief that low utilization channels are good channels, we show that the
expected SU delay on a channel, and thus the best channel to use, is a sub-
tle interplay between the ON and OFF duration distributions of the primary
users, and the SU traffic load. We validate our analysis against simulations
for different PU activity profiles.

Index Terms

Cognitive networks, Queueing, Renewals.
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1 Introduction

Measurements of the utilization of licensed wireless spectrum have (somewhat
counter-intuitively) revealed that the available spectrum is rather under-utilized,
exhibiting high variability across space, frequency, and time [1]. Yet, the current
lack of flexibility in dynamically assigning spectrum to match demand over time
and space further limits the service levels offered, in addition to rapidly increasing
demand [2].

Cognitive radios and networks have been proposed to address this problem.
Cognitive users (also referred to as “Secondary Users (SU)”) can sense a range of
licensed or unlicensed bands and, if found idle, opportunistically use one or more
of them to meet the user/application demands. However, most of these channels
are only temporarily available, when the licensed user (also referred to as “Primary
User (PU)”) is not transmitting or receiving on them (one exception are TV white
spaces [3], which can be known in advance and available for very long periods of
time).

Such interruptions make media access by SUs intermittent, especially in densely
utilized parts of the spectrum. When the SU cannot transmit anymore on the cur-
rent channel(s), it will (in the simplest case) either have to wait for the channel to
become available again or switch its radio to scanning mode (assuming a single
radio) to discover other available channels. This can delay ongoing or new SU
transmissions. The probability and duration of such delays depends on the PU’s
activity characteristics (percentage of time being idle, duration of idle periods, du-
ration of traffic bursts, etc.). These characteristics can be highly variant, since the
(PU) channels might belong to different primary wireless systems, be used to carry
different types of traffic (e.g. voice, file transfer, web browsing, video streaming,
etc.), and be governed by different protocols managing the access to this channel.
All of these features impact the PU activity observed on a chosen channel by a
cognitive user in non-trivial ways.

These observations lead to some important questions: (i) What is the level of
performance (e.g. delay) that a secondary user should expect on a channel, given
the PU activity characteristics on this channel? (ii) Does the average “amount” of
PU activity (e.g. being active for 40% of the time) suffice to predict SU perfor-
mance, or can differences between PU activity profiles (e.g. distribution of active
periods) further affect SU performance and to what extent? These questions have
implications for the design of efficient spectrum scheduling, scanning, and handoff
strategies, among other things.

To this end, in this paper we propose a queueing analytic model for the perfor-
mance of secondary user transmissions for general PU activity patterns. Contrary
to the common belief that a channel with lower average PU activity is a better chan-
nel, our results reveal that the SU delay is in fact a subtle interplay between PU
activity statistics (15, 214 and 3™ moments of the random durations of PU active
and idle periods), and the secondary user traffic load. As one example, for appli-
cations with low traffic intensity (e.g. machine-to-machine communications [4]),



choosing the channel with the lowest PU utilization might lead to higher delays (in
fact, arbitrarily worse in theory).

Our model and analysis are presented in detail in Section 2. Then, in Section 3
we validate our theory using simulations of different PU activity profiles including
some realistic models, recently proposed [3,6]. Related work is given in Section 4.
We conclude our work in Section 5.

2 Performance modeling

Primary User Model: Consider a single channel used by one or more primary
users. We assume that the state of this channel can be either active (“ON”), i.e.
a primary packet is transmitted (it is indifferent to the SU whether this is data,
signaling, uplink or downlink traffic) or idle (“OFF”), as depicted in Fig. 1. The
exact duration of ON and OFF periods depends first on user behavior (e.g. arrival
process of PU traffic flows) [5]. Furthermore, it depends on the type of traffic (e.g.
short VoIP packets vs. long file transfer packets), system details (e.g. number of
independent users multiplexed on the channel) and intricate protocol interactions
(e.g. MAC layer carrier sense, TCP mechanisms etc.). Such details cannot be
known or inferred by the secondary user.

In order to allow for the maximum amount of generality, while maintaining
analytical tractability, we thus model the ON-OFF activity pattern of PUs as an
alternating renewal process [1]: (T, g}b\),, T, g}) ),n > 1, where n denotes the num-
ber of ON — OF'F cycles elapsed until time ¢. The duration of any ON period,
Tg}\), (OFF period Tg}), > respectively), is a random variable distributed according
to some probability distribution Fpox (Forr), and independently of other ON or
OFF periods'. This model for PU activity is significantly more flexible in capturing
different types of PUs than simple memoryless or “half-memoryless” models used
in related work [8,9]. As we will see in Section 3, we can accommodate recently
proposed models of PU activity that attempt to mimic real traffic datasets.

Secondary User Model: In this paper, we will assume that SUs can only ac-
cess a channel at times where there is no PU activity (i.e. during OFF periods).
While our model could be extended in other directions, we defer this to future
work. 2

The success of an SU packet transmission depends on the duration of that
packet and the (remaining) duration of the OFF period. We assume that if a PU
starts transmitting before the SU packet is completely sent, the SU transmission is
considered lost (collision), and has to be retransmitted in the next idle (OFF) pe-

'As usual, we denote probability distribution functions with capital letters, e.g. F(t), and the
respective density function with lowercase, e.g. f(t).

2Our model does not apply directly to spectrum sharing based on “interference temperature”,
where SUs are allowed a budget of interference while concurrently transmitting with PUs. Yet, the
FCC has recently commented that the interference temperature approach might not be a workable
concept, increasing interference in the frequency bands where it would be used [1].
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Figure 1: The acivity pattern of the primary user

riod. We also assume that the spectrum sensing ability of cognitive users is perfect.
This means that there are no missdetections or false alarms. Such events however
are orthogonal to our model and analysis, and could be captured in the PU ON-OFF
process, if needed.

In practice, a cognitive (SU) user can have access to multiple channels. A num-
ber of architectures and protocols have been proposed [1] to discover and access
such channels. To avoid including fine architectural details that could make our
analysis intractable and reduce the generality of our results, we choose to maintain
the abstraction of a single stochastic ON-OFF process. When the state of the pro-
cess is ON, it means that the SU cannot transmit any new or queued traffic. This
ON period might correspond, among other things, to: (i) the SU waiting on a busy
channel until it becomes available again, in situations where spectrum mobility is
expensive or unlikely to yield better results; (ii) a scanning period during which the
SU tries to gain or regain one (or more) idle channel(s). Similarly, an OFF period
(during which the SU can transmit) may correspond to using different spectrum
holes “back-to-back”, e.g. when backup channels are maintained [10].

2.1 Arrival and Service Processes for SU Traffic

Our goal is to use a queueing model to derive the expected delay SU packets
will experience, depending on the type of PU channel activity they “compete” with.
We will assume that packets are generated at the cognitive user according to a
Poisson process with rate A. This will allow us to focus on the effect of PU activity
on the service process, and get exact expressions for queueing delays. We defer
the treatment of generic arrivals to future work. Without loss of generality, we also
assume that packet sizes are fixed and equal to A (size normalized for transmission
rate). A generic packet size distribution can be easily integrated in our derivations.

The service time that an SU packet experiences depends on the packet size, but
also on the state of the PU (ON or OFF) when the packet arrives. While this points
to an M/G/1 system [11], this is not the appropriate model. In fact, there are two
service time distributions, S’ and S”, depending on the (SU) queue length at the
time of arrival:

Service S’: Consider SU packets arriving to find the queue empty (no SU pack-
ets in queue or being transmitted). Then,

(i) if the PU is ON, the packet will have to wait until the next OFF cycle;



(@ii) if the PU is OFF, it can immediately start transmission.

The success of this (first) transmission attempt depends on the duration (case (i)) or
the remaining duration (case (ii)) of this OFF cycle. In case of failure (PU restarts
too soon), the SU packet will have to wait and retry in the next OFF period(s).

Service S”: Consider an SU packet that finds the SU system busy. This packet
will have to queue until all packets in front of it are successfully transmitted. How-
ever, it is guaranteed that its “service” will start in an OFF period, since the packet
in front of it just finished transmitting (successfully). 3

The next two Lemmas derive the expected service times E[S’| and E[S”], as a
function of the PU activity profile (ON-OFF statistics). Theorem 3 then combines
the two service time distributions to derive the total system delay for arriving SU
packets, including both queueing and service time. We assume throughout unlim-
ited queue size and FCFS service order.

Before we proceed, we summarize in Table 1 a number of variables and useful
(shorthand) notations that we will use in our results and derivations.

Table 1: Variables and Shorthand Notation

Variable Definition/Description

Ton Duration of ON periods

Torr Duration of OFF periods

Tg;z »  Torr|Torr < A: OFF period with duration smaller than A

T(()e} P Excess OFF period

R
p1 Jo~ e Mett forr(toss)dtops
D2 fooo B_MO” fON (ton)dton
i e T L
P Prob.of transmission success in an OFF period: p = P [Torr > A]
N Number of (extra) ON-OFF cycles until successful transmission
Tl Duration of (extra) ON-OFF cycles (for packet arriving in ON period)
T2 Duration of (extra) ON-OFF cycles (for packet arriving in OFF period)

Lemma 1. The mean service time of non-queued packets E[S'] is given by

s =A+——— <A-p2+ (*2-1) <A+E[T1] - 1))

1 — pipo A
s o (Bitox) + (BT - ) - ). m

1 —pip2

3We remind the reader that the term “system time” is typically used for the total delay (queueing
+ service) of a packet, while “service” begins when the packet arrives at the front of the SU queue
and lasts until the packet is successfully transmitted.



Proof. The delay of an S’ packet (finding no other SU packets queueing or in trans-
mission) depends on its arrival time, relative to the PU state during and after that
time. The key to deriving this delay is to notice the following: If we considered a
single, isolated packet, we could use the inspection paradox to derive the expected
delay [7]; e.g. renewal theory tells us that the stationary probability of arriving
during an ON period is m However, this is only the limiting case,
when the SU traffic arrival rate A goes to 0 (i.e. SU traffic is very sporadic). In fact,
the time until the arrival of the next S’ packet starts counting from the point the
last queued packet got transmitted, which can only occur during an OFF period.
The situation is depicted in Fig. 1. The higher A the higher is the probability of the
packet arriving in the same OFF period.

To account for this effect, we assume a given realization (“sample path”) of
the ON-OFF process, represented by a vector 5 of ON and OFF durations: ¢, =
{tloFF’e, tON AQFF 4ON .}, where index 1 corresponds to the (OFF) cycle when
the last packet of the previous busy period got successfully transmitted. Note that
for the first OFF cycle we consider the remaining (“‘excess”) time tloFF’e right af-
ter the end of the last packet transmission (that ended a “busy” cycle). The delay
S’ on this sample path can then be expressed as follows (we will later take the

expectation over all sample paths):

S = I})FFSbFF + I(l)Nsé)N + I(Q)FFSbFF + I(Z)NS/ON +... (2)

where [ (i) rpand I, Z) n are indicator random variables, which have value 1, only if
the S’ packet arrival happens in that OFF (ON) period. Clearly, only one such term
can be non-zero for a given sample path. We separate this sum into two terms

o0 oo
Yorr =) I rpSorr and Yoy = > 15 S 3)
i=1 i=1

For this sample path, delay S’ will depend on the time until the next SU packet
arrival, which is exponential with rate A\. The expectation of terms in Yo is then

. , B;
E[I(OZ}?FSOFF} = /A_ Are N dx
B;

+ / (B; — 2+ T1) Ae” *"da, %)
B;—A

where A; =0, 4y = tloFF’e +t9N A3 = t?FF’e + PN + tQFF 49N and
By = t?FF’e, By = t?FF’e + PN ++QFF ., as depicted in Fig. 1.

The first integral is the case when the OFF period the packet arrives in is long
enough for the packet to be transmitted immediately (i.e. delay S’ = A). The sec-
ond integral is the case when the (remaining) OFF period is smaller than the packet
size: then, transmission fails, a delay equal to that remaining time is “paid” (note



that this delay is between 0 and A, otherwise transmission would be successful),
and additional ON-OFF periods must be experienced before successfull transmis-
sion. The number of such periods is a random variable, denoted by N. The total

duration of these periods is thus 77 = Zf\i 1Ton + sz\i Il Tg;z - IV is a stopping
time, so the expectation E[T}] can be found using Wald’s equation [7]:

1 1
E[Tl] = EE[TON] + <p — 1) E[TOFF ‘ Torr < A], 5)

For the conditional expectation that appears in Eq.(5) we have E [Torr | Torr < A] =

OA %dx. Since the duration of OFF cycles is independent and distributed as

Forr(z), N is geometrically distributed with probability p = P[Torprp > A] =
1 — Forr(A). Calculating the integrals in Eq.(4) yields

i / A, _)\B; 1
E[I(O%?FSOFF] = AeM (em - 1) e <A + E[T1] - )\> . (6

Summing over all the OFF terms of Yorr in Eq.(3),

E[Yorr | ts] = AZe‘“‘i - (eAA - 1) (A +E[T] - i) Y e

i

This is the expectation of Yprr, conditional on the ON-OFF sample path ..
Finally, we take the expectation over all possible sample paths

E [Yors] = / EYorr | ts fo. (:U?FF’e,wION,...) x0T az9N . ()
0

Since ON and OFF periods are IID, we can split this integral into a product of
expectations, and after some calculus we get

E[Yorr] = A (1 + Pp2 Z (P1p2)i> + (6/\A - 1) (A + E[T] - %) PZ (p1p2)",

where P = fooo e~ Moffe fr, Fe (to f f,e)dto 7f,e- Calculating the geometric sums we
have

_ r AA 1
Elorr] = At 1 — <Ap2 + (e 1) (A + E[T] A)) L ®

Using similar steps, we can calculate the term Yoy of Eq.(3), related to packets
S’ arriving during an ON period

o i
E[I(O?VSON} = /B_ (C; — x + Ty) Ae Mdu, )



where C; e 9N 4 (QFFe QN L (OFFe  jOFF +t§”,...}. C; are also shown in
Fig. 1. 7T, is the additional delay caused by unsuccessful packet transmissions,

after the first excess ON period 75 = Zf\;l (To N+T (()J;Z F) + A. Hence,

1
E[TQ] = <p — 1> (E[TON] + E[TOFF ‘ Torr < A]) + A. (10)
After solving the integral in (9), we get
G) o ~AB; L\ (-xBi _ _—xc
ElIgySon] = (Ci = By e P + (B[] - 5 (e e ) .y

Summing over all terms in Eq.(3)

EYon |t = (Ci— B;)e P ¢ (E[Tg] - 1) > (e - e,

i 7

This is the expectation of Yoy, conditioned on the ON-OFF sample path ¢,.
Finally, we take the expectation over all possible sample paths

[ee]
E[Yon] = / EYon | ts] fa, (x?FFvE,g;?N,...) dz0T Pz ON . (12)
0

As before, this integral can be splitted into a product of expectations, which
after some calculus yields

E[Yon] = P E[Ton] Z(pmz)i + (E[Tz} - %) (P Z(mpz)i — Pp2 Z(mmy) (13)

(3

Calculating the geometric sums in Eq.(13) we have

P

EYon] = 1 —pip2

(Bttos1 + (B~ ) @ -p). a4

Finally, by summing Eq.(14) with Eq.(8) we have Eq.(1).
O

As mentioned previously, if the arriving packet finds other packets in the sys-
tem, it has to be queued and wait until its turn. A type 2 packet can start its service
only during an OFF period. The following Lemma gives the average service time
of a type 2 packet.

Lemma 2. The mean service time of queued packets E[S"] is given by

" A 1 A e
Bls" = A+ /0 2$hp @)+ = (E[Ton] + E Torr | Torr < A) /0 1) @)de. (15)



Proof. The service time of a packet that finds the system busy is

N N—-1
S — A+ I<Tg;g> Y Ton+ Y Tg;;F> . (16)

1=1 i=1

T })«“(}«“) is the random variable that denotes the first OFF period in which a type
2 packet enters service (excess OFF period) and is smaller than the packet size.
I is an indicator random variable that describes the inability of the packet to be

transmitted in the first attempt. It is defined as

.o p(e)
I 1 if TOeF < A
0 otherwise

Its expectation is E[I] = P [T(()e} < A]. Taking the expectations in Eq.(43)

N N-1
BIS" = A+ E [P + B E | Y Tox | + B E | 1| a7
i=1 i=1
and rearranging we obtain
B[S = A+ B [ITSP] + P (T8 < A) S ElTox]
e 1
+P (Té}F < A) (p - 1) ETorr | Torr < Al (18)
In Eq.(18), I and Tg}g) are not independent. Hence,
B[S0 = [ esbhete (19
For the probability of failure in the first attempt we have
(0 e
P (TS5 < A) = /0 £8) () da (20)
Replacing Eq.(20) and Eq.(19) into Eq.(18), we obtain Eq.(15).
O

The system described here has two different service times, depending on whether
the arriving customer finds or not other customers in the system. As a result, we
cannot simply use the Pollaczek-Khinchin (P-K) formula to derive the queueing
delay for our system [11]. Nevertheless, we can still follow the “tagged-user” ap-
proach to find this delay.



Theorem 3. Let an SU access a channel with generic PU activity, such that it
experiences two service time distributions S’ and S" with known first and second
moments. Then, the total system delay for SU packets is equal to

Bl MEIS™] (B[S - ElS™)

TIFNES] BT 2= AE[S) T2+ 2n(BE[S] = E[S"))
1)

E[T]

Proof. The system delay of an SU packet consists of its queueing delay E[T] and
it’s service time E[S]. We first consider the service time. An arriving packet will
find the system busy with probability p, which is the utilization of the system,
and idle with probability 1 — p. So, the service time can be given as F [S] =
(1-p)EIS /} + pE[S ”]. Applying Little’s Law on the service part of the system,
we get that p = AE[S]. Substituting this above equation and solving for E[S], we
have

!

_ E[S]
Bl = i EE -5

We now consider the queueing delay (incurred with probability p). A packet
arriving in the queue finds a packet in service, and it will have to wait for the
remaining (i.e. excess) service time S, of that packet. Assume further that it finds
additional N packets in front of it in the queue. Then, the expected queueing time
for that packet is

(22)

E[To] = E[Ng] E [S"] + E[S.].
Using Little’s law E [Ng] = AE [Tp] and rearranging we get

__ EIS]
1= AE[S]

The mean excess time E [S.] differs from that of an M /G /1. We will find it
using renewal-reward theory [7]. A renewal starts whenever a packet arrives and
finds the system empty. The busy period (B) ends when all the packets that were
generated in the meantime get transmitted and the system becomes idle again. The
period until a next busy cycle begins is the idle period (). So, in our case a cycle
consists of a busy and an idle period. From renewal-reward theory we know that
the mean excess time is equal to the ratio between the mean reward during a cycle
and the mean duration of the cycle E[S.] = %. The reward is defined as the
remaining service during an arrival, similarly to the M/G/1 case (this is illustrated
in Fig. 2).

From Fig. 2 we can infer that the excess time is

E[Tq)] (23)

E[lS/Q] +ME[15//2]
BlS] === E[B] + E[Iﬁ

(24)
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Figure 2: Renewal cycle

In Eq.(24), M is the average number of arrivals finding the server busy during a
renewal cycle, and is

M = A\E[B]. (25)

E[B]
E[BI+E]"
period is E[I] = % Then, for the average busy period we have

In a long run, the utilization of the system is p = The average idle

E[5]
1 - AE[S"])
Replacing Eq.(26) into Eq.(25) and Eq.(24), as well as Eq.(25) into Eq.(24),
we have

BB = (26)

)\E[SHZ} A ( S/Z SIIQ )

E[S.] = — (1 =\E[S]). 27
S = @ mep AEEDeD
Now, replacing Eq.(27) into Eq.(23) gives us

A E[ 5/12] A ( 5/2 S//2 )

E[To] = (28)

2(1 = XE[S"])  2+2X(E[S'| - E[S"])

Finally, by replacing Eq.(22) and Eq.(28) into E[T] = E[S] + E[Tg] , we obtain
Eq.(21). O]

We also need the 219 moments for S’ and S” in Eq.(21). We will derive them
in the following Lemmas.

Lemma 4. The second moment of non-queued packets E[S™] is given by

< i (smns (-3 (950 (5= 1) )
v (Btrd )+ 25trow] (Biza) - £ ) + ((Bra) - 1) +5)a-m) @9

Proof. The proof for the second moment of the non-queued packets follows similar
steps as the proof in Lemma 1. First, we express the second moment as

S? = IéFFS/OQFF + IéNSgN + I%FFSgFF + I%NSgN +..., (30)

10



where the indicator random variables [ 6 ~ and I 6 p are identical as in the proof
of Lemma 1. We separate the sum in Eq.( 30) into two terms

[o¢] (0.)
i=1 =1
The expectation of terms in Y3 is

. , B;
Bl Sorp] = /A A2\e M g

B;
+ / (B; —x + T1)* e ™ dx, (32)
B;—A

where A; = 0, Ay = t?FF’e . and
OFFye OFF,e
By = t] , By = t{

+tON, Ay = 10750 LN L QFF 449N
+ tloN + tQOFF, ..., as depicted in Fig. 1. Calculating
the integrals in Eq.(32) we get

i ; ZAA, _\(Bi— 1
Bl 1St pp] = A2 Mi oA MBimA) <E[T1] - )

A

2
+ R Caly ((E[Tl] - i) + % + A2> (33)

Summing over all terms of Y(% rr in Eq.(31) we have

1
E[YOQFF |ts] = A? Ze_)‘Ai + QAZe_)‘(Bi_A) (E[Tl] >

]

A
+ S (- 1) | (Em) - VoL )
- A A2
Eq.(34) is the expectation of Yg rr conditioned on the given realization ¢, of the
sample space. We find Y02 pp Dy taking the expectation of the all possible sample
paths

[ee]
E[YgFF]:iA;-E[YgFF|t4.ﬁs($?FT¢,x?N,H.)dx?FF‘dx?N.

(35)
As before, this integral is then splitted into a product of expectations and after some
calculus we get

2
ElY3pp] =A

+

s (372008 (ptr = )+ (22 =) (=) 55 7))
A 2A E[Ty] — — -1 E[T1] — — — + A 36
17;011?2( P2 + 24e (1] = <) + (e ) (B -5) + 55+ (36)

The term YO2  thatis related to the packets arriving during an ON period, is derived
as follows. The expectation of terms of Yg n in Eq.(31) are

(i) o2 <
E[IONSON] :/

(Cs —  + To)? e Md,
B;

(37)

11



After solving the integral in Eq.(37) we obtain

D) o B 1 B
E[ISNSEy] = (Ci— B)? e P42 (E[T2] B /\> (Ci — By) e i

+ ((E[TQ] - i) g ;) <e_)‘B" - e—mi) (38)

where C; € {tloN 4 tQFFe $ON L OFFe L OFF —s—t?N,...}. C; are also shown in

Fig. 1. Summing over the all YO n terms in Eq.(31) yields

EY3y |t =D (Ci—By)?e i 42 (E[Tz] - i) 3 (Ci - By e

7 7

+ ((E[TQ] - 1)2 + ;) > (M) (39)

The expectation over all the sample paths is
oo
EY3y] = / E[Y3x | ts] fo. (xloFFe, x9N | ) daQFFedzON . (40)
0

As before, after performing some simple calculus steps we get

P 1 1\? 1
BlVn] = (E[Tém +25(Ton] (BT - ) + ((E[Tz} -3+ v) a —p2>>
Finally by summing Eq.(41) with Eq.(36) we obtain Eq.(29). ]
Lemma 5. The second moment of queued packets E[S "2] is given by
E[S"?) = 0y + Oy, (42)
where
o =4+ 2A./UA o f S p (x)da + 2A/0A 1§ p(@)da (%E[TON] + (% - 1) E[Torr | Torr < A]) ,
and

e e 1 1
=/ W2 5§) p(@)da + 2/ o) p(@)de (;E[TONJ + (; - 1) ElTorr | Torr < A])

2
/ f(OellF( )da ( p)E[TON]2 + ;E[TgN] + ;E[TON] (% - 1) E[Torr | Torr < A])

. 2 — 1
/0 f<(31)~“p( c)dx (%E[TOFF | Torr < A® + (; - 1) Var (Torr | Torr < A))

. 1 .
Proof. The random variable S, as seen before, is

N N—-1
S = r(T50 + Y Ton + Y1 ) @)

1=1 i=1

12



Squaring both sides of previous equation we have

N N-1
S = A2 AT + 281> Ton +2A1 " TS
i=1 =1

N N-1 2
+ 1 <Tg;g> +Y Ton+ Y TS F) . (44)
i=1 i=1
Taking the expectation of both sides of Eq.(44) we have
E[s"] =01+ . (45)

In Eq.(45)

le )

N N—
E |A2 4 2AITS) + 281 Tow +2A1 Z 7).
=1 =1

which is equivalent to
N-1

()
1Y Topr
=1

0y = A% 1 2AEITEYD) + 2AE +2AF

IZTON

=1

(e)(f)

Beside the random variables I and 7}, ." which are not independent, all the other
random variables are independent. Hence,

O = A2+ 20F [ITSP] + 28E[1 +2AB(

Z Ton

=1

Z TOFF

(40)
In the last equation E {I TO?,(Z{:)} = fo fo wp(x)dx. The expectation of the

random variable [ is E[I] = P (Té})«“F < A) = fo fOFF(a:)dx. By using the
two previous expressions and the Wald’s equality in Eq.(46) we get

o8 —A2+2A/ e fS) (o dx+2A/ £ () dz— E[TON]

1
+ ZA/ OFF <p_1>E[TOFF |TOFF<A]~ (47)

The other part of Eq.(45) is given by

0y =FE (OE}%)JFZTNJFZ:) . (48)
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After taking the square of the right-side of Eq.(48) we have

2 N—1 2
@ =B [ITE?] + EulE |:<ZTON> } + E[NE {(Z Té%) }
=1
N N
+2BE [Z TON] E [Z Téfﬁp} (49)

N
I Se S
L =1

In Eq.(49)
A
[ITé)(f) } _/0 foéE});F(x)dx

Using Wald’s equation in Eq.(49), similarly as in Eq.(46) we have

Q = /OA xzfg}F(x)d:c+2/ 2f§) o (@)da (%E[TON] n (% - 1) BlTorr | Torr < A])
+ o [P 1S @ (B eron® + pird ) + 2 Biton] (£ < 1) Blforr | Tors < A1)
'/O ISt p(@)de (ﬂ#E[TOFF | Torr < A]® + (% - 1) Var (Torr | Torr < A))
Finally, summing Eq.(50) and Eq.(47), we get Eq.(42). O

Our analytical results suggest that the exact SU performance has an intricate
dependence on PU characteristics that goes beyond channel utilization. At the
same time, the key additional statistics needed are the second (and in congested
cases) the third moments of PU active and idle periods (the success probabilities
could be approximated using second moments through Chebyshev’s inequality).
This implies that by collecting such statistics for different channels, an SU can use
our result to evaluate each channel’s predicted performance, and choose according
to application needs. In the next section, we validate our analysis, and also explore
the effect of active and idle period variability on performance.

3 Performance analysis

The traditional metric for characterizing the PU activity is the duty cycle. It

is defined as E[TE%. Unless otherwise stated, in all the scenarios below

ElTon|+E[TorF]

the packet size is taken to be 0.25, although other values of A lead to the same
conclusions. To validate our theory against simulations we take combinations of
exponentially (Exp) and Bounded Pareto (BP) distributed ON-OFF periods (as an
example of “heavy-tailed” distributions). For the Bounded Pareto distribution, we
take the lower bound L = 0.215, upper bound H = 400, and the shape parameter
a=1.2.

Fig. 3 shows the average packet delay in a cognitive network for two different
primary user activity scenarios for exponentially distributed OFF periods. The
arrival rate is A = 0.1. For the exp-exp distributions a low primary user activity
(duty cycle of 0.2) gives a utilization of 0.05. When the duty cycle is 0.8, the
utilization is 0.29. For the BP ON periods, lower relative primary user activity of
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0.2 corresponds to a utilization of 0.09, and higher relative licensed user activity
of 0.8 to a server utilization of 0.41. Different values of duty cycle give different
levels of utilization, since the mean service time depends on the values of E[Ton]
and E[Torp]. i.e. of duty cycle. The first thing to observe is a good match
between theory and simulations. Furthermore, we can also observe that higher
duty cycle implies higher delays, which is expected because the higher the duty
cycle is, the primary user is more active, and there is less time for the cognitive
user to operate. We can also see that for the same average ON and OFF durations
(the same duty cycle), the delays are higher when the primary user has busy periods
with higher variablility. This is the first interesting conclusion that comes out of
our model. Despite the two channels looking similar, from the point of view of
average PU activity, variability can further affect delays. This is reminiscent of the
inspection paradox [7], albeit the dynamics of Equations (1) and (15) are in fact
more complex.

Fig. 4 shows the packet delays for Bounded Pareto distributed OFF periods.
The arrival rate is low (0.01). This arrival rate corresponds to sparse traffic. As we
can observe from Fig. 4, there is a good match between theory and simulations for
the generic distributed OFF periods, also.

So far, we have considered some standard distributions for the general ON and
OFF periods, to see the effect of high or low variance. We are also interested to
see how our model can predict performance under more “realistic” PU patterns.
To this end, we consider two recently proposed models for PU activity, one for
cellular channels [5] and one for WiFi channels [6]. We have tried to implement the
proposed models according to the respective descriptions, although some details
are not specified there.

Fig. 5 shows the packet delay incurred by a WLAN network. The distributions
for this simulation are taken from [6]. The ON periods are deterministic, while
OFF periods have bimodal distributions. The arrival rate is 0.01. As we can see
our theory provides a very good match with simulations.

Fig. 6 shows the packet delay in a cellular network. The model description from
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[5] is being used. The ON periods underly a multimodal distribution, while the
OFF periods are exponentially distributed. The packet size is 0.01. The arrival rate
is A = 0.1. For a duty cycle of 0.8, this arrival rate corresponds to an (maximum)
utilization of 0.74. More details about the two models can be found in [5] and [6].

We have established so far that (i) our analytical model correctly predicts per-
formance in all generic PU channels considered, and under various levels of con-
gestion (we note here that we have performed a large number of other scenarios,
with similar conclusions), and (ii) that even if two channels have similar average
PU activity, variability (e.g. PU traffic burstiness) can further degrade performance.
We now go a step further and consider a channel A with high average PU activity
(duty cycle of 0.6) and exponentially distributed ON (activity) durations with vari-
ance equal to 1. We put it “against” a channel B with much lower PU activity (duty
cycle 0.3), but lognormally distributed ON periods (which have a heavier tail than
exponential). Keeping the mean of the ON period unchanged, and increasing the
variance of the lognormal distribution gives us an interesting insight into the effect

of both PU average activity and variability on cognitive user performance.
SU delay on channel B

Table 2 displays the ratio of SU delay on channel A"

Table 2: The ratio of delays for two different channels

Variance for CH B 1 10 20 30 40 50 60
Ratio of Delays 05 12 18 23 26 3 32

We can observe from Table 2 that for similar variance, channel B which is
less “busy” is better. However, by increasing the variance, the ratio keeps growing
and exceeds 3 for a variance higher than 50. In fact, in theory, this difference
can become arbitrarily high (i.e. for real heavy-tailed distributions, like Pareto
with parameter < 2). We can thus conclude that, contrary to common belief that
tends to consider an underutilized part of the spectrum as “good spectrum” for
cognitive users, the impact of variability of the primary user actitivity is much
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more important than the duty cycle itself. This could be key for example in delay-
sensitive, but low throughput applications like M2M.

4 Related work

Some interesting works also model the PU user with a stochastic ON-OFF pro-
cess, but assume a 2-state Markov Chain for it [12, 13]. Service times are derived
from their 2-state Markov chain, and system times using an M /G /1 system with
bulk departures. While the exponential assumption is more convenient for analy-
sis, it turns out to be inaccurate for both cellular [14], and WiFi systems [6]. As
our analysis suggests, it can also lead to (arbitrarily) inaccurate predictions. In a
recent work [15], a simple approximate model is used for delay prediction of an
SU packet, assuming generic OFF periods, but this model also suffers from large
inaccuracies, when the OFF periods are not exponential.

In order to depart from the strong exponential assumption, some recent works [8,
16,17] have capitalized on the measurement-based study of [13], in which the Pois-
son approximation seems to be decent for call arrivals, but call duration is generi-
cally distributed. These works model SUs together with PUs, as an M/G/1 system
with priorities and preemption. M/G/1 systems with priorities have been long ana-
lyzed (see e.g. [18]). Nevertheless, there are some important caveats in the above
models. First, the system is preemptive-resume, that is, SU packets when pre-
empted by a PU transmission can resume transmission from the point they stopped.
In practice, SU packets will “collide” when a PU is detected, and have to restart
in the next available cycle (possibly colliding again). Hence, this model is only
approximately accurate for small packets (or long OFF periods). Second, while
PU call arrivals might be approximated by a Poisson distribution, this does not
mean that OFF periods are exponentially distributed, nor that the SU can directly
infer the ON and OFF duration distributions. These depend on a number of system
specifics and protocol interactions across the stack.

Consequently, we believe our model allows one to capture a much larger num-
ber of channels and PU activity patterns, and the SU to be able to measure and
evaluate the predicted performance of a channel, without the need to know any-
thing about the type and number of PUs multiplexed on a channel, protocols used,
and PU job statisitics.

5 Conclusion

In this paper, we have proposed a queueing analytical model for the perfor-
mance of cognitive users under generic ON-OFF primary channel models, and we
have validated it against both synthetic and realistic PU channel models. We have
shown that variability of primary user activity is very important, and often more
important than the utilization itself. This is the key for the protocol design. The
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actual delay is a complex interplay between secondary traffic characteristics (in-
tensity and packet sizes) and channel characteristics (1st and 2nd moments of idle
and available durations of PU). In future work, we intend to extend our model to
multihop networks, and also use our results to design better spectrum management,
resource allocation and scheduling algorithms.
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