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Résumé

Pour satisfaire la demande en constante augmentation de haut débit, les tech-
niques de transmission multi antennes (MIMO) ont été largement adoptées dans
les normes de communications mobiles les plus récentes, puisqu’elles promettent
une augmentation linéaire de capacité en fonction du nombre d’antennes. Cepen-
dant, pour tirer profit de ce gain potentiel de capacité, le canal de propagation
doit étre bien conditionné et les interférences doivent étre efficacement atté-
nuées. Il est bien connu que les transmissions simultanées sur plusieurs récep-
teurs spatialement dispersés créent un canal avec une capacité plus élevée que la
transmission a un seul récepteur, ceci étant dii a 'augmentation de la diversité
spatiale. Le second schéma de transmission est appelé MIMO mono-utilisateur,
tandis que le premier est généralement appelé MIMO multi-utilisateurs (MU)
et est le sujet de cette these. En MU-MIMO, les signaux sont précodés de fa-
¢on a minimiser I'interférence au niveau des récepteurs. Les techniques efficaces
de précodage exigent la connaissance de I’état du canal descendant qui est ha-
bituellement disponible uniquement au niveau des récepteurs. Par conséquent,
I’état du canal descendant doit étre mis a la disposition de I’émetteur grace aux
informations en retour des récepteurs sur un canal de débit limité, résultant en
des informations plus ou moins précises sur 'état de canal & "émetteur (CSIT).

Dans cette these, nous étudions les systémes MU, ou chaque récepteur dis-
pose d’une unique antenne appelés MU-MISO. Nous nous concentrons sur les
techniques de précodage linéaire, car elles offrent un bon compromis entre per-
formance et complexité. Plus précisément, nous considérons un précodage li-
néaire optimal (la maximisation de la somme pondérée des débits), précodage
par filtre adapté, précodage de forgage a zéro (ZF), un précodage ZF régularisé
et un modele pratique appelé CUBF, ou la matrice de précodage est unitaire
avec des entrées de module constant. A cause du canal de propagation aléatoire,
il est difficile d’avoir un apergu du comportement du systéme, qui est nécessaire
pour résoudre des problémes importants tels que la quantité optimale des infor-
mations de feedback. Typiquement, le rapport signal sur interférence plus bruit
(SINR) aléatoire peut étre borné par une quantité déterministe considérant le
comportement du systéme en moyenne et un schéma de précodage spécifique.
Cependant, une autre fagon de rendre le SINR indépendant des réalisations de
canal est de supposer que le nombre d’antennes d’émission M et de récepteurs
K est grand alors que leur rapport reste borné. Cette hypothese est motivée
par la norme LTE-A actuelle qui suppose déja jusqu’a huit antennes d’émission.
Dans cette these, nous développons un cadre général et consistent pour 1’étude
des techniques de précodage linéaire dans les grands systemes MU-MISO dans
une large gamme d’environnements de canal de propagation et de connaissance
imparfaite du canal a ’émetteur. Nous fournissons les outils nécessaires a partir
de la théorie des matrices aléatoires de grandes dimensions pour obtenir des
équivalents déterministes du SINR aléatoire, c’est a dire, des approximations du
SINR indépendantes des réalisations de canal qui sont presque surement exactes
lorsque M, K — oco. Ces approximations du SINR peuvent étre appliquées pour
résoudre une variété de problemes pratiques d’optimisation dont plusieurs sont



présentés dans ce travail. Les résultats des simulations montrent que ce sont
des solutions proches de I’optimal méme pour les systemes de petite dimension.
Notre cadre constitue la base pour ’étude des systemes plus complexes tels que
MU-MIMO et multi-cellules MU-MIMO et pour explorer de nouvelles voies pour
I’analyse des systemes avec feedback limité.



Abstract

To satisfy the ever increasing demand for high data rates, multiple antenna
transmission techniques have been widely adopted in recent mobile communi-
cation standards since they promise a linear capacity increase in the number of
antennas. However, to leverage this potential capacity gains, the propagation
channel has to be well-conditioned and the interference has to be efficiently mit-
igated. It is well-known that simultaneous transmissions to multiple spatially
scattered receivers create a channel with higher capacity than transmission to
a single receiver due to the increased spatial diversity. The latter transmission
scheme is called single-user MIMO, while the former scheme is usually referred
to as multi-user MIMO and is the topic of this dissertation. In MU-MIMO, the
signals are precoded such that the interference at the receivers is minimized.
Efficient precoding techniques require knowledge of the downlink channel state
which is typically only available at the receivers. Therefore, the downlink chan-
nel state has to be made available to the transmitter through feedback from the
receivers over a limited rate channel resulting in more or less accurate channel
state information at the transmitter (CSIT).

In this thesis, we study MU systems where each receiver has a single antenna,
called MU-MISO. We focus on linear precoding techniques, since they offer a
good performance/complexity trade-off. More precisely, we consider optimal
(maximizing the weighted sum rate) linear precoding, matched-filter precoding,
zero-forcing (ZF) precoding, regularized ZF precoding and a practical scheme
coined CUBF, where the precoding matrix is unitary with constant modulus en-
tries. Due to the random propagation channel it is difficult to gain insight into
the system behavior which is necessary to solve important problems such as the
optimal amount of feedback. Typically, the random signal-to-interference plus
noise ratio (SINR) can be bounded by a deterministic quantity considering the
average system behavior and a specific precoding scheme. However, another way
to render the SINR independent of the channel realizations is to assume that
the number of transmit antennas M and receivers K is large while their ratio
remains bounded. This assumption is well motivated since the current LTE-A
standard already defines up to eight transmit antennas. In this dissertation, we
develop a general and consistent framework for the study of linear precoding
techniques in large MU-MISO systems under a wide range of channel propa-
gation environments and imperfect CSIT. We provide the necessary tools from
large dimensional random matrix theory to derive deterministic equivalents of
the random SINR, i.e., SINR approximations independent of the channel realiza-
tions that are almost surely exact as M, K — co. These SINR approximations
can be applied to solve a variety of practical optimization problems of which
several are presented in this work. Simulation results show that these solutions
are close-to-optimal even for small system dimensions. Our framework forms
the basis for the study of more complex systems like MU-MIMO and multi-cell
MU-MIMO and opens up new ways to analyze limited feedback systems.



Acknowledgements

My decision to endeavour in a PhD was the result of an interesting six-month
internship and subsequent diploma thesis at NXP Semiconductors in Sophia
Antipolis while being a student at Technische Universitdet Dresden. During
this year as an intern, I had the pleasure to work in the algorithm development
team offering a vibrant, inspiring and challenging environment. As a result,
the team leader Fabrizio Tomatis encountered little resistance in convincing me
to consider a PhD within the company. Therefore, I would first like to thank
all my colleagues, especially Fabrizio Tomatis and my advisors Andrea Ancora
and Stefania Sesia. Fortunately I was not alone working toward my PhD, I
had the great pleasure of sharing this fate with my fellow PhD students and
colleagues Sébastien Aubert and Romain Couillet. Our small “PhD Group”
(which included some of our other colleagues and interns) was very effective
in sharing ideas and reviewing each others’ works. We also created a little
award called “The Geek of the Week” for which the recipient had to come up
with a particular “geeky” application, usually a piece of code facilitating the
everyday life of a PhD student. I would like to give special thanks to my good
friend Romain Couillet from whom I learned a lot and who never grew tired
in explaining complicated mathematics to me. He not only patiently reviewed
my papers but also shared my fondness for nature and we spent uncountable
weekends hiking and canyoning in the French riviera.

I would like to thank my fellow PhD students at EURECOM as well, in
particular Rizwan Ghaffar and Paul de Kerret for their kindness and support.
Further north, my thanks go to the members of Supélec Gif-sur-Yvette, first and
foremost to Professor Mérouane Debbah whose ideas and engagement greatly
contributed to the success of my thesis. Furthermore, my thanks go to Jakob
Hoydis, who relentlessly engaged in constructive discussions and whose com-
ments were always of great help. My gratitude goes also to Feten Zmerli who
is my inexhaustible source of joy and spicy food.

Finally, I would like to express my deep gratitude for my PhD advisor Dirk
Slock. He always found time to listen to the problems and to discuss my work.
His experience, expertise and rigorous inquiry significantly improved my under-
standing of the subject matter.



Contents

Contents

List of Tables

List of Figures

Abbreviations

Notation

Synthése du Manuscrit

1

Introduction et Modeéle du Systéme . . . . . . ... ... ... ..
1.1 Introduction . . . .. .. ... ... L.
1.2 Etat de VATt . . . . . . ...
1.3 Modeéle du Systeme . . . . . ... Lo
Présuppositions mathématiques : Théorie des Matrices Aléatoires
2.1 Introduction et Outils . . . . .. .. ... ... ... ...

2.2 Equivalent Déterministe de la Transformée de Stieltjes des
Matrices avec Profil de Variance Généralisé . . . . . . ..
2.3 Equivalent Déterministe de la Transformée de Shannon

des Matrices avec Profil de Variance Généralisé . . . . . .
MISO BC avec Précodage Linéaire : Une Analyse des Systemes
a Grandes Dimensions . . . . .. .. .. ... L 0L
3.1 Introduction . . . . . ... ... .. L
3.2 Précodage de Forgage a Zéro Régularisé . . . . . .. . ..
3.3 Précodage de Forgage a Zéro . . . . . . . ... ... ...
3.4 Approximations du Débit . . . . .. ... oL
3.5 Résultats Numériques . . . . .. .. ... ... ... ..
MISO BC a Grandes Dimensions et Précodage Linéaire : Appli-
cations . . . . ...
4.1 Régularisation Optimale . . . . . . .. ... ... ... ..
4.2 Optimisation de Nombre d’Utilisateurs et Allocation de

Puissance . . . . ... oo
Précodage Unitaire avec Module Constant . . . . . . .. ... ..
5.1 Précodage Unitaire . . . . . . . ... ... ... ... ...

13

15

18

19

29
29

30

31

32
32
33
35
37
37

41
41



5.2 Précodage Unitaire avec Module Constant . . . . . . . .. 50

5.3 Résultats Numériques . . . . .. . ... ... ... .... 54
6 Conclusion et Perspectives . . . . . . .. .. ... ... ...... 57
1 Introduction 59
1.1  Multiuser MIMO Communications . . . . .. .. ... ... ... 59
1.1.1 Related Literature . . . .. ... .. ... ... ...... 62
1.2 Outline and Contributions . . . . . . .. ... .. ... ...... 64

1.2.1 Chapter 2: Mathematical Prerequisites: Large Dimen-
sional Random Matrix Theory . . . ... ... ... ... 64

1.2.2  Chapter 3: MISO BC under Linear Precoding: A Large
System Analysis . . . . ... .. ... L. 65

1.2.3  Chapter 4: Large MISO BC under Linear Precoding: Ap-
plications . . . . . .. .. L 66

1.2.4 Chapter 5: Unitary Precoding with Constant Modulus
Constraint . . . . . . . .. ... 68
1.3 General System Model . . . . . . .. .. ... oL 69
1.4 Channel Model . . . . .. ... ... ... . ... .. .. ..., 70
1.5 Special Case: Single-Antenna Receivers . . ... ... ... ... 72

2 Mathematical Prerequisites: Large Dimensional Random Ma-

trix Theory 75
2.1 Imtroduction and Methods . . . . . ... ... ... ... ... 76
2.2 A Deterministic Equivalent of the Empirical Stieltjes Transform
of Matrices with Generalized Variance Profile . . . . . .. .. .. 78
2.2.1 Convergence to an Auxiliary Variable . . . ... ... .. 80
2.2.2  Proof of Convergence of the Fixed Point Equation . ... 83
2.2.3  Proof of Convergence of the Deterministic Equivalent . . 85

2.3 Shannon Transform of Matrices with Generalized Variance Profile 87

3 MISO BC under Linear Precoding: A Large System Analysis 91

3.1 Imtroduction . . . . . . . . .. ... 91
3.1.1 Technical Assumptions . . . . . . ... ... ... ..... 93
3.2 Matched Filter Precoding . . . . . .. ... ... .. ... .. .. 94
3.3 WSR Maximizing Linear Precoder with Perfect CSIT . . . . .. 97
3.3.1 Optimization Problem and Solution . .. ... .. .. .. 97
3.3.2 Large System Analysis . . . . . .. ... ... ....... 98
3.4 Regularized Zero-forcing Precoding with Imperfect CSIT . . . . . 106
3.5 Zero-forcing Precoding . . . . . . .. ... oL 109
3.6 Rate Approximations. . . . . . . ... ... ... 112
3.7 Numerical Results . . . . ... ... ... L. 114
3.71 MF Precoding . . .. ... ... ... . 115
3.7.2 Optimal Linear Precoding . . . . . . ... ... ... ... 115

3.7.3 ZF and RZF Precoding . . .. ... ... ... .. .... 117



4 Large MISO BC under Linear Precoding: Applications
4.1 Sum Rate Maximizing Regularization . . .. ... ... ... ..
4.2 Optimal Number of Users and Power Allocation . ... ... ..
4.2.1 Sum Rate Maximizing Number of Users . . . . . ... ..
4.2.2  Power Optimization under Common Correlation . . . . .
4.2.3 Numerical Results . . ... ... ... ... ... ....
4.3 Optimal Training in Large TDD Multi-user Systems . . . . . . .
4.3.1 Uplink Training Phase . . . . . . .. ... ... .. ....
4.3.2 Optimization of Channel Training . . ... .. ... ...
4.3.3 Numerical Results . . . .. ... ... ... .. ......
4.4 Optimal Feedback in Large FDD Multi-user Systems . . . . . . .
4.41 RZF-CDA Precoding . . . . . .. ... ... ... .....
4.42 RZF-CDU Precoding . . . . . . .. .. ... ... .....
443 ZF Precoding . . . . . .. ... oo
4.4.4 Discussion and Numerical Results . . . . ... ... ...
4.4.5 Comparison of Digital Feedback to Analog Feedback . . .

5 Unitary Precoding with Constant Modulus Constraint
5.1 Imtroduction and Motivation. . . . . . . . ... ... ... ...
5.2  Unitary Precoding . . . . .. . ... .. ... .
5.3 Unitary Precoder with Constant Modulus Elements . . . . . . . .
5.3.1 Description of Complex Hadamard Matrices . . . . . . . .
5.3.2 Equivalence Classes . . . ... ... ... .........
5.3.3 Parametrization of CUBF Matrices in MISO BC . . . . .
5.4 Optimization of the CUBF Matrices . . . .. ... ... .. ...
5.4.1 Tterative Optimization Algorithm . . . . . . ... ... ..
5.5 Numerical Results . . . . ... ... ... ... ..

6 Conclusion and Perspectives

Appendix

A Proof of Proposition 2.3 . . . . ... ...

B Deterministic Equivalents for Precoders with RZF Structure . . .
B.1 Deterministic Equivalent for ¥ = trPEHW2HY . ... .
B.2  Deterministic Equivalent for h,';'Wflk ............
B.3 Deterministic Equivalent for h,';'WI:I'[L]P[k]I:I[Hth
Proof of Theorem 3.4 . . . . . . . . . ... .. ... .. ......
Proof of Proposition 4.1 . . . . . . .. . ... ... ...
Alternative Proof of Proposition 4.1 for Uncorrelated Channels .
Important Lemmas . . . . . . . .. ... L

SRCRwNe!

List of Publications
References

Bibliography

123
123
129
130
130
131
136
136
137
142
147
150
151
152
153
154

161
162
162
163
163
165
166
167
167
169

173

175
175
178
178
180

. 180

184
186
188
189

193

194

195






List of Tables

3.1

5.1

5.2
5.3

« Self-tuning Riemannian steepest descent algorithm » emprunté
de [79, Table II] et appliqué pour calculer le précodeur unitaire
G}, maximisant la somme des débits. . . . . ... ... 51

Tterative algorithm to compute Gygrm. - « « « « - v« v v o o o .. 99

Self-tuning Riemannian steepest descent algorithm from [79, Ta-
ble II] applied to compute sum rate maximizing unitary precoder

Auxiliary Variables . . . . . . . ... ... . 167
Alternating optimization to compute the set of optimal angles A*.169

13






List of Figures

10

11

12
13

1.1
1.2
1.3

3.1

Diagramme & blocs du systeme MU-MISO avec transmisson en

bande étroite. . . . . . . I I PSR 27
RZF-CDU, (E[Rsum] — Rsum)/ E[Rsum] en fonction de M pour
un SNR fixde p=10dBavec M =K, a=1/p. ... ... ... 38

RZF-CDU, la somme des débits en fonction de SNR avec M =
K =30 et a =1/p, les résultats de simulation sont indiqués par
des cercles avec lécart type. . . . . . . ... 39
ZF, la somme des débits en fonction de SNR avec M = 30, K =
15, les résultats de simulation sont indiqués par des cercles avec

Pécart type. . . . . . . . 40
RZF, la somme des débits ergodique en fonction de SNR avec
M=K=50,=IyVkP=2Icetr?=01 ......... 43
La somme des débits ergodique en fonction de SNR, I'impact de
corrélation avec M = K =5, P = %IK et ’7"3 =0.05. . ...... 44
ZF  nombre d’utilisateurs maximisant la somme de débits en fonc-
tion de SNR avec ®;, = I, Vk, P = %IK et 2 =01. . ... .. 45
ZF, la somme des débits ergodique pour différents nombre d’util-
isateurs avec M = 16, O =1, Vk, P = %IK et 72 =0.1... .. 46

RZF-CDU, somme des débits ergodique en fonction de SNR pour
différentes allocation de puissance avec o = 1/p, @y = I, P =
1, 72 = 0.05++=% (0.8—0.05) pour M = 5 et 772 = 0.2+£=L(0.3—
0.2)pour M =3 . .. . ... 48
RZF-CDU, somme des débits ergodique en fonction de SNR pour

différentes allocation de puissance avec a = 1/p, @) = I VE,

P=1, M=K =30et 7,320.05—1—%(0.8—0.05). ....... 48
M = K = 2, 'impact de CSIT imparfaite sur la somme des débits
ergodique avec SNR =15dB. . . . . . .. .. ... ... .. .. 54

M = K =2, la somme des débits ergodique en fonction de SNR. 55
M = K =4, la somme des débits ergodique en fonction de SNR. 56

Heterogeneous MU-MIMO Single-cell Setup . . . . . . ... ... 60
Block diagram of the MU-MIMO narrow-band transmission model. 71
Block diagram of the MU-MISO narrow-band transmission model. 73

MF, Accuracy vs. M for a fixed SNR of p=10dB and M = K. 116

15



3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9
3.10

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

MF, Sum rate vs. SNR with M = K = 30, simulation results are
indicated by circle marks with error bars indicating the standard

deviation . . . . . . ... 117
Optimal linear precoding, accuracy vs. M for a fixed SNR of
p=10dB, M = K, up #1and Nygey =10 . . . . . . . ... ... 118

Optimal linear precoding, sum rate vs. SNR with M = K = 30,
ur # 1 and Njger = 10, simulation results are indicated by circle

marks with error bars indicating the standard deviation. . . . . . 118
Optimal linear precoding, WSR vs. iteration j with p = 30 dB,
M=K=30and ugp #1. .. ... ... .. ... ... ... 119

Optimal linear precoding, M = 30, uy = 1 Vk and simulation
results are indicated by circle marks with error bars indicating

the standard deviation. . . . . . ... ... ... L. 119
RZF-CDU, accuracy vs. M for a fixed SNR of p = 10 dB with
M=Kanda=1/p.. . . ... . 120

RZF-CDU, sum rate vs. SNR with M = K = 30 and a = 1/p,
simulation results are indicated by circle marks with error bars
indicating the standard deviation. . . .. ... ... ... .... 120
ZF, accuracy vs. M for a fixed SNR of p=10dB. . .. ... .. 121
ZF, sum rate vs. SNR with M = 30, K = 15, simulation re-
sults are indicated by circle marks with error bars indicating the
standard deviation. . . . . . ... ..o oo 121

Ergodic sum rate vs. SNR for different regularization parameters

with®p =TIy and 72 =01.. . . ... ... ... ... ...... 128
Ergodic sum rate vs. SNR, impact of correlation with M = K =
5 P=LIgand 77 =005, . .. ... ... ... ... 129
ZF, Sum rate maximizing number of users vs. SNR with @, =
Iy Vk,P=gIgand 72 =01 . ... ... ... ...... ... 132
ZF, Ergodic sum rate for different numbers of users with M = 16,
Op=IyVk,P=LtIgand7?=01. ............... 133

RZF-CDU, ergodic sum rate vs. SNR for different power al-
location strategies with o = 1/p, O, = Ip, P = 1, ’7',3 =
0.05 + £=1.(0.8 — 0.05) for M =5 and 72 = 0.2+ £=1(0.3 - 0.2)
for M =3 . . . . e 134
RZF-CDU, ergodic sum rate vs. SNR for different power alloca-
tion strategies with « = 1/p, ®, =1y, P =1, M = K = 30 and
T2 =005+ £=1(0.8-0.05). .. ... ... .. ... 134
MF Precoding, ergodic sum rate vs. SNR for different power
allocation strategies with ®, = I, 72 = 0.05 + £=1(0.8 — 0.05)
and P=1. . . . .. . e 135
Comparison of T, /T obtained by convex optimization for differ-
ent T with M = 32, K = 16, pai/pu = 10, O =1, P = LIk,
RZF and MF are indicated by circle and triangle marks, respec-
tively. . . . 143



4.9 Accuracy of high SNR approximations with 7" = 100000, M =
327 K = ].67 pdl/pul = 10, ®k = I]\/[7 P = %IK7 RZF and MF
are indicated by circle and triangle marks, respectively.. . . . . .
4.10 RZF-CDU precoding, optimal amount of training vs. T with
par = 20 dB, py = 10 dB, ©; = Iy, P = £Ix and M/K = 2,
RZF is indicated by circle marks. . . . . . .. ... ...
4.11 MF Precoding, optimal amount of training vs. T with pgy = 5
dB, pyi=-5dB O, =1, P = %IK and M/K=2. ......
4.12 7ZF, ergodic sum rate vs. downlink SNR with M = 32, K = 16,
pu=5dB, O, =1y, P=LIgand T=1000. . . ........
4.13 ZF, per-user rate gap vs. number of bits per user with p = 25

4.14 RZF, ergodic sum rate vs. SNR under RZF precoding and RVQ
with B feedback bits per user, where B is chosen to maintain a
sum rate offset of Klog, b =10, ®; =1, Vk and M = K = 10. .
4.15 RZF, B feedback bits per user vs. SNR, with B to maintain a
sum rate offset of K'log, b =10 and Oy = I Vk, M = K = 10. .
4.16 RZF—CDA, M=K = 307 ®k = I]V[, P = %IK, Pdi = Pul and

N=2. . e e
4.17 RZF-CDU, M = K = 30, ©; = Iy, P = %Ik, pay = pu and
N =2, o o

4.18 ZF, M = 30, K= 15, ®k = IM, Pdl = Pul and n= 2.0 ...
4.19 MF, M=K = 30, P= %IK,@]C = IM, Pdl = Pul and n = 2.. ..

5.1 M = K = 2, impact of erroneous CSIT on ergodic sum rate,
SNR =15dB. . . . .. . .

52 M =K =2, ergodic sum rate vs. SNR. . . ... ... ... ...

5.3 M = K =4, ergodic sum rate vs. SNR. . . . . ... ... ....



Abbreviations

Acronym Description

AWGN Additive White Gaussian Noise

BC Broadcast Channel

CDMA Code-Division Multiple Access
CQl Channel Quality Indicator

CSI Channel State Information

CSIR Channel State Information at Receiver
CSIT Channel State Information at Transmitter
CUBF Constrained Unitary Beamforming
DPC Dirty-Paper Coding

e.s.d. Empirical Spectral Distribution
FDD Frequency-Division Duplex

ii.d. Independent Identical Distributed
LHS Left-Hand Side

l.s.d. Limiting Spectral Distribution
LTE Long Term Evolution

MF Matched Filter

MIL Matrix Inversion Lemma

MIMO Multiple-Input Multiple-Output
MISO Multiple-Input Single-Output
MMSE Minimum Mean Square Error
MSE Mean Square Error

MU Multi-User

PAPR Peak-to-Average Power Ratio

RF Radio Frequency

RMT Random Matrix Theory

RVQ Random Vector Quantization
RZF Regularized Zero Forcing

SINR Signal-to-Interference plus Noise Ratio
SNR Signal-to-Noise Ratio

SU Single-User

TDD Time-Division Duplex

WSR Weighted Sum Rate

ZF Zero Forcing




Notation

Description

3(2)
R(2)
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Scalar a (lower-case letter)

Transpose operator

Conjugate transpose operator

Trace operator

Expectation operator

N x N identity matrix

zero matrix or vector

Natural logarithm

Set of real numbers

Set of complex numbers

i=-1

imaginary part of zeC

real part of z€C

N x N diagonal matrix

with aq,...,any on the main diagonal
Minimum eigenvalue of Hermitian matrix A
Maximum eigenvalue of Hermitian matrix A
Spectral norm of Hermitian A or ||A|| = Apax(A)
Absolute value of z€C

x is Gaussian distributed

with mean x and covariance Ry

minimum, min(a,b) =a if a < b

and min(a,b) =bisb < a

maximum, max(a,b) =a if a > b

and max(a,b) =bis b >a

Euclidean norm vxHx

Support of a distribution function F' with density f,
Supp(F') is the closure of the set {x€R, f(z) > 0}
Convergence in distribution

Interval excluding the endpoints a and b
Interval including the endpoints a and b







Synthese du Manuscrit

« Techniques de Transmission et de Réception MU-MIMO pour la
Génération Suivante de Standards de Télécommunications
Cellulaires »

1 Introduction et Modele du Systeme

Cette section situe ce travail dans son contexte des télécommunications mobiles
et présente I'état de l'art sur le sujet traité dans cette these. Ensuite, le modele
de transmission ainsi que le modele de canal sont expliqués.

1.1 Introduction

Le travail originel de Foschini [1] et Telatar [2] a révélé que la capacité d’un canal
point-a-point (mono-utilisateurs (SU)) & entrées et sorties multiples (MIMO)
peut potentiellement augmenter linéairement avec le nombre d’antennes. Ce-
pendant, les implémentations pratiques ont démontré rapidement que dans la
plupart des environnements de propagation le gain de capacité escompté du
SU-MIMO est irréalisable en raison de la corrélation entre antennes et des com-
posantes de lien direct du canal [3]. Dans un scenario multi-utilisateur, le pro-
bléeme inhérent a la transmission SU-MIMO peut étre largement surmonté par
Pexploitation de la diversité multi-utilisateur (MU), i.e., le partage de la di-
mension spatiale, non seulement entre les antennes du récepteur, mais entre les
utilisateurs (de maniére non-coopérative). Le canal sous-jacent pour la trans-
mission de MU-MIMO est dénommé le canal MIMO broadcast (BC) ou canal
descendant multi-utilisateur. Bien que beaucoup plus robuste a la corrélation du
canal, le MIMO-BC souffre de l'interférence entre utilisateurs au niveau des ré-
cepteurs. Cette interférence ne peut pas étre efficacement annulée du fait que les
récepteurs n’ont aucune connaissance des canaux interférents, et encore moins
de 'alphabet symbole interférent. Par conséquent, transmettre aux récepteurs
séparément dans ’espace présente l'inconvénient de créer un niveau d’interfé-
rence accru au niveau de ces mémes récepteurs. Pour remédier a cet incon-
vénient, I'annulation de I'interférence est déplacée vers I’émetteur. Idéalement,
I’émetteur peut précoder le signal de telle sorte que l'interférence au niveau des
récepteurs est completement absente. Toutefois, pour ce faire, ’émetteur né-
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cessite une connaissance parfaite a priori de la voie descendante, qui dans la
pratique, est impossible a obtenir. Le probléme de I'acquisition de I'information
sur 1’état du canal a I'émetteur (CSIT) est traité plus tard.

Dans le cas d’une connaissance parfaite du canal (CSIT parfait), il a été
prouvé que le codage du dirty-paper (DPC) [4] est une stratégie de précodage
atteignant la capacité de la MIMO-BC [5-9]. Toutefois, le précodeur DPC est
non-linéaire et & ce jour trop complexe pour étre mis en ceuvre efficacement
en pratique. Il a été démontré dans [5,10-12] que les précodeurs linéaires sous-
optimaux peuvent atteindre une grande partie de la région de capacité du BC
tout en offrant une faible complexité de calcul. Ainsi, beaucoup de recherches
ont mis 'accent récemment sur les stratégies de précodage linéaire.

En général, le précodeur linéaire qui maximise la capacité du BC n’a pas
de forme explicite. Plusieurs algorithmes itératifs ont été proposés dans [13-15]
mais aucune convergence globale n’a été prouvée. Ces algorithmes itératifs ont
une grande complexité de calcul qui motive le recours aux filtres linéaires sous-
optimaux en transmission en imposant plus de structure dans la conception de
ces filtres. Une technique simple consiste a précoder par l'inverse du canal. Ce
schéma est appelé inversion du canal ou forgage & zéro (ZF) [5,10,16].

Bien qu'il est légitime que le travail [10,13,14,17] assume une CSIT parfaite
pour déterminer théoriquement des performances optimales, cette hypothese est
intenable dans la pratique. En outre, c’est une hypothese particulierement forte,
vu que la performance de toutes les stratégies de précodages sont crucialement
dépendante de la CSIT. Dans les systémes pratiques, I’émetteur doit acquérir les
informations sur 'état du canal (CSI) de la voie descendante par le feedback de
signalisation de la liaison montante. Etant donné que dans la pratique le temps
de cohérence du canal (i.e. le temps ou le canal est a peu prés constant) est
fini, 'information sur I’état du canal instantané est intrinsequement incompléte.
Pour cette raison, beaucoup de recherches ont été menées afin de comprendre
Iimpact de la CSIT imparfaite sur le comportement du systéme, voir [18] pour
une étude récente.

Dans cette these, nous considérons un émetteur équipé de M antennes et
K utilisateurs avec une seule antenne, i.e. un systéeme MU entrées multiples,
sorties unique (MISO), sous un précodage linéaire et une CSIT imparfaite. En
particulier, nous étudions le précodeur linéaire optimal (la maximisation de
la somme pondérée des débits) proposé dans [13], précodage par filtre adapté
(MF), précodage de forgage & zéro (ZF), un précodage ZF régularisé (RZF).
Notre modele de canal prend en compte une corrélation par utilisateur, i.e. le
vecteur du canal hy € CM de D'utilisateur k (k = 1,..., K) satisfait E[hyh{l] =
©y. En outre, nous considérons une CSIT imparfaite qui est modélisée comme
une somme pondérée du canal et du bruit. Pour obtenir des apergus sur le
comportement du systéme, on approxime le rapport signal sur interférence plus
bruit (SINR) par une quantité déterministe.

La nouveauté de cette these réside dans ’approche du systéme large a estimer
les performances du systéme par une quantité déterministe. Plus précisément,
nous estimons le SINR ~;, de D'utilisateur k par un équivalent déterministe 7y,
tel que vx — Y — 0 presque siirement, lorsque les dimensions du systeme M et
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K tendent vers l'infini avec un rapport borné 0 < limps o0 SUpy, % =0 < 0.
Par conséquent, 7, devient plus précis quand M, K augmente. Pour calculer 7y,
nous appliquons les outils du domaine bien établi de la théorie des matrices aléa-
toires & grandes dimensions [19,20]. La théorie des matrices aléatoires (RMT)
étudie le comportement spectral (la plupart du temps les valeurs propres) des
matrices de grandes dimensions. Pour certaines matrices, la distribution empi-
rique spectrale (e.s.d.) converge vers une distribution limite spectrale (l.s.d.),
presque stirement, si les dimensions tendent vers I'infini avec un rapport borné.
Si une telle convergence n’existe pas, on peut toutefois trouver des équivalents
déterministes de certaines fonctionnelles de l'e.s.d. , qui sont des approxima-
tions exactes lorsque les dimensions sont asymptotiquement grandes, presque
stirement. Des travaux antérieurs ont considéré ’approximation du SINR basée
sur des bornes de la moyenne (par rapport aux canaux aléatoires hy) du SINR.
L’équivalent déterministe yx n’est pas une borne, mais une approximation fine,
presque stirement, pour M, K asymptotiquement larges. En outre, les outils de
la RMT nous permettent de considérer des modeéles de canaux avancés comme
le modele de corrélation par utilisateur, qui sont généralement tres difficiles a
étudier précisément pour des dimensions finies. Etonnamment, Jx est trés pré-
cis, méme pour un systeme de petite dimension, par exemple, M = K = 16.
Actuellement, la norme 3GPP LTE définit déja jusqu’a 8 antennes d’émission
motivant d’autant plus I'application d’approximations de grands systemes pour
caractériser la performance des systémes de communication sans fil. Dans cette
these, nous proposons un cadre cohérent pour I’étude des techniques de pré-
codage linéaire duquel nous tirerons des équivalents déterministes pour chacun
des précodeurs linéaires considérés.

Ensuite, nous appliquons ces approximations du SINR a divers problemes
d’optimisation pratiques. En particulier, nous calculons le terme de régularisa-
tion optimale du précodeur RZF, qui, selon les hypothéses de corrélation, est
explicite ou est la solution d’une équation implicite. En outre, pour les canaux
non corrélés, nous trouvons une solution en forme fermée pour le nombre op-
timal d’utilisateurs par antenne d’émission dans le cas de précodage ZF. De
plus, pour un précodage MF, ZF et RZF, nous évaluons la stratégie optimale
de I'allocation de puissance pour des qualités inégales de CSIT des utilisateurs.
Dans ce cas, le schéma d’allocation de puissance optimale est la solution de
I’algorithme classique water-filling. Nous considérons par ailleurs des systémes
pratiques de feedback limité, ou la CSIT est obtenue soit par une signalisation
de symboles pilotes par les utilisateurs ou soit par envoi de signaux de feedback
du canal quantifié. La signalisation de pilotes est appropriée dans des systemes
duplex a division de temps (TDD), ol les canaux montants et descendants sont
supposés réciproques. Dans ce systeme TDD, nous dérivons la quantité opti-
male de I'apprentissage du canal si une transmission cohérente de données et
lapprentissage du canal se produisent dans le méme intervalle de cohérence du
canal. De méme, dans les systemes employant un feedback de la quantification
du canal, généralement dans les systémes duplex a division de fréquence (FDD),
nous calculons l'ordre de grandeur de la quantité de feedback nécessaire pour
atteindre un gain optimal de multiplexage sous I’hypothese de la quantification

23



24

1 Introduction et Modeéle du Systeme

vectorielle aléatoire (RVQ). En outre, nous comparons les feedback RVQ aux
feedback analogiques, ou le canal est renvoyé par modulation de la porteuse.
En plus du précodage optimal, MF, ZF et précodage RZF, nous considérons
un systeme pratique de précodage, appelé « constrained unitary beamforming
(CUBF) », ou la matrice de précodage est unitaire avec des éléments du mo-
dule constant. Toutes les normes actuelles 3GPP définissent des dictionnaires
contenant des matrices CUBF pour le mode MU-MIMO. Puisque les vecteurs de
précodage sont orthogonaux, chaque utilisateur peut calculer son SINR d’une
maniére exacte sans connaissance des vecteurs de précodage interférents. Ce
SINR précis sert & calculer I'indicateur de qualité de canal (CQI), qui permet
a son tour a la station de base d’améliorer 'ordonnancement d’utilisateur ainsi
que d’appliquer la modulation et le schéma de codage corrects. La propriété des
entrées du module constant a ’avantage de ne pas augmenter le facteur de créte
(PAPR) (« peak-to-average power ratio ») et permet donc aux amplificateurs
de puissance de radio-fréquence (RF) de fonctionner efficacement. Cependant, il
est trop compliqué de trouver une approximation du SINR, pour un précodage
CUBF, utilisant ’analyse des systemes larges. Par conséquent, nous appliquons
la théorie des matrices complexes de Hadamard pour paramétrer et optimiser les
matrices CUBF. L’algorithme d’optimisation qui en résulte fournit une borne
supérieure sur la performance des dictionnaires finis utilisés dans les systemes
pratiques.

1.2 Etat de ’Art

Les auteurs de [22] ont été les premiers a effectuer une analyse des systémes
larges avec M, K — oo et un rapport fini pour un précodage linéaire inventant
ainsi la notion de « channel hardening ». En particulier, ils ont considéré un
précodage ZF, appelé inversion de canal (CI), pour M > K et ont montré que
pour des canaux gaussiens indépendants et identiquement distribués (i.i.d.) le
SINR converge vers p(8 — 1), olt p est le SNR, indépendamment de la stratégie
de normalisation de puissance appliquée. Ils calculent également la charge du
systéme 3* maximisant la somme des débits pour un M donné. Leurs résultats
sont un cas particulier de notre analyse en Section 3.3 et en Section 4.2. Les
auteurs dans [22] concluent en montrant que, pour 8 > 1, le précodage ZF at-
teint le taux de croissance linéaire (par rapport & K) de la somme des débits.
Le travail dans [10] étend lanalyse dans [22] au cas M = K et montre que la
somme des débits de ZF est constante dans M quand M — oo, c¢’est-a-dire que
la croissance linéaire de la somme des débits est perdue & cause des grandes
fluctuations des valeurs propres de la matrice du canal. Les auteurs dans [10]
contrent ce probléme en introduisant un terme de régularisation o dans 'inverse
de la matrice du canal. Sous 'hypothése que M, K sont larges et pour toute dis-
tribution de canal invariante par rotation, [10] dérive le terme de régularisation
a = a* = 1/(Bp) qui maximise le SINR. Notez ici que dans [10] les auteurs
n’appliquent pas les outils classiques de la RMT & grandes dimensions pour ob-
tenir leurs résultats, mais plutot ils trouvent la solution en appliquant diverses
espérances et approximations. Dans cette thése, le précodeur RZF de [10] est
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dénommé précodeur de « channel distortion-unaware » RZF (RZF-CDU), car
sa conception suppose une CSIT parfaite, bien que la CSIT disponible est er-
ronée ou déformée. Il a été observé dans [10] que le précodeur RZF-CDU est
tres similaire au filtre d’émission dérivé sous un critere de minimisation de ’er-
reur quadratique (MMSE) [17] et les deux deviennent identiques quand M et
K deviennent asymptotiquement grands. De méme, nous allons observer des
similitudes entre RZF et des filtres MMSE lors de la considération d’une CSIT
imparfaite. Le précodeur RZF dans [10] a été étendu dans [23] pour tenir compte
des feedback de quantification du canal sous hypothése de quantification vecto-
rielle aléatoire (RVQ). Les auteurs de [23] n’ont pas appliqué les outils de la
RMT & grandes dimensions, mais utilisent les mémes techniques que dans [10]
et obtiennent des résultats différents pour le parameétre de régularisation opti-
male et pour le SINR par rapport a nos résultats dans la Section 4.4.

Le premier travail appliquant des outils de la RMT & grandes dimensions
pour calculer le SINR asymptotique sous les précodages ZF et RZF pour les
canaux corrélés était présenté dans [24]. Cependant, dans [24], le parametre de
régularisation du précodeur considéré RZF a été fixé de sorte a satisfaire la
contrainte totale de puissance moyenne. Un travail similaire [25] a été publié
plus tard, ot les auteurs ont considéré le précodeur RZF dans [10] et ont calculé
le SINR asymptotique pour les canaux gaussiens non corrélés. En outre, ils ont
évalué le parametre de régularisation asymptotiquement optimal a* = 1/(8p),
déja calculé dans [10], ce qui est un cas particulier de celui calculé dans la Section
4.1. Un autre travail [26] reproduisant nos résultats, a remarqué que le paramétre
de régularisation optimal dans [10,25] est indépendant de la corrélation lorsque
la corrélation est identique pour tous les utilisateurs.

En ce qui concerne le précodeur MF, le SINR asymptotique pour les ca-
naux de transmission avec une corrélation commune sous une CSIT parfaite
ont été établi dans [27]. Récemment, un équivalent déterministe du SINR sous
un précodage MF' et une contamination des séquences pilote dans les systemes
multicellulaires des systémes a été calculé dans [28].

En ce qui concerne le précodeur linéaire optimal, les résultats suivants sont
disponibles. Dans la limite des systemes larges et pour les canaux avec entrées
i.i.d., les corrélations croisées entre les canaux des utilisateurs, et par conséquent,
les SINRs des utilisateurs, sont identiques. Il a été démontré dans [29] que dans
ce cas symétrique et pour des variances de bruit égales, le précodeur maximisant
le SINR est de forme fermée et coincide avec le précodeur RZF. Récemment,
les auteurs de [30] ont affirmé qu’effectivement la structure du précodeur RZF
apparait comme la solution optimale pour un précodage linéaire quand M, K —
00. Cette optimalité asymptotique motive une analyse détaillée du précodeur
RZF pour les systemes de dimensions larges. Un algorithme itératif pour calculer
le précodeur linéaire qui maximise la somme pondérée des débits (WSR) a été
proposé dans [13]. Dans la Section 3.3, nous allons procéder a une analyse des
systemes larges de cet algorithme sous une CSIT parfaite. Cependant, bien
que la structure RZF émerge pour la maximisation de la somme des débits et
corrélation commune sous certaines hypotheéses, nous ne sommes pas en mesure
de prouver que I'approximation proposée pour le SINR a l'itération j est en effet
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un équivalent déterministe pour le précodeur proposé dans [13]. Néanmoins, les
simulations montrent que I’approximation proposée est exacte.

1.3 Modele du Systeme

Dans cette section nous décrivons le modele de transmission ainsi que le modele
de canal.

Modeéle de Transmission

Considérons un canal MISO broadcast composé d’un émetteur central équipé
avec M antennes et K récepteurs mono-antenne non-coopératifs. Nous sup-
posons M > K et une transmisson en bande étroite. Le signal yx recu par
I'utilisateur k s’écrit a chaque instant

yk:h,';'ernk, k=1,2,...,K,

ol hy € CM est le canal aléatoire du émetteur & utilisateur k, x € CM est
le vecteur transmis et les termes de bruit ny ~ CA(0,0?) sont indépendants.
Nous supposons que le canal hy évolue suivant un modele block-fading, c’est-
a~dire, le canal est constant a chaque instant mais varie indépendamment d’un
instant a l'autre.

Le vecteur transmis x est une combinaison linéaire des symboles indépendant
des utilisateurs s et s’écrit

K
X = Z VPEBESk,

k=1

ot g € CM et pj, >0 sont les vecteurs de précodage et la puissance du signal
de l'utilisateur k respectivement. Ensuite, nous supposons que 'utilisateur k£ a
une connaissance parfaite du canal hy et du canal effectif hg gr. Une estimation
de h,';' g peut étre obtenue par un apprentissage dédié en précodant le signal de
I'utilisateur k par gg. Les vecteurs de précodage sont normalisés pour satisfaire
la contrainte de puissance totale moyenne

E[|x|*] = e(PG"G) < P, (1)

ot G2 (g1, gs,...,8x] € CM*K est la matrice de précodage, P = diag(py, . .., px)
est la matrice de puissance et P est la puissance d’émission totale. Un diagramme
a blocs du systeme MU-MISO est présenté en Figure 1.

Soit p £ P/o? le SNR. Sous la contrainte s; ~ CN(0,1) et une détection
mono-utilisateur avec connaissance du canal parfaite a la réception, le SINR,
de T'utilisateur k est défini par

pi|hflgr|?
M=% k : (2)

> pjlhfg* + o’
j=1,j#k
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s=—PpPl/2B G

FIGURE 1: Diagramme & blocs du systéme MU-MISO avec transmisson en bande
étroite.

Le débit Ry de l'utilisateur k£ est donné par

Ry, =log (1 + ) (3)

et la somme des débits Rgyy définie par

K
Rsum = Z Rk (4)
k=1

Alors que 'opérateur du réseau est souvent interessé par la capacité du sys-
téme en moyenne, nous utilisons la plupart du temps les débits moyens E[Ry],
E[Rysum] €t E[Rsum], ot Pespérance E[-] est prise sur les canaux aléatoires hy,.

Modeéle de Canal

Chaque canal hy de l'utilisateur k s’écrit de la facon suivante
hy = \/M@,lfmzk, (5)

ou Oy, est la matrice de corrélation de I'utilisateur k et z; a des entrées i.i.d. de
moyenne nulle et de variance 1/M. Les matrices de corrélation varient lentement
par rapport au temps de cohérence du canal et alors sont supposées parfaitement
connues a ’émetteur, alors que le récepteur k a seulement connaissance de ©y.
Ensuite, I’émetteur dispose seulement d’une estimée imparfaite hy, du vrai canal
hj;, modélisé comme [38—41]

h; = \/M@llc/z (mzk + quk> - MQi/zikv (6)

ouzy =+/1— T,fzk +Trqk, qx & des entrées i.i.d. de moyenne nulle et de variance
1/M, indépendantes de zj et ny. Le paramétre 74 € [0, 1] indique la précision ou
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qualité de l'estimée de canal flk, c’est-a-dire, 7, = 0 correspond a CSIT parfaite
alors que pour 7, = 1 la CSIT est completement decorrélée du vrai canal.
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2.1 Introduction et Outils

2 Présuppositions mathématiques : Théorie des
Matrices Aléatoires

Cette section met en place les outils nécessaires pour analyser le MISO BC a
grandes dimensions avec précodage linéaire et corrélation par utilisateur.

2.1 Introduction et Outils

La théorie des matrices aléatoires (RMT) est un domaine tres bien étudié en
mathématique. Entre autre, la RMT consiste a étudier le comportement des
valeurs propres des matrices hermitiennes. En ’occurrence Marcenko et Pastur
ont prouvé que la distribution empirique des valeurs propres (e.s.d.) FB~ d'une

matrice hermitienne By € CV*V définie par
1 n
H
BN = E Z;Xixi ) (7)
i=

olt x; € CN a des entrées indépendantes et identiquement distribués (i.i.d.) de
moyenne nulle, de variance 1, converge vers une distribution limite des valeurs
propres (l.s.d.) F qui est déterministe quand n, N — oo avec rapport N/n
borné. La l.s.d. F est appelée la loi de Marcenko-Pastur [49]. Il est beaucoup
plus favorable de travailler avec la l.s.d. plutét qu’avec la fonction de la densité
jointe de probabilité (p.d.f.) des valeurs propres calculée dans [45-48].

Dans le domaine des télécommunications mobiles et en particulier dans notre
systéme, le canal H £ [hy, hy, ... hg]H € CEXM est modélisé comme aléatoire
(5). Notamment, dans 'analyse de précodage linéaire en Section 3 nous retrou-
vons des termes de la forme de mpmy (2) £ &tr(By — 2Iy)" !, 2 € C\ R,
qui est la transformée de Stieltjes de 1'e.s.d. de la matrice hermitienne By. La
transformée de Stieltjes est définie en Définition 2.1 et est un outil essentiel en
RMT, car il est trés difficile de démontrer directement que I’e.s.d. FBN converge
vers une l.s.d. F. Au lieu de cela, il est souvent beaucoup plus facile d’évaluer
la limite mp(z) de la transformée de Stieltjes mpmy (2), ol il est démontré
dans [51, Theorem B.9] que F est la 1.s.d. de FB~. Par conséquent, démontrer
la convergence de mys, vers mp est équivalent & démontrer la convergence de
FBN vers F. 1l est beaucoup plus simple de travailler avec la transformée de
Stieltjes, qui laisse a disposition des outils comme le lemme d’inversion matri-
ciel (MIL), l'identité de résolvante (Lemma F.2) ou le lemme de trace (F.3) qui
rendent la démonstration de convergence beaucoup plus facile. Les conditions
sous lesquelles mp est une transformée de Stieltjes sont données dans Proposi-
tion 2.1.

Un autre outil important en télécommunication mobile est la transformée de
Shannon Vp(z) = logdet(Iy + 2By ), 2 €R* introduite dans [20]. La transfor-
mée de Shannon est proportionelle (avec un facteur N) & la capacité d’un canal
MIMO mono-utilisateur.

Tout en sachant que I'e.s.d. FBN converge vers une l.s.d. F si By est définie
selon (7), souvent la convergence n’est pas garantie pour des modéles de matrice
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By plus sophistiqués. Néanmoins, méme si la transformée de Stieltjes de FB~
ne converge pas vers mg, elle peut pourtant étre approximée par une variable
déterministe mp, telle que mpsy —mp, N=2go 0, presque slirement, o mg, VN
est la transformée de Stieltjes de la fonction de distribution Fy telle que FB~N —
Fn = 0, presque slirement. La variable mp, est appelée équivalent déterministe
et est définie en Définition 2.3.

Dans ce qui suit, nous démontrons le théoréeme principal qui offre un équi-
valent déterministe mp, de la transformée de Stieltjes mpey ou By est aléa-
toire avec profil de variance généralisé. Le théoreme élargit les résultats dans
[31, 53] mais la démonstration repose fortement sure des techniques appliquées
dans [31,53].

Ensuite, nous simplifions la notation et écrivons mx £ mpx et mx = m F-

2.2 Equivalent Déterministe de la Transformée de Stieltjes
des Matrices avec Profil de Variance Généralisé

Théoréme 1. Considérons la matrice By = X% Xy + Sy, ou Sy € CV*N

est hermitienne définie positive et Xy € C™*N st aléatoire. La colonne i de
XN est x; = W,y;, ou les entrées de y; € C™ sont indépendantes et identi-
quement distribuées de moyenne nulle, de variance 1/N et ayant un moment
d’ordre huit d’ordre O (%) Les matrices ¥, € CN*"i sont déterministes. En
outre, soit ©; = W, WH € CVN*N et Qn € CV*N déterministe. Supposons que
lm sup n_, o0 SUP << |@:l] < 00 et Qn de norme spectrale uniformément bor-
née. Soit

mBy,Qu (%) = %UQN (By —2In) " (8)

Alors, pour z€ C\R*, lorsque n, N deviennent grands avec les rapports B ;
N/r; et By = N/n tels que 0 < liminfy By < limsupy Sy < oo et 0 <
liminfy By, < limsupy By, < 00, nous avons

_ N—oc0
mBNyQN(Z)_mBNvQN(Z) i> 0, (9)

presque surement, ol MBy,Qy (2) vérifie

-1
n

1 1 (OF
7 - ¢ 3 4yl 10
mBNaQN(’Z) N rQy Nj:1 1+6N,j(z) + SNy —zIn ( )
et en1(2),...,enn(z) sont les uniques solutions positives de
—1
1 1 o 0;
i(2) = =tr®; | — — 4+ Sy I . 11
en,i(2) N NjE:l T+ en;(2) +on — 2l (11)

Démonstration de Théoréme 1. La démonstration se trouve en Section 2.2. [
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Proposition 1 (Convergence de I'algorithme du point fixe). Soit z€ C\ RT et
en (2 > une série définie par e\’.(z) = —= et
.60} 62 0) wne s ddini o )~

-1
n

*) 1 1 0,
W) =—twe;, | =S — 1 18y —:Iy (12)
a N N ; 1+ei " (2)

pour k > 0. Alors, limg_ eg\’,i)i(z) = en,i(2) définie dans (2.10) pour i €
{1,2,...,n}.

Théoréme 1 met & disposition une approximation déterministe ms, qu (%)
de la variable aléatoire mp, qu (2) qui devient de plus en plus exacte lorsque
N augmente et est une fonction de n équations implicites couplées.

2.3 Equivalent Déterministe de la Transformée de Shan-
non des Matrices avec Profil de Variance Généralisé

Alors méme que nous n’appliquons pas ce résultat dans cette theése, une appli-
cation récente au sujet de précodage aléatoire se trouve dans [56]. Le théoréme
suivant est original et élargit les résultats dans [31,53].

Théoréme 2. Soit x > 0 et Sy de norme spectrale uniformément bornée.
Sous les conditions de Théoreme 1, considérons la transformée de Shannon de
la matrice By comme Vg, (z) £ + logdet (Iy + zBy). Alors,

N—oc0

EVg,(z) — VB, (z) =570, (13)

avec VB, () définie par

_ 1 1< 9,
VBN(x):Nlogdet In+z |Sy+ Zl—

N 2 T en, (-1/2)
1 < 1 <~ en,(—1/x)
— S log[1 (—1)a)] — = i) 14
Jj=1 Jj=1 ’
ot les variables en1(—1/x),...,enn(—1/x) sont les uniques solutions positives

de (2.10) avec z = —1/x.

Démonstration de Théoréme 2.2. La démonstration se trouve en Section 2.3.
O
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3 MISO BC avec Précodage Linéaire : Une Ana-
lyse des Systémes a Grandes Dimensions

Dans cette section, nous considérons le MISO-BC avec les techniques de préco-
dage linéaire suivantes : précodage par filtre adapté (MF), précodage linéaire op-
timal (la maximisation de la somme pondérée des débits), précodage de forcage
a zéro régularisé (RZF) et précodage de forgage a zéro (ZF). Nous supposons que
le systeme est large dans le sens que le nombre d’utilisateurs K et le nombre
d’antennes d’émission M deviennent grands avec rapport M/K — [ < oo.
Sous cette hypothése, nous proposons des équivalents déterministes 75, du SINR
aléatoire ~ de utilisateur & pour chaque technique de précodage. Dans cette
synthése du manuscrit, nous nous concentrons sur les précodeurs RZF et ZF.
Les techniques de précodage MF' et précodage linéaire optimal sont traitées en
Section 3.2 et Section 3.3 respectivement.

3.1 Introduction

Pour obtenir une connaissance plus approfondie du comportement du systeme, il
est nécessaire de déterminer la dépendance fondamentale de la mesure de perfor-
mance du systéme sur les parameétres pertinents (par exemple, le SNR, la CSIT,
la corrélation,...) du méme systéme. Cette dépendance n’est pas explicite & cause
du canal aléatoire. Par conséquent, il est difficile de prédire comment un change-
ment d'un parametre altérera la performance du systeme. Pour accomplir cela,
nous pouvons considérer la performance du systeme en moyenne et ’approxi-
mer ou la borner par une variable déterministe, qui ensuite prédit comment
un parametre altérera la performance du systéme en moyenne. La dérivation
de bornes exactes devient extrémement compliquée pour des modeles de canal
avancés comme le modele de corrélation par utilisateur. Néanmoins, une autre
possibilité pour approximer la performance du systeme consiste a supposer que
les dimensions du systeme, c’est-a-dire le nombre d’utilisateurs K et le nombre
d’antennes d’émission M, sont grandes mais que leur rapport M /K reste borné.
Sous cette hypothese, nous pouvons recourir aux outils avancés de la RMT pour

. . .o _ _ M—oo N
calculer un équivalent déterministe 7y, tel que v —~r  — 0 presque stirement.
Pour le modele de canal avec corrélation par utilisateur (ou profil de variance
généralisé) quelques outils importants ont été mis en place dans la section pré-
cédente. Dans cette section, nous appliquons ces outils pour évaluer 7; pour
chaque technique de précodage consideré. Comme résultat, nous obtenons des
approximations du SINR, (ou du débit par utilisateur) qui sont asymptotique-
ment exactes (presque siirement) et qui dépendent des parametres de systéme
importants d’une fagon déterministe. Les résultats dans cette section mettent a
disposition des outils qui peuvent étre appliqués pour résoudre une multitude
des problemes pratiques, ce qui est le sujet de Section 4.
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Hypothéses techniques

Nous avons besoin de quelques hypothéses techniques qui sont nécessaires pour
I’analyse a grandes dimensions.

Hypothése 1. Toutes les matrices de corrélation @y sont uniformément bor-
nées sur M,
limsup sup |[@] < occ. (15)
M—oo 1<k<K
Ensuite, nous avons besoin de I’hypothése suivante sur la matrice d’allocation
de puissance P.

Hypothése 2. La puissance pmax = max(pi,...,px) est de lordre O(1/K),

IP|| = O(1/K). (16)

Hypothese 3. La matrice %I:IHI:I est de norme spectrale uniformément bornée

sur M avec probabilité 1, c’est-a-dire,
. IRNITIN
limsup | —H"H| < oo, (17)
M—oo M

avec probabilité 1.

Remarque 1. Hypothése 3 est vraie sisupg {Of 1 k=1,2,...,K}| < 00, ot
|A| est la cardinalité de ’ensemble A. C’est-a-dire {®y} fait partie d’une fa-
mille finie [57]. Dans la pratique nous travaillons typiquement avec un nombre
fini de Oy. Par erxample, considérons le modéle de canal pour des systémes
MIMO de la norme 3GPP LTE [59], ou les matrices de corrélation ©y com-
prennent seulement trois matrices différentes correspondant auzx corrélations
faible, moyenne et forte. En outre, si @ = O Vk, alors I’Hypothése 3 est vraie,
car L|[HVH| < ||O|||Z"Z|, 00 Z = [z1,...,2x]|" et les deuz matrices ||O||

7h

et ||Z"Z|| sont uniformément bornées sur M pour tout M large avec probabilité
1, [60).

Dans ce qui suit, nous déduisons des équivalents déterministes du SINR
aléatoire pour toutes techniques de précodage linéaire considérées.

3.2 Précodage de Forcage a Zéro Régularisé
Considérons la matrice de précodage de forcage a zéro régularisé
ArH o
Gyt = grzf (H H+ MO‘I]\/I) H ) (18)
ol H 2 [ﬁl, h,... ,ﬁK]H € CHEXM est Iestimée de la matrice de canal & 1’émet-
teur, &.,r est une constante de normalisation pour satisfaire la contrainte de

puissance (1) et a>0 est le parameétre de régularisation. Ici, av est multipliée par
M pour assurer que « lui-méme converge vers une constante lorsque M — oo.
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De la contrainte de puissance (1), nous obtenons &2,

e P o
T GPH(ANH + Maly) 204 Uy

ot Upr 2 trPH(HWH + Moaly,)~2HY. Soit W £ (H"H + Mal,,) !, le SINR
(2) de l'utilisateur k avec précodage RZF s’écrit

pk‘thﬁkP

Vic,rzf = (19)

ot Hyy 2 [hy, ..., hy_y, hyyr,... hg P eCEM et Py £ diag(pr, - Pee1, Dt 1 - - -

Le théoreme suivant offre une approximation déterministe i ¢ de Vi ruf
définie dans (19), qui devient de plus en plus exacte lorsque M, K — oo.

Théoréme 3. En supposant que les hypothéses 1, 2 et 8 sont vraies et soit
a >0 et s0it Yt le SINR de Uutilisateur k défini dans (19). Alors

_ M—o0
Yk,rzf — Vk,razf — 07

resque strement, oU Yzt S €crit
s s

pr(1—72)ex

ﬁ/k,rzf = =Z = 5 (20)
Theat (1= 721 = (14 €x)]) + 22 (1 + e,)?
ot les eq,...,ex sont les uniques solutions positives de
1
€, = MtI‘@Z'T

apK)
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ou J, v et v s’écrivent
I = +4tr®;TO;T
9T M e

VvV = fthTz 71t® T?
I I
Vi 1 ) ’7\[ K )

T
1 1
Vi = l:Mtr@lT@kT’ ey Mtr@KT@k-T:| .

Démonstration de Théoréeme 3. La démonstration se trouve en Section 3.4. [

Corollaire 1. En supposant que les hypothéses 1, 2 sont vraies et soit o > 0
et O = © Yk, alors Yy v 8'écrit

T = D e (1—=17) [ez2 + aB(1 + €)?e12] (21)
BT PIK epn(1—pr/P) [ — 21— (1+ €)2)] + S(1+ €)?er”
ot e est la unique solution positive de
Lot (22)
= —tr
‘T M
e -1
T - (”3 Tl > (23)
1+e
et e;; s’écrit
= —r Lo (24)
Y (T+e) M '

Dans cette these, nous considérons deux techniques de précodage RZF dif-
férentes. La premiére correspond au précodage dans [10], ot @ = ﬁip et est
optimale (o maximise de la somme des débits) lorsque la corrélation est la
méme pour chaque utilisateur (corrélation identique) et CSIT parfaite quand
M, K sont larges [10,25,26]. Ce précodage est appelé RZF « channel distortion
unaware » (RZF-CDU). Le deuxiéme précodage maximise la somme des débits
pour corrélation identique et CSIT imparfaite et est calculé en Section 4.1. Ce
précodage est appelé RZF « channel distortion aware » (RZF-CDA).

Un autre cas spécial de précodage RZF est le précodage ZF, ou le le para-
metre de régularisation est zéro.

3.3 Précodage de Forcage a Zéro

Pour a = 0, la matrice de précodage RZF dans (18) devient la matrice de
précodage ZF Gt et s’écrit

~ A -1
sz - ngHH (HHH) 5
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ou &, est une constante de normalisation pour satisfaire la contrainte de puis-
sance (1) et s’écrit
9 P P

47 WP(HHAN) T Uy

ot Uyp 2 trP(HHM) 1. Soit W2 HM(FIAM) M, le SINR (2) de l'utilisateur &
avec précodage ZF s’écrit

pﬂh,‘:Wﬁk‘Z
W WHY Py Hyg Why, + L

Vi, zf = (25)

Pour obtenir un équivalent déterministe du SINR, (25), il est nécessaire d’as-
surer que la valeur propre minimale de HH" est bornée en dehors de zéro pour
tout M large, presque siirement. Comme expliqué dans [10], pour M = K, la
valeur propre minimale de la 1s.d. de HH" contient zéro. Alors, |[(HH")!|
n’est pas bornée sur M et un équivalent déterministe de 7 .+ n’existe pas. Alors,
nous avons besoin de ’hypothese suivante.

Hypothése 4. Il existe € > 0 tel que, pour tout M large, nous avons que
/\min(ﬁHHH) > ¢ avec probabilité 1.

Remarque 2. Si ©p = O Vk et M\pin(®@) > € > 0 (i.e. contrairement au
Théoréme 3, © doit étre inversible), pour tout M, alors I’Hypothése 4 est vraie
sif>1. En eﬁet pour B > 1, de [60/ il existe ¢ > 0 telle que, pour tout M
large, )\mm(ZZ ) > ¢, ou Z= [21 2x ", avec probabilité 1. Alors, pour tout
M large, )\mm(MI:II:IH) > A m(Z ))\mm(@) > (e > 0 presque sirement.

Un équivalent déterministe 7y .+ de vi »r est donné dans le théoreme suivant.

Théoréme 4. En supposant que les hypothéses 3.1, 3.2, 3.4, 3.5 et 3.6 sont
vraies et soit Y 4 le SINR de Uutilisateur k défini dans (25). Alors

_ M
Vhzt = Vhat — 0, (26)
presque sdirement, ot Yk ¢ S €crit
1—72
Ykt = Pk 7’“ ) (27)
T2 kot + Zf

ot Vye et Ty, 4 s'écrivent

_ 1 E e
Thar == > P (28)
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Les fonctions eq,...,ex sont les unique solutions positives de
1
K -1
1 (S
T=|— =241 .
T=|42 T (30)
=1 =
En outre, soit e = €] 1, - ,Q'K’k]T, qui vérifie
€, = Ik —3) v, (31)

ou J et v, s’écrivent

[J] _ ﬁtr@iIG)jI

Y g MQ? )
1t@T@T 1t® T@TT

Vi = | — . P

Vi M T 19,1, "M TORK 1LY 1L

Démonstration de Théoréme 4. La démonstration se trouve en Appendice C.
O

3.4 Approximations du Débit

Une approximation ]:Zsum de la somme des débits ergodique Rgum, peut étre
obtenue en remplacant le SINR instantané (c’est-a-dire, sans moyenner sur la
distribution de canal) v avec son approximation & grandes dimensions v,

K

Rsum = Z IOg (1 + ’_Yk) . (32)
k=1

3.5 Résultats Numériques

Nous vérifions les résultats dans le Théoreme 3 et le Théoréme 4 en comparant la
somme des débits ergodique (4), obtenue par simulations numériques des canaux
i.i.d. « Rayleigh block-fading », & Papproximation & grandes dimensions Ryum,
pour des systémes de dimensions finies et une allocation de puissance uniforme
P= %I K-

La corrélation ®; du canal de l'utilisateur k& est modélisée comme dans
[63]. Les ondes percutent le récepteur k uniformément avec un angle 6 compris
entre Ok min €t Ok max. Soit d;; la distance entre 'antenne d’émission 4 et j, la
corrélation s’écrit

1 Okmax o
[Gk]ij s / e i4%d;; Cos(@)da7 (33)

ek,max - 9k7min Ok, min
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ou A est la longueur d’onde du signal. Les utilisateurs sont supposés uniformé-
ment distribués autour d’émetteur dans un angle ¢, = 27k/K et comme un
exemple simple, nous choisissons 0y min = —7 et 05 max = @r — 7. Remarquez
que pour des petites valeurs de 0 max — Ok min (dans notre exemple pour des
petites valeurs de k), le signal correspondant a 'utilisateur k est fortement cor-
rélé car les signaux arrivent d’un angle trés fin. Par conséquent, le modele de
corrélation (33) donne des matrices de rang déficient pour quelques utilisateurs.
L’émetteur est équipé avec une ligne uniforme d’antennes (ULA). Pour assu-
rer que ||Oy| est bornée pour M large, nous supposons que la distance entre
antennes adjacentes est indépendante de M, c’est-a-dire la longueur de 'ULA
augmente avec M.

100 ) ) ‘
- 0y # Iy, 7']3201
—E—(")k :I]y[, ’7',3:0

1072 |

(E[Rsum] - Rsum)/E[Rsum]

35 10 15 20 25 30 35 40

FIGURE 2: RZF-CDU, (E[Rsum] — ]%sum)/ E[Rsum] en fonction de M pour un
SNR fix de p =10 dB avec M = K, a = 1/p.

Les résultats de simulation représentés dans Figure 2 montent 'erreur ab-
solue de la somme des débits approximé Reum comparé a la somme des débits
ergodique F[Rgum], moyennés sur 10 000 réalisations de canal indépendantes. La
notation « @4 #I » indique que Oy, est modélisée selon (33) avec d;; /A = 0.5.
De la Figure 2, nous observons que la somme des débits approximé Reum devient
de plus en plus exacte quand M augmente.

Figures 3 et 4 comparent la somme des débits ergodique a ’approximation
déterministe (32) pour les précodeurs RZF et ZF respectivement. Les barres
d’erreur indiquent 1’écart type des simulations numériques. Nous observons que
I’approximation est environ de l'ordre d’une fois 1’écart type. De la Figure 3,
pour CSIT imparfaite (77 = 0.1), la somme des débits se dégrade & fort SNR
parce que le parameétre de régularisation o ne considere pas les 72 et la matrice
HYH -+ Mal,, done le précodeur RZF devient mal conditionné. Figure 4 montre
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180 : .
— 0O, =1y I
160 [ -
- O #£ 1y ;
140

120
100
80
60
40
20

somme des débits [bits/s/Hz|

p [dB]

F1GURE 3: RZF-CDU, la somme des débits en fonction de SNR avec M = K =
30 et & = 1/p, les résultats de simulation sont indiqués par des cercles avec
I’écart type.

que, pour M > K, la somme des débits ne se dégrade pas a fort SNR, car la
CSIT H est beaucoup mieux conditionnée. La régularisation optimale est étu-
diée en Section 4.1. De plus, nous observons que dans Figure 3 I’approximation
déterministe devient moins exacte pour fort SNR. La raison est que dans les
calculs du SINR approximé, nous appliquons Théoréme 1 pour z = —a = —1/p
et donc les bornes dans Proposition 2.3 (Chapitre 2 Section 2.2.1) sont propor-
tionnelles au SNR. Alors, pour augmenter la précision du SINR approximé, des
dimensions plus larges sont nécessaires.

Nous concluons que les approximations déterministes dans Théoreme 3 et
Théoréme 4 sont précises méme pour des dimensions petites et donc peuvent
étre appliquées aux problémes pratiques discutés dans la section suivante.
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180

— 0, =1y

160 H s
- @, ALy |

140
120
100
80
60
40
20

somme des débits [bits/s/Hz]

FIGURE 4: ZF, la somme des débits en fonction de SNR avec M = 30, K = 15,
les résultats de simulation sont indiqués par des cercles avec ’écart type.
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4 MISO BC a Grandes Dimensions et Préco-
dage Linéaire : Applications

Cette section présente différentes applications de 'approximation du SINR pro-
posée dans la section précédente. Ces applications montrent que les approxima-
tions pour des systemes larges ménent a des résultats profonds qui se révelent
proches de 'optimum méme pour des dimensions petites. Remarquez que les ap-
plications aux systéemes TDD/FDD a grandes dimensions sont présentées dans
les Section 4.3 et 4.4 dans Chapitre 4.

4.1 Reégularisation Optimale
Le parameétre de régularisation a* qui maximise (32) est défini comme

K

Q* = arg max Z log (1 + Ak rat) - (34)
a>0 1

Généralement, le probleme (34) est non-convexe en « et la solution doit étre
calculer numériquement par une recherche exhaustive mono-dimensionnelle.

Nous considérons le cas de corrélation identique @, = © Vk et supposons que
la distorsion 72 de la CSIT by, est également identique parmi les utilisateurs, car
leurs canaux sont statistiquement équivalents. Dans ces conditions, P = %I K
maximise (32) et 'optimisation (34) a la solution suivante.

Proposition 2. Soit ©, =0, 0< 7, =7 < 1Vk et pp = P/K Vk. Le SINR
approximeé Yy ¢ de lutilisateur k pour précodage RZF est maximiseé pour un
paramétre de régularisation o = &*, qui est une solution positive de la fonction
implicite
_ eaa(@*
I LR o st o B (35)
(1 —72)1+v(a*)]+ m2v(ar)[1 +e(ar)]?

ot e(a) est définie dans (22) et v(«) s’éerit

1 e13 [622 _ 623}
(1+e)exrern 12 €13

via) = (36)

avec e;; définie dans (24).

Démonstration de la Proposition 2. La démonstration se trouve en Appendice
D. O

En cas de CSIT parfaite (72 = 0), Proposition 2 se simplifie et nous obtenons
la solution bien-connue a* = ﬁ, qui a été calculée précédemment dans [10,25,
27]. Comme mentionné dans [10], pour M grand, le précodeur RZF-CDA est
identique au précodeur MMSE dans [17,64]. Les auteurs dans [27] ont montré
que, en cas de CSIT parfaite, @* est indépendant de la corrélation ®. Par contre,
en cas de CSIT imparfaite (72 # 0), le parameétre de régularisation (35) dépend
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de la corrélation au travers des parametres e(a) et e;;(c). Pour des canaux
decorrélés (©@ = I,s), nous avons eja = egz et v(a) = 0 et donc la solution

explicite ,
a¥ = (H—Tp) i (37)
1—72 ) Bp
Remarquez que a* dans (37) est la solution unique positive de (34) et la dé-
monstration se trouve en Appendice E.

En cas de CSIT imparfaite (72 > 0), le précodeur RZF-CDA et le précodeur
MMSE avec parameétre de régularisation ayvse = 7267 + 1/(8p) [64] ne sont
plus identiques, méme pour M, K asymptotiquement grands. Contrairement au
cas de CSIT parfaite, @* dépend maintenant de la matrice de corrélation ® par
e(a) et e;().

L’impact du parametre de régularisation sur la somme des débits ergodique
est répresenté dans Figures 5 et 6.

Dans Figure 5, nous comparons la performance de la somme des débits er-
godique pour différents parametres de régularisation « avec une distorsion de
CSIT 72 = 72 = 0.1 Vk. La borne supérieure o = o* est obtenue en optimisant
« pour chaque réalisation de canal, alors que Qg Mmaximise la somme des dé-
bits ergodique. Nous observons que la performance de af,, et a* est proche de
loptimum o*. En plus, si la qualité de canal 72 est inconnue, et alors suppo-
sée égale & zéro, la performance se dégrade des que 72 domine sur la variance
de bruit o? et s’approche de la somme des débits de précodage ZF pour fort
SNR. Nous concluons (i) que 'adaptation du paramétre de régularisation donne
une augmentation significative de la performance et (ii) que la performance du
précodeur RZF-CDA proposé avec a* est proche de 'optimum méme pour des
petites dimensions.

Dans Figure 6, nous évaluons I'impact de la corrélation en transmission dans
le calcul de a* sur la somme des débits. Pour cela, nous utilisons le modele
exponentiel, c’est-a-dire

©];; = pli—il,

Nous comparons deux précodeur différents : Un premier précodeur appelé « RZF
common correlation aware » (RZF-CCA) qui prend en compte la corrélation de
canal en calculant « selon (35). Le deuxiéme précodeur, appelé « RZF common
correlation unaware » (RZF-CCU), ne prend pas en compte © et calcule « selon
(4.4). Nous observons que, pour une forte corrélation, c’est-a-dire v = 0.9, le
précodeur RZF-CCA surpasse le précodeur RZF-CCU pour moyen et fort SNR
alors que la performance des deux précodeurs est la méme pour faibles SNRs.
Alors nous concluons qu’il est favorable de prendre la corrélation en compte,
notamment pour forte corrélation et forts SNRs.

4.2 Optimisation de Nombre d’Utilisateurs et Allocation
de Puissance

Dans cette section nous traitons deux problémes : (i) la détermination de nombre
d’utilisateurs qui maximise la somme des débits par antenne d’émission pour un
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FIGURE 5: RZF, la somme des débits ergodique en fonction de SNR avec M =
K=5 0,=1I,Vk,P= %IK et 72 =0.1.

M fixe et (ii) I'optimisation de la distribution de puissance parmi un ensemble
d’utilisateurs donné avec qualités de CSIT différentes.

Considérons le probléme (i). D’une fagon intuitive, un nombre d’utilisateurs
optimal K* existe car servir plus d’utilisateurs crée plus d’interférence ce qui,
de fait, réduit les débits d’utilisateurs. Au moment ou la perte accumulée de dé-
bit, a cause de l'interférence rajoutée en servant un utilisateur de plus, va étre
plus grande que le gain en somme des débits et donc la somme des débits va se
dégrader. En 'occurrence, nous considérons un scénario équitable ou ’approxi-
mation du SINR est identique pour chaque utilisateur. Dans ce cas, la solution
(approximée) s’écrit sur une forme fermée pour le précodeur ZF.

Dans le probléme (ii), nous optimisons la matrice d’allocation de puissance
P pour un K donné. Plus précisément, nous supposons une corrélation identique
(©) = O Vk) avec qualités de CSIT 77 différentes, car dans ce cas la distribution
de puissance optimale (approximée) P* est la solution d’un algorithme classique
de water-filling.

Nombre optimal d’utilisateur

Considérons le probléeme consistant a trouver la charge optimale du systeme
B* = II{{ qui maximise la somme des débits approximée par antenne d’émission
pour un M fixe, c’est-a-dire

K
= 11
B* = argmax— — log (1 + A1), 38
sma 57 S log (1430 (39)

43



44

4 Large MISO BC a Précodage Linéaire : Applications

T 16 ‘ ‘
= —o- RZF-CCA

= ||-e- RZF-CCU

=12

<]

&

g 10

o

2 08

Z

3 6

QO

e

!U AL

] H

£ 2

% 0 L L L L L

z 0 5 10 15 20 25 30

p [dB]

FIGURE 6: La somme des débits ergodique en fonction de SNR, I'impact de
corrélation avec M = K =5, P = %IK et T,f = 0.05.

ou 7y, désigne 7y, .+ avec 8 > 1 ou Vi m¢, Vi ot avec § > 1. En général, la solution
de (38) doit étre calculée numériquement par une recherche exhaustive mono-
dimensionnelle. Par contre, en cas de précodage ZF et antennes decorrélées,
le probléme (38) a une solution en forme fermée donnée dans la proposition
suivante.

Proposition 3. Soit @, =1y, e =7 Vk et P = %IK, la charge du systéme
B qui mazimise la somme des débits par antenne d’émission s’écrit

()0 )

= L1 ot W(x) est la fonction W de Lambert définie par

%’ e
z=W(2)e®), zeC.

Démonstration de la Proposition 3. La démonstration se trouve en Section 4.2.1.
O

ol a =

Pour 7€[0,1], 8 > 1 nous avons w > —1 et z > —e~!. Dans ce cas, W(z)
est une fonction bien définie. Si 72 = 0, nous obtenons les résultats dans [22],
bien que dans [22] ils ne sont pas donnés en forme fermée. Remarquez que pour
72 = 0, nous avons lim,_ o0 B* = 1, c’est-a-dire la charge optimale du systéme
tend vers 1 pour fort SNR. En plus, remarquez qu’en pratique, seuls des nombres
entiers de M/ B* sont possible.

Figure 7 compare le nombre d’utilisateurs optimal K* = M / B* dans (39)
a K* obtenu en choisissant le K € {1,2,..., M} tel que la somme des débits
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ergodique est maximisée. En revanche, Figure 8 illustre 'impact d’un nombre
d’utilisateurs sous-optimal sur la somme des débits ergodique du systeme.

De la Figure 7 nous observons que (i) les résultats approximés K* sont
trés proches des résultats de simulation méme pour des petites dimensions, (ii)
(K*, K*) augmente avec le SNR et (iii), pour 72 # 0, (K*, K*) sature pour fort
SNR vers une valeur inférieure a M. Alors, pour une CSIT imparfaite, il n’est
plus optimal de servir le maximum d’utilisateur K = M pour un SNR asymp-
totiquement fort. Au lieu de cela, en fonction de 72, un nombre d’utilisateurs
K < M devrait étre servie méme pour un fort SNR ce qui implique un gain de
multiplexage du systéme réduit. L’impact de la charge du systéme sur la somme
des débits est représenté dans Figure 8.

24 I I -
22 H— K*=M/3*, (39) 8
20 H--- K* par recherche exhaustive —

nombre d’utilisateurs optimale

S N = O

0 5 10 15 20 25 30
p [dB]

FIGURE 7: ZF, nombre d’utilisateurs maximisant la somme de débits en fonction
de SNR avec ©; = Iy, Vk, P = 1k et 72 =0.1.

De la Figure 8 nous observons que, (i) la solution approximée K* pour M
grand atteint la plupart de la somme des débits et (ii) une adaptation du nombre
d’utilisateurs est favorable comparé a un K fixe. Ensuite, de la Figure 7, nous
identifions K = 8 comme la solution optimale pour moyens SNRs et, comme
prévu, la performance est optimale pour moyens SNR et sous-optimale pour
faible et fort SNR. De la Figure 7 il est évident que K = 4 est fortement sous-
optimal pour moyens et forts SNRs et nous observons une perte significative. Par
conséquence le nombre d’utilisateurs doit étre adapté aux conditions de canal
et la solution approximée K* est une bonne choix pour déterminer le nombre
d’utilisateurs optimal dans le systeme.
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FIGURE 8: ZF, la somme des débits ergodique pour différents nombre d’utilisa-
teurs avec M = 16, O =I5, Vk, P = %IK et 72 =0.1.

Optimisation de puissance avec corréllation identique

Sous 'hypothése 2, nous avons limps_, o pr/P = 0 Vk et alors avec les corollaires
3.1, 3.7 et 3.9, la somme des débits approximée (32) pour précodage MF, RZF
et ZF s’écrit

K
Rsum = Z IOg [1 +pk:ﬁk:<7-k)] 3 (40)
k=1

avec Uk = Yk /Pk, OU 7 est un équivalent déterministe du SINR avec précodage
MF, RZF ou ZF et la seule dépendance sur l'utilisateur k est causée par 7. Les
puissances py qui maximisent (40), conformément a Zszl pr < P, p. >0 VE,
sont données par la solution classique de water-filling [65]

7t = [ulr, (41)

Vi

oit [z]* £ max(0,z) et p est le niveau choisi tel que ZkK:1 pr = P. Pour 77 =
72 Vk, les puissances d'utilisateurs optimales (41) sont toutes identiques, c’est-a-
dire py = p* = P/K et P* £ diag(p}, ..., pl) = %IK. Néanmoins, dans ce cas,
une adaptation du nombre d’utilisateurs peut étre avantageuse comme discuté
en Section 4.2.

Dans les Figures 9 et 10 nous comparons la somme des débits ergodique
avec précodage RZF-CDU pour trois allocations de puissance différentes : (i)
allocation de puissance optimale P = P* dans (41), (ii) allocation de puis-
sance uniforme P = %IK et (iii) toute la puissance disponible est distribuée

46



4.2 Optimisation de Nombre d’Utilisateurs et Allocation de Puissance 47

a l'utilisateur kpi, avec distorsion de canal minimale, c’est-a-dire pg_,, = P
avec kpin, = arg minkzl,m’K{T,f}. Du fait que la performance du systéme est
limitée par 'interférence a fort SNR et pour tout M, K donné, l'allocation de
puissance est optimale pour des SNRs asymptotiquement forts. Par contre, pour
M,K — oo la distribution de puissance (i) est optimale pour tout SNR, sous
I’Hypothese 2. Mais remarquez que I’Hypothese 2 exclue ’allocation de puis-
sance (iii). Alors tant que I’'Hypothése 2 est vraie, 'allocation de puissance
optimale est donnée par P = P* pour tout M large. Nous choisissons deux
distributions de qualité de CSIT différentes : (i) la variation de la qualité parmi
les utilisateurs est significative, c’est-a-dire les 77 sont uniformément distribués
entre 0.05 et 0.8 (77 = 0.05 + £=L(0.8 — 0.05)) et (i) les qualités de CSIT
ne sont pas considérablement différentes, c’est-a-dire les T,f sont uniformément
distribués entre 0.2 et 0.3 (77 = 0.2 + £=1.(0.3 — 0.2)).

Dans la Figure 9, nous observons un gain significatif pour tout SNR avec
allocation de puissance optimale comparé a ’allocation uniforme. Si la variation
des qualités de CSIT est petite (M = 3), le gain est négligeable & fort SNR.
En général, quand le SNR augmente, les SINRs se différencient de plus en plus
en fonction de 7',?. Par conséquent, il peut étre optimal de n’est pas servir les
utilisateurs avec la qualité la plus mauvaise parmi tout les utilisateurs quand
le SNR augmente. Cela explique pourquoi le gain en somme des débits est plus
élévé a forts SNRs qu’a faibles SNRs. En plus, pour forts SNRs, I'allocation de
puissance (iii) est plus performante que (i), qui donne une solution imprécise
pour ces petites dimensions. Quand les dimensions augmentent, Figure 10, les
résultats changent : maintenant l’allocation (i) est plus performante que (iii).
Remarquez que la somme des débits se dégrade rapidement a forts SNRs a
cause de précodeur RZF-CDU qui ne tient pas en compte la CSIT imparfaite.
Par conséquent, si I'Hypothése 2 est vraie, la performance de P* va toujours
étre plus élévée que py_,, = P pour M, K suffisamment grands.

Nous concluons que 'allocation de puissance optimale proposée dans (41)
atteint un gain significatif comparé a une distribution de puissance uniforme,
notamment pour forts SNRs et quand les qualités de CSIT varient considéra-
blement parmi les utilisateurs.
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FiGURE 9: RZF-CDU, somme des débits ergodique en fonction de SNR, pour
différentes allocation de puissance avec a = 1/p, ©) = Iy, P = 1, 77 =
0.05+ £=1(0.8 — 0.05) pour M =5 et 77 = 0.2 + £=2(0.3 — 0.2) pour M =3
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FiGURE 10: RZF-CDU, somme des débits ergodique en fonction de SNR pour
différentes allocation de puissance avec a = 1/p, O = Iy Vk, P =1, M =
K =30et 72 =0.05+ 21 (0.8 — 0.05).
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5 Précodage Unitaire avec Module Constant

La technique de précodage unitaire avec module constant (CUBF) est motivée
par des contraintes sur les récepteurs radio et par un ordonnancement d’uti-
lisateur amélioré. Il est plus efficace d’avoir des puissances équilibrées sur les
antennes d’émission, car tous les amplificateurs de puissance peuvent étre di-
mensionés pour la méme gamme dynamique. Des variations d’amplitude diffé-
rentes du signal de transmission, a cause de 'opération de précodage, nécessitent
une gamme linéaire d’amplificateur de puissance plus grande, ce qui les rend peu
efficaces et plus chers. De plus, la propriété de la matrice de précodage d’étre
unitaire, permet aux utilisateurs de calculer la puissance d’interférence multi-
utilisateur (MU) précisément. L’information sur la puissance d’interférence MU
peut étre utilisée dans les récepteurs pour améliorer leur capacité de décodage et
donc ils peuvent supportés un débit plus élevé. En outre, un estimé du SINR plus
précis a la réception améliore la performance de I'algorithme d’ordonnancement
d’utilisateur. Par exemple, dans [74] les auteurs proposent d’exploiter I'interfé-
rence MU au récepteur pour augmenter la performance. Pour ces raisons, les
normes LTE et LTE-A définissent des dictionnaires de matrices unitaires avec
module constant dans leur mode MU-MIMO.

Le probleme de dimensionner et paramétrer des dictionnaires unitaires opti-
maux pour MU-MISO a été traité dans [76]. Néanmoins, dans cette thése, nous
supposons que I’émetteur calcule le précodeur unitaire optimal basé sur la CSIT
disponible. Une solution en forme fermée du précodeur unitaire maximisant la
somme des débits pour M = 2 a été obtenue dans [77]. Pour M arbitraire, les
auteurs dans [78] proposent un algorithme itératif basé sur des rotations de Gi-
vens successives pour calculer le précodeur unitaire optimal. Cet algorithme est
plutét complexe. Alors, nous proposons d’appliquer un algorithme efficace de
la plus profonde descente dans ’espace riemannien de [79,80] pour obtenir un
précodeur linéaire qui maximise la somme des débits. Introduire la contrainte
de module constant sur les entrées du précodeur unitaire réduit fortement les
degrés de liberté pour I'optimisation du précodeur. Nous étudions le probléme
consistant a trouver la matrice CUBF qui maximise la somme des débits en uti-
lisant une description de matrices de Hadamard complexe basée sur une relation
d’équivalence [81].

5.1 Précodage Unitaire

Considérons M = K et soit H la matrice de canal avec des entrées i.i.d. gaus-
siennes de moyenne nulle et de variance 1. La matrice de précodage unitaire
est Gupr = [g1,...,8K] € CMXE, G{jbqubf = GubfGﬂbf = I. Sous ces hypo-
theses et avec allocation de puissance uniforme (pr, = P/K Vk) le SINR 7k ubt
de lutilisateur k s’écrit [82]

2
Vi

L S 42
G112 (42)

Vi, ubf =
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ou & = #":”%, vy = |hgi| € [0,1] est l'alignement entre la direction de

canal h, = H]ﬁ—zu et le vecteur de précodage gy de l'utilisateur k. La matrice
de précodage unitaire G7,; maximisant la somme des débits est la solution du
probléme d’optimisation suivant.

G} = argmax { Reum } (43)
Gubt
tel que GH G = Ik, (44)

ol Reum est définie dans (4). Ceci est un probléeme d’optimisation non-convexe
avec des contraintes non-linéaires. Une solution en forme fermée, pour M = 2,
a été proposée dans [77]. Dans [78] ce probléme a été traité avec un algorithme
itérative basé sur des rotations de Givens successives. Par contre, nous utilisons
le « self-tuning Riemannian steepest descent algorithm » [79, Table II], détaillé
dans Table 1, pour résoudre le probléme d’optimisation dans (43). L’entrée (i, )
de la matrice jacobienne I' = Vg, Rsum 8’écrit

ORsum
[T)ij = 78[G£Zf]ij. (45)
La matrice jacobienne T de la fonction objectif dans (4) est donnée par
T = [c;hihi'g), ..., ckhghfigr] (46)
avec ¢ = (& +1— 1/,3)_1 . (47)
La direction du gradient dans ’espace riemannien ® est définie par [79]
®=TGH; - G, TH. (48)

Suivant le gradient @, 'algorithme dans Table 1 est garanti de converger vers
un maximum local. Quand seulement une CSIT imparfaite H est disponible
a ’émetteur, alors ’algorithme d’optimisation prend H en entrée au lieu de
H. Nous utilisons ce algorithme pour comparer la performance du précodeur
unitaire au précodeur unitaire avec module constant.

5.2 Précodage Unitaire avec Module Constant

Cette section décrit les matrices CUBF en appliquant une description des ma-
trices complexes de Hadamard.

Description des matrices complexes de Hadamard

Premieérement, nous introduisons plusieurs définitions qui nous servent plus tard
pour paramétrer les matrices CUBF Gyps-

Définition 1. Une matrice carrée A de taille M avec entrées de module constant
la;;|* = ﬁ; i,j=1,..., M, est appelée matrice de Hadamard normalisée si

AAM =1,,. (49)

50



5.2 Précodage Unitaire avec Module Constant 51

ENTREE : H, P, o2
SORTIE :  Gfy;

Etape 1:# Initialisation

j=0,GY =Ty et p=1

Etape 2 : # Gradient de la somme des débits dans
1’espace euclidien

rv) = [clhlh'fggj), . ,cKhKhHKg%)] avec

o) — <€k L1 (Vlgﬂ)z)*l

Etape 3 : # Direction de gradient dans 1’espace
riemannien

300 = T0) (G - GO

Etape 4 :

Evaluer LR(trdG) (@U))M), si suffisamment petit, STOP et
_ @

G = G

Etape 5 : # Déterminer les matrices de rotations

RU) — exp(pd)), TU) — RORG)

Etape 6 : ‘ ‘
while |Ruun(Gyhr) — R (TVGH)| > §R(1r2 ) (@0)H)
do
RU) = TGO, TW) = RORY), 1 = 24
e‘nd while
Etape 7 : ' 4
while |Roum (G7)) = Raun(ROGY))| < ER(6rd0) (90))H))
do 4 .
R = exp(u@V)), p =4
end while

Etape 8 : # Mise a jour
GUY) —ROGY). j=j+1, aller a la Etape 2

TABLE 1: « Self-tuning Riemannian steepest descent algorithm » emprunté de
[79, Table II] et appliqué pour calculer le précodeur unitaire G}, maximisant
la somme des débits.

L’ensemble des matrices complexes de Hadamard normalisées de taille M
est Hps. Dans le cas sans normalisation : AAM = M I,,.

Définition 2. [81, Définition 2.2] Les matrices compleves de Hadamard { A, Al e
Har sont équivalentes, écrit A = A si il existe des matrices unitaires diagonales
D,,D. et des matrices de permutation P, P, telles que'

A =D,P,AP.D.. (50)

IDans cette définition les opérations transposées et complexe conjuguées sont exclues car
ils sont inutiles dans I'application de précodage.

o1



52

5 Précodage Unitaire avec Module Constant

1l existe M matrices de permutation de lignes et colonnes P, et P, respective-
ment. La classe d’équivalence de A € Hps correspondante a la relation d’équi-
valence (50) est

Qu(A) = {B € Hu|A = B}. (51)

Nous appelons Gy = Hyy/~, Uensemble des classes de équivalence Gy .

Dans la section suivante nous présentons l’ensemble G, pour plusieurs di-
mensions M.

Classes de équivalence

Curieusement, ’ensemble complet des classes d’équivalence Gy, est seulement
connue pour M < 6. Le probleme consistant a trouver toutes les classes d’équi-
valence pour des dimensions M > 6 reste ouvert et un catalogue des classes
d’équivalence connues est disponible dans [81]. Dans ce qui suit nous présentons
brievement un apergu sur les classes d’équivalence (sans normalisation) pour
M=2...5.

M =2 1l existe seulement une classe d’équivalence Go = {Q2(F2)} avec
1 1
S -

La matrice réelle de Hadamard correspond a la matrice de la transformée de
Fourier discrete (TFD) Fy, ot Fy de taille M s’écrit

Fo(m,n) = e 5 m=D0=1 0y — 12 M. (53)

M =3 1l existe seulement une classe d’équivalence Gz = {Q3(F3)} égale a la
matrice TFD F3 définie dans (53).

M =4 Dans ce cas, il existe une famille non dénombrable de classes d’équiva-
lence avec un parametre libre Gy = {Q4(Q4(0)); 6 € [Z, 2m)}, ot Q3(0) s'écrit

272
1 1 1 1
o 1 —1 € ¢l
1 —1 —¢if i

Remarquez que la matrice réelle de Hadamard Qg(w) et la matrice TFD Fy =
Q4 (%) sont des cas spéciaux de (54).

M =5 Toutes les matrices complexes de Hadamard sont équivalentes a la
matrice TFD, c’est-a-dire G5 = {Q5(F5)}.

Dans la section suivante, nous appliquons la description des matrices com-
plexes de Hadamard correspondant a la relation d’équivalence (50) pour paramé-
trer les matrices CUBF qui représentent un cas spécial des matrices complexes
de Hadamard.
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Paramétrage des matrices CUBF dans le MISO BC

En général, I'ensemble des matrices CUBF est égal a ’ensemble des matrices
complexes de Hadamard normalisées H ;. La description de H ;s est uniquement
donnée par la relation d’équivalence (50) et les classes d’équivalence (51) et peut
étre utilisée pour paramétrer les matrices CUBF. Néanmoins, dépendant de la
fonction objectif, quelques parametres dans la description générale deviennent
obsolétes. Si la matrice de précodage Geups est censée modifier le SINR de
chaque utilisateur dans (42) (et donc la somme des débits), la matrice diagonale
unitaire D. dans (50) peut étre négligée car elle n’altére pas le SINR, (42). Par
conséquent, la matrice diagonale unitaire D, dans (50) s’écrit

D, = diag([1, el ey ewM’l]) (55)

avec p; € [0,27), i=1,2,...,M — 1.

Dans le cas M = 4, une autre description des matrices CUBF existe qui
est basée sur la transformée d’Householder et est utilisée dans la norme 3GPP
LTE [75]. L’ensemble V de toutes les matrices CUBF générées par la transformée
d’Householder est

uuf Mx1
VY= V:IM_QE uecC s luil =15 up =15 (56)

La construction de la matrice CUBF par la transformée d’Householder décrit
seulement un sous-ensemble de toutes les matrices CUBF possibles. En effet, V C
Q4(m) C Ha. Pour démontrer que V C Q4(m) C Ha, observons que V = Q3(m)
car Q3(r) = 2P,D;DHVDD, P, avec D = diag(u), D; = diag([1, -1, -1, —1]),
P. = [e1,e2,e4,€3] et P, = [e1, e3,€e2,€4], oll €; est la colonne 7 de Ip,. Alors,
V est le sous-ensemble de H4 originaire de la classe d’équivalence réelle unique
Q4 (7). Par conséquent, limiter Geype € V meéne vers une perte de performance
significative comme nous allons montrer par simulation en Section 5.3.

Optimisation des matrices CUBF

Sous ’hypothese qu’il existe toujours K = M utilisateurs et que la puissance
d’émission est partagée uniformément parmi eux, nous pouvons formuler le pro-
bléme d’optimisation de la facon suivante

K
{D;,Q, PL P} = arg max {Zlog(l —l—’wg)} (57)

D, Quegm,Pe,Pr | .

ol vy, est défini dans (42). La matrice diagonale unitaire contient M — 1 angles.
Les matrices de permutation optimales P, P} doivent étre trouvées par une
recherche exhaustive. D’une maniére similaire, toutes les classes d’équivalence
Qur € G doivent étre testées pour déterminer la classe optimale Qj,. Par
conséquent, la matrice CUBF optimale s’écrit

s b

cubf = \/M
53
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Soit A = {¥1,...,om-1,0} Pensemble des angles a optimiser. Remarquez que
seulement pour M = 4, I’ensemble A contient un angle 6 en plus. Apres quelques
manipulations algébriques, (57) prend la forme

K
(D!, Qiy, PL,PI} = - argmin {H(H&Vﬁ)}- (59)

D, QumeGm,Pe,Pr | 7

Ceci est toujours un probléeme d’optimisation non-convexe et un optimum glo-
bal peut seulement étre trouvé par une recherche exhaustive. Néanmoins, nous
proposons un algorithme itératif pour calculer I'ensemble des angles optimaux
A* en Section 5.4.1 mais une convergence globale n’est pas garantie.

5.3 Résultats Numériques

Dans cette section, nous comparons le précodeur CUBF aux dictionnaires qui
contiennent des matrices CUBF (appelé CB-CUBF) tirées de la norme 3GPP
LTE [75]. Dans le cas M = 2 le dictionnaire contient la matrice d’identité et
deux rotations de la matrice TFD correspondantes a (5.9) avec ¢; = {0, 5} et
P, = P. = I,. Le dictionnaire pour 4 antennes d’émission est un sous-ensemble
de V défini dans (5.15) généré par 16 vecteurs u, ou les entrées de u sont tirées de
la constellation 8-PSK (« modulation par déplacement de phase ») et u; = 1. Le
précodeur CB-CUBF optimal est calculé a I’émetteur par recherche exhaustive
basée sur la CSIT disponible. La mesure de performance est la somme des débits
ergodique E[Rgym]. Pendant tout la section nous moyennons les résultats sur
10000 réalisations du canal « Rayleigh block-fading ».

7 —
y. —A—7F
—e- CUBF
61 —= CB-CUBF |

somme des débits ergodique [Bits/s/Hz]

F1GURE 11: M = K = 2, I'impact de CSIT imparfaite sur la somme des débits
ergodique avec SNR = 15 dB.
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Figure 11 montre la robustesse des techniques de précodage CUBF, CB-
CUBF et ZF aux erreurs dans la CSIT hy. La CSIT imparfaite est modélisée
comme dans (6) c’est-a-dire flk =1 — 712z, + Tey, ol z;, et e, ont des entrées
ii.d. gaussiennes de moyenne nulle est de variance 1. De la Figure 11 nous
observons que les précodeurs CUBF et CB-CUBF ont une performance plus
élevée que le précodeur ZF & partir de 72 ~ 0.22 et de 72 ~ 0.5, respectivement.
Le précodage ZF qui atteint des performances tres élevées pour CSIT parfaite,
montre une forte dégradation en performance des que la CSIT est moins précise.
Dans des systemes pratiques une telle technique est moins favorable car elle
nécessite une CSIT tres précise qui a son tour nécessite un haut débit sur la
voie de retour.
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FIGURE 12: M = K = 2, la somme des débits ergodique en fonction de SNR.

Figures 12 et 13 présentent la somme des débits ergodique pour des systemes
de taille M = K = 2 et M = K = 4 respectivement. Nous observons que le pré-
codeur CUBF atteint une performance plus élevée que le précodage CB-CUBF
dans ces deux systémes. Pour un SNR de 20 dB, le gain est environ 40 % et 30
%, respectivement. Ensuite, nous observons que le précodeur UBF est beaucoup
plus performant que le précodage CUBF, ce qui suggere que la contrainte de
module constant est une restriction trés forte qui entraine une perte de per-
formance significative. En effet, avec précodage UBF la somme des débits ne
sature pas, car les vecteurs de précodage g peuvent toujours étre parfaitement
alignés aux canaux hy, c’est-a-dire v = 1 et alors l'interférence de 1'utilisateur
k est nulle. De plus, pour le précodage CUBF, le niveau de saturation de la
somme des débits est moins élevé pour M = 4 que pour M = 2. Ceci est causé
par le fait que le nombre des degrés de liberté (le nombre d’angles a optimi-
ser) de CUBF augmente beaucoup mois rapidement avec M que le nombre des

95



56

5 Précodage Unitaire avec Module Constant

coefficients de canal. Alors, le précodeur CUBF est de plus en plus mal-adapté
au canal et par conséquent le niveau d’interférence augmente résultant en un
niveau de saturation de la somme de débits moins élevé. En plus, remarquez
que la performance du précodeur CUBF peut étre améliorée fortement si un
ordonnancement d’utilisateur approprié ou des récepteurs avancés (conscient de
linterférence) sont appliqués. Néanmoins, pour limiter I'interférence MU, le ré-
cepteur nécessite une connaissance sur les vecteurs de précodage et la technique
de modulation des utilisateurs interférents. Dans la norme actuelle LTE-A, ces
informations ne sont pas signalées aux utilisateurs, ce qui les rendent difficiles a
obtenir. Avec précodage unitaire, la puissance d’interférence MU peut étre cal-
culée sans connaissance sur les autres vecteurs de précodage mais la technique
de modulation reste & estimer. En effet, les résultats dans [74] montrent que la
performance du systeme augmente fortement si le récepteur prend en compte
les interférences méme sous des hypotheses de technique de modulation fausses.
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FIGURE 13: M = K = 4, la somme des débits ergodique en fonction de SNR.
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6 Conclusion et Perspectives

Conclusion

Dans cette these, nous avons considéré la voie descendante du MU-MISO sous
un précodage linéaire et CSIT imparfaite et nous avons analysé le comportement
du systeme pour un grand nombre d’antennes d’émission et utilisateurs. Nous
avons présenté un cadre cohérent pour ’étude de plusieurs techniques de préco-
dage linéaire basés sur la théorie de matrices aléatoires a grandes dimensions.
Les outils de la RMT nous ont permis d’envisager un modeéle de canal tres réa-
liste qui prend en compte une corrélation de canal par utilisateur ainsi que des
gains de canaux individuels pour chaque lien. La performance du systéme dans
ce type général de canal est extrémement difficile a étudier pour des dimensions
finies, mais devient possible en supposant des dimensions du systéme de grande
taille. Grace a la RMT & grandes dimensions, la performance du systéme (c’est-
a-dire le SINR ou le débit) peut étre approximée par un équivalent déterministe
(indépendant des réalisations de canaux) qui est presque stirement exacte étant
donné que les dimensions du systéme sont asymptotiquement grandes avec un
rapport borné. Les résultats des simulations ont montré que ces approximations
sont tres précises, méme pour des dimensions petites du systéme et révelent
la dépendance déterministe de la performance du systéme sur plusieurs para-
metres importants du systeme, tels que la corrélation d’émission, les puissances
de signal et la qualité du SNR et de la CSIT. Appliquées a des problémes
d’optimisation pratiques, les approximations déterministes conduisent a des in-
dications importantes sur le comportement du systéme, qui sont conformes avec
les résultats précédents, mais vont aussi plus loin en les étendant a des mo-
deles de canaux plus réalistes et d’autres techniques de précodage linéaire. En
outre, les approximations de performances des canaux indépendants proposées
peuvent étre utilisées pour simuler le comportement du systéme sans avoir a
effectuer un grand nombre de simulations Monte-Carlo. Bien que pas encore
pratique, un grand nombre d’antennes d’émission devraient étre largement dé-
ployées dans ’avenir, et les résultats de cette theése pourront s’avérer d’autant
plus pertinents. En outre, puisque les considérations pratiques limitent souvent
les choix pour la technique de précodage, nous avons étudié le systéeme de préco-
dage adopté dans la norme 3GPP LTE et nous avons développé un algorithme
pour évaluer la performance d’une telle technique de précodage.

Perspectives

D’un point de vue mathématique, ’équivalent déterministe de la transformée
empirique de Stieltjes avec profil de variance généralisé est un résultat général et
peut avoir des applications en dehors du domaine des communications mobiles.

Le cadre proposé a considéré une seule cellule isolée, mais est la base pour
I’étude des multi-systemes plus complexes. Par exemple, récemment, les ré-
sultats présentés dans cette theése ont été appliqués pour étudier l'effet de la
contamination pilote sur la performance du systeme dans les grands réseaux
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multi-cellules. Mais d’autres scénarios peuvent étre considérés aussi, par exemple
I'impact de 'interférence intercellulaire peut étre incluse dans le modele du sys-
teme. En outre, notre analyse peut étre étendue aux systémes multicellulaires
a différents niveaux de coopération de la station de base (« coordinated beam-
forming »), avec une CSIT imparfaite aux stations de base en raison de la li-
mitation de la capacité de back haul. De plus, il est possible d’élargir ce cadre
a MU-MIMO avec un seul flux par utilisateur en considérant des filtres de ré-
ception linéaires. Au contraire, une extension a MU-MIMO avec de multiples
flux par utilisateur est tres compliquée et nécessite le développement d’outils de
la théorie des matrices aléatoires plus avancés. Mais ’application des résultats
présentés ne se limite pas aux canaux broadcast. Le cadre proposé peut étre
étendu aux canaux multi-utilisateurs de voie descendante linéairement précodés
(MISO) amplify-and forward, ou le signal est traité de fagon linéaire au niveau
des émetteur et relais avant d’étre regu par les utilisateurs. Enfin, la méthodolo-
gie proposée peut aussi étre appliquée aux canaux d’interférence avec des filtres
d’émission et de réception linéaires.
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Chapter 1

Introduction

In this chapter, we introduce the communication scenario and motivate our
work. We further explain in detail how this dissertation is organized and what
contributions are made.

1.1 Multiuser MIMO Communications

The pioneering work in [1] and [2] revealed that the capacity of a point-to-
point (single-user (SU)) multiple-input multiple-output (MIMO) channel can
potentially increase linearly with the number of antennas. However, practical
implementations quickly demonstrated that in most propagation environments
the promised capacity gain of SU-MIMO is unachievable due to antenna cor-
relation and line-of-sight components [3]. In a multi-user scenario, the inher-
ent problems of SU-MIMO transmission can largely be overcome by exploiting
multi-user (MU) diversity, i.e., sharing the spatial dimension not only between
the antennas of a single receiver, but among multiple (non-cooperative) users.
The underlying channel for MU-MIMO transmission is referred to as the MIMO
broadcast channel (BC) or MU downlink channel. Although much more robust
to channel correlation, the MIMO-BC suffers from inter-user interference at the
receivers. This interference cannot be efficiently canceled since the receivers have
no knowledge about the interfering channels nor the interfering symbol alpha-
bet. Therefore, the advantage of transmitting to spatially separated receivers
has the drawback of creating an increased interference level at the receivers.
To overcome this disadvantage, the interference cancellation is shifted to the
transmitter. Ideally, the transmitter can precode the signal such that the inter-
ference at the receivers is completely removed. However, to accomplish that, the
transmitter requires perfect a priori knowledge of the downlink channel which,
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in practice, is impossible to obtain. The problem of acquiring channel state
information at the transmitter (CSIT) is discussed later.

Under perfect CSIT, it has been proved that dirty-paper coding (DPC) [4]
is a capacity achieving precoding strategy for the Gaussian MIMO-BC [5-9].
However, the DPC precoder is non-linear and to this day too complex to be
implemented efficiently in practical systems. It has been shown in [5,10-12],
that sub-optimal linear precoders can achieve a large portion of the BC rate
region while featuring low computational complexity. Thus, a lot of research
has recently focused on linear precoding strategies.

In general, the rate maximizing linear precoder has no explicit form. Several
iterative algorithms have been proposed in [13-15], but no global convergence
has been proved. These iterative algorithms have a high computational com-
plexity which motivates the use of further sub-optimal linear transmit filters
(i.e., precoders), by imposing more structure into the filter design. A straight-
forward technique is to precode by the inverse of the channel. This scheme is
referred to as channel inversion or zero-forcing (ZF) [5,10, 16].

Although it is legitimate that the works [10,13,14,17] assume perfect CSIT
to determine theoretically optimal performance, this assumption is untenable
in practice. Also, it is a particularly strong assumption, since the performance
of all precoding strategies is crucially depending on the CSIT. In practical sys-
tems, the transmitter has to acquire the channel state information (CSI) of the
downlink channel by feedback signaling from the uplink. Since in practice the
channel coherence time (i.e., the time the channel is approximately constant) is
finite, the information of the instantaneous channel state is inherently incom-
plete. For this reason, a lot of research has been carried out to understand the
impact of imperfect CSIT on the system behavior; see [18] for a recent survey.

In this dissertation, we consider a transmitter equipped with M antennas
and K single-antenna receivers, i.e., a MU multiple-input single-output (MISO)
system, under linear precoding and imperfect CSIT. In particular, we study
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the optimal (weighted sum rate maximizing) linear precoder proposed in [13],
matched-filter (MF) precoding, ZF precoding and regularized ZF (RZF) pre-
coding. Our channel model accounts for per-user correlation, i.e., the vector
channel hy € CM of user k (k = 1,..., K) satisfies E[hzh}l] = ©;. Moreover,
we assume imperfect CSIT which is modeled as a weighted sum of the true chan-
nel plus noise. To obtain insights into the system behavior, we approximate the
signal-to-interference plus noise ratio (SINR) by a deterministic quantity.

The novelty of this thesis lies in the large system approach to approximate
the system performance by a deterministic quantity. More precisely, we ap-
proximate the SINR ~; of user k by a deterministic equivalent 7 such that
Yx — Y — 0 almost surely, as the system dimensions M and K go jointly to
infinity with bounded ratio 0 < lims o0 SUpP;; % = [ < 0o. Hence, ) becomes
more accurate for increasing M, K. To derive 7, we apply tools from the well-
established field of large dimensional random matrix theory (RMT) [19, 20].
Large RMT studies the spectral behavior (mostly the eigenvalues) of matrices
with large dimensions. For certain matrices, the empirical spectral distribution
(e.s.d.) converges to a limiting spectral distribution (l.s.d.), almost surely, if
the dimensions go jointly to infinity with bounded ratio. If no such convergence
exists, one can still find deterministic equivalents of certain functionals of the
e.s.d. , which are exact approximations for asymptotically large dimensions, al-
most surely. Previous work considered SINR approximations based on bounds
on the average (with respect to the random channels hy) SINR. The determin-
istic equivalent 4 is not a bound but a tight approximation, almost surely, for
asymptotically large M, K. Furthermore, the RMT tools allow us to consider
advanced channel models like the per-user correlation model, which are usually
extremely difficult to study exactly for finite dimensions. Astonishingly, 7 is
very accurate even for small system dimension, e.g., M = K = 16. Currently,
the 3GPP LTE-Advanced standard [21] already defines up to M = 8 transmit
antennas further motivating the application of large system approximations to
characterize the performance of wireless communication systems. In this thesis,
we provide a consistent framework for the study of linear precoding techniques
and derive deterministic equivalents 7y for each of the considered linear precod-
ing schemes.

Subsequently, we apply these SINR approximations to various practical op-
timization problems. In particular, we derive the optimal regularization term of
the RZF precoder, which, depending on the correlation assumptions, is explicit
or the solution of an implicit equation. Moreover, for uncorrelated channels,
we find a closed-form solution for the optimal number of users per transmit an-
tenna under ZF precoding and for MF, ZF, RZF precoding derive the optimal
power allocation strategy for unequal CSIT qualities of the users. In this case,
the optimal power allocation scheme is the solution of the classic water-filling
algorithm. We further consider practical limited feedback systems, where the
CSIT is obtained either through pilot signaling from the users or via feedback
of the quantized channel. Pilot signaling is apt in time-division duplex (TDD)
systems, where the uplink and downlink channels are be assumed reciprocal. In
this TDD system, we derive the optimal amount of channel training if coherent
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data transmission and channel training occur in the same channel coherence in-
terval. Similarly, in systems employing channel quantization feedback, typically
in frequency-division duplex (FDD) systems, we calculate the necessary feed-
back scaling to achieve full multiplexing gain under the assumption of random
vector quantization (RVQ). Moreover, we compare the RVQ feedback to ana-
log feedback, where the channel is directly fed back by modulating the carrier.
In addition to optimal precoding, MF, ZF and RZF precoding, we consider a
practical precoding scheme, coined constrained unitary beamforming (CUBF),
where the precoding matrix is unitary with constant modulus elements. All
current 3GPP standards define codebooks containing CUBF matrices for the
MU-MIMO mode. Since the precoding vectors are orthogonal, each user can
compute its SINR exactly without knowledge about the interfering precoding
vectors. This accurate SINR determines the channel quality indicator (CQI)
which in turn enables the base station to apply the correct scheduling as well
as modulation and coding scheme. The property of constant modulus entries
has the advantage to not increase the peak-to-average power ratio (PAPR) and
therefore allows the radio-frequency (RF) power amplifiers to operate efficiently.
However, it is too complicated to find a SINR approximation under CUBF us-
ing large system analysis. Therefore, we apply the theory of complex Hadamard
matrices to parametrize and optimize the CUBF matrices. The resulting opti-
mization algorithm provides an upper bound on the performance of the finite
codebooks used in practical systems.

1.1.1 Related Literature

To the best of the author’s knowledge, the authors in [22] were the first to carry
out a large system analysis with M, K — oo and finite ratio for linear precoding
under the notion of “channel hardening'. In particular they considered ZF
precoding, called channel inversion (CI), for M > K and showed that the SINR
for independent and identical distributed (i.i.d.) Gaussian channels converges to
p(B8 — 1), where p is the SNR, independent of the applied power normalization
strategy. They go on to derive the sum rate maximizing system loading 5*
for a given M. Their results are a special case of our analysis in Section 3.5
and Section 4.2.1. The authors in [22] conclude by showing that for 8 > 1,
ZF achieves a large fraction of the linear (with respect to K) sum rate growth.
The work in [10] extends the analysis in [22] to the case M = K and shows
that the sum rate of ZF is constant in M as M — oo, i.e., the linear sum rate
growth is lost due to the large eigenvalue fluctuations of the channel matrix. The
authors in [10] counter this problem by introducing a regularization term « in the
inverse of the channel matrix. Under the assumption of large M, K and for any
rotationally-invariant channel distribution, [10] derives the regularization term
a = a* =1/(Bp) that maximizes the SINR. Note here that [10] does not apply
the classic tools from large dimensional random matrix theory (RMT) to derive
their results but rather find the solution by applying various expectations and
approximations. In this dissertation, the RZF precoder of [10] is referred to as
channel distortion-unaware RZF (RZF-CDU) precoder, since its design assumes
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perfect CSIT, although the available CSIT is erroneous or distorted. It has been
observed in [10] that the RZF-CDU precoder is very similar to the transmit
filter derived under the minimum mean square error (MMSE) criterion [17] and
both become identical in the large M, K limit. Likewise, we will observe some
similarities between RZF and MMSE filters when considering imperfect CSIT.
The RZF precoder in [10] has been extended in [23] to account for channel
quantization feedback under random vector quantization (RVQ). The authors
in [23] do not apply tools from large RMT but use the same techniques as in [10]
and obtain different results for the optimal regularization parameter and SINR
compared to our results in Section 4.4.

The first work applying tools from large RMT to derive the asymptotic SINR
under ZF and RZF precoding for correlated channels was [24]. However, in [24]
the regularization parameter of the considered RZF precoder was set to fulfill the
total average power constraint. Similar work [25] was published later, where the
authors considered the RZF precoder in [10] and derived the asymptotic SINR
for uncorrelated Gaussian channels. Moreover, they derived the asymptotically
optimal regularization parameter a* = 1/(8p), already derived [10], which is
a special case of the one derived in Section 4.1. Another work [26] reproduc-
ing our results, noticed that the optimal regularization parameter in [10, 25]
is independent of transmit correlation when the correlation is identical for all
users.

Regarding the MF precoder, the asymptotic SINR for channels with common
transmit correlation under perfect CSIT have been derived in [27]. Recently, a
deterministic equivalent of the SINR under MF precoding and pilot contamina-
tion in multi-cell systems has been derived in [28].

Concerning the optimal linear precoder, the following results are available.
In the large system limit and for channels with i.i.d. entries, the cross correla-
tions between the users’ channels, and therefore the users’ SINRs, are identical.
It has been shown in [29] that for this symmetric case and equal noise variances,
the SINR maximizing precoder is of closed form and coincides with the RZF
precoder. Recently, the authors in [30] claimed that indeed the RZF precoder
structure emerges as the optimal beamforming solution for M, K — oo. This
asymptotic optimality motivates a detailed analysis of the RZF precoder for
large system dimensions. An iterative algorithm to compute the linear precoder
that maximizes the weighted sum rate (WSR) has been proposed in [13]. In Sec-
tion 3.3, we will carry out a large system analysis of this algorithm under perfect
CSIT. However, although the RZF structure emerges for sum rate maximization
and common correlation under certain assumptions, we are not able to prove
that the derived approximation for the SINR at iteration j is indeed a deter-
ministic equivalent for the proposed precoder in [13]. Nevertheless, simulations
show that the derived approximation is accurate.
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1.2 Outline and Contributions

In this thesis, we provide a concise framework that directly extends and general-
izes the results in [10,22,25-27] by accounting for per-user correlation and imper-
fect CSIT. Furthermore, we apply our SINR approximations to several limited-
feedback scenarios that have been previously analyzed by applying bounds on
the ergodic rate of finite dimensional systems. In addition, we study the CUBF
for finite dimensions and propose an optimization algorithm to parametrize the
CUBF.

This dissertation is organized as follows: Chapter 1 motivates the work, pro-
vides a detailed outline and introduces the system model. Chapter 2 gives a
brief introduction to the field of large dimensional random matrices and pro-
vides the results required for the subsequent analysis. In Chapter 3, we derive
deterministic equivalents of the SINR under various linear precoding schemes
and correlation assumptions. In Chapter 4, we study several applications of the
large system approximations. Chapter 5 analyzes a practical linear precoding
scheme and presents an optimization algorithm to parametrize the precoder.
Finally, in Chapter 6, we conclude the thesis and give an outlook.

The detailed contributions are summarized in the following sections.

1.2.1 Chapter 2: Mathematical Prerequisites: Large Di-
mensional Random Matrix Theory

In this chapter, we provide the mathematical basis for the subsequent large
system analysis of the MISO-BC under linear precoding. In the course of the
derivations of the SINR approximations, we have to deal with terms of the
form m(z) = Ltr(LHYH — 2I) 7!, where H = [hy,... hg]" e CK*M is the
compound channel and z < 0. The term m(z) is the so called Stieltjes transform
of the empirical spectral distribution (e.s.d). of matrix ﬁHHH at z. To compute
a deterministic equivalent of the SINR, we first require a deterministic equivalent
m(z) of m(z), such that m(z) — m(2) M990, almost surely. Depending on the
assumptions for the entries of H, many results exist. The most general result is
provided in [31], where H has a certain variance profile, i.e., ﬁ[H]” = 0;j2ij
with z;; i.i.d., zero mean and of variance 1/M. However, the variance profile
does not account for per-user correlation and is thus insufficient to study realistic
MU-MISO channels. The channel model considered in this thesis goes further

. . 1 H . K 1/2_ Hgl/2
and assumes per-user correlation, ie., yH'H = ) ", ©;'72;2;'©;’", where
zZi = [Zi1,.--, zi,M]T which includes the variance profile as a special case, i.e.,
if ®; = diag(c3,...,0%,), we obtain the variance profile in [31]. Therefore, we

need to extend the result in [31] to account for the channel model with per-user
correlation also referred to as a channel with generalized variance profile. A
deterministic equivalent of the empirical Stieltjes transform for channels with
generalized variance profile is provided in Section 2.2. Furthermore, in Section
2.3, we derive the Shannon transform V(z) = 47 log det(In; + - H"H), z > 0,
of the e.s.d. of %HHH also extending the results in [31]. Note, that the proof for
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the generalized variance profile of both Stieltjes and Shannon transform partly
relies on adapting the techniques provided in [31]. These results are partly
published in

e S. Wagner, R. Couillet, M. Debbah, D. T. M. Slock “Large System Anal-
ysis of Linear Precoding in Correlated MISO Broadcast Channels under
Limited Feedback”, to appear in IEEE Trans. Inf. Theory, arXiv Preprint
0906.3682.

1.2.2 Chapter 3: MISO BC under Linear Precoding: A
Large System Analysis

Based on the deterministic equivalent of the Stieltjes transform with general-
ized variance profile provided in Chapter 2, we derive deterministic equivalents,
i.e., approximations that are almost surely exact as M, K — oo, of the random
SINR under MF (Section 3.2), optimal linear precoding (Section 3.3), RZF (Sec-
tion 3.4) and ZF precoding (Section 3.5). In general, the deterministic SINR
approximations are functions of fixed-point equations but are explicit for uncor-
related channels (@ = I, Vk). Unlike previous work, we derive deterministic
equivalents and not asymptotic results, since for our channel model the e.s.d.
of ﬁHHH does not converge to a limiting spectral distribution. In Section 3.6,
we provide rate, sum rate and rate gap (between perfect and imperfect CSIT)
approximations which are based on the SINR approximations. Simulation re-
sults show that the deterministic SINR approximations are very accurate even
for small M, K. Hence, applied to practical optimization problems in Chap-
ter 4, they yield close-to-optimal solutions, where the objective is typically to
maximize the system sum rate. Those results have partially been published in

e R. Couillet, S. Wagner, M. Debbah, A. Silva, “The Space Frontier: Phys-
ical Limits of Multiple Antenna Information Transfer”, Proc. of the 3rd
ACM International Conference on Performance Fvaluation Methodologies
and Tools (VALUETOOLS’08), Athens, Greece, 20-24 Oct. 2008, no. 84.
BEST STUDENT PAPER AWARD,

in which we apply tools from large RMT to derive the asymptotic SINR
of ZF and RZF precoding, where the regularization term is set to fulfill
the transmit power constraint, in MISO broadcast channels.

e R. Couillet, S. Wagner, M. Debbah, “Asymptotic Analysis of Correlated
Multi-Antenna Broadcast Channels”, Proc. of the IEEE Wireless Com-
munications & Networking Conference (WCNC’09), Budapest, Hungary,
5-8 Apr. 2009,

where we consider ZF and RZF precoding and apply the results to systems
with dense antenna packings at the transmitter.

e S. Wagner, R. Couillet, M. Debbah, D. T. M. Slock, “Deterministic Equiv-
alent for the SINR of Regularized Zero-forcing Precoding in Correlated
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MISO Broadcast Channels with Imperfect CSIT”, Proc. IEEE Interna-
tional Conference on Communications (ICC’11), Kyoto, Japan, 5-9 Jun.
2011,

where we derive the deterministic equivalent of the SINR under ZF and
RZF precoding accounting for per-user correlation and imperfect CSIT
and derive the SINR maximizing regularization term.

e S. Wagner and D. T. M. Slock “Weighted Sum Rate Maximization of Cor-
related MISO Broadcast Channels under Linear Precoding: A Large Sys-
tem Analysis”, Proc. IEEE 12th International Workshop on Signal Pro-
cessing Advances in Wireless Communications (SPAWC’11), San Fran-
cisco, USA, 26-29 Jun. 2011,

where we consider the weighted sum rate maximizing precoder in [13] and
carry out a large system analysis and derive a deterministic equivalent of
the SINR for MU-MISO with per-user correlation and perfect CSIT.

1.2.3 Chapter 4: Large MISO BC under Linear Precod-
ing: Applications

In this chapter, we apply the deterministic SINR approximations derived in
Chapter 3 to solve various optimization problems. More precisely, in Section
4.1, we compute the sum rate maximizing regularization term a* for the RZF
precoder under imperfect CSIT and common correlation (@ = @ Vk), extend-
ing the results in [10,25,27]. In Section 4.2, we consider the problem of com-
puting the sum rate maximizing number of users for a fized number of transmit
antennas. Under ZF precoding and uncorrelated channels (@, = I,; Vk), we
obtain a closed form solution which extends the result in [22] to imperfect CSIT.
Furthermore, we solve the problem of optimal power allocation for channels with
common correlation under MF, ZF and RZF precoding when the CSIT of the
users is unequal. Under this assumption, the optimal power allocation strategy
is the solution of a water-filling algorithm.

In Section 4.3, we study the optimal amount of channel training (pilot signal-
ing) in a TDD system, where coherent transmission and channel training occur
in the same channel coherence interval. This scheme has been studied in [32-34]
for finite dimensional systems. We assume uncorrelated channels, MMSE esti-
mation at the transmitter and we neglect the common training phase. The
amount of training optimizing the net sum rate, i.e. the sum rate taking into
account the reduced interval for coherent downlink data transmission, for MF,
ZF and RZF precoding is the solution of a convex optimization problem. We
derive approximated but closed form solutions for high downlink SNR. Our re-
sults are in line with [32-34] in terms of the scaling in the coherence interval
(for a fixed SNR) and the SNR (for a fixed coherence interval) but extend them
to RZF and MF precoding.

Section 4.4 considers a system where the CSIT is obtained by direct feedback
of the quantized channel direction. In [35], an information-theoretic analysis of
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the impact of quantized CSIT on the achievable rate of a ZF-precoded MU-
MISO downlink channel with M = K has been carried out. Hereby, the author
derives an upper bound on the ergodic per-user rate gap between perfect CSIT
and imperfect CSIT under RVQ with B feedback bits per user. Under finite-
rate feedback, both [35] and [36] observe a sum rate ceiling for high SNR. In
[35, Theorem 3] provides a formula for the minimum scaling of B to maintain
an average per-user rate gap of logy b bits/s/Hz and hence to achieve the full
multiplexing gain of K. Although derived for ZF, the author claims that for
all SNR, [35, Theorem 3] is more accurate for the RZF-CDU precoder proposed
in [10]. Similar to [35], we derive the necessary feedback scaling to maintain
a target rate gap between perfect and imperfect CSIT. But unlike [35], the
derived feedback scaling maintains the rate gap exactly as M, K — oo, almost
surely. We find that our solutions, give more accurate results than [35] for
large dimensions. Finally, as in [32], we compare quantized feedback to analog
feedback in terms of rate gap between perfect and imperfect CSIT for MF, ZF
and RZF precoding. The results have partially been published in

e S. Wagner, R. Couillet, D. T. M. Slock, M. Debbah “Large System Analy-
sis of Zero-Forcing Precoding in MISO Broadcast Channels with Limited
Feedback”, Proc. IEEE 11th International Workshop on Signal Process-
ing Advances in Wireless Communications (SPAWC’10), Marrakech, Mo-
rocco, 20-23 Jun. 2010,

where we derive a deterministic equivalent of the SINR under ZF precoding
and apply this result to solve the problem of the sum rate maximizing
number of users for a fixed number of transmit antennas.

e S. Wagner, R. Couillet, M. Debbah, D. T. M. Slock, “Optimal Train-
ing in Large TDD Multi-user Downlink Systems under Zero-forcing and
Regularized Zero-forcing Precoding”, Proc. IEEE Global Communications
Conference (GC’10), Miami, USA, 6-10 Dec. 2010,

where we apply the deterministic equivalents of the SINR under ZF and
RZF precoding to large TDD systems and derive the optimal amount of
training for both schemes.

e S. Wagner, R. Couillet, M. Debbah, D. T. M. Slock “Large System Anal-
ysis of Linear Precoding in Correlated MISO Broadcast Channels under
Limited Feedback”, to appear in IEEE Trans. Inf. Theory, arXiv Preprint
0906.3682,

where all applications are summarized and presented in detail.

The optimum linear precoder, MF, ZF and RZF precoders have several draw-
backs that prevent their adoption into practical wireless communication stan-
dards like 3GPP LTE. First, they increase the PAPR and the power imbalance
between the transmit antennas leading to a reduced efficiency of the RF power
amplifiers. Secondly, they require significant amount of feedback overhead to
provide accurate CSIT. Lastly, the receivers are unable to compute their exact
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SINR since they have no knowledge about precoders of the interfering users. The
inaccurate SINR results in an inaccurate CQI which translates into a system
capacity loss since the CQI is used for scheduling and to adapt the modulation
and coding scheme. Therefore, a different precoder is required to alleviate those
drawbacks, which is discussed in the next chapter.

1.2.4 Chapter 5: Unitary Precoding with Constant Mod-
ulus Constraint

In this chapter, we consider a practical precoding scheme, where the precoding
matrices are orthogonal and have entries of constant magnitude. Those pre-
coders are attractive, since they do not increase the PAPR at the transmitter
and allow for exact SINR computation at the receivers. All current 3GPP LTE
standards adopted codebooks (to reduce the feedback overhead) of such ma-
trices for the precoding in MU-MIMO mode. We apply the theory of complex
Hadamard matrices to describe those constrained unitary beamformers (CUBF)
and propose an algorithm for optimal parametrization of the CUBF matrices.
Contrary to practical systems where the receivers feedback their preferred pre-
coding matrix, the proposed algorithm assumes CSIT (in the form of a channel
estimate) and therefore provides a benchmark for the evaluation of the code-
books used in practical systems. The results of this chapter have been published
in

e S. Wagner, S. Sesia, D. T. M. Slock, “Unitary Beamforming under Con-
stant Modulus Constraint in MIMO Broadcast Channels”, Proc. IEEFE
10th Workshop on Signal Processing Advances in Wireless Communica-
tions (SPAWC’09), Perugia, Italy, 21-24 Jun. 2009,

where we consider orthogonal precoding matrices with constant modulus
entries and apply the description of complex Hadamard matrices to derive
an algorithm that optimizes those precoders.

e S. Wagner, S. Sesia, D. T. M. Slock, “On Unitary Beamforming for MIMO
Broadcast Channels”, Proc. IEEFE International Conference on Commu-
nications (ICC’10), Cape Town, South Africa, 23-27 May 2010,
where we compare the sum rate performance of unitary precoding to uni-
tary precoding with constant modulus constraint for equal and optimal
power allocation.

In the next section, we introduce the general system model of a MU-MIMO
communications system.
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1.3 General System Model

Consider a MU-MIMO (or point-to-multipoint) single-cell setup where a trans-
mitter endowed with M antennas communicates with K non-cooperative re-
ceivers (or users) each equipped with Ny antennas, k = 1,2,..., K. We as-
sume M > K, thus no user-scheduling is considered. Furthermore, we suppose
narrow-band transmission, i.e., the channel remains constant over the entire
transmission bandwidth (flat-fading). This assumption is appropriate when
OFDM is applied and the frequency-selective wide-band channel is transformed
into orthogonal frequency-flat sub-channels. Therefore, at every time instant
(on any sub-channel) the received signal y;, € CN* of user k is given by

v =Hipx+ng, k=12,...,K, (1.1)

where Hj, € CNeXM ig the random channel from the transmitter to user k,
x €CM is the transmit vector and ny ~ CA(0,021y, ) is the noise. We assume
that the channel Hj Vk evolves according to a block-fading model, i.e., the
channel varies independently from block to block. The transmitter sends S <
min(M, Ni) data symbols to the kth user. Define the total number of receive
antennas as N £ Zszl Ny, and the total number of transmitted symbols as
S & Ele Sk. The maximum number of symbols Sy,.x supported by the system
is then given by Spax = min(M,N) > S.

The transmit vector x is a linear combination of the user symbols s, € C*
and can be written as

K
X = ZGkP}CmSk, (12)
k=1

where Gy € CM*% and Py, = diag(p1,...,ps,.), pi > 0, i = 1,2,..., S are
the precoding (or beamforming) matrix and the power allocation matrix of user
k, respectively. Subsequently, we assume that user k has perfect knowledge of
H; and the effective channel H,G,. An estimate of HyGj can be obtained
through dedicated training by precoding the pilots intended for user k by Gy.
A block diagram of this transmission scheme is depicted in Figure 1.2. The user
symbols sy, are assumed to be independent, zero-mean and of unit variance, i.e.,
E[ssH] = I, and E[sksJH] =0for k#j,k,j=1,2,..., K. We suppose that
the transmitter has an average limited available power P < oo and thus the
transmit signal is subject to an average total power constraint

K K K
Ellx|3] =t 3> GiP/? Elsis!PPGH = Y tr(PhGGr) < P (1.3)
k=1j=1 k=1

Under the assumption that receiver £ has no knowledge about the inter-
ference Zfil itk HkGiPi/Qsi, it is treated as noise and we define the effective

. ~ A K 1/2 . . . .
noise N, = ny + Zizl’#k HkGiPi/ s;. The effective noise covariance matrix
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Rs,.s, at user k is then given by

K
Ri,s, = E[iyn)] = ols, +Hy | > GP;GI' | HY. (1.4)
i=1,i#k

Furthermore, assuming Gaussian signaling, i.e., s, ~ CN(0,Ig, ) Vk and optimal
decoding at the receiver, the achievable rate Ry, of user k takes the form [37]

Ry = log det (Isk +P/2GHHEYR HkaP}f) . (1.5)

l’lkﬁk

A meaningful performance measure in the cell is the weighted sum rate Rygsum
(WSR) defined as

K
Rwsum = ZukRkv (16)
k=1

where uy, is the rate weight of user k with trU = K and U = diag(uq, ..., uk).
The WSR measure can account for fairness among the users by adjusting the
rate weights ug. For instance, a user at the cell edge who experiences usually
rather bad channel conditions can be assigned a large weight in order to increase
his rate and guarantee a certain quality of service. If all the users are treated
equally, i.e., ux = 1 Vk, then we obtain the sum rate Rgy,y defined as

M=

Remn = > Ry (1.7)

k=1

Since the service operator is usually interested in optimizing the average sys-
tem capacity, we will mainly deal with the average rates F[Rj], E[Rysum) and
E[Rsum], where the expectation is taken over the random channels Hy,.

In the next section we introduce the channel model.

1.4 Channel Model

Each user channel H;, is modeled as
H), = VM®,/°7,0,%, (1.8)

where ®;, € CN*Ne and @5, € CM*M are the receive and transmit correlation
matrices of user k and Zj € CV**M has i.i.d. complex entries of zero mean and
variance 1/M. The model (1.8) assumes that the users are sufficiently spaced
apart so that their respective channels are mutually uncorrelated. The receive
and transmit correlation matrices are assumed to be slowly varying compared
to the channel coherence time and thus are supposed to be perfectly known to
the transmitter, whereas receiver k has only knowledge about ®; and ®y.
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S1 —> P}/Q

Sg = Pé/Q

sk —>| P}/

Figure 1.2: Block diagram of the MU-MIMO narrow-band transmission model.

Moreover, only an imperfect estimate H,, of the true channel Hy, is available
at the transmitter which is modeled as [38-41]

1, = VM. (ﬁzk + TkEk> ey? = vie)/*z,0)% (19

where Zk £ /1 —T,ka + 7. Er and Ej; has i.i.d. entries of zero mean and
variance 1/M independent of Zy and ng. The parameter 74 reflects the accuracy
or quality of the channel estimate Hy, i.e., 7, = 0 corresponds to perfect CSIT,
whereas for 7, = 1 the CSIT is completely uncorrelated to the true channel.
The variation in the accuracy of the available CSIT H,, between the different
user channels Hy, arises naturally. First, there might be low mobility users and
high mobility users with large or small channel coherence intervals, respectively.
Therefore, the CSIT of the high mobility users will be outdated quickly and
hence be very inaccurate. On the other hand, the CSIT of the low mobility
users remains accurate since their channel does not change significantly from
the time of the channel estimation until the time of precoding and coherent
data transmission. Secondly, different CSIT qualities arise when the feedback
rate varies among the users. For instance, if the CSIT is obtained from uplink
training, the training length of each user could be different, leading to different
channel estimation errors at the transmitter. Similarly, if the users feed back
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a quantized channel estimate, they could use channel quantization codebooks
of different size depending on their channel quality and the available uplink
resources. However, for simplicity, we assume identical CSIT qualities 7, = T
Vk for the optimization problems considered in Section 4.3 and Section 4.4.

Remark 1.1. Note that in (1.9) the true channel Hy = /1 — T%\/M@i/QZkG}C/Q
and the additive noise Tk\/Mq),lcﬂEk@,lc/Q have identical correlation up to the
scalars \/1 — 12 and 7. This model is adequate for instance in a FDD system,
where the columns or rows of the channel Hy are finely quantized using a ran-
dom codebook of i.i.d. vectors. Since the correlation matrices @ and ®y are
known at both ends, user k solely quantizes the columns or rows of the fast fading
channel component Zy, to the closest codebook vectors Zk, which can be accu-
rately approzimated as (1.9). Subsequently, the user sends the codebook indezxes
back to the transmitter, where the estimated downlink channel is reconstructed
b ltiplying with \/M@l/2 and \/M@lm, For uncorrelated channels, this
y multiplying w k k :
specific FDD system is studied in Section 4.4.

1.5 Special Case: Single-Antenna Receivers

In practice it is often desirable that the user terminals are cost efficient. Roughly
speaking, every additional receive antenna doubles the hardware and signal
processing complexity since the whole RF chain has to be duplicated and the
receiver has to estimate double the channel coefficients and perform interference
cancellation or detection of additional symbols. Moreover, by adding more
antennas on a small handheld device, correlation between the receive antennas
is problematic and can result in significant performance loss. Therefore, we
restrict our analysis to single-antenna receivers which lead to more compact
expressions for the system model. When the users only have N, = 1 Vk receive
antenna and each scheduled user receives a single data stream Sy = 1 Vk, the
received signal yj of user k takes the form

K
Y = \/pkhlljgksk—"_ Z \/pihll;igisi+nka k= 1a25"'aK? (110)
i=1,i#k

where the channel matrix Hi becomes the row vector h,';' and the precoding
matrix Gy reduces to the precoding vector gi. The transmit power constraint
(1.3) becomes

E[||x|]?] = tr(PGH'G) < P, (1.11)

where we defined the overall precoding matrix G £ [g1,gs,...,gx] € CM*K

and the power allocation matrix P = diag(p1,...,pk). A block-diagram of the
MU-MISO system is depicted in Figure 1.3.
The SINR of the kth user is defined as

pr|hyge|?
K
>ic1izn Pilh}gil? + o

Ve = (1.12)
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Figure 1.3: Block diagram of the MU-MISO narrow-band transmission model.

and the corresponding rate (1.5) reads
Ry =log (14 ). (1.13)

The channel model for imperfect CSIT (1.9) rewrites
h = VM (,/1 — 72 4 meﬂ) e,? = vMile,? (1.14)

where 25, £ /1 — T]?Zk + 7reg. Define the compound true channel matrix H £

[hi,hy, ..., I}K]H € CK*XM and the compound estimated channel matrix H 2
[hy, hy, ... hg]?eCEXM  Therefore, the matrix %HHH can be written as
1 K
S HH = S e/ nale”. (1.15)
k=1

The per-user channel correlation model is very general and encompasses various
propagation environments. For instance, all channel coefficients hy, ; of the vec-
tor channel hy may have different variances 0,37 ; resulting from different attenua-
tion of the signal while traveling to the receivers. This so called variance profile
of the vector channel is obtained by setting @y = diag(c} 1,07 ,,...,0% 1/)s
see [31,42]. Another possible scenario consists of an environment where all user
channels experience identical transmit correlation ®, but where the users are
heterogeneously scattered around the transmitter and hence experience differ-
ent channel gains di. Such a setup can be modeled with @, = d;®. From a
mathematical point of view, a homogeneous system with common user chan-
nel correlation @ = O Vk is very attractive. In this case, the user channels
are statistically equivalent and the deterministic SINR approximations can be
computed by solving a single implicit equation instead of multiple systems of
coupled implicit equations. A further simplification occurs when the channels
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are uncorrelated @ = I, Vk, in which case the approximated SINRs are given
explicitly.

The model in (1.15) has never been considered in large dimensional RMT
and therefore no results are available. The most general model available, is the
variance profile, first treated in [43] and extended in [31], which is a special case
of the model in (1.15). Therefore, to be able to derive deterministic equivalents
of the SINR, we need to extend the results in [31,43] to account for the per-user
correlation model in (1.15), which is the subject of the next chapter.
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Chapter 2

Mathematical Prerequisites:
Large Dimensional Random
Matrix Theory

This chapter provides the necessary tools to analyze the large MISO BC un-
der linear precoding and per-user correlation. In this analysis, we encounter
terms of the form m(z) = -tr(5;H"H — 2I/)~! which is the Stieltjes trans-
form of the e.s.d. of ﬁHHH in z < 0. From our channel model we have
ﬁfl“f{ = 25:1 @,lc/Qikiz@,lcm, where Z; has i.i.d. entries of zero mean and
variance 1/M. This model, referred to as generalized variance profile, has not
yet been considered in the literature on large dimensional random matrices and
therefore, we provide the required tools in this chapter as follows: In Section 2.1,
we set the basis and introduce necessary definitions and methods. In Section
2.2, we consider the Hermitian By = X% Xy + Sy € CV*N | where XH Xy is
random with generalized variance profile and Sy is Hermitian nonnegative def-
inite. We prove a theorem that provides a deterministic equivalent mg . .qy (2)
of the empirical Stieltjes transform mgp, qy(z) £ +trQy (By — 2Iy) " such

that mey.qn (2) — MBy.QN (2) M0 0, almost surely. Finally, in Section 2.3,
we consider the Shannon transform Vg, (z) £ + logdet (Iy + zBy) of the

e.s.d. of By in # > 0 and derive a deterministic equivalent Vg, (x) such that

E[VB, (%)] — VB, (2) NZ%° 0. The result in Section 2.3 is not necessary for the

derivations of the deterministic equivalents for the SINRs in Chapter 3, but are
given here because they are novel and for the sake of completeness.
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2.1 Introduction and Methods

The field of random matrix theory is commonly said to date back to the work
of John Wishart in 1928 [44] who studied the behavior of sample covariance

matrices R,, of i.i.d. observation vectors x,€CV, i =1,2,...,n, ie.,
1 n
H
Rn = ﬁ Z;Xixi . (21)
1=

For z; ~CN(0,1), j =1,2,..., N, he derived the joint probability distribution
of the entries of R,,, where R,, is now referred to as a (central) Wishart matrix.
Since then, many researcher studied such matrices, especially their eigenvalue
distribution [45-48]. Marc¢enko and Pastur observed that for asymptotically
large n, N with finite ratio N/n, the empirical spectral distribution (e.s.d.) FR»
of matrix R,, converges to a deterministic limiting spectral distribution (l.s.d.)
F, known as the Maréenko-Pastur law [49]. The l.s.d. F,. is much more attractive
to work with than the complicated joint probability density function (p.d.f.) of
the eigenvalues of R,, derived in 1939 by [45-48].

In wireless communication systems, the channel H between transmitter and
receiver is usually modeled as a random variable accounting for effects such as
fading and shadowing in a scattering environment. For instance, He CV*" with
i.i.d. entries of zero mean and variance 1/n models the point-to-point MIMO flat-
fading channel between an n-antenna base station and an N-antenna receiver.
With the recent high capacity technologies like code-division multiple access
(CDMA), or multi-antenna systems, the random channel matrix H is often of
rather large dimensions. The current 3GPP LTE-Advanced standard [21] defines
up to eight antennas at both transmitter and receiver. It turns out that already
for these dimensions, the assumption of large n, N with subsequent analysis
involving large dimensional random matrices H, yields very accurate results
even for a not so large 8 x 8 MIMO system. In the example of a point-to-point
MIMO system, the ergodic channel capacity Z(p) has been derived in [2] and
reads

Z(p) = E [log, det (In + pHH")]  bits/s/Hz, (2.2)

where p is the SNR at the receiver and the expectation is taken over the random
channel realizations H. From (2.2) it is clear that Z(p) is a function of the
eigenvalues of the Gram matrix of the random channel matrix H, i.e., HH". The
exact analysis based on the joint p.d.f. of the eigenvalues of HH" is somewhat
complicated [2] and extremely complex if H does not contain i.i.d. entries. On
the contrary, the assumption of large dimensional random matrices H yields
more compact and insightful expressions for the channel capacity Z(p), which
are very accurate approximations even for small dimensions [19].

Another powerful tool is the Stieltjes transform mgx(z) of the e.s.d. FX of
the Hermitian X € CV*V given as mpx (2) £ £tr(X —2zIy) "1, z€ C\R*. It is
particularly important in the large system analysis in Chapter 3, where we often
encounter terms of the form 77trQ(X — zI5;)~" which is the Stieltjes transform
of a nonnegative finite measure. The Stieltjes transform is defined as follows.
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Definition 2.1 (Stieltjes transform). [19, Definition 3.1] Let F' be a real-valued
bounded measurable function over R. Then the Stieltjes transform mp(z) of F,
for z outside the support of F, is defined as

mF(z)é/oo ! dF(N). (2.3)

Ceo A2

Note that F' uniquely determines mp and vice-versa [50].

The Stieltjes transform is an essential tool in the theory of large dimensional
random matrices, since it is very difficult to show directly that the e.s.d. FX
converges to some l.s.d. F. Instead, it is very often much easier to derive the
limit mp(2) of the Stieltjes transform mpx (z), where it is proved in [51, Theo-
rem B.9] that F is the l.s.d. of FX. Therefore, showing the convergence of m px
to mp is equivalent to showing the convergence of FX to F. The Stieltjes trans-
form is much more convenient to work with, because there exist mathematical
tools such as the matrix inversion lemma (MIL), the resolvent identity (Lemma
F.2) or the trace lemma (F.3) that make the proof of convergence much easier.
The following proposition states the conditions under which mpg is a Stieltjes
transform.

Proposition 2.1. [31, Proposition 2.2] Let F' be a nonnegative finite measure
with density f. Then mp(z) is a Stieltjes transform of the form (2.3) if and
only if the following conditions hold:

1. f(2)eCt ifzeC*
2. limy 4o —iy f(iy) < co.
Moreover, if the condition
3. 2f(2)€CY for zeC™
is satisfied, then F(R™) =0 has an analytic continuation on C\ RT.

To directly evaluate the capacity of MIMO channels in (2.2), another trans-
formation called the Shannon transform has been introduced in [20].

Definition 2.2 (Shannon transform). [20, Section 2.3.3 | Let F be a probability
distribution defined on RT. The Shannon transform Vg of F for z € Rt is
defined as

Vi(2) & /000 log(1 + zA)dF (). (2.4)

For FF = F HHH, the Shannon transform is the capacity of the point-to-
point MIMO channel in (2.2) normalized by 1/N. The Shannon transform is
connected to the Stieltjes transform by the relation

t t2

Vi(z) = /;O [1 —mF(—t)} dt = /O F L e(c1p)a (25)
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Although the e.s.d. FB~ converges to a limiting spectral distribution F if
By is defined as in (2.1), convergence can often not be guaranteed for more
involved matrices By. Nevertheless, even if the Stieltjes transform of FB~
does not converge to mpg, it might still be approximated by a deterministic

quantity mp, such that mpey —mp, Nogo 0, almost surely, where mp, VN is
the Stieltjes transform of a distribution function Fi such that FBYN — Fy = 0,
almost surely. The quantity mp, is referred to as deterministic equivalent of
mpey . More formally, a deterministic equivalent is defined as follows.

Definition 2.3 (Deterministic equivalent). [52] Consider a general probability
space (U, F, P). Let {fn}n>1 be the series of measurable complez-valued func-
tions fn : Q x C — C and let {gn}n>1 be a series of complez-valued functions
with gy : C — C. Then {gn}n>1 is a deterministic equivalent of {fn}n>1 on
D C C, if there exists a set A C Q with P(A) = 1 such that

fn(w,z) —gn(z) = 0 (2.6)
for allwe A and for all z€D.

That is, gn(z) is an approximation of fy(w,z) for any pair (w,z) with
increasing accuracy as N grows large and the series {gn}n>1 approximating
{fn}n>1is called deterministic equivalent.

In case of large dimensional random matrices, denote {By(w)}n>1 a se-
ries of matrices By (w) € CV*N of increasing size N, defined on a probability
space (2, F,P).Y Then {fn(Bn,z)}n>1 defines a series of certain function-
als fy(w, 2), e.g., the Stieltjes transform fy(w,2) = mpey (2) = £tr(By(w) —
2Iy)~! or the Shannon transform fy(w,z) = Vp(z) = % logdet(Iy +2By(w)),
reRT.

In the following section, we prove the main theorem which provides deter-
ministic equivalent mg, of the empirical Stieltjes transform m sy where By
is random with generalized variance profile. The theorem extends the results
in [31,53] but the proof strongly relies on the techniques applied in [31,53]. Note
also that, for the here considered model of By, a deterministic equivalent f,, of

the pth order moment p, = %trBi’V such that p, — fi, Moo 0, almost surely,
has been derived in [54].
Subsequently, we simplify the notation and write mx £ mpx and mx =

mpgy-

2.2 A Deterministic Equivalent of the Empirical
Stieltjes Transform of Matrices with Gener-
alized Variance Profile

The following theorem extends the results in [31, 53] matrices with generalized
variance profile. The results in this theorem are very general and its applications

!Note that, for w € C the model {Bx(w)}n>1 generates a whole series of matrices By (w)
of increasing size.
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are not restricted to mobile communications. However, in this dissertation the
results in the theorem are applied to derive SINR approximations in large MU-
MISO systems under various linear precoding techniques for the per-user channel
correlation model in (1.15).

Theorem 2.1 (Main Theorem). Let By = XN Xy + Sy with Sy € CV*N
Hermitian nonnegative definite and Xy € C™*N random. The ith column x;
of X% is x; = W,y,, where the entries of y; € C" are i.i.d. of zero mean,
variance 1/N and have eighth order moment of order OS%) The matrices
W, cCN*"i are deterministic. Furthermore, let ®; = ¥, WHc CN*N and define
Qn € CNXN deterministic. Assume Umsupy_, . Sup;<; <, [©:| < 0o and let
Qn be of uniformly bounded spectral norm (with respect to N ). Define

~—

1 _
mBy.Qy (2) £ NtrQN (By — 2In) L (2.7

Then, for z € C\ R*, as n, N grow large with ratios fx; = N/r; and fn =
N/n such that 0 < liminfy Sy < limsupy By < o0 and 0 < liminfy By, <
limsupy BN, < 0o, we have that

_ N—oo
mBN,QN(Z) — MBy,QnN (Z) — 0, (28)
almost surely, with mu, qu (%) given by
~1
1 1 0;
T =—t -y —— _+Sy—zI 2.
mBN,QN(z) N rQn N; 1+€N7j(2) + SNy —zln ( 9)
where en1(%), ..., enn(2) form the unique positive solution of
~1
1 1 < 0,
()= —tr0; | =S —— 4 Sy I 2.10
en,i(2) N N;1+6N7j(z)+ N —zln (2.10)

Jj=1

which is the Stieltjes transform of a nonnegative finite measure on R*. More-
over, for z <0, the ex1(2),...,enn(2) are the unique nonnegative solutions to
(2.10).

Once the ey ;(z) have been computed from (2.10), a deterministic equivalent
MBy,Qy (7) In (2.9) is given explicitly. The following proposition proves that,
properly initialized, the fixed-point equations defined by (2.10) converge.

Proposition 2.2 (Convergence of the Fixed Point Algorithm). Let z€C\ R™
and {eg\],c?i(z)} (k > 0) be the sequence defined by eg\??i(z) =—1 and
-1

1 ©; + Sy — 21y (2.11)

(k) 1
en;(2) = —tr®; —_—
a N N =1+ 655,;1)(2)

fork > 0. Then, limy,_, o eg\l?))i(z) = en,i(2) defined in (2.10) forie{1,2,...,n}.
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Theorem 2.1 provides a deterministic approximation mg, q, (z) of the ran-
dom variable ms,,q, (#) which becomes more accurate for increasing N and is
a function of n couples fixed-point equations 2.10.

The remainder of this section is dedicated to the proof of Theorem 2.1,
which is structured as follows: In Section 2.2.1, we prove that mp, qu (%) —
itrD*1 N9 0 almost surely, where D is an auxiliary random varlable in-

volving the terms mp, @, (z). Section 2.2.2 shows that the sequence {e ( )}

defined by (2.11) converges to ey,; (2.10) as k — oo if properly initialized. Fi-

nally, in Section 2.2.3 we demonstrate that ey ; satisfies |mey .0, —en,i| — N=2go 0,

almost surely.

2.2.1 Convergence to an Auxiliary Variable

The objective is to approximate the random variable mg, q, (2) by an appro-
priate functional %trD_1 such that

1 1 o
i Qy (By —2Iy) - D! Nzge ), (2.12)

almost surely. From (2.12) we proceed by applying Lemma F.2 and obtain
Qn (BN — ZIN)_1 -D!
=D7!'[D - (XNXy +Sy —2In)Qy'] Qn By — 2Iy) . (2.13)

We choose D as
D = (R+ Sy —2Iy) Qy', (2.14)

where R is to be determined later, and obtain

QN (BN — ZIN)_l —-D!
=D 'R(By —z2Iy) ' =D 'XH Xy (By — 2Iy) "

Consider the term D™1XN Xy (By — zIN)_ Taking the trace, together with
the definition X" XN = ZZ 1 \Ilzyiyl \Il , we have

1 I DR -
DT XA Xy (By — 2Ly) = ~iD > Wyiyi el (By - 2y)
i=1

ZyH\IIH (By — 2Iy) ' D ' 0,y;.

Denoting Bj; = By — W, y;y1®H and applying Lemma F.1, we obtain

n —1
1 _ _ 1 yieH (B — 2Iy)  D- 1\Illyl
FUD XA Xy By —2Iy) = Y0 ’H( FE] )
-1 1+y; ¥ (B[i] - ZIN) ‘Illyl
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Therefore, the left-hand side of (2.12) takes the form

1 o1
QN (By — 2Iy) T NtrD_l

1 <y M (B — z1y) D1y,
N i=1 1+y v (B — ZIN)_l W.y;

1
= NtrD_lR By — 2Iy) " . (2.15)

The choice of an appropriate value for R, such that (2.12) is satisfied, requires
some intuition. From Lemma F.4 we know that yHwH (B[i] — zIN)f1 Uy, —

have

—5° 0, almost surely. Then, from Lemma F.8, we surely

1 N—oo

1 -1 1 _
Ntr@i (B[Z] — ZIN) — Ntr@i (BN — ZIN) — 0.

From the previous arguments, R will be chosen as

; w6, By ) (2.16)

Note that R is random since it depends on By. The remainder of this section
proves (2.12) for the specific choice of R in (2.16). Substituting (2.16) into
(2.15) we obtain

1 _ 1
wN 2 wWQ N 2 ftI‘QN (BN — ZIN) ! — NtI‘D_l (217)

z": Lt@; By —2Iy) 'D1 1 Lyl (B - 2ly) D'y,
N 1+ L tI‘@ (BN —ZIN)_l N i1 1—|—y:|\11:| (B[Z] —ZIN)_1 U,y; .
(2.18)

N —oc0

In order to prove that wy —%°0, almost surely, we divide the left-hand side of

(2.18) into 4n terms, i.e.,

- i |a +d® +d® +d]. (2.19)

1
wN = N :
i=1

It is then easier to show that each dl(.l), (1 =1,2,3,4), converges to zero, suffi-

ciently fast, as N — oo, which will imply wy N2ge 0, almost surely. The dgl) are
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chosen as

yi e (B — ZIN)_l D[;]lq'iyl' yiet (B — ZIN)_1 D 'wy,

di) = - g
14 yHoH (BM —Zy) Wiy 1T+ yHEH (B —2In) T Ty,
1.1 -1 -1
o yir0;i By —2In) Dy’ y'® (By - 2In) D' Wiy,
S S (Bm —ZIy) Wy 14+ yHeH (B —zIN)_l\Iliyi
_ 1
FON +tr@; (By — 2Iy) ' D! B w7 tr0; (Bjj) — ZIN) Dy,
’ 1+yi-—|\112—| (B[z] —ZIN)_l ‘IJiYi 1—|—y2-|\112-| (B[z] —ZIN)_l ‘I’iYi
S ¥tr®; (By —2Iy) ' D' Ltur®; (By —2Iy)” D!

where we defined

n -1
( Zl—i—mB (z)_ZIN+SN> ’

where mp,, @,(2) = %tr@i (B[i] — ZIN)f1

In the course of development of the proof, we require the existence of mo-
ments of order p of wy in (2.19), i.e., E[Jwy|P] # 0, for some integer p. First
we bound (2.19) as Eflwy[P] < E[(32", d;)?]. The application of Hélder’s in-
equality yields

p—1 n 4
sl (3) w22 E ]

Furthermore, for some T, ) < oo, we can uniformly bound ®; and Qy as

limsup sup ||©;|| <T (2.20)
N—oo 1<i<n

limsup | Qu | < Q. (2.21)
N—oc0

Proposition 2.3. Let the following upper bounds be well defined and let the
entries of y; have eighth order moment of order O (ﬁ) Then the pth order
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moments E {|d§l)\p}, (1=1,2,3,4) can be bounded as

i . (1)
(1) L (BT3QIZPN" 1 [ Cp
B[] <2 <(%2)7 o (g1 (2.22)
_ . 4 (2)
E |d§2)|p < |z]* Cp

(32)3 N#/2

P[] = (29 ) i W'Z'T

- Sz Sz
N(S2)3 S0 )4
] 4
B ladp] <ot (T [ G 17
AR (S2)* Ne/2Z ~ Np(Sz)p |’

where the C},i), i€{1,2,4} are constants depending only on p.

Proof. The proof of Proposition 2.3 is provided in Appendix A. O

From Proposition 2.3, we conclude that all E[|d§l)|p} are summable if p =
2+ ¢, € > 0. Therefore, E[Jwy|P] is summable for p = 2 + ¢ and hence the
Borel-Cantelli Lemma [50] implies that wy N=ge 0, almost surely. Note that
with the same approach, the convergence region can be extended to z€ C\ RT.

We now prove the existence and uniqueness of a solution to (2.10).

2.2.2 Proof of Convergence of the Fixed Point Equation

In this section we consider the fixed point equation (2.10). We first prove that,

properly initialized, the sequence {e%’)i}, (k =1,2,...), converges to a limit

en,i as k— o0o. Subsequently, we show that this limit ey ; satisfies |mg, 0, —

i

N—o00
en,il —> 0, almost surely.

Proposition 2.4. Let 2 € CT and {655’)1.(2)} (k > 0) be the sequence defined

by (2.11). If {6587)1(2’)} is a Stieltjes transform, then all {eg\’;’)i(z)} (k> 0) are
Stieltjes transforms as well.

Proof. Suppose (2.11) is initialized by eg\e_)i(z) = —1/z, which is the Stieltjes
transform of a function with a single mass in zero. We demonstrate that at all
subsequent iterations £ > 0 the corresponding 65\];,)1'(2) are Stieltjes transforms
for all N. For ease of notation we omit the dependence on z, the eg\]fjl) are
given by

-1

1 1 ¢ 1
G = FOi | 520 N0+ Sy —Ay | = N i@iAr  (2.23)
Jj=1
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where cg\lf)] =1/(1+ eg\l,i)j) and we defined

-1

Z 00 +8y—2Iy | . (2.24)
Multiplying Ay in (2.23) from the right by (AJ)~1AH we obtain
k+1 1 1 = *,(k k
et = NtrAZ'@iAk ¥ Zlcij@j +o®, (2.25)
=

where vfk) = %trAE@Z—Ak [Sy — 2*Ix]. Denoting

.
11 1
) & ~ NtrA,Z‘@.;Ath e NtrAEGiAkGH
and CS\];) = [cg\l,v)l, . cg\l,c)n] , (2.25) takes the form
et =x ] W™ 4o, (2.26)

o) > 0.
To show that €§v+ ) are Stieltjes transforms of a nonnegative finite measure, the
three conditions in Proposition 2.1 must hold true. From (2.26) it is easy to

verify that all three conditions are met, which completes the proof.

Since the @; are uniformly bounded with respect to N, we have r(

O

We are now in a position to show that any sequence {eﬁl(z)}, (k > 0)
converges to a limit ey ;(z) as k — oo.

Proposition 2.5. Any sequence {e%ﬁ(z)}, (k>0) defined by (2.11) converges
to eni(z) as k— oo if es\%(z) is a Stieltjes transform.
Proof. Let eg\l,i)i(z) = +tr®; A1 and eg\lfcjl)(z) = +t1®; A" where

—1
n

1 0;
A(kﬁl) - | = 7(kj ) + Sy — zIn
N Jj=1 1+ eN (Z)
—1
1
AP = — 9 + Sy —2In

k
N1+ SVL<>

Applying Lemma F.2, the difference |e§\}f7)i( ) — g\l,cjl)(zﬂ reads
(k) (k+1) 1 (k+1) (k) = eg\];) eg\l; Y
leni —eni | = | trA e AW | — E 2 :J
N N{:l [1+e el

(2.27)
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With Lemmas F.9, F.11 and F.12, (2.27) can be bounded as

k k+1 k k—1
|e$\,,)i — eg\,’i )| <C sup |65V,)i — eg\,,i )\, (2.28)
1<i<n
h _ BTz (k) .
where C = CORE Clearly, the sequence {eNyi} converges to a limit ey ; for z

restricted to the set {z€C* : C' < 1}. Proposition 2.4 shows that all {eg\]f)i} are

uniformly bounded Stieltjes transforms and therefore analytic. Since {eg\l,c)l(z)}
for {zeC™T : C < 1} is at least countable, it has a cluster point. Thus, Vitali’s
convergence theorem [19, Theorem 3.11] ensures that the sequence {eﬁ@} must
converge for all z€C\ RT. O

Remark 2.1. For z < 0, the existence of a unique solution to (2.10) as well
as the convergence of (2.11) from any real initial point can be proved within the
framework of standard interference functions [55]. The strategy is as follows.
Let ex £ en(z) = [en1(2),en2(2),...,enn(2)]T € R" and define fey) =
[fi(en), f2(en), ..., fn(en)]T €R™, where

-1
n

1 1 O;
(en) = —tr@; [ =S — 20 48y I
filen) = Fstr N;1+EN7j(Z)+ ~n— 2Dy

Theorems 1 and 2 in [55] prove that, if f(€n) is a feasible standard interference
function, then (2.11) converges to a unique solution ey with all nonnegative
entries for any initial point eg\(,)?i, .. .,6587)”. The proof that f(ey) is feasible
as well as a standard interference function is straightforward and details are
omitted here.

o The uniqueness of e, whose entries are Stieltjes transforms of nonnegative
finite measures, ensures the functional uniqueness of ey ;(2),...,enn(2) as a
Stieltjes transform solution to (2.10) for z€ C \ R*. This completes the proof
of uniqueness.

1

Denote mpy @,(2) £ #tr®; (By —2Iy) . In the following section, we

0

prove that en,(z) = limgp_,o0 eg\’;’)i(z) satisfies |mpy.@,(2) — eni(2)] Nogo

almost surely.

2.2.3 Proof of Convergence of the Deterministic Equiva-
lent

In Section 2.2.1, we showed that

1 _ 1 )
wWN = NtI‘QN (BN — ZIN) - NtrQN (R+ SN - ZIN) Ni) 0,
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almost surely. Furthermore in Section 2.2.2 we proved that the sequence defined
by (2.10) converges to a limit ex ;. It remains to prove that

1 _
MBy,®; — €N,i :Ntr@i (By — 2Iy) !

1 1 « O,
- —tr@®; | = e
N\ N L Tren,(z)

(2.29)

almost surely. Denote wy ; £ we, with we, defined in (2.17). Applying Lemma
F.2, (2.29) can be written as

1 _
MBy,®; — €N,i = WN,; + Ntr@i (A—|— Sy — ZIN) - 6N77;(Z)

1 _ _
= wNﬁi—Ntr@i (A+Sy —2Iy) ' [A=B](B+Sy —2Iy) ",

£ Ly 9, LA 1y _6; -
where A = £ >°0, T T8, By —2iy) T and B = 570, Tren; - Applying

Lemmas F.9 and F.11, |mp, e, — en,;| can be bounded as

< Jwn,il + 1O:l[I(A + Sy — 2In) 7'

ImBy.@; — €N,

e ImBy.@, — €Nl
X [B+Sy —2In)7 ||| = 0, ke ’ 2.30
I« (I P Ph ey el H
Similar to (2.28), with Lemma F.12, (2.30) can be further bounded as
ImBy,@:; —en,il < |wni|+C sup |mpy.e; —en,il,
1<i<n
_ BT?z|? : C :
where C' = O Taking the supremum over all i = 1,...,n, we obtain
sup |mBy.@; —eny| [l —C] < sup |wy,l. (2.31)
1<i<n 1<i<n

From (2.31), on the set {z€ C" : 0 < C < 1} # 0, it suffices to show that
SUP; <<y, [Wn,i| goes to zero sufficiently fast. For any ¢ > 0 we have

P ( sup |wn,i| > 5) <P (Z lwn ;| > E)

1<i<n i—1
n

<Y P(lwnil >e) =) P(lwnil? >e?).  (2.32)
i=1 i=1

Applying Markov’s inequality, (2.32) can be further bounded as

1 n
P < sup |wy ;| > E) . ZE lwnil”]-
=1

1<i<n
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For all n and p = 4 + ¢ with & > 0, the term ) ;" | F'[|wx ;|?] is summable and

we can apply the Borel-Cantelli Lemma which implies sup;<;<,, wn Noge 0,

almost surely.

On {z€C™" : 0 < C < 1}, the ey ;(2) are summable and have a cluster point.
Furthermore, Proposition 2.4 assures that the ey ;(z) are Stieltjes transforms
and hence uniformly bounded on every closed set in C\ RT. Therefore, Vitali’s
convergence theorem applies, and extends the convergence region of (2.29) to
2eC\R™.

Since (2.29) holds true, the following convergence holds almost surely

-1
1, 1 I < ©; Novoo

S D -t =S Sy — 21 . 2.
Nt NrQN<NZ_11+6N,i+ N ZN) — 0 (239

The convergence in (2.33) implies the convergence in (2.8), which completes the
proof.

2.3 Shannon Transform of Matrices with Gen-
eralized Variance Profile

Although we will not apply the result in this thesis, a recent application to
random beamforming can be found in [56]. The following theorem is novel and
extends the results in [31,53].

Theorem 2.2 (Shannon transform of By). Let x > 0 and Sy be uniformly
bounded spectral norm with respect to N, given the assumptions of Theorem
2.1, denote the Shannon transform of By by Vg, (z) £ + logdet (Iy + zBy).
Then,

E[Ve, (2)] = VB, (z) =50, (2.34)
with Vg, () given by

n

_ 1 1 0,
= —logdet | I S — —_
VBN(x) N ogae N+ N+ Nj:l 1 +€N7j(—1/l‘)
1 & 1 < en,(—=1/z)
— E log 1 (=1 S E = 1 2.35
+ N]=1 Og[ +6N7J( /x)] szl 1+eN,J(_1/x)’ ( )

where the ex1(—1/x),...,exn(—1/z) form the unique solution of (2.10) with
z=—1/x.

Proof of Theorem 2.2. The proof of (2.35) exploits the fact that the Shannon
transform can be expressed as a function of the Stieltjes transform as (2.5)

Vo (o) = [ R <1 - mBN<—w>> . (2.36)

fo \W
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First notice that

-1

1 1 _ 1 =
gmeN(fz): Ntr (ZIN) - z IN+;SN+;€N1j(7Z)@j
1_
= ZGN] eN] ) + ;mBN,SN(_Z)’ (237)

where ey j(2) = = [Nz(1 +en; (2))] " and en,;(z) is given by (2.10). To apply
(2.36), we require an expression that, when integrated with respect to z, yields
(2.37). Observe that

1 n
g—logdet Z:: 2)0, + Iy + SN
,, 1_
e I T By sy (—2) (2.38)
0 =1
@Z—logdet l+en,;(—2)]= —zZeN’j z)ely ;(=2) (2.39)
j=1

n

ZE en,j(—z)en,;(— E en,j(—z)en,;j(—2)

—z ZeNJ z)e (= +ZBNJ z)ey j(=2)] - (2.40)

Subtracting (2.38) and (2.39) from (2.40) yields (2.37). Applying (2.36) along
with limy_,0 VB (z) = 0 leads to (2.35).

It remains to prove E[Vg, (z)] — Vg, (7) N20 0, where E[VB, (z)] is given

by
EWV _ (2 ! E d 241
V(o) = [ (5 = 5 Elmo (-] (2.41)

The proof is similar to the one provided in [31, Section C.1]. The dominated
convergence Theorem [50, Theorem 16.4] together with (2.8) ensures that for
all w > 0,

-1

1 1 — o0
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Now, observe that

2~ my() - | - Bl (-] (242
< |2 - mny(-a)| + |2 - Elmny ()] (2.43)

_ /00o (i—)\iw>dFBN(/\)’+‘E{/OOO (i—Aiw)dFBN(A)H (2.44)

< % h )\dFBN()\)’ + ‘;2 E [ /O h )\dFBN()\)} ’ (2.45)
< 2%, (2.46)

where Fg, and Fpg, are the distribution functions with respective Stieltjes
transforms mg, and mg,. The upper bound (2.46) is integrable in w over
(1/z,00). Therefore, the dominated convergence theorem ensures E[Vg, (z)] —

VB, (2) N2go 0, which completes the proof. O
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Chapter 3

MISO BC under Linear
Precoding: A Large System
Analysis

In this chapter, we consider the MISO broadcast channel under the following
linear precoding techniques: Matched filter (MF), WSR maximizing (WSRM)
linear precoding, regularized zero-forcing (RZF) and zero-forcing (ZF) precod-
ing. We suppose that the system is large in the sense that the number of
users K and the number of transmit antennas M grow large with finite ratio
M/K — 8 < oo. Under this assumption, we will derive deterministic equiva-
lents 7, of the random SINR, ~y; of user k for each of the precoding schemes. The
chapter is structured as follows: In Section 3.1, we introduce the problem. In
Sections 3.2, 3.3, 3.4 and 3.5, we derive a deterministic equivalent of the SINR
under MF, WSRM linear precoding, RZF and ZF precoding, respectively. Sec-
tion 3.6 discusses approximations of the rate based on the deterministic equiv-
alent of the SINR. Finally, Section 3.7 presents simulation results to evaluate
the accuracy of the proposed approximations.

3.1 Introduction

To gain valuable insights into the system behavior, it is necessary to determine
the fundamental dependence of the system performance measure (e.g. the SINR
v or the rate Ry = log(1 + ~yx) of user k ) on the relevant system parameters
(e.g. SNR, imperfect CSIT, correlation,...) through the random channel. That
is, to predict how the change of a certain parameter will most likely change the
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system performance. To accomplish this, one can consider the average system
performance and approximate or bound it by a deterministic quantity, which
then predicts how a particular system parameter affects the average system
performance. The derivation of accurate bounds becomes extremely difficult
for advanced channel models such as the per-user channel correlation model.
However, another possibility to approximate the system performance is to as-
sume that the system dimensions, i.e., the number of users K and the number
of transmit antennas M, grow large with finite ratio M/K — < oco. Under
this assumption one can resort to the advanced tools of large RMT to derive

a deterministic equivalent i such that v, — i M2 0 almost surely. Under
the per-user channel correlation model (or generalized variance profile) some
important tools have been provided in the previous Chapter. In this chapter,
we apply those tools to derive 7, for each of the considered linear precoding
schemes in MISO broadcast channels. As a result, we obtain asymptotically
exact (almost surely) approximations of the SINR or per-user rate with deter-
ministic dependencies on the important system parameters. The results in this
chapter provide powerful tools that can be applied to solve various optimization
problems, which is the subject of Chapter 4.

In order to also demonstrate the current limitations of large system analysis,
consider the MU-MIMO setting with S = Ny streams per user. In general, the
objective of the large system analysis is to find a deterministic approximation
of the communication rate Ry of user k. For MU-MIMO channels, the rate
of user k is given in (1.5), which is the scaled Shannon transform of the e.s.d.

of the matrix By, £ P,i/QGEHERg:ﬁkaGkP,lcﬂ. It is quite clear that for a
channel-dependent precoding matrix Gy, like MF, ZF or RZF precoding, the
matrix model for By, may be very complicated since it may depend in a non-
trivial way on the random channels Hy as opposed to point-to-point MIMO
channels [42,57,58]. It is complicated to derive a deterministic equivalent of
the Shannon transform or equivalently (by exploiting the relation in (2.5)) the
Stieltjes transform of the e.s.d. of By, , assuming that the number of receive
antennas Ny, of user k and the number of transmit antennas M grow large with
Nﬂk bounded for a finite number of users K. For instance, under the simple
MF precoder and perfect CSIT with Gy, = ¢HH (where ¢ is such that (1.3) is
satisfied) and Py = Iy, , the matrix By, takes the form

-1

K
By, = CHHY |07y, +H, [ > HI'H, |HY| HH].  (3.1)
i=1,i#k

Even for this simple case, a deterministic equivalent of the Stieltjes transform
of the e.s.d. of By, is unknown. In our subsequent analysis we assume Nj =1,
since single-antenna receivers are practical, and let M, K grow jointly to infinity
with bounded ratio. In this case Ry = log(1l + 7%), where -, is given in (1.12)
and it suffices to find a deterministic equivalent 74 for the SINR ~, which
immediately yields the deterministic equivalent Ry, of the rate of user k.

The deterministic equivalents obtained in this chapter are useful approxi-
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mations, since applied to practical optimization problems, cf. Chapter 4, they
yield very accurate approximate solutions even for small realistic values of M,
e.g. M =5o0or M = 10.

In the following, the notation M — oo implies that both M and K grow
asymptotically large while 1 < limp;_, % = [ < co. Subsequently, to evaluate
the large system results for finite dimensions, we replace [ by its finite value
M

K

3.1.1 Technical Assumptions

Let us first clarify several technical assumptions that are required for the large
system analysis.

Assumption 3.1. All correlation matrices @y have uniformly bounded spectral
norm on M, i.e.,
limsup sup ||@g < oc. (3.2)
M—oo 1<k<K
We further require the subsequent assumption on the power allocation ma-
trix P.

Assumption 3.2. The power pmax = max(ps,...,pk) is of order O(1/K), i.e.,
P[] = O(1/K). (33)

Furthermore, we have to restrict the matrix containing the rate weights
U = diag(uq,...,uk).

Assumption 3.3. The rate weight matric U has uniformly bounded spectral
norm on M, i.e.,
limsup ||U|| < oc. (3.4)
M—o0

Moreover, we require the following assumption
Assumption 3.4. The matriz ﬁﬂHI:I has uniformly bounded spectral norm

on M with probability one, i.e.,

1 ~pa
limsupHMHHH < 00, (3.5)

M— o0

with probability one.

Remark 3.1. Assumption 3.4 holds true if supy {Ok : k = 1,2,...  K}| <
oo, where |A| denotes the cardinality of the set A. That is, {®} belongs to
a finite family [57]. In practice, we typically deal with finite many distinct
®,.. For instance consider the channel model for MIMO systems in 3SGPP LTE
[59], where the transmit correlation Oy only comprises three different matrices
corresponding to low, medium and high correlation. In particular, if @) =
© Vk, then Assumption 3.4 is satisfied, since ﬁHI:IHI:IH < O ZRZ]|, where
Z = 21,...,2x]" and both ||®|| and |Z"Z| are uniformly bounded for all large
M with probability one [60].
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In the following, we derive deterministic equivalents of the SINR for all
considered precoding schemes. Hereby, apart from the results in Chapter 2, we
will apply various results summarized in Appendix B.1 and Appendix F.

3.2 Matched Filter Precoding

The simplest transmit precoder is the matched filter (MF) defined as

Emf
G = ﬁHH, (3.6)
where &,¢ is such that the transmit power constraint tr(PG;'lmef) < P is
satisfied with equality. The MF maximizes the signal power of user k but
completely ignores the inter-user interference, which in turn leads to a rate

saturation at high SNR due to the residual interference, even under perfect
CSIT. The SINR 7 ms of user £ under MF precoding is given by

2 N ~
k,mf — K - 1 HErH ~ o2 .
Y Ml2|h1':hi|2+0§ ARk A St
i=1,i#k

where we defined

A

Hyy
Py

>

[h17"'ahk—lahk-‘rh'"7hK]HECK71><M

diag(p1, .-, Pk—1,Pk+1, - - - s P )- (3.9)

(>

The following theorem gives a deterministic equivalent 44 ¢ of the SINR g m¢
under MF precoding.

Theorem 3.1. Let Assumption 3.1, 3.2 and 3.4 hold true and let i ms be the
SINR of user k under MF precoding defined in (3.7). Then

M—o0

Yk,mt — Vk,mt — 0, (3.10)

almost surely, where v ms 15 given by
2
pk(l - T]?) [ﬁtr@k]

il 11 & 1
ﬁ Z pitr(-')k@i—l—fMijMtr@j
i=1,i#k Pre S

Vk,mf = ) (3.11)

where py, = P/o? is the SNR at user k.

Proof of Theorem 3.1. In the following, we will consider the terms &2, ﬁhzﬁk

and #hzﬂﬂ]P[k]ﬂ[k]hk separately and compute a deterministic equivalent
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for each of them, which then (under Assumption 3.2) constitute a determinis-
tic equivalent for the SINR. Note that, unlike the other considered precoding
schemes, we do not require the Stieltjes transform (and thus the results in the
previous Chapter) in this proof. Consider the term ﬁhzflk, which rewrites
using (1.14) as

%hgﬁk =\/1—722'©,2; + T2l Opey. (3.12)

Applying Lemma F.4 and Lemma F.5, we obtain
210z, — %u@k M=o, (3.13)
210e, 12500, (3.14)

almost surely, and therefore

1 e 1 o
7P — /1 - Tty S Mzge ), (3.15)

almost surely. The transmit power constraint tr(PGH G,¢) = P yields

P
= T —FE (3.16)
57z trPHHH
where the term #trPI:IIA{H takes the form
1 1 & 1 &
WtrPHHH i > pihlh; = 7 > piate;z;. (3.17)
j=1 j=1
Applying Lemma F.4, we obtain f_ﬁlf such that €2, 52 M2 0 almost surely,
as
= P
I — . (3.18)
21 i tr®;
Finally, the interference power ; =+ h H'[','c] [k ]ﬁ[k] hj rewrites as
hk 1Py Hpy by, = —zk®1/2H[k]P H,0, %2 (3.19)

In order to apply Lemma F.4, we need to ensure that the spectral norm of
ﬁ@}cmﬂ'{‘}dP[k]ﬂ[k]@i/z is uniformly bounded on M. Applying Lemma F.8
and Lemmat F.l%7 for all large M, we PavAe that ﬁH@yQI:IHC]P[k]I:I[k]@}C/QH <
10k - [HYPH| < 17[©k|| - [|P]| - [HPH]|. Under the channel model (1.14),

it has not been proved that ﬁHI:IHI:IH < oo uniformly on M. However, taking
Assumption 3.4 for granted and applying Lemma F.4, we obtain

1 1 2 N M — o0
17700y I P H Pz — o€ H Py Hyy R0, (3.20)
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almost surely. Rewriting

K
1 A A 1 AHol/2 1/24
WtrakH[k]P[k]H[k] = i Z pi2; ©,70©;,0,'"2;

i=1,i%k
and again applying Lemma F .4, yields
| N - 1 i M—o0
12 i H R P Hphe — 55 Z pitr®,0,; "—5° 0, (3.21)
i=1,i#k

almost surely. For a finite total transmit power P < oo, the deterministic
equivalents of the terms ﬁh,ﬁ' h; and ﬁh,’;‘Hﬂ,]P[k]H[;ﬂ h;, are finite and strictly
positive. However, if pr = P the interference power is zero and we have é?nf <
%. Thus, the SINR approximation (3.11) increases unbounded in M and the

convergence in (3.10) does not hold. Therefore, we require Assumption 3.2 for
the convergence to hold true and thus the SINR is well-defined for all large M
and given by (3.11), which completes the proof. O

Under common correlation, the approximated SINR is summarized in the
following corollary.

Corollary 3.1. Let Assumptions 3.1 and 3.2 hold true and let @, = O Vk,
then v, me takes the form

2
S = 2 U~ )5 [374r6) (3.22)
’ P/K §7tr@2(1 — B5) + L L tr®
Remark 3.2. Note that from Assumption 3.2 it follows that B M2 0 Wk and

thus by setting B = 0, we still have Yg,mt — Vi,mt M=o 0, almost surely. How-

ever, for small system dimensions and especially for unequal power allocation,
the expression in (3.22) is more accurate. Thus, we decide to keep the term
Bk also it is mot strictly necessary for the convergence in (3.10) to hold. This

remark applies for all subsequently discussed linear precoding schemes.

For uncorrelated channels, the approximated SINR in Theorem 3.1 reduces
to a simple expression given in the following corollary.

Corollary 3.2. Let Assumption 3.2 hold true and let ®y = Iy Vk, then g ms
takes the form
pe (1-77)B
Pk 1-
P/K1— B+ o

:}/k,mf = (323)

Moreover, under equal power allocation, with limps . % =0, we have
Corollary 3.3. Let ® =I5 and pr, = P/K Vk, then Ji ms takes the form

(-8

3.24
L (3.24)

Y, mf =
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From the SINR approximation (3.11), it is clear that the quality of the CSIT
(represented by T,f) simply results in a scaling of the signal power by 1 — T,f,
whereas the interference power is independent of 72. That implies that the SINR
of user k saturates at high SNR pj even under perfect CSIT and the multiplexing
gain is zero, since lim,, log(l'gw 0. Hence, the MF precoding scheme
is interference-limited rather than feedback-limited. Moreover, from Corollary
3.1, observe that the SINR 7, m¢ is proportional to 8 and thus to M. Therefore,
to increase the system sum rate, it would make sense to drastically increase the
number of transmit antennas for a given number of users, an idea originally pro-
posed by Marzetta [61,62]. However, a practical solution to employ hundreds
of antennas at a base station without running into significant correlation issues
has yet to be found. Furthermore, even linear precoding schemes in such a sce-
nario would result in matrix operations involving huge matrices which becomes
prohibitive. The only feasible precoding scheme may be MF precoding, not to
speak of the complexity and feasibility of CSIT acquisition. Simulations sug-
gest (cf. Section 3.7) that MF precoding is very sensitive to transmit correlation
and relatively robust to CSIT imperfections, which further discourages the use
of massive antenna arrays. On the bright side, recent work [28] on MF precod-
ing in large TDD multi-cell systems under pilot contamination suggests that
MF precoding achieves close-to-optimal performance as the system dimensions
grow asymptotically large. Furthermore, the performance of simple precoding
schemes such as MF precoding could significantly increase if the receivers have
interference cancellation capabilities allowing to mitigate inter-user interference.

3.3 WSR Maximizing Linear Precoder with Per-
fect CSIT

Consider the iterative weighted sum rate (WSR) maximizing precoder proposed
in [13] under perfect CSIT (7, = 0 Vk), equal power allocation (pr = 1 Vk)
and identical noise variances (07 = o2 Vk). We strive to find a deterministic
approximation of the SINR (and thus the rate) of user k at every iteration of
the precoding algorithm in [13] given in Table 3.1.

3.3.1 Optimization Problem and Solution

Consider the WSR maximizing precoder Gy which is the solution of the
following optimization problem

K
Gysrm = arg maXZukRk st. trGGH < P. (3.25)
k=1

The optimization problem in (3.25) is hard to solve directly, since it is highly
nonconvex in the precoding matrix G. However, to solve the problem (3.25),
consider the virtual linear receive filters ax € C Vk, which in case of MISO
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channels are scalars. The error variance (mean square error) ey after the linear
receive filtering reads
er =F [|aky;€ — Sk|2} . (3.26)

By introducing additional weighting scalars wy, > 0, the cost function (3.25) can
be modified and an equivalent optimization problem can be formulated as [13]

{Gwsrm, @F, Wi } = arg min {wkek — U [1og(u;1wk) — 1]} st. trGGH < P.

30k, Wk
(3.27)
From (3.27), the optimal filters can be derived easily and read
CLZ = gl:',wsrmhk (02 + hll;i GWSYmG\Ijvsrmhk) o (328)

|h]|:gk,wsrm|2
ZiKzl,i;ék |h]|:g7l,wsrm‘2 + 02

1 .
62 = (1 + ’Yk,wsrm) with Yk, wsrm =

(3.29)
wi = ug(e}) (3.30)
H trD pqHAH
Guorm = Gusrn (H'DH + =1y ) HYATW, (3.31)

where &yerm is such that trGwsrmGt'vsrm = P and we defined the SNR p =
P/o?, the diagonal matrices W £ diag(wy, ..., w}), A £ diag(a,...,a}) and
D £ diag(d}, ..., d%) with df = w}(a})? Vk. From the solutions in (3.28) and
(3.31), it can be observed that transmit and receive filters depend on each other
which leads to the iterative algorithm given in Table 3.1 to compute Gygym. For
notational convenience, we drop the superscript x in the sequel. The number
of iterations Nje, is chosen large enough for the algorithm to converge. The
convergence of the algorithm in Table 3.1 to a local optimum Gygm, is proved
in [13]. Moreover, the algorithm has to be initialized by precoding matrix Gip;s,
e.g., the MF precoder in (3.6).

The primary objective is to find a deterministic approximation '_y,(j‘)ﬁsrm of
the SINR 'y,(f‘))vsrm at iteration j defined as

Y oem = bile. W“m|2 (3.32)
ZZ 1,i#k |hk gz wsrm|2 + o2
which will be derived in the next section.
3.3.2 Large System Analysis
In this section, we wish to derive a deterministic equivalent fy,(f‘)%rm of the SINR
'y,(f‘))vgrm in (3.32) such that '715]3v5nn — 715]3vsrm M=o 0, almost surely at every

1terat10nj for the precoder (3. 31) However, the precoder (3.31) at iteration j
depends in a non-trivial way on the channel H through the terms ag ) and w,(j )
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INPUT: H, 02, Gipit, Niter
OUTPUT: Gwsrm

# Initialization

=0
G( s)rm - init
©  _ b gl e’ k
Tewm = S el e
# Main loop
while j < Njier do
J=J+1 )
af = (g b (02 + BIGE (GYL)) By ) vk
-1
0 = (14aP70,) vk

wl(cj) _ uk(eg))_l, vk

w6 2 diag(u)&j), . ,ug%))

AW 2 diag(a(lj), . ,a%))

D) £ diag(d{’,...,d¥)) with d} = w(])( )2 vk

G = ¢ (HHDWH + 4221 ) H(A G HW)
p
@ _ LT .

= v
A/k,wsrrn Zil ik |h2g5]\zmm‘2 52

end while
Gwsrm = ngs?rm

Table 3.1: ITterative algorithm to compute Gygm-

)

k,wsrm ]
consider a different precoder. where we substitute the random variables a,(j ) and
=(J) —(9)

which renders the derivation of 7 difficult if not impossible. Therefore, we

(] ) by finite deterministic values a;’ and w,’’, respectively. More precisely,

,(c 57 are such that a(J) Ez,(g) Mi?o 0 and w — @ M28° 0V, almost
surely, where both a,(C and w ) exist. It follows that d,(j — d,(cj ) Mzge vk,

almost surely, where Jgj w,(C )( (G )) . Thus, the modified precoder éS&Qrm
takes the form

and wy;

trD )

1

where Y is such that tré&@rm(éﬁiﬁrm)“ =P and WU) £ diag(w} @ wg)),
AU) £ diag(a §])7...,&(Ig)) and DU) & diag(cigj), . 7(2%)). Define 'y(j) the

k,wsrm
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SINR of user k for the proposed precoder in (3.33) at iteration j as

|hi'g §
:y(]) _ k8 k wsrm (3 34)
k,wsrm Z |h |2 N 5" :
i=1,i#k 1Mk gz w%rm g

It is important to note that we are not able to prove that the derived determin-
istic equivalent 'y(J ) of the SINR (3.34) under the proposed precoder (3.33)

k,wsrm
is a deterministic equivalent for the WSRM precoder in (3.31). However, simu-
()

k,wsrm

lations suggest that ¥ is an accurate approximation of Wlijzvsrm in (3.32).

Under the precoder (3.33), a deterministic equivalent ’y,(cj‘)ﬁsrm of the SINR is
provided in the following theorem.

Theorem 3.2. Let Assumptions 3.1, 3.3 and 3.4 hold and let 'yk wsrm D€ the

SINR of user k for the precoder (3.33) defined in (3.34). Then, a deterministic
(4)

k,wsrm

equivalent 7 at iteration j > 0 such that

~(J) =) M—oo

Vi ,WSsrm ,Vk ,WSsrm — 07 (335)
almost surely, is given by
—(3) ((5)
S0 wy(e”)? (3.36)
WS G) L q0) B (1 4 oU)y2
k,wsrm k o k

where the e(J) .. (J) form the unique positive solutions of
. N
el(_]) — Mtr@EJ)T(]) (3.37)
K g0 -
. 1 QN .
W — | i 4 a1y, , (3.38)
(M im 1+ eq(',])
and \Ilwsrm and Tk werm 70
K j) ’(J)
1 W, (G
wsrm — ar (339)
M ; 1+ e
0 1 X —(a) /(J)
T Jwirm — ar (340)
k M l_lz);;ék 1 +e J))
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with @,(Cj) = Jfgj)Qk, al) & % and &fﬂj), zI),(Cj) and cf,(j) are given by

<(j—1
al?) = _1__ Wézvzjr)r’;) (3.41)
\/@ 1+ Yk, wsrm
(G-1)

PO = a,(j'l” \I/SZ&R 1 ikeﬁjl) (3.42)

o = (14500 (3.43)

&) = @) (3.44)

Define e) = [ell’(j), .. ,e/[’{(j)]T and e;’(j) = [ell”(,z), e e'l’{(’jg]T, which are given
as

V) = (I —J) v, (3.45)

e)V = (Ix —3) ' vy, (3.46)

where J, v and vy, take the form
Lir@, TWe, TV
[J]ij = ar (J')]2
M(1+e;”)

.
1, , 1 - .
v = [Mtr(al(T(]))Q,...,Mtr(-)K(T(J))Z} ,

T
1 _ N = . 1 _ N — .
Ve = |:Mtr®1T(])®kT(]), ey Mtr@)KT(J)GkT(J)} .

If the algorithm in Table 3.1 is initialized with the matched filter, i.e., Gt =

Gt = %HH, we have %,i?v)vsrm
— @O of (3.15) and (3.18).
MK ijl 27 tr®;

Proof of Theorem 8.2. Similar to the proof of Theorem 3.1, we derive determin-

= Yk,mf, given in Theorem 3.1, and pé?lz =

istic equivalents for the power normalization éé@rm, the signal power |h',;'g,(€j )|2

and the interference power Zfil itk |hH! ggj ) |2 which together constitute %strm'

First, the power normalization scalar ééfs)rm takes the form

o ] pN _ P (3.47)
wSsrm trG ) (G(J))H \I/\(;gs)rm )

where U@ 2 trGU)(GU)H which rewrites as

—2

DG) N
tr IM) HY AW 2ZAOH  (3.48)

wSsrm

ol = tr <HHD<J'>H+
. . -2 . — N =
_ (HHD(J)H + M&(J)IM) HH(DW)V/2W0) (DU)/2H,  (3.49)
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The term (D¥))Y/2H multiplies every row of H, i.e., every channel h¥, by the
corresponding 4/ J}j ), Hence, we can include the (Zg ) in the correlation matrices
©) and define (:)Efj) £ Jij)@k as well as HY) £ (DW)/2H. Thus, (3.49)

becomes

g )

_ . _ . ) -2 _ . N =
@0 =t ((H(J))HH(J) i M@mIM) (HOPWOHO. (3.50)
From Assumption 3.3, it follows that [[W(U)| < oo and |[DU)|| < oo uniformly
on M. Thus ||C:)(] )H < oo uniformly on M. Furthermore, for all finite p we
have al@) > 0. Applying Lemma B.1, we obtain \I/‘(,mm, such that \Ils,gs)rm —

\Ilsgs)rm M—> 0 almost surely, as

& el

where e,(vj ) and e;c’(j ) are defined in (3.37) and (3.45), respectively.
The signal power Pé]ll £ |nHg o )|2 takes the form
PS) = (ERml), (3.52)

where <I>( D = = (a (J)) (l_ll(ej))H (HOHHHO) 4+ Md(j)IM)_l }_Ig) and ﬁ,gj) is the
kth column of (H ) We can directly apply Lemma B.2 to @g ) and obtain

i) Moo

Péj ,1 such that Péj ,)C — Pé 0, almost surely, as

£ Y
()1Jr )

p(d)
S,k

(3.53)

where f:(j) = P/\Ilggs)rm. Moreover, from (3.28) and the algorithm in Table 3.1,

the term agcj ) can be rewritten as

~(i—1)

i 1 wsrm
al? = i3 . (3.54)
k G-1 14591
PS,k k,wsrm
(_]) M—)oo

A deterministic equivalent &,(Cj ) such that a,(cj ) 0 almost surely is easily

obtained by replacing the signal power Péjk and the SINR # G-1) by their

k,wsrm
~(5)

given in (3.41). Similarly,

we have the deterministic equivalent wU ) = ug (1 +ﬁ,(jwslr)m) which together with

a,(cj) constitutes d(j) ,(CJ)( l(j)) :

respective deterministic equivalents which yields a;;
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Denoting CV) = [(HW)HHG) + MaI,]~1, the interference power P j =
Zfil’#k IhHg7|2 can be written as

K
Pry = (é-\(zx}js)rm)thC(j) Z ] j) )*h;h!! CUhy, (3.55)
i=1,i%k
(E%m)® — () O\ ) F ) ()R 0)
= W(h,g eV H) W HE CWDhy (3.56)
k

where I:Ifi]) = [oigj)hl . 7(i7,(€j21hk71,6i§c_21hk+1,~- ci(j)hK]H and the diagonal
matrix V_VE,]C]) is defined as V_Vf,i]) diag(wy (J) w,(f)pw,(jil, .. w%)) Ap-
plying Lemma B.3 with 7, = 0 Vk and Py, = Wf,i]) yields P[,k such that

Pr — P]}k M=¢0 () almost surely as

£2,() 1) ‘
¢ howstm (3.57)

Pry=—x—""~—,
dg)(l +6’(€J))2

where ngzwrm is given by (3.40). The terms \Mrm, P(Jli and Py are all
positive and finite. Therefore, the convergence in (3.35) holds which completes

the proof. O

The SINR expression (3.36) simplifies significantly if the transmit correlation
is identical for all users, i.e., @, = © Vk. The result is summarized in the
following corollary.

Corollary 3.4. Let Assumptions 3.1 and 3.3 hold true and let O, = O Vk,
then ’:y(J) takes the form

k,wsrm

~(j N -G), G (Z(.j)e(j)[lfc(j)e(j)]

T = e ) (3:58)
J) N + 171/(1)(1 + dkj e(J))Q
where e\9) is the unique positive solution of
o) = Lper (3.59)
M
_ (&) ~ir )

T= ("0 +aVIy , (3.60)

where @(j) = %, n%j) = ﬁZfil(ﬁ + €Y=L Purther denoting v) £

() & 1 K @ g )y — ()
o Zz 1 d(n (dm +el)=2 ) & A Qi1 itk W(W + e)=2 and ny

&= Zi:l(d’(j) +e0))=2 with ) & néj)/[ngj)]Q, the terms e(lj) and eéj) are given

(>

103



104

3. MISO BC under Linear Precoding: A Large System Analysis

by
4 L1
egj) = (77£J))2—tr®T2 (3.61)
: Ny 1
eéj) = (ngj))z—trGQT? (3.62)

Proof of Corollary 3.4. Substituting ©®;, = © Vk, we obtain el) = el(»j)/czgj)
given in (3.59). With (3.61) and (3.62), we further have
1,(5) (9)
RO R e (3.63)
a9 [775”]2 1— C(j)eéj)
/7(j) 7( ) j
o Gk _ i ey’ _ (3.64)
k a9 [n (J)]Q 1— C(j)eéj)

(2

Substituting (3.63) and (3.64) into (3. 39) and (3.40), respectively, we obtain
T @i = @Dy and TV = e' @)y, ), respectively. Subsequently, (3.36)

k,wsrm

can be written as (3.58), which completes the proof. O

To compute (3.58) only a single fixed point equation (3.59) has to be solved as
opposed to K fixed-point equations in Theorem 3.2. Still, the SINR in Corollary
3.4 has to be calculated iteratively since the rate weights u; may be unequal
among the users. By assigning equal rate weights to all users (ur = 1 Vk), the
SINR approximation is independent of iteration j and of user k and is given in
the subsequent corollary.

Corollary 3.5. Let Assumption 3.1 hold true and let @ = @ and uy, = 1 Vk,
then 7( 7) takes the form

k,wsrm
3 o = 10, (3.65)
where m 1s the unique positive solution of
1 ©/8 ) -
= —tr® I . 3.66
M ( Bp (3.66)

Proof of Corollary 3.5. For up =1 and @y = @ Vk, we have d)(j) =w, J(j) =d

(7 _

and ¢\ = 3. Moreover, v) = v and v E=1y which, for large K, converges

to limg o0 u,gj) = v. Substitution into (3.58) with m £ eld, egj) = ¢1 and

egj) = ey yields
=) _ m 771(1 — Bes)
’yk wsrm 5+ er (1 4 m) ( )
With al/) = /8%, m takes the form given in (3.66). Rewriting m as

1 0/3 0/ 0/ -
thr®<1+m+ﬁpI ) L—i—erBpI }<1+m+ﬁp1 )

= B(1 +m)ey + %(1 +1m)%ey,
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we have m(1 — fes) = Blea + %(1 + 1m)2e;] which substituted into (3.67) yields
(3.65), which completes the proof. O

Therefore, if the correlation of all user channels is identical and sum rate
is considered, the SINR in (3.58) is the solution of an implicit equation and
independent of iteration j and user k. Moreover, the deterministic equivalent
of the SINR in Corollary 3.5 can be obtained by a closed-form precoder given
in the subsequent proposition.

Proposition 3.1. Let Assumption 3.1 hold true and let @, = O and up =1
Vk, then the precoder in (3.33) takes the form

. - K -1
Gwsrm = gwsrm (HHH + IM) HH, (368)
p

where gwsrm = \/P/trGWSTmG\t'vsrm‘

Proof of Proposition 3.1. From Theorem 3.2, observe that both al/) £ d;gj) and

0 £ 9 are identical for all users and thus D) = (a))2pU) 1. Therefore,
(3.33) takes the form

. g(j) K -1
G@ =22 (H'H+ —1,) H (3.69)
wsrm (1(3) P
o a2 p
(Ehm)? = b (3.70)
tr (H"H + £1),) ~ HWH
and can be written as (3.68), which completes the proof. O

By further assuming uncorrelated channels, the SINR approximation in The-
orem 3.2 is given explicitly.

Corollary 3.6. Let ® = I, and ux, = 1 Vk, then ’:y,(c{‘),vsrm 2 Fwsrm 18 given
explicitly and reads

[p(B—1)+x—1], (3.71)

N | =

Ywsrm =

where x is given by

Xx=V({B-12p2+2(1+8)p+1. (3.72)

Proof of Corollary 3.6. Substituting ® = I,; into Corollary 3.5, we obtain a
quadratic equation in 7 for which the only positive solution is given by (3.71),
which completes the proof. O

Proposition 3.1 states that the proposed linear precoder in (3.33), is of closed
form and has the well-known RZF structure for common transmit correlation
and sum rate maximization.

To compute the optimal linear precoder in Table 3.1 is computational com-
plex. Therefore, we consider the sub-optimal RZF precoder in the next section,
since it offers a good performance/complexity trade-off.
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3.4 Regularized Zero-forcing Precoding with Im-
perfect CSIT

Consider the RZF precoding matrix
PRI -1
Grot = Euut (H”H + MaIM) Y, (3.73)

where H £ [fll, flg, . ,ﬁK]H € CEXM ig the channel estimate available at the
transmitter, &.,¢ is a normalization scalar to fulfill the power constraint (1.11)
and a >0 is the regularization term. Here, « is scaled by M to ensure that «
itself converges to a constant, as M, K — oo.

From the total power constraint (1.11), we obtain &2, as

) P P

rzf = =

trPH(HNH + Maly)2HH Uy’

where we defined ¥,,; £ trPﬂ(ﬂHﬂ + MaIM)*ZI:IH. Denote W £ (I:IHI:I +
Maly )1, the SINR (1.12) of user k under RZF precoding takes the form

pk‘thflkP

W WHY Py Hyg Why, + Lot

Vi,rzf = (374)

where I:I[k] and Py are defined in (3.8) and (3.9), respectively.
The following theorem provides a deterministic approximation ¥ v, of Vi, ruf
defined in (3.74), which is almost surely exact as M, K — oco.

Theorem 3.3. Let Assumptions 3.1, 3.2 and 3.4 hold true and let o > 0 and
Vixzt be the SINR of user k defined in (3.74). Then

_ M — oo
Virot — Vioyrzt — 0,

almost surely, where vy 1, 15 given by

pr(l —2)er

’?k,rzf = = _ , (375)
Thorur (1 72[1 = (1+ ex)2]) + L (1 + )2
where the e, ..., ex form the unique positive solutions of
! ve,T (3.76)
i — Y9, )
“=M
X -1
1 CF
T=1\ T +al 3.77
M ]:Zl 1 + ej + alm ( )
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and Wy, and Yy v read

M =~ (1+¢€)?’
K /
_ 1 piel .
Tk rzf = 37 Z - )
M 5w (L te)
Define € = [€],...,ef]" and €|, = [P e’KJC]T, which are given as

where J, v and vy, take the form

ﬁtr@iTG)jT
[Ji; = N2
M(1+e¢;)
1 1 T
v = {Mtr(alTZ, ceey MtrGKTZ] ,

T
1 1
Vi = l:Mtr@lT@kT, RN MtI‘GKT@kT:| .

Proof of Theorem 3.3. The strategy is similar to the proof of Theorem 3.2:
The SINR g, in (3.74) consists of three terms, (i) the scaled signal power

|hEVAVIA1k\2, (ii) the scaled power of the interference h',;'WI:I'[‘}C]P[k]I:I[k]th

(both scaled by ¢ 7) and (iii) the term ¥, of the power normalization. To find
a deterministic equivalent of W,,¢, we can directly apply Lemma B.1. Similarly,
applying Lemma B.2 to thflk and Lemma B.3 to thﬂﬂ]P[k]ﬂ[k]th
yields a deterministic equivalent for the scaled signal power and the scaled in-
terference power, respectively. Together, the deterministic equivalents of these
three terms constitute the final expression for 4y ,,¢. If all available transmit
power is allocated to a single user (i.e., p, = P), both U,,¢ and Tk’rzf are of
order O(1/M) and hence 7y, . increases unbounded with M. Therefore, we re-
quire Assumption 3.2 to ensure that the convergence in (3.3) holds true, which
completes the proof. O

Corollary 3.7. Let Assumptions 3.1 and 3.2 hold true and let o > 0 and
O = O VEk, then Yy . takes the form

N e (1—17) [e22 + aB(1 + e)?e12]
T T PIK ean(1— pie/P)[L - 72(1— (L + )] + L(1 + €)2ers’ (3.78)
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where e is the unique positive solution of

1
©/p B
T = I .
<1+e+a M> (3.80)
and e;; is given by
1 1 _—
i = ————tr@*T7. 3.81
e] (1+ )J M r ( )

Proof of Corollary 3.7. Substituting ®; = O Vk into Theorem 3.3, we have e; =
er = e given in (3.79), ¢j = ¢ = B(1 +¢e)?e11(B —e) ' and ¢, = & = B(1 +
e)2e9a (B — eg2) L. Therefore, the terms U,,¢ and Tk-,rzf become (P/K)e11 (S —
e22) "t and (P/K)[1 —py/Pleas(B — ea2) "1, respectively. Furthermore, e can be

written as
1 /B
= —tre@T ol T
Vi ( T+e + M)

=a(l+e)e; + %(1 + e)eas. (3.82)

Substituting these terms into (3.75) yields (3.78), which completes the proof. O

Corollary 3.8. Let Assumption 3.2 hold true and let a > 0 and O = I Vk,
then Yy ¢ takes the form

_ P e(1-72) [1+aB(l+e)’]
Tt = PR A -/ P) - 20— (A +od)+ satep oW
where e is the given as
,_ B=1-pat+ (-1 +2(1+Blaf+a’F? (354)

2a8

Proof of Corollary 3.8. Substituting ® = I, into Corollary 3.7, we have e;; =
€92 which yields (3.83). Moreover, (3.79) becomes a quadratic equation in e
with unique positive solution (3.84), which completes the proof. O

In this thesis, we will consider two different RZF precoders. The first one
corresponds to the precoder in [10], where o = Bip and is optimal (maximizing
the sum rate) under common correlation and perfect CSIT for large M, K [10,
25,26]. This precoder is referred to as RZF channel distortion unaware (RZF-
CDU) precoder. Under imperfect CSIT the RZF-CDU precoder is mismatched
to the true channel. The second RZF precoder maximizes the sum rate under
common correlation and imperfect CSIT and will be derived in Section 4.1. This
precoder is will be called RZF channel distortion aware (RZF-CDA) precoder.
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Moreover, there are two limiting cases of the RZF precoder corresponding
to @« — oo and a — 0. For a — oo the RZF precoder converges to the matched
filter (MF) precoder Gt = %IZIH in (3.6). A deterministic equivalent ¥ s
for the MF precoder is provided in Theorem 3.1. However, note that ¥ m¢ can
also be derived by taking the limit ¥y mf = lima—o0 Yk,rz¢- This approach is
straightforward, since 7y ;¢ is well-behaved as a — oo, but will not be detailed
in this thesis.

In the case of a — 0, the RZF precoder converges to the ZF precoder, which
is the subject of the next section.

3.5 Zero-forcing Precoding

For o« = 0, the RZF precoding matrix in (3.73) reduces to the ZF precoding
matrix G, which reads

A A A —1
G = g7 (HA")

where £, is a scaling factor to fulfill the power constraint (1.11) and is given by

) P P

of = =

trP(HHY) -1 Uy’

where W,¢ £ trP(HH")~'. Defining ViVéI:IH(I:II:IH)QI:I, the SINR (1.12) of
user k under ZF precoding reads
i/ Why |2

2 A A 2 ‘yz .

Vk,zf = (385)

To obtain a deterministic equivalent of the SINR (3.85), we need to ensure
that the minimum eigenvalue of HH" is bounded away from zero for all large
M, almost surely. As discussed in [10], for M = K, the smallest eigenvalue of
the Ls.d. of HH" includes zero. Therefore, ||(HH")~!|| is unbounded in M and
a deterministic equivalent of the 7 ,s does not exist. Therefore, we require the
following assumption.

Assumption 3.5. There exists € > 0 such that, for all large M, we have
/\min(ﬁHHH) > ¢ with probability one.

Remark 3.3. If O, = O Vk and A\pin(®) > £ > 0 (i.e., in contrast to Theorem
3.3, © must be invertible), for all M, then Assumption 3.5 holds true if § > 1.
Indeed, for B > 1, from [60], there exists ¢ > 0 such that, for all large M,
)\mm(ZZH) > (, where 7 = [Z1,. . .,ZK]H, with probability one. Therefore, for
all large M, /\min(ﬁI:H:IH) > )\min(ZZH)/\min(@) > (e > 0 almost surely.

Furthermore, we require the following assumption for the channel model
with per-user correlation.
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Assumption 3.6. Assume that e; = lim,_,o ae; () exists for all i and e; > ¢
Vi for some e > 0, for all M.

Remark 3.4. Under these conditions, the eq,...,ex are the unique positive
solutions of (3.89). In particular, Assumption 3.6 holds true if ®, = O Vk,
B> 1 and A\pin(®) > e > 0. This is detailed in the proof of Corollary 3.9.

A deterministic equivalent 7 .+ of vy ¢ is given in the following theorem.

Theorem 3.4. Let Assumptions 3.1, 3.2, 3.4, 3.5 and 3.6 hold true and let
Vit be the SINR of user k under ZF precoding defined in (3.85). Then

_ M—o00
Voot — Vot — 0, (3.86)
almost surely, where 7y, 4 is given by
1-— 7',?
Vhoyaf = Pk—= - (3.87)
T2 kot + %
where U, and Tk7zf read
1 & p
TN b ]
f M Z e ;
j=1"7
K !
- 1 €k
That =57 Z pjé. (3.88)
J=1,j#k J
The functions ey, ..., e form the unique positive solution of
L e,T (3.89)
e, = —1tro; L .
& =77
K -1
1 (Ch
T=|— -2 41 . .
T- |72 =+ L (3.90)
j=1 "
Further, define €}, = [€} 1. .., € ], which is given as
e, = (Ix — ) 'y, (3.91)
where J and v, take the form
Jlij = Mig?’
1 1 T
vy = Mtl“(%l@kl, ce MtTGKIGkI
Proof. The proof of Theorem 3.4 is given in Appendix C. O
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Corollary 3.9. Let Assumptions 3.1 and 3.2 hold true. Further, let § > 1,
O = O Yk with Apin(®) > €, € > 0, for all M, then Theorem 3.4 holds true

and Yy, »¢ takes the form
V2t = Ph L7
2L — hp U
P/KTETZf [ - %] + \I'pzf

with

A (3.92)
zf — B§7 .

- e,/ e?

Ty =—2= . 3.93
' B e/ (3.93)

1
ey = Mtr®2l2
where e is the unique positive solution of
1
e= Mtr@l, (3.94)
1 -1
T=|(I —0 . 3.95
N ( M+ B > ( )
Proof of Corollary 3.9. For @ = © Vk, we obtain from (3.76)
e, = lim ae;(a) =¢
a—0
1 1 e !
=1 —tr®(=-———F+—+1
alg%){M g <5a+ae(a) + M) }
(3.96)

1 © -
=—tr® —+1I :
M (ﬂe i M>

A lower bounded of (3.96) is given as e > A\pin(®)(1 — 1/8) which is uniformly
Thus, under these

bounded away from zero if @ is invertible and g > 1.
conditions, Assumption 3.6 is satisfied. Moreover, the €’ ; in (3.91) rewrite

/ o ﬂQQ
Qj,k =€ = &
e2

and therefore,
_ 2 p
Yoot = QQ/Q@ e {1*&} :
’ -3 K P

} and W, = ﬁ by P/K, we obtain Y,¢ given in
O

Dividing Y} .t by % [ -k
(3.93) and W, given in (3.92), respectively, which completes the proof.

Thus, the ;¢ requires the solution of only a single fixed point equation

(3.94).
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Corollary 3.10. Let Assumption 3.2 hold true and let § > 1 and Oy = I Vk,
then vy, .+ takes the explicit form

_ _ k 1- 7']?
Vi ,zf P/KTE[I—%‘]—%

(B-1). (3.97)

1
p

Proof of Corollary 3.10. By substituting ® = I, into (3.94), e is explicitly
given by e = (8 —1)/8. We further have i—% =land ¥, =Y, = (B—-1)"t. O

Corollary 3.11. Let 8 > 1 and O = 1y, pry = P/K, 17, = 7 Vk, then for K
large Y .+ takes the form

1—72

2 1
T 1
+p

(B—1). (3.98)

Vi,af = Vot =

Proof of Corollary 3.11. From Remark 3.2, the convergence in (3.86) holds true
if Ak 4t is given by (3.98). O

3.6 Rate Approximations

Previously we derived deterministic large system approximations 7 of the SINR

% such that vy, — i M= () almost surely for various linear precoders. Roughly
speaking, the true random SINR -y, can be accurately approximated by a deter-
ministic quantity 75 due to the fact that, as the system dimensions increase, the
empirical eigenvalue distribution of the random matrix HH" converges weakly

to a deterministic measure. Since the logarithm is a continuous function, by

applying the continuous mapping theorem [50], it follows from ~y; — 4 M=o 0,

almost surely that
Ry, — Ry, =50, (3.99)

almost surely, where Ry, = log(1 + 7).

As we are interested in the average system behavior, we define an approx-
imation Rsum of the ergodic sum rate E[Rgum], where the instantaneous (i.e.,
without averaging over the channel distribution) SINR ~y, is replaced by its the
large system approximation 7, i.e.,

K
Roum =Y _log (1+ 7). (3.100)
k=1
It follows that .
a M—o00
? (Rsum - Rsum) — 07 (3101)

holds true almost surely. Corroborated by simulation results in the next section,
it turns out that Rgy, approximates the ergodic sum rate very accurately even
for small system dimensions.
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Another quantity of interest is the rate gap between the achievable rate
under perfect and imperfect CSIT. We define the rate gap ARy, of user k as

ARy 2 R, — Ry, (3.102)

where R} the rate of user k£ under perfect CSIT, i.e., for T]? = 0 Vk. Then, from
(3.99) it follows that a deterministic equivalent ARy, of the rate gap of user k
such that
ARy, — AR, M25% 0,
almost surely, is given by
ARy, = Ry — Ry, (3.103)

where RS is a deterministic equivalent of the rate of user k& under perfect CSIT.

Since we require the per-user rate gaps for uncorrelated channels (@ =
I VE) in the limited feedback analysis in Chapter 4, Sections 4.3 and 4.4, we
will state at this point ARy, for each of the precoding schemes.

Corollary 3.12 (MF precoding). Let ®y = I Vk, pr = P/K Vk and define
ARg s as the rate gap of user k under MF' precoding. Then a deterministic
equivalent ARy, s such that

ARt — ARp it Mz

almost surely, is given by

_ 1+14
ARk,mf = log ( P ﬂ > .

L+ 1 +8(1—77)

Proof of Corollary 3.12. Substitute the SINR from Corollary 3.3 into (3.103).
O

Corollary 3.13 (RZF-CDU precoding). Let ®y = Iy Vk, pr, = P/K VEk,
a = 1/(Bp) and define ARy, 1st—cdu as the rate gap of user k under RZF-CDU
precoding. Then a deterministic equivalent ARy, y,5—cau Such that

= M— o0
ARk,rzf—cdu - ARk,rzf—cdu — 0

almost surely, is given by
1+e

6(1773)[1+%(1+e)2]
1775+(1+e)2[75+%]

)

ARk,I‘Zf—Cdu = IOg

1+

where e is given in (3.84).

Proof of Corollary 3.13. With Corollary 3.8, compute ARk,er_cdu as defined in
(3.103), where R} ¢ .4, = log(1 +e). O
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Corollary 3.14 (ZF precoding). Let ©y = Iy Vk, pp = P/K Vk and define
ARy, 45 to be the rate gap of user k under ZF precoding. Then

ARk,zf - A-Itzk,zf M1>OO 0

almost surely, with ARy, .+ given by

; 1+p(B—1) )
ARy s =log | ——————~
e g<1+Pwk(ﬂ—1)
where wy, s defined given by
1— 7',3

= . 3.104
YET T T?2p ( )
Proof of Corollary 3.14. Substitute the SINR from Corollary 3.10 into (3.103).
O

Remark 3.5. In practice, one is often interested in the average system perfor-
mance, e.g., the ergodic SINR E[yg] or ergodic rate E[Ry]. Since the SINR ~y
is uniformly bounded on M for the considered precoding schemes, we can apply
the dominated convergence theorem [50, Theorem 16.4] and obtain

Ely] =3 =50,
where the expectation is taken over the probability space generating the sequence
{H(w), M > 1} with H = [hy, ..., hg]H € CEXM The same holds true for the

per-user rate Ry, i.e., E[Ry] — Ry M=go .

3.7 Numerical Results

In this section, we will validate the large system approximations in Theorems
3.1, 3.2, 3.3 and 3.4 by performing numerical simulations for finite system dimen-
sions. Particularly, we compare the ergodic weighted sum rate E[Rysum| and er-
godic sum rate F[Rsum|, averaged over at least 1000 i.i.d. Rayleigh block-fading
channel realizations, to their large system approximation ﬁwsum and ﬁsum, re-
spectively. One set of simulations investigates the accuracy of the large system
approximations as a function of increasing system dimensions. Another set of
simulations compares the ergodic (weighted) sum rate with error bars indicating
the standard deviation to the deterministic approximations. All simulations are
carried out under equal power allocation, i.e., P = %I K-

The correlation Oy, of the kth user channel is modeled as in [63] by assuming
a diffuse two-dimensional field of isotropic scatterers around the receivers. The
waves impinge the receiver k uniformly at an azimuth angle 6 ranging from
Ok, min t0 Ok max. Denoting d;; the distance between transmit antenna ¢ and 7,
the correlation is modeled as

1 Ormax
[©k]ij —/ e 150 dij cos(9) g (3.105)

Hk,max - ek,min Ok, min
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where A denotes the signal wavelength. The users are assumed to be distributed
uniformly around the transmitter at an angle ¢, = 27k/K and as a simple
example we choose 0 min = —7 and 0 max = @r—7. Note that for small 8 max—
Ok min (in our example for small values of k), the corresponding signal of user k
is highly correlated since the signal is arriving from a very narrow angle. Thus,
the correlation model (3.105) yields rank-deficient correlating matrices for some
users and hence constitutes a limiting case for our large system approximations.
That is, the fixed-point equations take longer to converge (if they converge at
all) and the deterministic equivalent of the SINR are less accurate than for users
with better-conditioned correlation matrices. To construct a less severe case of
correlation we use the standard exponential correlation model, i.e.,

[©4];; = vl 7, (3.106)

where 4,7 = 1,2,..., M. In particular, we let the correlation coefficient vy of
user k vary between zero and 0.5, more precisely we set v, = 0.5(k—1)/(K —1).
In both correlation models, the transmitter is equipped with a uniform linear
array (ULA). To ensure that ||@|| is bounded as M grows large, we assume that
the distance between adjacent antennas is independent of M, i.e., the length of
the ULA increases with M. In the following, the notation “@y # I;" indicates
that ©; is modeled according to (3.105) with d;;/A = 0.5. The exponential
correlation model (3.106) is denoted “@j ~ exp".

3.7.1 MF Precoding

In Figure 3.1, we compare the accuracy of the approximation in Theorem 3.1 for
the MF precoder to the ergodic sum rate E[Rsum| as a function of the system
dimension M and in Figure 3.2 as a function of the SNR p [dB].

From Figure 3.1, we observe that the approximation becomes more accurate
for increasing dimensions, although for @y # I, the convergence appears to be
rather slow. Figure 3.2 shows that the approximation lies approximately within
one standard deviation of the simulation results over the whole SNR range.

3.7.2 Optimal Linear Precoding

We perform simulations of both weighted sum rate and sum rate performance.
For simplicity, we model the rate weights uy as up = kKL_H so that Zkl,(zl U =
K, which is indicated by the notation “wu; #* 1". Moreover, we use the al-
gorithm called WSRBF-WMMSE2 in [13] with N, = 10 iterations and MF
initialization.

From Figure 3.3, we observe that the accuracy of the large system approxi-
mation Rysum increases with increasing M. Moreover, Figure 3.4 suggests that
the approximation Rwsum lies within one standard deviation of the simulation
results.

Figure 3.5 compares the ergodic weighted sum rate to the large system ap-
proximation at each iteration j for an SNR of 30 dB. It can be observed that the
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Figure 3.1: MF, Accuracy vs. M for a fixed SNR of p =10 dB and M = K.

WSR increases significantly for consecutive iterations. Furthermore, the large
system approximation Rysum lies approximately within the standard deviation
of the WSR Rysum and we conclude that Theorem 3.2 is accurate for large M
at every iteration.

In Figure 3.6 we plot the sum rate as a function of the SNR and compare
E[Rysum] to Rysum. We first observe that for @5 = I, and B = 1, the large
system approximation is very inaccurate especially at high SNR. One possible
reason is the following: From Corollary 3.6, the SINR approximation Jysrm is the
Stieltjes transform mxux(z) in z = ﬁip of the 1s.d. of XHX, where X € CM*K
has i.i.d. entries of zero mean and variance 1/M. Thus, for high SNR, z goes
to zero, but mxnx(0) is not defined for 5 = 1, since the support of the l.s.d. of
XH"X (i.e. the Mar¢enko-Pastur law) includes zero. The bounds in Proposition
2.3 are therefore proportional to the SNR, because % = ﬁ = é = fBp.
Hence, to increase the accuracy of the approximated SINR, larger dimensions
are required in the high SNR regime. Furthermore, comparing the accuracy at
high SNR to the WSR performance in Figure 3.4, we observe that the WSR
approximation is significantly more accurate than the sum rate approximation
for § =1 and ®; = I,;. From Corollary 3.4, for ® = I,;, the approximated
SINR 7% is a function of mEj ) = <Z§j )@ which is the Stieltjes transform

ryk,wsrm 7
Mnpox.di,, (7) in 2 = a® = B2 The support of the 1s.d. of X"DWX

still includes eigenvalues arbitrarily close to zero but a) does not converge to
zero, since the CZ](CJ ) grow with the SINR %U ) and hence with the SNR.

k,wsrm
Figure 3.6 further suggests that the large system approximation is signifi-
cantly more accurate at high SNR when the channel is correlated or if M > K.
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Figure 3.2: MF, Sum rate vs. SNR with M = K = 30, simulation results are
indicated by circle marks with error bars indicating the standard deviation

The reason is again, that the channel matrix is better conditioned and that
minimum eigenvalue of H"H is bounded away from zero.

3.7.3 ZF and RZF Precoding

The simulation results presented in Figures 3.7 and 3.9 depict the absolute
error of the sum rate approximation ]:Zsum under RZF-CDU and ZF precoding
compared to the ergodic sum rate E[Rgum|, respectively, averaged over 10000
independent channel realizations. From Figures 3.7 and 3.9, we observe that
the approximated sum rate Rqum becomes more accurate with increasing M,
although under ZF precoding in Figure 3.9 the convergence significantly depends
on ®, and T]? .

Figures 3.8 and 3.10 compare the ergodic sum rate to the deterministic
approximation (3.100) under RZF and ZF precoding, respectively. The error
bars indicate the standard deviation of the simulation results. It can be observed
that the approximation lies roughly within one standard deviation of the Monte-
Carlo simulations. From Figure 3.8, under imperfect CSIT (77 = 0.1), the sum
rate is decreasing for high SNR, because the regularization parameter a does
not account for 72 and thus the matrix HYH + Maly, in the RZF precoder
becomes ill-conditioned. Figure 3.10 shows that, for M > K, the sum rate is
not decreasing at high SNR, because the CSIT H is much better conditioned.
The optimal regularization is discussed in Section 4.2. Further observe that in
Figure 3.8 the deterministic approximation becomes less accurate for high SNR.
The reason has been discussed in Section 3.7.2.
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Figure 3.3: Optimal linear precoding, accuracy vs. M for a fixed SNR of p = 10
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Figure 3.4: Optimal linear precoding, sum rate vs. SNR with M = K = 30,

ur # 1 and Niter = 10, simulation results are indicated by circle marks with
error bars indicating the standard deviation.

118



3.7 Numerical Results 119

220 T T T T
200 T i
180  feFm-t--ATTCTT F--3--1---
160
140
120
100
80
60
40 — 0 =1y |
20f - @ ALy |

O\\\\\\\\\
o 1 2 3 4 5 6 7 8 9 10

Iteration j

weighted sum rate [bits/s/Hz|
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are indicated by circle marks with error bars indicating the standard deviation.
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Chapter 4

Large MISO BC under
Linear Precoding:
Applications

This chapter presents several applications of the SINR approximations under
various linear precoding schemes derived in the previous chapter. These ap-
plications demonstrate that the large system approximations lead to insightful
results which turn out to be close-to-optimal even for small system dimensions.
The chapter is organized as follows: In Section 4.1, we derive the sum rate
maximizing regularization term for RZF precoding. Section 4.2 studies the sum
rate maximizing number of users per transmit antenna as well as the optimal
power allocation strategy for unequal CSIT quality across the users. Section 4.3
considers a TDD system where we study the impact of MMSE channel estima-
tion at the transmitter and derive the sum rate maximizing amount of channel
training. Finally, in Section 4.4, we analyze the effect of channel quantization
on the sum rate in large multi-user FDD systems, where we assume random
vector quantization and derive the necessary feedback scaling to achieve full
multiplexing gain. Moreover, we compare the digital feedback scheme to analog
feedback.

4.1 Sum Rate Maximizing Regularization

From the structure of the optimal linear precoder under perfect CSIT (3.31), it
is clear that the RZF precoder defined in (3.73) is sub-optimal since it assumes
A =W = Ix. However, for the proposed linear precoder (3.33) under sum rate
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maximization (uy = 1 Vk) and common transmit correlation (@) = © Vk), the
virtual receive filters A and the MSE weights W are equal as M, K — oo, cf.
Proposition 3.1. In this case and under perfect CSIT, the optimal regularization
term a* is of the form a* = MLP, cf. (3.68). In the following, for RZF precoding,
we will derive the regularization term &* maximizing (3.100) under imperfect
CSIT. For the general correlation model @ # ©; (i # k), where the RZF
precoder is sub-optimal, the optimal regularization parameter a* is defined as

K

a* = arg max Z log (1 + g rat) - (4.1)
a>0 1

In general, the optimization problem (4.1) is not convex in a and the solution
has to be computed via a one-dimensional line search. Subsequently, the RZF
precoder with sum rate maximizing regularization (4.1) is referred to as RZF
channel distortion aware (RZF-CDA) precoder. In the following, we confine
ourselves to the case of common correlation ®; = © Vk, since the proposed
precoder in (3.33) is of closed form for all large M, as discussed above. More-
over, given that under common transmit correlation the users’ channels are
statistically equivalent, we subsequently assume that the distortions 77 of the
CSIT hy, are identical for all users, i.e., 72 = 72 Vk. In these conditions, equal
power allocation P = %IK maximizes (3.100)! and the optimization problem
(4.1) has the following solution.

Proposition 4.1. Let ©, = O, 0 < 7, = 7 < 1 Vk and pp = P/K Vk.
The approzimated SINR %y, 1.t of user k under RZF precoding (equivalently, the
approzimated per-user rate and the sum rate) is mazimized for a regularization
term o = &, given as a positive solution to the fized point equation

) 1+ (@) + 2] &
a* = — - — (4.2)
(1 =71 +v(ar)] + m2u(a*)[1 + e(a®)]?

where e(a) is defined in (3.79) and v(«) is given by

1 €13 [622 623}
vo)= ——— | — — — 4.3
(@) (1+e)exz ez [e12 €13 (4.3)
with e;; defined in (3.81).
Proof. The proof of Proposition 4.1 is provided in Appendix D. U

Note that the solution in Proposition 4.1 assumes a fized distortion 72. Later
in Section 4.4 the distortion becomes a function of the quantization codebook
size and in Section 4.3 it depends on the uplink SNR as well as the amount of
channel training.

Under perfect CSIT (72 = 0), Proposition 4.1 simplifies to the well-known
solution a&* = 1/(8p), which has previously been derived in [10,25,27] and is also

IThis is clear from Corollary 3.7, but will be discussed in more detail in Section 4.2.2.
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an immediate result from Proposition 3.1. As mentioned in [10], for large M
the RZF precoder is identical to the MMSE precoder in [17,64]. Furthermore,
the authors in [27] showed that, under perfect CSIT, a* is independent of the
correlation ®. This conclusion is also clear from Proposition 3.1. However, for
imperfect CSIT (72 > 0), the optimal regularization parameter (4.2) depends
on the transmit correlation through e(«) and e;;(«). For uncorrelated channels
(® =1s), we have e15 = e29 and v(a) = 0 and therefore the explicit solution

2
a*(HT’))l. (4.4)
1—72 ) Bp
The solution &* in (4.4) is the unique positive solution to (4.1). The proof of
(4.4) can be found in Appendix E.

For imperfect CSIT (72 > 0), the RZF-CDA precoder and the MMSE pre-
coder with regularization term aypsg = 72/8 + 1/(Bp) [64] are not identical
anymore, even in the large M limit. Unlike the case of perfect CSIT, a* now de-
pends on the correlation matrix © through e(a) and e;;(a). The impact of e and
e;; on the sum rate of RZF-CDA precoding is evaluated through numerical sim-
ulations in Figure 4.2. Further note that since e(a) and e;;(«) are bounded from
above under the conditions explained in Remark 4.1 below, at asymptotically
high SNR, the regularization term a* in (4.2) converges to &%, = lim, o &*,
where a is a positive solution of

72 e2n(al)
B eia(ak,)

(1= 7)1+ v(az)] + r2v(as)[1 + e(as,)]*

—x
Aoy =

(4.5)

For uncorrelated channels, the limit in (4.5) takes the form

. 72

Q= ——.

=T 1-m)p

Thus, for asymptotically high SNR, RZF-CDA is not ZF precoding, since the
regularization parameter a* is non-zero due to the residual interference caused
by the imperfect CSIT. Similar observations have been made in [64] for the
MMSE precoder.

Remark 4.1. Note that in (4.5) we apply the limit p — oo on a result obtained
from an SINR approzimation which is almost surely exact as M — oo. This is
correct if Wy,p = trPI:I(I:IHICI + MOZI]\/I)_2I:IH in (3.74) is bounded for asymp-
totically high SNR as M — oco. For 2 > 0 it is clear that W, is bounded since
a* > 0 for all SNR. In the case where 72 = 0, we have lim, . &* = 0 and thus
for B =1 the support of the limiting eigenvalue distribution of ﬁI:IPAIH includes
zero resulting in an unbounded V. ,¢. From Remark 3.3, for § > 1, @ = O and
Amin (@) > & > 0 there exists £ > 0 such that )\min(ﬁflﬂH) > & for all large
M. Thus, U, is bounded. On the contrary, for ®y # ©; (k#j), > 1 and
Amin (@k) > € > 0 Vk, it has not been proved that )\min(ﬁflﬂ"') > & and we
have to evoke Assumption 3.5 to ensure that W, is bounded. Thus, for 72 =0,
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the limit (4.5) is only well defined for 5 > 1. Further note that if WU, is bounded
as M — oo the limits M — oo and p — oo can be inverted without affecting the
result.

For various special cases, substituting (4.2) into the deterministic equivalent
of the SINR 4y, 1¢ in (E.2) yields the following simplified expressions.

Corollary 4.1. Let Assumptions 3.1 and 3.2 hold true and let @ = ©, 72 = 0,

pr = P/K Vk, a* = Bip and Yk rf—cda be the sum rate mazimizing SINR of user

k under RZF precoding. Then Vi rst—cda — Vk,raf—cda Mi?o 0, almost surely,
where Vi yzf—cda 5 given by

’7k,rzf—cda £ :erf—cda = 6(70_4*)7 (46)

where e(—a*) is the unique positive solution to

1 I

Proof of Corollary 4.1. Substituting a* = Bip into Corollary 3.7 together with

72 = 0, we obtain (4.6), which completes the proof. O

For uncorrelated channels ®y = I, Vk, the solution to (3.58) is explicit and
summarized in the following corollary.

Corollary 4.2. Let O = I, le =72 pp = P/K Yk and Yk yzt—cda be the
sum rate mazimizing SINR of user k under RZF precoding. Then 7k rzf—cda —

— M— o0 _ . .
Yk rzf—cda — 0, almost surely, where Vg 1z6—cda 15 given by

_ _ - w w 1
Yk,rzf—cda £ Vrzf—cda = 6(—& ) = *p(ﬁ - 1) + M ) (47)
2 2 2
where w€ [0,1] and x are given by
1— 72
_ 4.
o= (438)
(@) = VB 17222 + 2(3 + Dap + 1. (4.9)

Proof. Substituting ® = I, into Corollary 4.1 leads to a quadratic equation in
e(—a*) for which the only positive solution is given by (4.7), which completes
the proof. O

Note that under perfect CSIT 72 = 0, Corollaries 4.1 and 4.2 are identical
to Corollaries 3.5 and 3.6 under the proposed linear precoder (3.33) for WSR
maximization, respectively.

Define s = wp. For asymptotically high SNR, we have

1—72

- (4.10)

Koo = lim k =
p—r00 T
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and further

Xoo = lim x = /(B = 1)2k2, +2(8 + L)koe + L. (4.11)
p—00
Hence the SINR (4.7) saturates at

- Koo Xoo 1
1 vof—cda = — (B — 1 e —— 4.12
Jim Feat—caa = - (B -1+ 5= — 5 (4.12)
Moreover, for 8 > 1 as the SNR grows large, the SINR gap between RZF-CDA

and ZF precoding converges to the limits

1 if 2=0
lim 7rz —cda — 72 = A1 .13
Jim (Frat—cda — Tat) {xgo_“;p(ﬁ—l)—; if 72 > 0. (419

That is, the asymptotic SINR gap is constant under perfect CSIT. In fact,
for 72 = 0 the asymptotic SINR gap approaches zero as 3 grows large, but
recall that the large system approximations of the SINR are derived under the
assumption 5 < oo and are invalid for 5 — co. Therefore, even under perfect
CSIT there is an offset between the SINRs of RZF-CDA and ZF precoding for
large M, K. However, the rate difference still converges to zero at high SNR,
ie., lim, log(prlﬁf_f%) = 0, hence both schemes achieve the same rate for
asymptotically high SNR.

A deterministic equivalent ARk,er_Cda of the rate gap ARy yyf—cda Of user k
under RZF-CDA precoding is given in the following corollary.

Corollary 4.3. Let © = Iy Vk, pp = P/K Vk, T,f = 72 Yk and define
ARy vzf—cda as the rate gap of user k under RZF-CDA precoding. Then

= M —oc0
AB)k,rzf—cda _ARk,rzf—cda — 0

almost surely, with

_ 1 —1 1
ARk,rzf—cda = log < * p(ﬂ ) * X( ) > )

1+ wp(B—1) + x(w)
where w and x are defined in (4.8) and (4.9), respectively.

Proof of Corollary 4.3. With Corollary 4.2, compute AR,,i_cqa as defined in
(3.103). O

The impact of the regularization term on the ergodic sum rate is depicted
in Figures 4.1 and 4.2. We assume a rather small system with M = K = 5.

In Figure 4.1, we compare the ergodic sum rate performance for different
regularization parameters o with fixed CSIT distortion 72 = 0.1. The upper
bound a = a* is obtained by optimizing « for every channel realization, whereas
Qe maximizes the ergodic sum rate. It can be observed that both ag,, and a*
are close to the optimal a*. Furthermore, if the channel uncertainty 72 is un-
known at the transmitter (and hence assumed zero), the performance decreases
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as soon as 72 dominates the noise power o2 (i.e. the inter-user interference

limits the performance) and approaches the sum rate of ZF precoding for high
SNR. We conclude (i) that adapting the regularization term yields a significant
performance increase and (ii) that the proposed RZF-CDA precoder with a*
performs close-to-optimal even for small system dimensions.

1 6 I I I I I

14 H

12
10

=~ o

ergodic sum rate [bits/s/Hz]

O I I I I I
0 ) 10 15 20 25 30

p [dB]

Figure 4.1: Ergodic sum rate vs. SNR for different regularization parameters
with ®k = IM and 7']? =0.1.

In Figure 4.2, we simulate the impact of transmit correlation in the compu-
tation of @* on the sum rate. For this purpose, we use the standard exponential
correlation model in (3.106). We compare two different RZF precoders. A pre-
coder coined RZF common correlation aware (RZF-CCA) that takes the channel
correlation into account and computes « according to (4.2). The second pre-
coder, called RZF common correlation unaware (RZF-CCU), does not take ©
into account and computes « as in (4.4). We observe that for high correlation,
ie.,, v = 0.9, the RZF-CCA precoder significantly outperforms the RZF-CCU
precoder at medium to high SNR, whereas both precoder perform equally at low
SNR. Therefore, we conclude that it is beneficial to account for transmit corre-
lation, especially in highly correlated channels. Further simulations suggest that
the sum rate gain of RZF-CCA over RZF-CCU precoding is less pronounced for
lower CSIT qualities (i.e., increasing 72), because in this case the impact of the
CSIT quality 72 is more significant than the impact of ® on the sum rate.
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Figure 4.2: Ergodic sum rate vs. SNR, impact of correlation with M = K =5,
P= %IK and 72 = 0.05.

4.2 Optimal Number of Users and Power Allo-
cation

In this section, we address two problems: (i) the determination of the sum rate
maximizing number of users per transmit antenna for a fixed M and (ii) the
optimization of the power distribution among a given set of users with unequal
CSIT qualities.

Consider problem (i). Intuitively, an optimal number of users K* exists
because serving more users creates more interference which in turn reduces the
user rates. At some point the accumulated rate loss, due to the additional
interference caused by scheduling another user, will outweigh the sum rate gain
and hence the system sum rate will decrease. In particular, we consider a
fair scenario, where the SINR approximations of all users are equal. Here, the
optimal solution can be expressed in a closed form under ZF precoding.

In problem (ii), we optimize the power allocation matrix P for a given K.
More precisely, we focus on common correlation @, = @ Vk with different
CSIT qualities ’7',3 . In this case, the (approximated) optimal power distribution
P* can be expressed in closed form and is the solution of a classical water-filling
algorithm.
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4.2.1 Sum Rate Maximizing Number of Users

maximiz-

Consider the problem of finding the optimal system loading 3* = K*
ing the approximated sum rate per transmit antenna for a fized M, i.e.,

f* = arg maxf— Z log (1 + %) (4.14)

where 7, denotes either 4y ,¢ with 8 > 1 or 7, mf, Ykrzf With 8 > 1. In general
(4.14) has to be solved by a one-dimensional line search. However, in the case
of ZF precoding and uncorrelated antennas the optimization problem (4.14) has
a closed-form solution given in the following proposition.

Proposition 4.2. Let Oy = I, 7 = 7 Vk and P = %IK, the sum rate
mazximizing system loading per transmit antenna B* is given by

pr = (1 - i) (1 + Wl(x)> , (4.15)

where a = %, v = %L and W(z) is the Lambert W-function defined as
z=W(2)e"®, zeC.

Proof of Proposition 4.2. Substituting the SINR, in Corollary 3.10 into (4.14)
and differentiating along 3 yields

af

Trag—y =8l +alB=1) (4.16)

Denoting w(3) = we can rewrite (4.16) as

-1
a(ﬁ D+1°
w(B)e? P = g.

Noticing that w(8) = W(z) and solving for § yields (4.15), which completes the
proof. U

For 7€[0,1], 8> 1 we have w > —1 and > —e~!. In this case W(x) is a
well-defined function. If 72 = 0, we obtain the results in [22], although in [22]
they are not given in closed form. Note that for 72 = 0, we have lim,_, g =1,
i.e., the optimal system loading tends to one at high SNR. Further note that
only integer values of M/ (* are meaningful in practice.

4.2.2 Power Optimization under Common Correlation

Under Assumption 3.2, we have limp_, oo pr/P = 0 VE (cf. Remark 3.2) and
thus, from Corollaries 3.1, 3.7 and 3.9, the approximated sum rate (3.100) for
MF, RZF and ZF precoding takes the form

K
bum Z 1 + PrVk Tk)] (417)
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with vy = Ak /pr, where 7 is a deterministic equivalent of the SINR of either
MF, RZF or ZF precoding and the only dependence on user k stems from 7y.
The user powers p;. that maximize (4.17), subject to Zi;lpk < P, p, > 0 Vk,
are thus given by the classical water-filling solution [65]

1 +
Dy = - — 4.1
=] (1.18)

where [2]7 £ max(0, ) and p is the water level chosen to satisfy Zszl pr = P.
For 72 = 72 Vk, the optimal user powers (4.18) are all equal, i.e., pj = p* =
A

P/K and P* £ diag(p3, ... DY) = %IK. In this case though, it could still be
beneficial to adapt the number of users as discussed previously in Section 4.2.1.

4.2.3 Numerical Results

Figure 4.3 compares the optimal number of users K* = M/f* in (4.15) to K*
obtained by choosing the K € {1,2,..., M} such that the ergodic sum rate is
maximized, whereas Figure 4.4 depicts the impact of a sub-optimal number of
users on the ergodic sum rate of the system.

From Figure 4.3 it can be observed, that (i) the approximated results K*
do fit well with the simulation results even for small dimensions, (i) (K*, K*)
increase with the SNR and (iii), for 72 # 0, (K*, K*) saturate for high SNR
at a value lower than M. Therefore, under imperfect CSIT, it is not optimal
anymore to serve the maximum number of users K = M for asymptotically
high SNR. Instead, depending on 72, a lower number of users K < M should
be served even at high SNR which implies a reduced multiplexing gain of the
system. The impact of the system loading on the sum rate is depicted in Figure
4.4.

From Figure 4.4 we observe that, (i) the approximate large M solution K*
achieves most of the sum rate and (ii) adapting the number of users is beneficial
compared to a fixed K. Moreover, from Figure 4.3, we identify K = 8 as a
optimal choice (for M = 16) for medium SNR and, as expected, the performance
is optimal in the medium SNR regime and sub-optimal at low and high SNR.
From Figure 4.3 it is clear that K = 4 is highly sub-optimal in the medium and
high SNR range and we observe a significant loss in sum rate. Consequently, the
number of users must be adapted to the channel conditions and the approximate
result K* is a good choice to determine the number of users in the system.

In Figures 4.5 and 4.6 for RZF-CDU precoding and in Figure 4.7 for MF pre-
coding, we compare the ergodic sum rate performance under RZF-CDU precod-
ing and MF precoding, respectively, for three different power allocation strate-
gies: (i) optimal power allocation P = P* in (4.18), (ii) equal power allocation
P = LIk and (iii) all available transmit power is allocated to the user ki, with
minimum channel distortion, i.e., pi,.,, = P with kynin = argming_1, g {72}
Since the system becomes interference-limited for high SNR and for all given
M, K, the power allocation strategy (iii) is optimal for asymptotically high SNR.
However, for M, K — oo power allocation scheme (i) is optimal for any SNR
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Figure 4.3: ZF, Sum rate maximizing number of users vs. SNR with @, =
Iy VE, P = %IK and 72 = 0.1.

under Assumption 3.2. But note that Assumption 3.2 excludes power alloca-
tion strategy (iii). Therefore, as long as the optimal power allocation satisfies
Assumption 3.2 it is given by P = P* for all large M. We choose RZF-CDU
precoding and not RZF-CDA precoding for simplicity, since under RZF-CDA
precoding the optimal regularization term for different 73 is not of closed form
and has to be computed via a one-dimensional line search. We choose two
different CSIT quality distributions: (i) the quality of the CSIT varies sig-
nificantly among the users, i.e., the T,f are linearly spaced between 0.05 and
0.8 (17 = 0.05 + £=1(0.8 — 0.05)) and (ii) the quality of the CSIT does not
differ considerably, i.e., the 77 are uniformly distributed between 0.2 and 0.3
(3 =02+ £1(0.3-0.2)).

In Figure 4.5, for RZF-CDU precoding, we observe a significantly gain over
the whole SNR range when optimal power allocation is applied compared to
equal power allocation. If the CSIT qualities differ only slightly (M = 3),
there is only a small gain at high SNR. In general, for increasing SNR, the
SINRs become increasingly distinct depending on the 72. Therefore, it might
be optimal to turn off the users with lowest CSIT accuracy as the SNR increases,
which explains why the sum rate gain is larger at high SNR than for low SNR.
Moreover, at high SNR, concentrating all power on the best user significantly
outperforms power allocation strategy (i), which yields an inaccurate solution
for these small system dimensions. If we increase the system dimensions, cf.
Figure 4.6, the picture changes, now the water-filling power allocation algorithm
outperforms the other strategies over the simulated SNR range. Note that the
sum rate decreases rapidly for high SNR due to the RZF-CDU precoder which
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Figure 4.4: ZF, Ergodic sum rate for different numbers of users with M = 16,
Op =1, Vk, P = %IK and 72 = 0.1.

does not account for imperfect CSIT. Thus, if Assumption 3.2 holds true, P*
will always outperform py,_, = P for large enough M, K. The same is true for
MF precoding in Figure 4.7.

We conclude that the optimal power allocation proposed in (4.18) achieves
significant performance gains over equal power allocation, especially at high
SNR, when the quality of the available CSIT varies considerably among the
users’ channels. Furthermore, (4.18) is the optimal power allocation scheme for
large dimension under Assumption 3.2.

133



134 4. Large MISO BC under Linear Precoding: Applications

10
9
N
=8
wn
g 7
=2 6
[«B]
® 5
% 4
Q 3
=
o2
© 1
0 | | | T T
0 5 10 15 20 25 30

Figure 4.5: RZF-CDU, ergodic sum rate vs. SNR for different power allocation
strategies with o = 1/p, ©), = Iy, P = 1, 77 = 0.05 + £=1(0.8 — 0.05) for
M =5and 77 = 0.2+ £5(0.3-0.2) for M =3
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Figure 4.6: RZF-CDU, ergodic sum rate vs. SNR for different power allocation
strategies with o = 1/p, ®p = Iy, P =1, M = K = 30 and 77 = 0.05 +
£-1(0.8 — 0.05).
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Figure 4.7: MF Precoding, ergodic sum rate vs. SNR for different power allo-
cation strategies with @y = I, 72 = 0.05 + %(0.8 —0.05) and P = 1.
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4.3 Optimal Training in Large TDD Multi-user
Systems

Consider a time-division duplex (TDD) system where uplink (UL) and downlink
(DL) share the same channel at different times. Therefore, the transmitter es-
timates the channel from known pilot signaling of the receivers. We investigate
a single isolated cell and thus neglect the possible effects of pilot contamination
resulting from the reuse of pilot symbols in the neighboring cells. The channel
coherence interval T, i.e., the amount of channel uses for which the channel
is approximately constant, is divided into T} channel uses for UL training and
T — T; channel uses for coherent transmission in the DL. Note that in order to
coherently decode the information symbols, the users need to know their effec-
tive (precoded) channels. This is usually accomplished by a dedicated training
phase (using precoded pilots) in the DL prior to the data transmission. As
shown in [66], a minimal amount of training (at most one pilot symbol) is suf-
ficient when data and pilots are processed jointly. Therefore, we assume that
the users have perfect knowledge of their effective channels and we neglect the
overhead associated with the DL training.

In the considered TDD system, the imperfections in the CSIT are caused
by (i) channel estimation errors in the UL, (ii) imperfect channel reciprocity
due to different hardware in the transmitter and receiver and (iii) the channel
coherence interval T'. In what follows, we assume that the channel is perfectly
reciprocal and we study the joint impact of (i) and (iii) for uncorrelated channels
(©f =1 VE).

4.3.1 Uplink Training Phase

In our setup, the distortion 72 of the CSIT is solely caused by an imperfect
channel estimation at the transmitter and is identical for all entries of H. To
acquire CSIT, each user transmits the same amount of T; > K orthogonal pilot
symbols over the UL channel to the transmitter. Subsequently, the transmit-
ter estimates all K channels simultaneously. At the transmitter, the signal ry
received from user k is given by

r, = /Ty Puhy + ny,

where we assumed perfect reciprocity of UL and DL channels and P,; is the
average available transmit power at the receivers. That is, the UL and DL
channel coefficients are equal and the UL noise ny = [ny,na,...,np]7 is as-
sumed identical for all users and statistically equivalent to its DL analog. Sub-
sequently, the transmitter performs an MMSE estimation of each channel coef-
ficient h;; ~ CN(0,1) (i =1,...,K, j=1,...,M). Due to the orthogonality
property of the MMSE estimation [67], the estimates flij of h;; and the corre-
sponding estimation errors fzij = hy; — Eij are uncorrelated and i.i.d. complex
Gaussian distributed. Hence, we can write

hij = hij + hij,
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where h;; and fLij are independent with zero mean and variance 1 — 72 and 72,
respectively. The variance 72 of the estimation error h;; is given by [32]

1
2
. S— 4.19

where we define the uplink SNR. p,; as pu = Py /o2

4.3.2 Optimization of Channel Training

We focus on equal power allocation among the users, i.e., pr = P/K Vk, because
it is optimal for large M and 77 = 72 Vk, cf. Section 4.2.2. Since T} channel uses
have already been consumed to train the transmitter about the user channels,
there remains an interval of length 7" — T; for DL data transmission and thus
we have the pre-log factor 1 — T3 /T. The net sum rate approximation reads

~ T
Roym = K (1 - ;) 10g (1 + ’?k) . (420)

To compute the training length 7; that maximizes the net sum rate ap-
proximation (4.20), we substitute 7 mt from Corollary 3.3 into (4.20), the net

approximated sum rate R™ yunder MF precoding takes the form

sum

A Tt m 1—72
R — K (1 - tTf) log (1 + m> , (4.21)

par
where pg £ P/o? is the downlink SNR. Likewise, substituting k¢ from Corol-

lary 3.11 into (3.100), the approximated net sum rate Rfﬁm under ZF precoding
takes the form

)
RE =K (1 - T;) log <1 + %(ﬂ - 1)) : (4.22)

T2

Similarly, for RZF precoding the approximated net sum rate R reads

sum

7 T, 1Z —
R4 — K (1 - tTf> log (1 + Arar) (4.23)

where 7,,¢ is given in Corollary 3.8 and Corollary 4.2 for RZF-CDU and RZF-
CDA precoding, respectively. Subsequently, the notation “RZF" refers to both,
RZF-CDU and RZF-CDA precoding.
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Substituting (4.19) into (4.21), (4.22) and (4.23), we obtain

® T m T; mfPu
Rg;fm:K(1—’*Tf)1og <1+ 7 i 1}” : puurl), (4.24)
t,mf Pul t,mf Pl Pl
N T T -1
zf t,zf t,zf Pul (5 )
Rsum—K<1T>log<1+1+T o | (4.25)
t2f o pdl
A Tt pui— 1 1
rzf—cda __ _ Atrzf—cda L L . X(W)
R = | <1 — ) log (2 + prdl(ﬁ 1) + =5 ) , (4.26)
(4.27)

where x(w) and w take the form

V(B — 120203 + 2wpa(1+ ) +1, (4.28)
Tt,rszcdapul
1+ T} rsf—cdaPul + pdi

x(w)

and with e = 2[14 pa(8 — 1) + x(1)], 61 = e[l + (1 + €)% and & = (1 +

Pdl
2 1 u
e[l + o T T} vaf—cdu ‘p’df] we have

5 Trz—cu Trz—cuu5
Rret—edu _ f¢ (1 _ thd> log (1 7 t’ff ddppl l+162> . (4.29)

For 8 > 1 under ZF precoding and § > 1 for MF and RZF precoding, it is easy
to verify that the functions Rqum are strictly concave in T} in the interval [K, T,
where K is the minimum amount of training required, due to the orthogonality
constraint of the pilot sequences. Therefore, we can apply standard convex
optimization algorithms [68] to evaluate

T} = arg max {Rsum} ) (4.30)
K<T,<T

for all considered precoders. In the following, for high SNR, we derive the
scaling of Tt* with the downlink SNR pg; for a fixed coherence interval 7" and
the scaling of T} with T for a fixed pg;. To accomplish this, we derive a high-
SNR approximation of Ryum. We distinguish two cases, (i) the UL and DL SNR
vary with finite ratio ¢ 2 pg/p.; and (i) pg; varies while p,; remains finite. In
contrast to case (i), the system in case (ii) is interference-limited for high pg
due to the finite transmit power of the users.

Case 1: Finite ratio pg/pw

In the first case, we consider that the p,; is of the same order as pg. We
approximate Rgum for high SNR and derive solutions for the optimal training
intervals T7 ¢, T, 1Y vpp—cda @0d 1746 cq, in the high SNR regime and derive

their limiting values for asymptotically low SNR.
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High SNR Regime The following proposition provides approximate solu-
tions of the optimal amount of training 7} for MF, ZF, RZF-CDA and RZF-CDU
precoding derived under the assumption of high SNR.

Proposition 4.3. Let pg, pui be large with ¢ £ pdi/ pul constant. Th_en, an ap-
prozimation of the sum rate maximizing amount of channel training T e Tiges

Tr and thrzf_cdu under MF, ZF, RZF-CDA and RZF-CDU precoding,

t,rzf —cda
respectively, is given by

_ T(1
e A Mmax BT (1 +5) K (4.31)
’ Do 1
LV par Ry ¢ (1 +0+ @)
- ¢ 2T'+c¢ ¢
Tt)tzf ~ Imax 5 ]. + 2 CR(Z)f — 5, K] s (432)
. max | 1—1—33;;;:—;,}(] ifg=1,
t,rzf —cda R I ST T ) (433)
max |5 1—1—261-;:;sz -5, K| ifg>1,
max | < 1+2i£ﬁf°‘—§7K if B =1,
rzf
tfrszcdu . I ST T ) (434>
max |3 1+26Efzf -5, K| ifg>1,

where RS, = log(1 + %)’ RS = log(1 + par(B — 1)) and RS, = log(3 +
Loa(B—1)+22).

Proof of Proposition 4.3. The sum rate Raum can be written as a function of
the per-user rate under perfect CSIT R° and the per-user rate gap AR as

_—_— T\ 120« =
RsumK(1T> (R~ AR].

The per-user rate under perfect CSIT }:%O under MF, ZF and RZF precoding
are given by Ry, = log(l + 1-&-1’%)’ or = log(l + pa(B — 1)) and R, =
log(% + %pdl(ﬁ - 1)+ @), respectively. Note that the rates of RZF-CDA
and RZF-CDU precoding are identical under perfect CSIT. The corresponding
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per-user rate gaps read

1+—+5

Pdl
ﬂTt mfPul
1+ sz + 1+T¢ mtpul

AR, = log ( (8~ )[(Pdl +1) 1)]>

1+E+Tt2f +pul(

L+ pa(B—1)+x(1) )
L+ wpa(B—1) + x(w)
(14 &[T} rat—cdupur + 52]>
T} raf—cdupul (1 + 01) + 92

Aerf—cda - 10g

Aerf—Cdu = log

where y(w ) is defined in (4.28). Denoting ¢ = 1 + T} mepur(1 + E) + E and

vE1 +oom + T 2t + pu(B — 1)], the derivatives take the form

ﬁé“i = B e AR+ K (1 - Tt’mf) (pr(glzrj:féijl))szﬁ (4.35)
T =~ )
Kk <1 - Tt,zf> (8 = Vpar + Dl + pua =~ 1} (4.36)
T P2+ (8= 1) (par + 1)
m = —g( vt — ARz _cda)
S ,
LK (1 3 Tt,rz}—cda) 11[:;1;(5@ 1)1‘*)‘_’)5 " (4.37)
m = —%( 6 — ARt _cdu) +K< Ttrz}mu)
pu(l+e)*01(1+ ;1) (4.38)

[Tt rzf— cdupul(1 + 51) + 52] [Tt rzf—cduPul + 51}

where W' = dw/th,rszcda = (1/pul + c)/(Tt,rszcda + 1/pul + C)2 and X/ =
dx/dT} 1p6—caa = [(B — 1)*ww’'p3, + &' par(1 + ) +1]/x. In (4.35)-(4.38) the
per-user rate gaps AR can be neglected for high SNR since AR < R°. Treating
the R° as constant, for pg, pu — 00 and ¢ = pg/py finite, equating (4.35)—

(4.38) to zero and solving for Ti me, Tt 26, Tt rof—cda a0d Tt rzf—cdu, respectively,
yields (4.31)—(4.34), respectively. Since we assumed T; > K, the solutions to
(4.35)—(4.38) are lower bounded by K, which completes the proof. O

Thus, for a fixed DL SNR pg;, the optimal training intervals scale as T} ~
VT for all precoders. Likewise, for a constant 7', the optimal training intervals

scale as thfth “raf— cda7Tt rzf—cdu ™ 1/+/log(pai), whereas for MF precoding
T

Fmt ~ 1/y/pai since lim,,, 0 R, = log(1 + B). Under ZF precoding, the
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same scaling has been reported in [33,69,70]. From this scaling it is clear that,
as pg — 00, T7 tends to K, the minimum amount of training.

Moreover, for B > 1, RS, .. > RS with equality if py — oo. There-
fore, RZF-CDA requires less training than ZF, but the training interval of both
schemes is equal for asymptotically high SNR. In case of full system loading
(8 = 1), RZF-CDA precoding requires less training compared to the scenario
where § > 1.

For $ =1, we have thrzf_cda > thrzf_cdu. Furthermore, for asymptotically
high SNR thzf = Tt*,rzf—cdu? since both precoding schemes are identical for
Pdi — O0.

Low SNR Regime For asymptotically low SNR pg;, pui — 0 with constant
ratio ¢ = pgi/pw the optimal amount of training is given in the subsequent
proposition.

Proposition 4.4. Let pg, pu; — 0 with constant ratio ¢ £ p_dl/pul _and T Z_QK,
Then, the sum rate mazimizing amount of channel training T} T}, and TY
under MF, ZF and RZF-CDA precoding converges to

mf’ rzf

lim T} .= lim T .= lim T/ .=
pai—0 t,mf pai—0 t,zf pai—0 t,rzf

(4.39)

o]

Proof of Proposition 4.4. Applying log(1 + x) = 2 + O(2?) and p, = pa/c,
equations (4.25) and (4.26) take the form

Sm T,mf T 7mfﬁ

g, = (1= Tt ) o0 o), (1.40)
Sz /Tt,zf Tt,zf(ﬁ - 1)

e = (1= Tt ) B0 o, (1.41)
DIz Tt,rzf Tt,rzfﬂ

e, = (1 ) Py oo, (1.42)

Maximizing equations (4.40), (4.41) and (4.42) with respect to Ty ms, Tt ¢ and
T vz, respectively, yields (4.39). Since, by definition, we assume orthogonal
pilot sequences, hence T; > K, the result (4.39) implies that T > 2K. O

For ZF precoding, the limit (4.39) has also been reported in [34]. Note that
MF and RZF precoding are equivalent at asymptotically low SNR since the
regularization term tends to infinity. Therefore, (4.40) and (4.42) have identical
first order approximation in pg for small pg;.

Case 2: pg > py, with finite py

This scenario models a high capacity DL channel where the primary sum rate
loss stems from the inaccurate CSIT estimate due to limited rate UL signaling
caused, e.g., by a finite transmit power of the users. Thus, the system be-
comes interference-limited and the optimal amount of channel training under
ZF precoding is given in the following proposition.
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Proposition 4.5. Let pgy — oo and py finite. Then the sum rate mazximizing
amount of channel training under ZF precoding TY ¢ is given by

— 1 a
j;@f—'puxﬂ__]) <)V(ae) 1), (4.43)

where W(z) is the Lambert W-function, defined as the unique solution to z =
W(2)e™?) | zeC.

Proof of Proposition 4.5. For ZF precoding and pg — 00, the sum rate (4.25)
can be approximated as

R T,
Riflm ~K (1 — ;f) log (1 + T} 4epui(B — 1)) . (4.44)

Setting the derivative of (4.44) with respect to T} ,¢ to zero, yields
log(a/w(Tiu)) = w(Ti ) — 1, (4.45)

where a £ p,T(8 — 1) + 1 and w(T} 4¢) £ (Ta)/[T + Tiut(a — 1)]. Equation
(4.45) can be written as
W(T ) e Ttat) = ge.

Notice that w(T} ) = W(ae). Thus, solving w(T} ) = W(ae) for T ¢ yields
(4.43). O

For asymptotically low p,;, we obtain lim, o Tt*zf = T/2 implying that
T >2K. ’

Under MF and RZF precoding, no accurate closed-form solution to (4.30)
has yet been found.

4.3.3 Numerical Results

Figures 4.8 and 4.9 depict the relative amount of training 7; /T as a function of
the downlink SNR under MF, ZF and RZF precoding.

In Figure 4.8, we plot T} /T obtained from the convex optimization in (4.30)
for MF (triangle markers), ZF (no markers) and RZF-CDA (circle markers)
precoding, respectively. We observe that Tt* /T decreases with increasing SNR.
That is, for increasing SNR the estimation becomes more accurate and resources
for channel training are reallocated to data transmission. Furthermore, Ty /T
saturates at K/T due to the orthogonality constraint on the pilot sequences.
Moreover, as expected from (4.32) and (4.33), we observe that the optimal
amount of training is lower for RZF-CDA than for ZF precoding which in turn
are both greater than thmf /T under MF precoding. That is expected, since at

high SNR, thmf decreases as 1/,/pq; which is faster than 1/+/log(pa;) for ZF
and RZF-CDA precoding. Furthermore, the relative amount of training Ty /T
for MF, ZF and RZF-CDA precoding converges at low SNR to 1/2, as predicted
by the theoretical analysis.
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Figure 4.9 compares the optimal solution T} /T, obtained from exhaustive
search and averaged over 1 000 channel realizations, to the approximate solution
Tt* /T from either convex optimization or the high SNR closed-form approxima-
tions in Proposition 4.3. The simulations are carried out for MF (triangle mark-
ers) and ZF (no markers) precoding. We do not plot the results for RZF-CDA
precoding since they are similar to those of ZF precoding and to improve the
readability of the figure. We choose a large coherence interval T' = 100000 to
ensure that Ty /T is not saturating at K /T for most of the simulated SNR range
(saturation occurs for MF precoding at a SNR of 40 dB). We observe that the
approximate solutions Tt* /T are very accurate for M = 32 and K = 16. More-
over, the high-SNR approximations become already very accurate for a SNR of
about 0 dB.

0.5

0.4

0.3

Tr/T

0.2
K
100

0.1

K
300

0
-30 —-20 —-10 O 10 20 30 40

Figure 4.8: Comparison of T} /T obtained by convex optimization for different
T with M = 32, K= 16, pdl/pul = 10, ®k = I]y[, P= %IK, RZF and MF are
indicated by circle and triangle marks, respectively.

In Figures 4.10 and 4.11, we plot the approximated optimal training inter-
val T} as a function of the coherence interval T' for a fixed SNR and compare
to the optimal T} computed via exhaustive search and averaged over 1000 in-
dependent channel realizations. In Figure 4.10, we compare the approximated
optimal training intervals T}, and T}, to T}, and T}, respectively. During
the exhaustive search under RZF-CDA precoding, the regularization term « is
computed using the large system approximation a* in (4.4). Figure 4.10 shows
that the approximate solutions 7, tfzf,Tt*)er become very accurate for K = 16.
Further notice that for M/K = 2, ZF and RZF need approximately the same
amount of training, as predicted by equations (4.32) and (4.33). Figure 4.11
depicts the results under MF precoding for a fixed downlink SNR of 5 dB.
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Figure 4.9: Accuracy of high SNR approximations with 7" = 100000, M = 32,
K =16, pu/pu = 10, O = Iy, P = %IK, RZF and MF are indicated by
circle and triangle marks, respectively.

We observe that the approximated optimal amount of training thmf becomes
accurate for K = 16. Moreover, it can be observed that the high SNR approxi-
mation in (4.31) matches very well with the solution of the convex optimization
in (4.30).

Figure 4.12 shows the ergodic sum rate under ZF precoding with fixed UL
SNR p,; = 5 dB for various training intervals. We observe (i) no significant
difference in the performance of the schemes employing either optimal training
T} ,¢, computed via exhaustive search, or T7,. obtained from a convex optimiza-
tion of the large system approximation (4.25), (ii) a small performance loss at
low and medium SNR of the (high-SNR) approximation of thzf in (4.43) and
(iii) a significant performance loss if the minimum training interval T} ,; = K is
used for all SNR. We conclude that our approximation in (4.43) achieves very
good performance and can therefore be utilized to compute T3 ,¢ very efficiently.
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Figure 4.10: RZF-CDU precoding, optimal amount of training vs.
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Figure 4.11: MF Precoding, optimal amount of training vs. T with pg = 5 dB,
Pul = —5dB ®k :IM, P= %IK and M/K =2.
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130 : : ‘

120 {{ — perfect CSIT
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Figure 4.12: ZF, ergodic sum rate vs. downlink SNR with M = 32, K = 16,
pu =5 dB, O =1y, P = +Ig and T = 1000.
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4.4 Optimal Feedback in Large FDD Multi-user
Systems

Consider a frequency-division duplex (FDD) system, where the users quantize
their perfectly estimated channel vectors and send the codebook quantization
index back to the transmitter over an independent feedback channel of limited
rate. The feedback channels are assumed to be error-free and of zero delay. The
quantization codebooks are generated prior to transmission and are known to
both transmitter and respective receiver. Due to the finite rate feedback link,
imposing a finite codebook size, the transmitter has only access to an imperfect
estimate of the true downlink channel. To obtain tractable expressions, we
restrict the subsequent analysis to i.i.d. Gaussian channels hy, ~ CN(0,1) Vk.

In the sequel, we follow the limited feedback analysis in [35], where each
user’s channel direction hy, = ”ﬁ‘ﬁ is quantized using B bits which are subse-
quently fed back to the transmitter. Under Rayleigh fading, the channel h can
be decomposed as hy = ||hg]|2 - hy,, where we suppose that the channel mag-
nitude ||hg||2 is perfectly known to the transmitter since it can be efficiently
quantized with only a few bits [35]. Without loss of generality?, we assume
random vector quantization (RVQ), where each user independently generates a
random codebook Cj, £ {Wki,..., Wyon} containing 28 vectors wy; € CM that
are isotropically distributed on the M -dimensional unit sphere. Subsequently,
user k quantizes its channel direction hy to the closest wg; according to

hy = arg wr,f}%)ék Hfl',:wki l|.

Under RVQ, the quantized channel direction hy, €Cj, is isotropically distributed
on the M-dimensional unit sphere due to the statistical properties of both, the
random codebook Cp and the channels hy. Thus, f01£ fine quantization with
small errors, the entries of both flk and ﬁk = ||hgl|2 - flk can be modeled with
good approximation as i.i.d. Gaussian of zero mean and unit variance. The
quantization error vector e can be approximated as ey ~ CN(0,15s) [71] and

we can write
flk:\/l_T;?hk+Tkek7 (446)

where 77 is the quantization error variance. The scaling in (4.46) is required
to ensure that the elements of hy have unit variance. Therefore, the effect of
imperfect CSIT under RVQ (4.46) is captured by the channel model (1.9). For
RVQ, the quantization error 72 £ ||]r~121~1k|| can be upper bounded as [35, Lemma
1]

T2 <27, (4.47)
The bound in (4.47) is tight for large B [35]. Moreover, since the quantization
codebooks of the users are supposed to be of equal size, the resulting CSIT

2The derived scaling results hold for any quantization codebook [35].
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distortions are assumed identical, i.e., T,f = 72 Vk. Under this assumption and
equal power allocation, for large M, the SINR 7 is identical for all users and,
hence, optimizing 7 is equivalent to optimizing the per-user rate R = log,(147)
bits/s/Hz and the sum rate Reum = KR.

In the following, in particular under RVQ, we will derive the necessary scaling
of the distortion 72 to ensure that

M—o00

ARy, —logy b "— 0,

almost surely, where ARy, is defined in (3.102) and b > 1. That is, a constant
rate gap of log, b is maintained ezactly as M, K — oo. A constant rate gap
ensures that the full multiplexing gain of K is achieved. Thus, the proposed
scaling also guarantees a larger but constant rate gap to the optimal DPC
solution with perfect CSIT. The choice of a rate offset log, b is motivated by mere
mathematical convenience to avoid terms of the form 2° and to be compliant
with [35].

With this strategy we closely follow [35]. In [35, Theorem 1], the author
derived an upper bound of the ergodic per-user gap AR, for ZF precoding with
M = K and unit norm precoding vectors under RVQ, which is given by

ARy < log, (1 +p- 2*%) . (4.48)

We cannot directly compare the deterministic equivalents to the upper bound
in (4.48) for two reasons, (i) under ZF precoding and M = K, a deterministic
equivalent for the per-user rate gap does not exist and (ii) [35] considers unit
norm precoding vectors, whereas in this thesis we only impose a total power
constraint (1.11). Concerning (i), at high SNR, we can use the deterministic
equivalent for RZF-CDU precoding given in Corollary 3.13 as a good approx-
imation for ZF precoding, since for high SNR the rates of RZF-CDU and ZF
precoding converge. Regarding (ii), deriving a deterministic equivalent of the
SINR under linear precoding with a unit norm power constraint on the precod-
ing vectors is difficult, since it introduces an additional non-trivial dependence
on the channel. However, it is useful to compare the accuracy of the upper
bound in (4.48) and the deterministic equivalent ARk}er,Cdu in Corollary 3.13
at high SNR.

Figure 4.13, depicts the per-user rate gap as a function of the feedback
bits B per user under ZF precoding at a SNR of 25 dB. We simulated the
ergodic per-user rate gap AR, and E [ARy; 4¢] of ZF precoding with unit norm
precoding vectors and total power constraint, respectively. We compare the
numerical results to the upper bound (4.48) and to the deterministic equivalent
AR;“Zf,Cdu for M = K =5 and M = K = 10. For both system dimensions
AR, and E[ARy 4] are close, suggesting that our results derived under the
total power constraint may be a good approximation for the case of unit norm
precoding vectors as well. As mentioned in [35], the accuracy of the upper
bound increases with increasing B but the deterministic equivalent ARk’er,Cdu
appears to be more accurate for both M = K =5 and M = K = 10. In fact,

148



4.4 Optimal Feedback in Large FDD Multi-user Systems

149

- ARy

—8- E[ARk’Zf]

- A- (4.48)

- %= A[%k,rzf—cdu

per-user rate gap [bits/s/Hz|
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B

Figure 4.13: ZF, per-user rate gap vs. number of bits per user with p = 25 dB,
O =1,

for M = K = 10, ARk,er_cdu approximates the per-user rate gap significantly
more accurately than the upper bound (4.48) for the given SNR. We conclude,
that the proposed deterministic equivalent ARk’er,Cdu is sufficiently accurate
and can be used to derive scaling laws for the optimal feedback rate.

In the following, we compare the scaling of 72 under RZF-CDA, RZF-CDU
and ZF (M > K) precoding to the upper bound given for ZF (M = K) pre-
coding in [35, Theorem 3|. For the sake of comparison we restate [35, Theorem

Theorem 4.1. [35, Theorem 3]. In order to maintain a rate offset no larger
than logy b (per user) between zero-forcing with perfect CSIT and with finite-rate
feedback (i.e., AR(p) <logy b Vp), it is sufficient to scale the number of feedback
bits per mobile according to

Byt = (M —1)logy p — (M — 1) log, (b — 1)

L g — (M~ 1) logy (b~ 1),

where pgp = 10log, p. It is also mentioned that the result in [35, Theorem

3] holds true for RZF-CDU precoding for high SNR, since ZF and RZF-CDU

precoding converge for asymptotically high SNR. Furthermore, it is claimed,

corroborated by simulation results, that [35, Theorem 3] is true under RZF-
CDU precoding for all SNR.

In order to correctly interpret the subsequent results, it is important to

understand the differences between our approach and the approach in [35]. The

scaling given in [35, Theorem 3] is a strict upper bound on the ergodic per-user

~
~
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rate gap Fr[ARy] for all SNR and all M = K under a unit norm constraint on
the precoding vectors. In contrast, our approach yields a necessary scaling of 72
that maintains a given instantaneous target rate gap logy b exactly as M, K — oo
under a total power constraint. Therefore, our results are not upper bounds for
small M, i.e., we cannot guarantee that ARy < log, b for small dimensions.
But since for asymptotically large M, the rate gap is maintained exactly and
we apply an upper bound on the CSIT distortion under RVQ (4.47), it follows
that our results become indeed upper bounds for large M. Simulations reveal
that under the derived scaling of 72, the per-user rate gap is very close to
logy b even for small dimension, e.g., M = 10. Concerning the ergodic and
instantaneous per-user rate gap, the reader is reminded that our results hold
also for ergodic per-user rates as a consequence of the dominated convergence
theorem, cf. Remark 3.5.

Consequently, a comparison of the results in [35] to our solutions is mean-
ingful especially for larger values of M, where our results become upper bounds.

In the following section, we apply the deterministic equivalents of the per-
user rate gap under RZF-CDA, RZF-CDU and ZF precoding provided in Corol-
laries 4.3, 3.13 and 3.14, respectively, to derive scaling laws for the amount of
feedback necessary to achieve full multiplexing gain.

4.4.1 RZF-CDA Precoding

Proposition 4.6. Let ®;, = I,; Vk. Then the CSIT distortion 72, such that the
rate gap ARy rzt—cda Of user k between RZF-CDA precoding with perfect CSIT
and imperfect CSIT satisfies

M —o00

AFik,rzf—cda - 10g2 b —0

almost surely, has to scale as
7_2 _ (brszcda(pv b)7 (449)
P
Bertea(prb) = pl(L+B)b+6(8 - 1)] = 5;(5 = b?)
e (L+B)b+3(8 — 1) + 55(62 —02)
0=1=b+x(1)+p(B-1),
where  is defined in (4.9). With 3 = 1, the distortion 72 has to scale as

(4.50)

14+4p— 2
S R 3

1

3+% o

Proof of Proposition 4.6. Set ARy, cqa given in Corollary 4.3 equal to log, b
and solve for 72. O

Although the proposed scaling of 72 in (4.49) converges to zero for asymp-
totically high SNR, we can approximate the term ¢,,t—cda(p, b) in the high SNR
regime.
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Proposition 4.7. For asymptotically high SNR, the term Qgrzf_cda(p, b) defined
in (4.50) converges to the following limits,

lim Q_Srzf—cda(p, b) = (451)

p—00

-1 ifp=1
b—1 4fB>1.

Proof of Proposition 4.7. For 8 = 1 observe that ¢ scales as 2,/p. Thus, for
p — 00, (4.50) converges to b — 1. If 8 > 1, the term ¢ takes the form

S=1-b+(B—-Dp+1—-Blp(1+o01) = 2p(8—-1)+1—b.
Therefore, for p — 00, (4.50) converges to b — 1, which completes the proof. [

Remark 4.2. Note that lim, M%‘“(p’b) =0 and thus, we require 5 > 1 to
ensure that the limit p — oo of the deterministic equivalent is well defined, see
Remark 4.1. However, for finite SNR with the approximation in Proposition 4.7,
we have 72 > 0 and the scaling result holds true.

To compare Proposition 4.6 to [35, Theorem 3], we use the upper bound on
Brzf—cda

the quantization distortion (4.47), i.e., 72 =277 ™=1 | where Biyf—cda is the
number of feedback bits per user under RZF-CDA precoding. Thus, (4.49) can
be rewritten as

Brzf—cda = (M - 1) 10g2 pP— (M - 1) 10g2 Qgrzf—cda(pv b) (452)

4.4.2 RZF-CDU Precoding

Although the RZF-CDU precoder is suboptimal under imperfect CSIT, the re-
sults are useful to compare to the work in [35].

Proposition 4.8. Let ®, = I,; Vk. Then the CSIT distortion 72, such that
the rate gap ARy raf—cau with o = 1/(Bp) of user k between RZF-CDU precoding
with perfect CSIT and imperfect CSIT satisfies

M—o0

Aj{k,rzf—cdu - logg b —"0

almost surely, has to scale as

2 _ Qgrszcdu(pv b)

p )
(b—1—=¢e)p+(1+e)? +be[p+(1+e)?
(b—1—e)[l = (1+e)?] +be[l+ (1 +e)?]

T

Qgrzf—cdu (pa b) =

where e is defined in (3.84).

Proof of Proposition 4.8. Set ARy rzt—cdu from Corollary 3.13 equal to logy b
and solve for 72. O
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An approximation of the term (erzf_cdu(p,b) at high SNR is given in the
following proposition

Proposition 4.9. For asymptotically high SNR, qgrzf,cdu(,o, b) converges to the
following limits,

2b—1) iff=1

: (4.53)
b—1 if 6> 1.

lim &rzf—cdu(pa b) = {
p—00

Proof od Proposition 4.9. For 3 = 1 and p large, e scales as /p. Therefore,
lim, o0 Graf—edu(p,b) = 2(b—1). If B > 1, for large p, the term e scales as
p(8 —1). With this approximation we obtain lim,_, Grat—cau(p,b) = b — 1,
which completes the proof. O

_ Applying the upper bound on the CSIT distortion under RVQ (4.47) with
B¢ cau bits per user, we obtain

Byst—can = (M —1)logy p — (M — 1) log, Qgrzf—cdu(/)v b). (4.54)

4.4.3 ZF Precoding

The following results are only valid for 8 > 1 and thus, they cannot be compared
to [35, Theorem 3] which are derived under the assumption M = K. However,
for high SNR the results for the RZF-CDU precoder are a good approximation
for the ZF precoder as well, even for § = 1.

Proposition 4.10. Let 8 > 1 and O = I Yk, to maintain a rate offset
ARy, 4+ such that

M— o0

ARy s —logab "— 0

almost surely, the distortion 72 has to scale according to

(b
7_2 _ d) f(pv ),
p
- (-1 +p(B-1)]
(0, b) = . 4.55

Proof of Proposition 4.10. From Corollary 3.14 Set AR, = log, b and solve for
72 O
Proposition 4.11. For asymptotically high SNR, ¢,¢(p,b) in (4.55) converges
to

lim ¢u¢(p,b) = b — 1. (4.56)

p—00
Proof of Proposition 4.11. From (4.55), the result is immediate. O

Under RVQ with By feedback bits per user, we have
Byt = (M — 1)logy p — (M — 1) logy bt (p, b). (4.57)
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4.4.4 Discussion and Numerical Results

At this point, we can draw the following conclusions. The optimal scaling of
the CSIT distortion 72 is lower for 3 = 1 compared to 8 > 1. For g = 1,
the optimal scaling of the feedback bits Biys—cda, Braf—edu and B for ZF in [35,
Theorem 3] are different, even at high SNR. In fact, for large M, under RZF-
CDU precoding and ZF precoding, the upper bound in [35, Theorem 3] appears
to be too pessimistic in the scaling of the feedback bits. From (4.54) and (4.53),
a more accurate choice may be

Bist—can = (M —1)logy p — (M — 1) logy(2(b — 1)), (4.58)

i.e., M — 1 bits less than proposed in [35, Theorem 3]. However, recall that
(4.58) becomes an upper bound for large M and a rate gap of at least log, b
bits/s/Hz cannot be guaranteed for small values of M. Moreover, for high SNR,
B =1 and large M, to maintain a rate offset of log, b, the RZF-CDA precoder
requires (M — 1)log, (%) bits less than the RZF-CDU and ZF precoder and
(M —1)logy(b+ 1) bits less than the scaling proposed in [35, Theorem 3].

In contrast, for 4 > 1 and high SNR, we have Byy_cda = Bigt—cdu = Bus.
Intuitively, the reason is that, for 8 > 1, the channel matrix is well conditioned
and the RZF and ZF precoders perform similarly. Therefore, both schemes are
equally sensitive to imperfect CSIT and thus the scaling of 72 is the same for
high SNR.

Note that our model comprises a generic distortion of the CSIT. That is,
the distortion can be a combination of different additional factors, e.g. channel
estimation at the receivers, channel mismatch due to feedback delay or feed-
back errors (see [32]) as long as they can be modeled as additive noise (1.14).
Moreover, we consider i.i.d. block-fading channels, which can be seen as a worst
case scenario in terms of feedback overhead. It is possible to exploit channel
correlation in time, frequency and space to refine the CSIT or to reduce the
amount of feedback.

Figures 4.14 and 4.15 depict the ergodic sum rate of RZF precoding under
RVQ and the corresponding number of feedback bits per user B, respectively.
To avoid an infinitely high regularization term &*, the minimum number of
feedback bits is set to one.

In Figure 4.14, we plot the ergodic sum rate for RZF precoding under perfect
CSIT with total power constraint (red solid lines) and unit norm constraint on
the precoding vectors (red dashed line). We observe, that the sum rate under
unit norm constraint is slightly larger at high SNR, suggesting that our scal-
ing results for RZF precoding derived under a total power constraint become
inaccurate under the unit norm constraint at high SNR. Hence, one has to be
cautious when comparing the scaling in [35, Theorem 3] directly to the scaling
derived with the large system approximations at high SNR. From Figure 4.14,
we further observe that (i) the desired sum rate offset of 10 bits/s/Hz is approx-
imately maintained over the given SNR range when B is chosen according to
(4.52) and the high SNR approximation in (4.54) under RZF-CDA and RZF-
CDU precoding, respectively, (ii) given an equal number of feedback bits (4.52),
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—— RZF, 72 = 0 (total power) - = = RZF, 72 = 0 (unit norm)
—O— RZF-CDA, Byt cda (4.52) /B RZF-CDU, Byt cda (4.52)
—A— RZF-CDU, B = Y=L p15  —#— RZF-CDU, Bisf—cau (4.58)
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Figure 4.14: RZF, ergodic sum rate vs. SNR under RZF precoding and RVQ
with B feedback bits per user, where B is chosen to maintain a sum rate offset
of Klogyb =10, ®; =1 Vk and M = K = 10.

the RZF-CDA precoder achieves a significantly higher sum rate compared to
RZF-CDU for medium and high SNR, e.g., about 2.5 bits/s/Hz at 20 dB and
(iii) to maintain a sum rate offset of K bits/s/Hz, the proposed feedback scaling
of B = %pd]g for unit norm precoding vectors [35] is very pessimistic, since
the sum rate offset to RZF with total power constraint and unit norm constraint
is about 6 bits/s/Hz and 7 bits/s/Hz at 20 dB, respectively.

We conclude that the proposed RZF-CDA precoder significantly increases
the sum rate for a given feedback rate or equivalently significantly reduces the
amount of feedback given a target rate. Moreover, the scaling of the number
of feedback bits under RZF-CDU precoding proposed in [35, Theorem 3] ap-
pears to be less accurate under a total power constraint than our large system
approximation in (4.52).

4.4.5 Comparison of Digital Feedback to Analog Feedback

Instead of quantizing the channel direction, the users can also directly feedback
their estimated channel coefficients by modulating the carrier with their channel
estimate. Such a scheme is called analog feedback and has been studied in
[72,73]. Similar to the work in [32], we will compare the performance of analog
feedback to channel quantization under RVQ (referred to as digital feedback)
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Figure 4.15: RZF, B feedback bits per user vs. SNR, with B to maintain a sum
rate offset of K logy, b =10 and ©f, = I, Vk, M = K = 10.

for an error-free, zero-delay AWGN feedback link. The analysis in [32] has been
carried out for ZF precoding with M = K and unit norm precoding vectors using
bounds on the ergodic per-user rate (similar to [35]). In our case, we apply the
large system rate approximations derived under a total power constraint which
are almost surely exact as M — oo. Furthermore, we study MF, ZF and RZF
precoding.

Assuming perfect CSIR, the signal rj observed by the transmitter is given

by
rp = \/nPyhy +ny, (4.59)

where P, is the available transmit power of the users, 7 is the number of channel
users per channel coefficient, i.e., to estimate the channel coefficient hy; ~
CN(0,1), 7 =1,...,M, at least n > 1 channel uses are required. Moreover,
we assume that the noise level in the uplink is the same as in the downlink,
i.e., ny ~ CN(0,0%I,;). Similar to the case of pilot signaling, the transmitter
is performing MMSE estimation of the channel coefficients hj;. Therefore, the
estimated channel coefficients Ekj can be written as

hiy = mhkj + Tat€rj, (4.60)

where ej,; ~ CN(0,1) is independent of hy; and 7% is given by
1
2
T =
af 1+ Npul ’

where we defined the uplink SNR. p,; £ P,;/0?. Substituting (4.61) into the
deterministic equivalents of the per-user rate gap under the various precoding

(4.61)
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schemes yields an approximation of the per-user rate gap under analog feedback.
To compare to digital feedback, we make the same assumptions as in [32], i.e.,
we suppose an error-free AWGN feedback link operating at capacity logy (14 pu;)
bits per symbol. Furthermore, since analog feedback estimates also the channel
magnitude, whereas digital feedback only quantizes the channel direction, we
assume that nM feedback symbols correspond to n(M — 1) feedback symbols
in the digital feedback scheme.? Therefore, under RVQ the number of feedback
bits per user B becomes B = n(M —1)log, (14 py;) resulting in an upper bound
of the quantization error of

1

m. (4.62)

From (4.62) and (4.61) it is clear that for n = 1, the approximated rates of
analog feedback and digital feedback are identical and both schemes perform
equally well. We will see that, except under MF precoding, for n > 1 analog
feedback is strictly sub-optimal and is outperformed by the digital feedback
scheme. The same conclusions have been drawn in [32] for ZF precoding.

In what follows, we compute a deterministic equivalent of the per-user rate
gap under analog feedback AR for different precoders and compare it to the
corresponding per-user rate gap under RVQ AR at asymptotically high SNR,
i.e., uplink SNR p,; and downlink SNR pg £ P/o? go jointly to infinity with
finite ratio ¢ £ pg;/pw. The approximated per-user rate gaps AR and ARY
are obtained by substituting 72 by (4.61) and (4.62), respectively, into the de-
terministic equivalent of the per-user rate gap AR.

MF Precoding

From Corollary 3.12, the approximated per-user rate gap under MF precoding
ARys converges for asymptotically high SNR to the following limit.

lim ARM, = ARY, =0. (4.63)
Pdl—>00
Thus, under MF precoding the approximated per-user rate gap vanishes for
both analog feedback and digital feedback. Both schemes perform equally well
since the rate of user k saturates at log,y(1 + B(1 — 72)) and for both schemes
the error 72 goes to zero as p,; — 00, although for n > 1 the convergence under
digital feedback is faster than under analog feedback, cf. Figure 4.19.

RZF-CDA Precoding

The approximated per-user rate gap under RZF-CDA precoding Rizf—cda iS
given in Corollary 4.3.

30ne symbol could be used to feedback the channel magnitude information.
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Proposition 4.12. For asymptotically high SNR, the rate gap of RZF-CDA
precoding under analog feedback converges to the following limits,

%logz(l—i—%) ifs=1

pdglinm AR o = log, (1 n %) i8> 1. (4.64)

Proof of Proposition 4.12. For 8 = 1, from Corollary 4.3, AR, . reads
AR = logs (1ot L) (465)
where w = 12— Noting that lim,,, 0 w = 1/(c+7), AR, .. converges

o (4.64). If 8 > 1, from Corollary 4.2, the approximated SINR 7,,¢_c4, under
imperfect CSIT scales as 2wpq (8 — 1) and we obtain (4.64), which completes
the proof. O

For 8 > 1 and ¢ = 1, the same limit has been obtained in [32] for M = K
under ZF precoding. On the contrary if 8 = 1, the rate gap is only half as
large as for § > 1 under RZF-CDA precoding or as the bound in [32] for ZF
precoding with M = K. Therefore, optimal regularization reduces the rate gap
(sum rate gap or per-user rate gap) by half.

Under digital feedback for n > 1 we have lim,, 0o AR .
lim,, oo w =1, i.e., the rate gap vanishes at asymptotically high SNR.

= 0 since

RZF-CDU Precoding

The approximated per-user rate gap ARy cdu 18 given in Corollary 3.13. Under

analog feedback AR, .~ converges to the following limits.

Proposition 4.13. For asymptotically high SNR, the rate gap of RZF-CDU
precoding under analog feedback converges to the following limits,

logy (1+5=) fB=1
lim Aerf cdu — ’ 277)

(4.66)
par—00 log, (1+£) #8>1.

Proof of Proposition 4.13. For analog feedback 72 ~ npc ,if B =1, e in Corol-
lary 3.13 scales as e ~ /pg and thus the approxunated SINR of RZF-CDU
precoding under imperfect CSIT scales as 2,/pa/(2 + ¢/1) and we obtain the
result in (4.66). In the case § > 1, e ~ pgi(8 — 1) and the approximated SINR
under analog feedback scales as %ﬁ;ﬁl) yielding (4.66), which completes the

proof. O

Therefore, ARY, . > AR, . for 3 =1 and both are equal for 3 > 1.
Similar to RZF CDA precoding, for n > 1, the per-user rate gap under digital
feedback AR vanishes at high SNR.

rzf—cdu
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ZF Precoding

The approximated per-user rate gap AR, is given in Corollary 3.14. Under
analog feedback AR converges to the following limit.

Proposition 4.14. Let § > 1, then for asymptotically high SNR, the rate gap

of ZF precoding under analog feedback converges to the following limit,

lim AR =log, <1 + ;) ) (4.67)

Pdl—>0

Proof of Proposition 4.14. From Corollary 3.14 together with (4.61), we have

w= % and therefore lim,,, oo w = 1/(c + 7). Substituting into AR2f
and taking the limit pgy — oo yields (4.67), which completes the proof. O

Since ZF precoding and RZF-CDU precoding are identical for asymptotically
high SNR, we have lim,,, .o AR = log,(1 + 3;) if g =1

Numerical Results

In Figures 4.16 and 4.17 we plot the ergodic sum rate under RZF-CDA and
RZF-CDU precoding, respectively. To compare analog and digital feedback, we
choose i = 2, since for 7 = 1 both schemes perform equally. As expected for n >
1, for both precoders it can be observed that digital feedback outperforms analog
feedback and the rate-gap vanishes as the SNR grows large. Furthermore, the
approximated sum rate gaps under RZF-CDA and RZF-CDU precoding, given
by Propositions 4.12 and 4.13, are 8.8 bits/s/Hz and 9.7 bits/s/Hz, respectively,
which are very close to the true rate gaps 8.3 bits/s/Hz and 9.6 bits/s/Hz,
respectively. Hence, the approximations are very accurate for both schemes.
RZF-CDA precoding achieves a smaller rate gap since it takes the quantization
error into account.

The same observations and conclusions for the RZF precoders also hold for
the ZF precoder in Figure 4.18. From Proposition 4.14, the approximated sum
rate gap is 8.8 bits/s/Hz which is also very accurate compared to the true sum
rate gap of 8.1 bits/s/Hz. The ergodic sum rate gap under MF precoding in
Figure 4.19 vanishes for both analog feedback and digital feedback at high SNR,
but digital feedback outperforms analog feedback at low and medium SNR.
Both schemes perform equally at high SNR since the sum rate under MF pre-
coding saturates at high SNR even under perfect CSIT due to the inter-user
interference. The sum rate loss caused by the interference is significantly larger
than any loss due to limited feedback. Therefore, the performance of the MF
precoder is interference-limited and not feedback-limited.
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Figure 416 RZF—CDA, M = K = 30, @k = ]:1\/[7 P = %IK, Pdl = Pul and
n=2.
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Figure 4.17: RZF-CDU, M = K = 30, ©) = Iy, P = %Ik, py = pu and
n=2.
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Figure 4.18: ZF, M = 30, K = 15, O = I/, pai = pu and n = 2.
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Figure 4.19: MF, M = K =30, P = %I;@@k = Iy, pat = pur and n = 2.
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Chapter 5

Unitary Precoding with
Constant Modulus
Constraint

In this chapter, we study a precoder that takes the practical constraints on the
transmit RF power amplifiers into account and allows for ezact SINR computa-
tion at the receivers. From a practical point of view, additional fluctuations in
the signal amplitude caused by the precoding operation decrease the efficiency
of the RF power amplifiers which is undesired. Furthermore, in the current
LTE standard the users have no possibility to estimate the multi-user interfer-
ence. That information could be exploited in the receive algorithm resulting in
higher supportable rates and an improved user scheduling. Unlike the previously
discussed precoding techniques, the unitary precoder with constant modulus el-
ements, studied in this chapter, alleviates these drawbacks. In particular, it
only applies phase changes to the transmit signal and thus does not lead to
any additional fluctuations in the instantaneous transmit power. Moreover, the
property of orthogonal precoding vectors enables each user to exactly compute
the multi-user interference power and hence the SINR.

The chapter is structured as follows: In Section 5.1, we discuss the mo-
tivation behind the constraints and their practical implications. Section 5.2
discusses the unitary precoder. In Section 5.3, we analyze the unitary precoder
with constant modulus constraint. In Section 5.4, we propose an algorithm
to compute the sum rate maximizing constraint unitary precoder. Finally, in
Section 5.5, we carry out simulations and discuss the results.
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5. Unitary Precoding with Constant Modulus Constraint

5.1 Introduction and Motivation

The constrained unitary beamforming (CUBF) technique is motivated by prac-
tical constraints in the radio front-end and improved user scheduling. It is more
efficient to have balanced transmit powers, since all power amplifiers can be de-
signed for the same dynamic range. Different additional amplitude variations of
the transmit signal due to the precoding operation require a larger linearity re-
gion of the power amplifiers which renders them inefficient and more expensive.
Moreover, the unitarity of the precoding matrix enables the users to compute
the multi-user interference power accurately. The information about the MU
interference power can be used in the receiver to enhance the decoding capa-
bility and thus higher rates can be supported. Moreover, an accurate SINR
estimation at the receiver leads to a better performance of the user scheduling
algorithm. For instance in [74], the authors proposed to exploit the MU in-
terference in the receiver to increase the performance. These are two reasons
why codebooks containing unitary constant modulus matrices are chosen for
MU-MIMO precoding, for instance in the LTE and LTE-A standards [75].

The problem of designing optimal unitary codebooks for MU-MISO has been
addressed in [76]. However, in this thesis, we assume that the transmitter
computes the optimal unitary precoder based on the available CSIT. A closed
form solution for the sum rate maximizing unitary precoder for M = 2 has
been derived in [77]. For arbitrary M, the authors in [78] proposed an iterative
algorithm based on successive Givens rotations to compute the optimal unitary
precoder. This algorithm is rather complex. Therefore, we propose to apply
an efficient steepest descent algorithm in Riemannian space from [79,80] to
compute the sum rate maximizing unitary precoder. Introducing the additional
constraint of a constant magnitude of the precoder entries significantly reduces
the degrees of freedom for the precoder optimization. We address the problem
of finding the sum rate maximizing CUBF matrix by exploiting a description of
complex Hadamard matrices based on an equivalence relation [81].

5.2 Unitary Precoding

Consider M = K and let the entries of the channel matrix H be i.i.d. Gaussian
distributed with zero mean and unit variance. Denote the unitary beamforming
matrix as Gypr = [gl, ey gK] G(CMXK, G‘beGubf = GubfGEbf = I. Under this
assumption and with equal power allocation (py = P/K Vk) the SINR 7y ybr of
user k takes the form [82]

2
Vi

. = —-_—————mm 3 5.1

Vk,ubf Gt 1— 102 (5.1)

where &, = ﬁ(fﬂz’ ve = |hflg,| € [0,1] is the alignment between the chan-
_ 2

nel direction hy, = ”ﬁ:” and the precoding vector g of user k. The sum rate
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maximizing unitary precoding matrix G, ; is the solution of the following op-
timization problem.

Gl = argmax { Roum } (5.2)
Gubf
st. GH .G =1k, (5.3)

where Rgum is given in (1.7). This is a nonconvex optimization problem with
nonlinear constraints. A closed form solution for M = 2 has been derived in [77].
In [78] this problem has been approached via an iterative algorithm based on
successive Givens rotations. In contrast, we use the self-tuning Riemannian
steepest descent algorithm [79, Table II], given in Table 5.1, to solve the op-
timization problem in (5.2). Define the element (4,j) of the gradient matrix
I' =Vg,,Rsum as

ORsum
I = G (5.4)
The gradient matrix I' of the cost function in (1.7) is given by
T = [chihl'g;, ... cxhghtlgk] (5.5)
with ¢ = (& +1—17) . (5.6)
The gradient direction in Riemannian space ® is defined as [79]
® =TG- G,,T™. (5.7)

Following the gradient ® the algorithm in Table 5.1 guaranties to converge to
a local maximum. If only an imperfect channel estimate H is available at the
transmitter, then the optimization algorithm takes H as an input instead of H.
We will use this algorithm to compare unitary precoding to unitary precoding
with constant modulus constraint. The unitary precoder with constant modulus
elements is the subject of the next section.

5.3 Unitary Precoder with Constant Modulus
Elements

This section describes the CUBF matrices by applying a framework for the
description of complex Hadamard matrices.

5.3.1 Description of Complex Hadamard Matrices

In this section, we provide the mathematical framework for the construction of
unitary beamforming matrices with constant modulus entries Geype. We first
introduce various definitions that we will use later to parametrize Geups.

Definition 5.1. A square matrix A of size M where the entries are of equal
modulus |a;;|* = ﬁ; i,7=1,..., M, is called normalized Hadamard matriz if

AAN =1, (5.8)
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INPUT: H, P, o2
OUTPUT: G,
Step 1: # Initialization
j=0, Gfljb)f:IM and p =1
Step 2: # Gradient of sum rate on Euclidean space
I'0) = [e;hyhHg) | cxhht g with
; ) -1
o) = (g +1-4)2)
Step 3: # Gradient direction in Riemannian space
30 = TO(GY ) - G r0)
Step 4:
Evaluate 1R(tr®V)(®())H) if small enough, then STOP and
Glne = Gijgf
Step 5: # Determine the rotation matrices
RU) = exp(/uI)(j)), TU = RORG)

Step 6: , 4

while |Ryun (G)) = Reun (TG > §R(r@ ) (20)H)

do
RU) = TW, TU) = RORY), yy =2

end while

Step T7: _ _

while |Raumn(GU)) — Reum (RG] < ER(tr00) (20)H))
RU) = exp(u@W), =4

end while

Step 8: # Update
ngt:;l) = R(j)GEIJb)p j=j+1, goto Step 2

Table 5.1: Self-tuning Riemannian steepest descent algorithm from [79, Table
II] applied to compute sum rate maximizing unitary precoder G};.

The set of normalized complex Hadamard matrices of size M is denoted Hj,.
In the unnormalized case: AA" = M 1,,.

Definition 5.2. [81, Definition 2.2] The complex Hadamard matrices { A, Al e
Har are equivalent, written A = A, if there exist diagonal unitary matrices
D,,D. and permutation matrices Py, P, such that'

A =D,P,AP.D.. (5.9)

There are M! row and column permutation matrices P, and P, respectively.
The equivalence class of A € Hpr under the equivalence relation (5.9) is

Qu(A) ={B € Hu|A =B} (5.10)

n this definition transposition and complex conjugate are excluded since they are mean-
ingless in the application of precoding.
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We denote Gay = Har/~, the set of equivalence classes Gy .

In the next section, we will present the set G of equivalence classes for
several dimensions M.

5.3.2 Equivalence Classes

Interestingly, the complete set of equivalence classes Gy is only known for M <
6. The problem of finding all equivalence classes for dimensions M > 6 remains
unsolved and a catalog of known equivalence classes can be found in [81]. In the
following we give a short overview of the (unnormalized) equivalence classes for
M=2 .5

M =2

There is only one equivalence class Go = {Q2(F2)} with

Fo— E 11] (5.11)

The real Hadamard matrix coincides with the discrete Fourier transform (DFT)
matrix Fo, where Fj; of size M is defined as

Fur(m,n) = e VMDD . =12 M. (5.12)

M =3

There exists only one equivalence class Gz = {Q3(F3)} equal to the DFT matrix
F3 defined in (5.12).

M=4

Here, there exists a continuous family of equivalence classes with one free pa-
rameter G4 = {Q4(Q4(0)); 0 € [Z,27)}, where Q4(6) is defined as

272
1 1 1 1
1 -1 eiO _6i9
QO =1, | 1 _ (5.13)
1 —1 —¢if el

Note that the real Hadamard matrix Qg(7) and the DFT matrix Fy = Q4(%)
are special cases of (5.13).

M=5

All complex Hadamard matrices are equivalent to the DFT matrix, i.e., G5 =
{Qs(Fs)}-

In the next section, we will apply the framework of describing all complex
Hadamard matrices through the equivalence relation (5.9) to parametrize the
CUBF matrices which are a special case of complex Hadamard matrices.
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5.3.3 Parametrization of CUBF Matrices in MISO BC

In general, the set of CUBF matrices is equal to the set of normalized com-
plex Hadamard matrices Hjy;. The description of H s is solely given by the
equivalence relation (5.9) and the equivalence classes (5.10) and can be used to
parametrize the CUBF. However, depending on the objective function, some pa-
rameters in the general description become obsolete. If the beamforming matrix
Gubr is intended to modify the SINR of each user in (5.1) (and hence the sum
rate) the diagonal unitary matrix D. in (5.9) can be omitted since it does not
affect the SINR (5.1). Consequently, the diagonal unitary matrix D, in (5.9)
takes the form

D, = diag([1,e"*", ..., el¥nm-1]) (5.14)

with ¢; € [0,27), i =1,2,...,M — 1.

Remark 5.1. One may remark that the equivalence relations in (5.9) involve
continuous parameters (phases in the diagonals) and discrete parameters (per-
mutations). One may think of counting the number of continuous parameters
by subtracting from the 2M? real entries the number of real constraints imposed
by CUBF: M? due to unitarity, (M — 1)? for the constant element magnitudes
(suffices to apply to a (M — 1) x (M — 1) sub-matriz), and M (for a first row
of all 1’s). One ends up with M — 1 degrees of freedom, which correspond to
the matriz D,. The curiosity is the unexpected appearance of 0 in Q4$(0). The
explanation is that counting the obvious constraints must lead to redundancies.
The appearance of the additional free parameters can be explained as follows.
(Unnormalized) complex Hadamard matrices can in fact be constructed recur-
sively as follows: [83] V(A,B) = {2 _BB] where A and B are itself complex
Hadamard and hence allow equivalence transformations as in (5.9). Now, for
A they do not need to be applied since they can equivalently be applied to V.
However, since B appears both as B and —B, not all equivalences on B appear
in V. At M = 4, we can take A = B = Fso, but the one such equivalence that
needs to be allowed at the level of B is DB with D = diag([1 €i%]). So we obtain
for M = 4: V(Fy, DF5).

If M = 4 another construction of CUBF matrices via the Householder trans-
formation exists which is used in 3GPP LTE [75]. The set V of all CUBF
matrices generated by the Householder transformation is

uuH
V:{V:IM—QH uc CM*L | =1, u1=1}. (5.15)
u'ua

The construction of a CUBF matrix via the Householder transformation de-
scribes only a subset of all possible CUBF matrices. In fact, ¥V C Q3(w) C
Hy. To prove V C Q4(w) C Ha, observe that V = Qg(w) since we have
Q4(r) = 2P, D;DHVDD, P, with D = diag(u), D; = diag([1, -1, -1, —1]),
P. = [e1,e2,e4,e3] and P, = [e1, €3, €2, €4], where e; is the ith column of I,;.
Hence, V is the subset of H4 that stems from the unique real equivalence class
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do(k‘,m) = |akm|2 + |bkm|2
dq(k,m) = 2|lakm]| - |bkm]
5km = ébkm - éakm
do(k,m) = di(k,m) cos Okm,
ds(k,m) = 2dy(k, m) sin dgm,

Table 5.2: Auxiliary Variables

Q4(w). Thus, restricting Geupr € V leads to a significant performance loss as
we show by simulation in Section 5.5.

In the next Section, we derive an optimization algorithm that computes the
sum rate maximizing CUBF matrix G-

5.4 Optimization of the CUBF Matrices

Under the assumption that there are always K = M users available for trans-
mission and that the transmit power is equally divided among them, we can
formulate the optimization criterion as follows

K
{D;,Q4, PL P = arg max {Zlog(l—i—’yk)} (5.16)
k=1

Dr7QZ\/I€gJWyPC7P7‘

where 7y is defined in (5.1). The diagonal unitary matrix D, contains M —1 an-
gles. The optimal permutation matrices P}, P have to be found by exhaustive
search. Similarly, all equivalence classes Qs € Gy have to be tried to deter-
mine the optimal one Q3},. Consequently, the optimal CUBF matrix G, is
given by

N 1

cubf — \/M

Denote A = {¢1,...,0nm—1,0} the set of angles to be optimized. Note that
only for M = 4 the set A contains the additional angle 6. After some algebraic
manipulation (5.16) takes the form

DP:Q%,P*. (5.17)

K
{D;,Q3, PL P} = arg min {H (1+& — V,%)} . (5.18)

DraQ}W EgM7PC7P7‘ k=1

This is still a non-convex optimization and the global optimum can only be
found by exhaustive search. Subsequently, we present an iterative algorithm
to calculate the optimal set of angles A*. However, this algorithm cannot be
guaranteed to converge to the global optimum.

5.4.1 Iterative Optimization Algorithm

A joint optimization of the angles in A is too involved, therefore we optimize
the angles one by one while the others are fixed (i.e., alternating maximization)
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for given permutation matrices P, and P, and equivalence class Qns € Gas.
Denote W £ ﬁPrQNIPC = [wy,...,wps]. We write

vi(om) = [higk| = [hyD,wy| (5.19)
= |hj Wit + hiawiae€™® + - -+ + B wpar e 1 (5.20)

(5.21)

iom
- |ak'rn + bkme ks 5

where ¢, € A and both by, = Bzm+1wkm+1 and agy, = Vg — bim are indepen-
dent of ¢,,,. With the auxiliary variables in Table 5.2, we obtain

VE(pm) = do(k,m) + dy (k,m) cos(Spm — ©m)- (5.22)

With the substitution
Sm = tan %n, (5.23)
we have cos ,, = ;—z} and sin @,, = li“‘;’g . Together with cos(dgm — ¢©m) =

COS Ok COS Prp, — SIN Oy, SIN Py, (5.22) takes the form

V2 (5m) = do(km) — ﬁ [da(k, m)s2, — ds(kym)sm — do(kom)] . (5.24)

m

From (5.18) we have the objective function

H L+ & — 1 (5m)) (5.25)

k=1

M

H el o o), (5.26)

where

ca(k,m) =1+ & — da(k, m) — do(k,m) (5.27)
c1(k,m) = ds(k,m) (5.28)
co(k,m) =1+ & + da(k,m) — do(k, m). (5.29)

Define P;(s,,) = Hi\il ca(k,m)s2, + c1(k,m)sy + co(k,m) and Pa(s,,) = (1 +

s2 )M To solve Mg‘gi(s"‘) = 0, we have to find the real roots of the polynomial

G(sp) of order 2(2M — 1) given as

dP1 (Sm)
dsm,

dPQ(Sm)
dsm

Gm = PQ(Sm) — Pl(S ) (530)
Once the real roots have been found, we undo the substitution in (5.23), i.e

Sm = 2arctan @,,, and evaluate (5.18) for every solution to obtain the optimal
solution ¢},. If M = 4, there is an additional angle 6 in Q4. To find the optimal

angle 6*, we can apply the same approach as for ¢,,,. The algorithm to compute
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INPUT: H7 027 Pr7 PC7 Q]M7 Ainit Niter
OouTPUT: A~

_ 1
W = WPTQMPC

- init
for n =1,2,..., Niter do
form=1,2,...,M —1do
Compute G, in (5.30).
Compute real roots of Gy, and find ¢}, .
om € A=y,
end for
end for

A=A

Table 5.3: Alternating optimization to compute the set of optimal angles A*.

the optimal set of angles A* is given in Table 5.3. The number of iterations Nije,
has to be chosen large enough for the algorithm to converge, which is usually
the case after a few iterations. In addition to the exhaustive search over the
permutation matrices P, and P, as well as Qu € Gy, the algorithm can be
carried out for multiple sets of initial angles A;,;¢ to increase the probability of
finding the global optimum.

5.5 Numerical Results

In this section, we compare the CUBF with the codebooks of CUBF matrices
(called CB-CUBF) defined in 3GPP LTE [75]. In case of M = 2 the codebook
contains the identity matrix and two rotations of the DFT matrix according to
(5.9) with ¢y = {0, 5 } and P, = P, = I5. The codebook for 4 transmit antennas
is a subset of V defined in (5.15) generated by 16 vectors u where the elements
of u are taken from a 8-PSK constellation and u; = 1. The optimal CB-CUBF
is computed at the transmitter by exhaustive search based on the available
CSIT. The performance metric is the ergodic sum rate E[Rgym|. Throughout
this section we average our results over 10000 independent uncorrelated (@ =
Ix Vk) Rayleigh fading channel realizations.

Figure 5.1 shows the sensitivity of CUBF, CB-CUBF and ZF precoding to
erroneous CSIT hy, which is model similar to (1.14) as hy, = V1 — 72z, + Tey,
where both zj;, and e have i.i.d. Gaussian entries of zero mean and unit variance.
From Figure 5.1 it can be observed that CUBF and CB-CUBF outperform ZF
precoding starting from 72 ~ 0.22 and 72 ~ 0.5, respectively. ZF precoding, that
achieves high sum rates under the assumption of perfect CSIT, experiences a
severe performance loss as soon as the CSIT is erroneous. In practical systems
such a scheme is not attractive since it requires highly accurate CSIT which
entails an enormous feedback overhead.

Figures 5.2 and 5.3 present the ergodic sum rate performance for M = K = 2
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7 —
y. —A— 7F
—e- CUBF
61 —= CB-CUBF |

ergodic sum rate [Bits/s/Hz]

Figure 5.1: M = K = 2, impact of erroneous CSIT on ergodic sum rate, SNR
= 15 dB.

and M = K = 4 system, respectively. We observe that the CUBF significantly
outperforms the CB-CUBF in both configurations. At an SNR of 20 dB the
gain is about 40 % and 30 %, respectively. Furthermore, it can be observed
that UBF significantly outperforms CUBF which suggests that the constant
modulus constraint is a severe restriction resulting in a large performance loss.
Indeed, the sum rate performance under UBF does not saturate, since under
UBF the precoding vector gy can always be perfectly aligned to the channel
h;, i.e., v, = 1 and therefore the interference for user k is zero. Moreover, the
sum rate saturation level of CUBF is lower for M = 4 than for M = 2. This
is due to the fact that the number of degrees of freedom (the number of angles
to be optimized) of CUBF scales significantly slower with M than the number
of channel coefficients. Thus, the CUBF is increasingly maladjusted to the
channel and consequently the interference level is rising resulting in a lower sum
rate saturation level. Also note that the rather poor performance of the CUBF
scheme may be significantly increased if it is applied in conjunction with an
appropriate scheduling techniques or an advanced (interference-aware) receive
algorithm. However, to cancel the multi-user interference, the receiver requires
knowledge of the precoding vectors and modulation scheme of the interfering
users. In the current LTE-A standard, this information is not signaled to the
users, which makes it difficult to obtain. Under unitary precoding, the multi-
user interference power can be computed without the knowledge of the other
precoding vectors but still the modulation scheme has to be estimated. Indeed,
the results in [74] show that the system performance increases significantly if
the receiver accounts for the interference even under false assumptions on the
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Figure 5.2: M = K = 2, ergodic sum rate vs. SNR.

interfering modulation scheme.
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Figure 5.3: M = K = 4, ergodic sum rate vs. SNR.
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Chapter 6

Conclusion and
Perspectives

This dissertation studied large MU-MISO systems under various linear precod-
ing techniques and imperfect CSIT.

Conclusion

In this thesis, we considered the MU-MISO downlink under linear precoding
and imperfect CSIT and analyzed the system behavior for large numbers of
transmit antennas and users. We presented a consistent framework for the
study of several linear precoding schemes based on the theory of large dimen-
sional random matrices. The tools from large RMT allowed us to consider
a very realistic channel model accounting for per-user channel correlation as
well as individual channel gains for each link. The system performance under
this general type of channel is extremely difficult to study for finite dimensions
but becomes feasible by assuming large system dimensions. Thanks to large
RMT, the system performance (i.e., SINR or rate) can be approximated by a
deterministic equivalent (independent of the channel realizations) that is almost
surely exact as the system dimensions grow asymptotically large with bounded
ratio. Simulation results showed that these approximations are very accurate
even for small system dimensions and reveal the deterministic dependence of
the system performance on several important system parameters, such as the
transmit correlation, signal powers, SNR and CSIT quality. Applied to practical
optimization problems, the deterministic approximations lead to important in-
sights into the system behavior, which are consistent with previous results, but
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go further and extend them to more realistic channel models and other linear
precoding techniques. Furthermore, the proposed channel-independent perfor-
mance approximations can be used to simulate the system behavior without
having to carry out extensive Monte-carlo simulations. Although not yet prac-
tical, large numbers of transmit antennas are expected to be widely deployed in
the future, at which point the results in this dissertation may prove all the more
relevant. Moreover, since practical considerations often limit the choices for a
precoding technique, we studied the precoding scheme adopted in the 3GPP
LTE standard and developed an algorithm to evaluate the performance of such
precoding schemes.

Perspectives

From a mathematical point of view, the deterministic equivalent of the empirical
Stieltjes transform under the generalized variance profile is a general result and
may have applications outside the field of mobile communications.

The proposed framework considered a single isolated cell but is the founda-
tion for the study of more complex multi-cell systems. For instance, recently,
the results in this thesis have been applied to study the effect of pilot contamina-
tion on the system performance in large multi-cell networks. But other scenarios
can be considered as well, for example the impact of inter-cell interference can
be included in the system model. Moreover, our analysis can be extended to
multi-cell systems with different levels of base station cooperation (coordinated
beamforming), with imperfect CSIT at the base stations due to limited back
haul capacity. Furthermore, it is possible to extend this framework to MU-
MIMO with a single stream per user by considering linear receive filters. On
the contrary, an extension to MU-MIMO with multiple streams per user is very
involved and requires the development of more advanced random matrix theory
tools. But the application of the presented results is not limited to broadcast
channels. The proposed framework can be extended to linearly precoded multi-
user MISO amplify-and forward downlink channels, where the signal is linearly
processed at the transmitter and the relay before being received by the users.
Lastly, the proposed methodology may also be applied to interference channels
with linear transmit and receive filters.
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Appendix

A Proof of Proposition 2.3

The proof is based on the matrix inequalities in Lemmas F.8, F.10, F.11, F.12.
F.9 and F.13.
Applying Lemma F.9, |d§1)| can be upper-bounded as

(il
4| = — - (A1)
1+ ylel (B —21y) iy

yiel (B — ZIN)_l [Df1 - D_l} W,y

Izl

Sz

IN

(1] (A.2)

yie (By — ZIN)i1 [D_l - Dfl] Vyil.

We further bound |d,§1)| by applying Lemmas F.10, F.12 and the fact that
I (B[i] — zIN)_1 I < é We obtain

m, . 28l
|d; 7| < (32)2

In order to bound ||D[;]1 — D7 !|| we apply Lemma F.1 and Lemma F.12

Iy:l3IDy! ~ DL (A.3)

HD[Q]I -D7Y (A.4)
= - D[Z]l [Dj;; — D] D7 (A.5)
— | - Qn (R +Sv — 2In) " [Ry — R] (R+ Sy — 2Iy) ' | (A.6)
—1 _
<llQulll (Riy + Sy —2In) " IRy — R (R +Sy —2Ix) "' ||, (A7)
g = i n 61 ira
where Ry; = % > G Zuei (B ) First we have
1 &~ 0,1+ Ltr@®; (By — 2Iy) '
IR oLy 8y) 1 = = S QA N0 By =) T g g
i=1 ‘1 + Ntl‘@i (BN — ZIN) |2
(A.8)
(a) 1
< A.
- 32’ (A.9)

175



176

Appendix

where (a) follows from the observation that (A.8) can be written as ||(R —zIy +
Sny)7!| = A —iB — 3zly, where B is nonnegative-definite, since the ®; are
nonnegative-definite and [+ tr®; (By — 2Ix) '] is always positive as it is the
Stieltjes transform of a nonnegative finite measure. Therefore, we apply Lemma
F.13 and obtain (A.9). Similarly to (A.8) we have

[(Ryy — 2In +Sn) 71| < % (A.10)
The term ||Ry; — R|| takes the form
IRy — R =
n *r®; [(By — 21n) ™ = (Byy — 21n) |
; [1—|— Lir@; ( —zIN) } [1+%tr@i (BN—zIN)_l}
(A.11)

Applying Lemma F.12 together with the rank-1 perturbation Lemma F.8, the
numerator in (A.11) can be bounded as

_ e

tr®; {(BN —2In) " = (Byy - ZIN)_l} ~ NSz

(A.12)

~

Since %tr@i (B[i] — ZIN)_l is the Stieltjes transform of a nonnegative finite
measure, we apply [19, Corollary 3.1] and (2.20) to upper bound (A.11) as

n

T22
Ry~ RJ < " 3ZH®J|| (A.13)

Substituting (A.9), (A.13) and (A.11) into (A.7) yields

_ T Q z]? &
D - D) < TR N”" >lel (A.14)

(d]
Therefore, with (A.14) the upper bound of |d§1)\ in (A.3) becomes

,T)0:]1Qn]|2]° &
V) < ||yi\|2M Z 10,11 (A.15)

Before considering the pth order moment of |dl(.1)|, we proceed with bounding
the remaining terms |d§2)|, |d§3)\ and \d§4)|.

Applying Lemma F.9, the term |dl(»2)| is bounded as
‘Z | 11 HgH —ly-1

S —tr@ (Byj — 2Ly) Dy —yi'¥; (B — 2In) D ¥iyi

(A.16)

| <
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Again, using Lemma (F.9), |dz(-3)| is bounded as

_ 1 _
d?)| < |Z| tr@ (By —2Iy) "' D! — Str®; (Byy — Iy ‘D

[i]
(A.17)

Applying the triangle inequality, we obtain

—1

1 1 1 _
‘tl‘@i (BN —2IN) D - Ntr@i (B[z] — ZIN) D[z]l <

‘u@ BN —2In) "~ (B — zIN)_l} D!

tr®; (Byy — 2Iy) ' [D;! - D' (A.18)

(4]

|

With Lemma F.12 together with (A.12) and |[D7}|| < @, the first term on
the RHS of (A.18) can be bounded as

AN

‘tf@ BN —2Iy) " = (By - ZIN)?I} D™= N(Sz)?

(A.19)

Similarly with Lemma F.11, F.12 and (A.5), we have

3 B @1 22 n
‘tr@ —2Iy)” 1[Dml_D ] SMZHGJH (A.20)
Therefore
@) o 7] ||®1||HQNII 1O IIQNIHZ

Applying the Cauchy-Schwarz inequality, Lemmas F.9, F.11 and F.12 we have

1©:]l1Qn|l|=1?
Q2

_ 1 _
|d§4)| < {y:i‘l’zH (Bjj — 21n) "y — Ntr(")i (By — 2In) "

(A.22)

Adding and subtracting %tr@i (B[i] — zIN)f1 from the term in brackets and
applying the triangle inequality together with the bound in (A.12) we obtain

0, 2
a0 <I@illIQull2 [

YO By — 2Iy) T Wy, — %m@i (Byy — 2In) "

(S2)*
1O
— A2
T NS | (A.23)
The pth order moment of \d§1)| can be bounded as
P
2 3.

W] - | 1€:21Qu ]l MR

e e e el w5 " Iyl (a29)
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Applying the inequality |z + y[P < 2P~ 1(|z|P + |y|P) yields

B[ldMp] <20 (W’)p ! (2 [Iytty: = 1] +1) (A.25)

(S2)7 Np

If the moments E[|dl(-1) 1] and E[|dz(-1) |P] exist and are bounded, we apply Lemma
F.3, and obtain

(1)
E[Idﬁ.”\”} < op-t <W>p ! (Cp +1> (A.26)

So7 ) v \ ez

where C,gl) is some constant depending only on p. Similarly, applying Lemma
F.3 yields

4 (2)
@p] o 12 Gy
E[|dl | ] < G N (A.27)
3) 2TQ \* pT? 21"
E|:|di |p}§ NG 1+ Sk (A.28)
(@)
(@) L (TQI2PN | Gy TP
E[|d |p} 7 ((%2)4 NP/2+NP(%z)p ’ (A.29)

which completes the proof.

B Deterministic Equivalents for Precoders with
RZF Structure

This section provides three lemmas that are applied in the derivation of a deter-
ministic equivalent of the SINR for WSR maximizing precoding in Section 3.3
and RZF precoding in Section 3.4. We remind that the kth column hy, of HH
is defined in (1.14), ﬂ[k] = [fll, .. .,flk,l,flkﬂ, .. .,flK]H, a > 0 and the power
allocation matrix P = diag(p1,...,px). The subsequent lemmas make use of
the following definitions.

1 i o
Ty = 57 i Hi (B.1)
Cii L Ly + aly (B.2)
N N ~ —1
W 2 (HHH n MaIM) . (B.3)

B.1 Deterministic Equivalent for ¥ = trPHW2HH

Lemma B.1. Let ¥ = trPﬂ(ﬂHﬂ + MaIM)_QI:IH and let Assumption 3.1

hold true. Then, a deterministic equivalent U such that ¥ — W Mogo 0, almost
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surely, is given by

- L ZK: Pkl (B.4)
M Pt (1+ex)?
where the e, ..., ex form the unique positive solutions of
€; = tr@iT, (B 5)
K -1
1 O,
T=|— d 1 B
M;Hej“)‘M (B.6)
and € = [e}, ..., e%]T reads
e =(Ix—J) ", (B.7)
Ltr®, TO,T
J, =Mt 7I 7 B8
[ ]ZJ M(l 4 ej)2 ’ ( )
1 1 T
v = {Mtr(alTQ,...,Mtr@KTﬂ . (B.9)

Proof of Lemma B.1. ¥ can be rewritten as

#0,/°C,20,/ %2

K L, K
U= Zpkﬁllj (ﬂHﬂ + MOJM) hy @1 Zpk 7
P Mid (14900}l "n)
kEk K] “k 2k
(B.10)
where we used the definitions (B.2) and (B.1) and in (a) we applied Lemma F.1
twice together with (1.14). For M large and under Assumptions 3.1, we apply
Lemma F.4 and obtain
K 10, C; 2
W—%Zpk M krk] 2Mi>ooo
=1 (1 + ﬁtr@kc[_kw

(® 1 — mr e, (—a) M—s00
By 23y me D Mo,
ion (I+mre,(-a))

almost surely, where in (b) we applied Lemma F.6, the definition (2.7) and
denoted my g, (—a) the derivative of mr e, () along z at z = —a. Applying
Theorem 2.1 to mr e, (%), we obtain

1
mr.e,(~a) - 77O, T Mz, (B.11)
almost surely, and further
1 oo
M o, (~0) = 17 trOLT" M=, (B.12)
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almost surely, where T is defined in (3.77) and T’ is given by

1 K ®je’-
T=T|-— — I 41 T. B.13
MZ(1+ej)2+ M (B.13)
j=1
Define € = [e},...,e}]T with e} = ﬁtr@iT’. The system of K equations

formed by the e} takes the form e = Je’ + v and the explicit solution €’ is
given in (B.7). Substituting mr e,(—a) and mp g, (—a) by their respective

deterministic equivalents e;, and e}, we obtain W in (B.1) such that ¥ — W Moo

0, almost surely, which completes the proof. O

B.2 Deterministic Equivalent for h?VAVlAlk
Lemma B.2. Let &) = h,';'Wflk and let Assumption 3.1 hold true. Then, a

deterministic equivalent ®, such that ®; — ®y, M=o 0, almost surely, is given

by
— €L
D =1/1— 2 , B.14
k Tk1+€k ( )

where ey, is given in (3.76).

Proof of Lemma B.2. Similar to the derivations in the proof of Lemma B.1, we
have
z,g'@,ﬁ/QCEC]l@;/sz
1+ #10,°Cp e,/ %
VI-7210,°C10% 2, nale cple e,

1+ z,';'e}fc[—k]l@;/%k 1+ z,';'@}c/?c[—k]l@;/?zk'

Since ey and zj are independent, we apply Lemma F.5 together with Lemma
F.4 and F.6 and obtain ®, such that ®; — ®y, M=o 0, almost surely, as

(I)k:wll—Tlgl_i_ek,

which completes the proof. O

B.3 Deterministic Equivalent for hZWﬂ%P[k]ﬂ[k]th

Lemma B.3. Let Py = h,';'WI:I[F,L}P[k}I:I[k]th and let Assumptions 3.1 and
3.4 hold true and let ||P|| < oo uniformly on M. Then, a deterministic equiva-

lent ]517;C such that Prj — ]517;C Mi>00 0, almost surely, is given by

Tl =72 (1 (1+e)?)]
(1 +6k)2 ’

Pry = (B.15)
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where ey, is defined in (3.76) and Yy reads

K
1 pje j k
B.16
S (B.16)
] J#k
with e; defined in (3.76) and e, = [e] ;, ..., €} ,]T reads
=(Ix = J) " v, (B.17)
1 1 T

Vi = |:Mtl‘®1T@kT, ey Mtr@KT@kT s (B18)

where J and T are defined in (B.8) and (B.6), respectively.

A

Proof of Lemma B.3. With (1.8) and C 2T 4 oIy, T £ J%I:I H, we have

1 3 3
Pri= Mz,'j@}q/ZC_lH'[L]P[k]H[k]C_1®,1€/2zk

1
:fZH@1/2C[ o PuH,Cc'e,/

M ZN-T (SR el b it ) s TRTORT CHE (B.19)

Substituting C~' —Cp; = ~C~(C—~Cy)Cpy

1/2
cleke,';' +62zkek +62ekzk)®k/ , where cq 21— Tk, o 2 Tk and ¢y £ 74/1 — T]?
into (B.19), we obtain a sum of five terms

(k] with C— C[k] / (COZkZ,:lﬂL

1 Co
P]ﬁk :MZZ'Bka — M

C2
— HngkaegBka MZkAkekaBkzk' (B?O)

H H €1 _H H
ZkAkaZkBka — MZkAkekekBka

with A, 2 ©,/°C~10;/* and By 2 ©,/°C Al P H;)C1©,/*. Noting
that co + c¢; = 1 and coe; — ¢ = 0, we apply Lemma F.7 to each of the four
quadratic forms in (B.20). Under Assumption 3.1, we obtain

2
—C2U” M—oo

u(l+ c1u) Moo 150 ).
1+u

ZZ‘Aka — 1-{—7” — O7 and ZZ‘Akek -

almost surely, where u = ﬁtr@kC[_k]l. Moreover, under Assumptions 3.1, 3.4
and ||P|| < oo uniformly on M, we have

’
—C2UU M —o00

(14 c1u) M- I=p0
1+u ’

z,';'Bkzk — T+u

0, and ekBkzk—
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almost surely, where v’ = ﬁtrP[k]I:I[k]C[_k]l(-)kC[_k]lI:I[k}c]. Substituting the ran-

dom terms in (B.20) by their respective deterministic equivalents yields

1 W/ (1+cru)

Pr— | =
Lk M 1+u
1 co(1+ cru)? — crcau?® — 2c3u | Moo
- — — 0 B.21
M 1+ u)? u (B-21)
almost surely. The second term in brackets of (B.21) reduces to %%uu'
and we obtain
" A 11— [1—(14u)?] , voe
hi! WH Py HyyWhy, — — o =00 (B.22)

M (14 u)?
almost surely. From Lemma F.6 we have

- 1 .
u—mr.e,(—a) =50 and Mu’frk M=o,

almost surely, where mr e, (—a) = 2-tr®;,C~! and
1 O ol —1¢pH
Tk = Wtrp[k]H[k]C G)kC H[k]

Note that we choose not to approximate P, by P since the power py can be
significant. Therefore, (B.22) becomes

T [1-7 (1- (L +mre(-a)*)] mow
Pry— (L+mre,(—a))? — 0,

almost surely. We rewrite Ty, as

K
Tv=— Y pie/’cle.cTle)?s;.
j=1,j#k
Applying Lemmas F.1, F.4 and F.6, we obtain almost surely

1 i Lte;c'e,Cc ! Moo

T, — — j 5 — 0.
J=1,j#k [1 + tr0; (T + aIM)fl}

A deterministic equivalent e; of mr e,(—a) = -tr®; (T + ody) ! such that
mr.e,(—a) —e; Moge 0, almost surely is given in (3.76). To derive a determin-
istic equivalent for --tr®;C~1@,C~! define m’'(A) £ LtrDC'AC™! and
initially assume that A is invertible. Denoting C £ A~Y2TA~1/2 4 oA~ we
have

oAy b Al L 12 A —1/25—2
m/(A) = —DCT'ACT! = —trA"//*DAY/2C (B.23)
d 1
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at z = 0. Applying Theorem 2.1, we obtain

1 1 oo
37D +aly —2A)" — —tDT(A) Mz, (B.25)
almost surely, where T(A) is given by
-1
1 < ©;
T(A) = | — 4 I — 2A B.26
(A) Vi ; Tte +aly -z ( )
and the ej,...,ex are the unique positive solution of e; = ﬁ@iT(A). By
differentiating along z we have
1 1 oo
17DCTACT! — DT (A) Mg, (B.27)
almost surely, where T’(A) = - T(A) is given by
K /
1 (O
T(A)=TA) |-y —22- +A| T(A B.28
A=) |73 o A T (8.25)
and the e, ..., €/ are the unique positive solution of e, = ﬁ@iT’(A). Define
e =lel,...,e%" and J(A) and v(A) as
+tr@®, T(A)O,;T(A)
JA),; =M — ! B.29
[ ( )]] M(1+€j)2 ( )
1 1 T
v(A) = Mtr®1T(A)AT(A), cee, MtrGKT(A)AT(A) . (B.30)
Therefore, €' is given explicitly as
e =(Ix —J(A) 'v(A). (B.31)

Note that Ix — J(A) is always invertible since €’ is a unique positive solution.
The authors in [28] proved that the convergence in (B.27) also holds for non-
invertible matrices A. The proof unfolds as follows: A + 1), is always invertible
and from (B.27) we have

1 I—00
m' (A +Ty) = DT/ (A + Ly) Mzge ), (B.32)
almost surely. It is easy to show that
m (A + 1) —m'(A) =m/(Ty) (B.33)
]. / 1 / . 1 !
MtrDT (A +1Iu) MtrDT (A) = MtrDT (Tar). (B.34)
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Therefore
1
m'(A) — MtrDT'(A) (B.35)
/ 1 ’ / 1 / M—o00
=m'(A+1Iy)-— MtrDT (A +1Iy)— |m'(Iy) - MtrDT (Inm)| — 0,
(B.36)
almost surely.
Thus, substituting D = ©; and A = ©; we have,
1 -1 -1 1 / M—00
MU'@J‘C 0,.C — Mtr@iT (@k) — 0, (B37)

almost surely. For z = 0, we obtain T(®)) = T defined in (B.6), it follows
that J(®y) = J in (B.8) and v(®j) = vi in (B.18). Moreover, defining
€y = 4110, T(0), the €] = (€] g+ s €] are given in (B.17). Finally,

substituting mr e, (—) and $;tr®;C~'©,C~! by their respective determin-

istic equivalents e; and e;-’k, we obtain Ty in (B.16) such that Yy — T M=ogo 0,

almost surely, which completes the proof. O

C Proof of Theorem 3.4

We bound |V st — Yk, by adding and subtracting vk r.r(«) and 7k v, (a) and
applying the triangle inequality. We obtain

[Vie,zt = Voot | < Vkyzt = Vit (@) 4 |Vt (@) = Vroras ()| + [k rae (0) — Yo |-
(C.1)

To show that |Vi .t — ke — 0 almost surely as M, K — oo, take ¢ > 0
arbitrarily small. For o > 0 small enough, we will demonstrate that |vyx ¢ —
Verzt (@) < § almost surely and Vg 1, (@) — Yr,2¢| < § independently of M and
K. Furthermore, we show that for M, K large enough, | vk vzt (@) =Y eat ()| < §
almost surely, from which we conclude that (C.1) can be made as small as
desired.

In order to prove that |y . — Yrrzf(@)] < § for a small enough, it suffices
to study the matrices W = (HH'H 4+ Mal,;)~! and W = HY(HH")"2H in the
SINR of RZF precoding (3.74) and ZF precoding (3.85). Applying the matrix
inversion lemma, W takes the form

W = HY"HHA" + Molg)?H + Ma(H"H + Maly,) 2

Under Assumption 3.5, Amin(ﬂﬂH) > ¢ > 0 and, since )\maX(I:II:IH) is almost
surely bounded for all large M, K, for any continuous functional f(W) we have

|f(W) — f(w)| 2290 with probability one. Therefore, vk 2t — Vb vzt ()] 2200
uniformly on M, K almost surely.
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From Theorem 3.3, we have immediately that for any a > 0, |y (e) —

- M — 00
izt (@)] "— 0 almost surely.

In order to prove |y rzf(a) = Jk.t| < § for a small enough, uniformly on M,
rewrite g (@) as

’?k,rzf(a): — pk(l — TI?) (aek)2

(C.2)
Tk7rzf(()é2 — T]?[Cvz — (Oz + Ozek)Q]) +

at (o + aeg)?
To show that ¥y »¢ = lima—0 Y& r26(cr), we need to verify that the limit @ — 0 of
both numerator and denominator in (C.2) exists and that the denominator is
uniformly bounded away from zero. Define e, = lim,_,¢ ae;(a). Under Assump-
tion 3.6, all e; exist and are strictly positive. Since ae;(«) is holomorphic for
«a > 0, and is bounded away from zero in a neighborhood of zero, by continuity
extension in o = 0, we obtain the limit o — 0 as

-1

K
1 1 (CH
= lim { —tr®; > —L 41
& 11m I o M

=oas0 | M szl aej(a)
! vo,T (C.3)
= —ro; 1, .
M

where T is given in (3.90). It is easy to verify that e £ sup; ¢, is uniformly

bounded on M. We have
le| < sup[|©;]]. (C.4)

Define e £ [ey,....ex]", fi : € — t10©;T(e) and f(e) = [fi(e),..., fx(e)]".
Under Assumption 3.6, there exists a fixed point f(e*) = e*, where e*
lel,...,e5]" with ef > 0 Vi. In this case, we can extend the results in [55
and bhOW that the iterative fixed point algorithm defined by e("+1) = f(e(™
(n > 0), converges to the unique positive solution e* for any initial point e el
e >0 vi.

Furthermore, we need to show that both Tk;7zf = lim,_,0 “_f;mzf and U s =
lima_,0 Wyt exist and are uniformly bounded on M. Observe that

> .

[

]
);
)

lim o?e} = ¢, (C.5)

a—0

and we obtain

@‘*@

{ (C.6)

2/ 1 K
Z—1 s = 7
f IE}JMZP] oz—i—ozej M;

1Since f(e) can be extended by continuity in zero, where it satisfies £(0) = 0, the positivity
property of f(e), defined in [55], does not hold. We precisely need to show that e(nt+l) —
f(g(")) can not converge to the fixed point 0, which unfolds from Assumption 3.6 with similar
arguments as in [55].
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Therefore, 0 < W,; < oo for all ¢; > 0. Similarly, define g;.)k = lim,_0 aze;-)k
given in (3.91) and thus

- 1 K a2el .
T = lim — § .73 §
hat = oM 2w P (a+ aej p7 e’
j=1,j#k J 1,j#k

satisfying 0 < Tk)zf < oo for all e; > 0. To fulfill the constraints e; > 0, we have
to evoke Assumption 3.5. The limit 7y ,r = limqy—0 Yk roe (@) is given by (3.87),
which completes the proof.

D Proof of Proposition 4.1

The proof is inspired by [27] with adaptations to account for imperfect CSIT.
From Corollary 3.7 with py, = P/K Vk and 1, = 7 Vk, for large M, K, the SINR
ezt takes the form

Vraf = Pﬁe(l - 7—2)F»

where
%622 =+ Oé(l + 6)2612

peaa(l —72) + 72p(1 + e)?e9s + (1 + €)2e12

with e and e;; defined in (3.79) and (3.81), respectively. Taking the derivative
along «, we obtain

I =

0ot o e TV
= = 1—-7)|—+ —= D1
Tk pBe(1 — 70 | 4 | (D.1)
where
(1
6/ = 1+ e)e 612 (D2)
B ,3
and thus, together with (3.82), we have
e (1+e€)?ero
e %622 +a(l+e)2epn

Therefore, (D.1) becomes

a'_erf

e pBe(1 — 74T

20(1 +e)e’ers + al +e)?e), + ée’m
%622 + a(l+e)?eps
[1— 724 72(1+ €)?]pehy + 272p(1 + €)e’ean
[1—72472(1 4 ¢€)?]peaz + (1 + €)?e12
2(1+e)e’ern + (1+¢€)2el,
=72+ 721+ e)pess + (1 + )%y

X

(D.3)
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Denoting x 2 (1+e€)2e12, 1 2 2(1+e)e’era+(1+e)%e)y and ¢ 2 1—72472(1+4¢)2,
(D.3) takes the form

a’?rzf 2
= 1-— r
it pge(1 — 1)
" %6/22 + ot  poehy + 1+ 27°p(1 + e)eenn
%622 + ax pPess + x

2 1—7r 1
= w [ (a — M)) (6221# — 6/22)()
272(1 + 6)6’622[% + ax]
o}

where Z = (%622 + ax)(pgeas + x). Denoting

a 2¢0%Be(1 — 72)(1 + e)e’erze9l

Z
L & (L+e)’[elpe0 — erzepy] (D.4)
2(1 + 6)6/612622 ’ '

we obtain

(D.5)

Oyt _ 1 7—2[% =+ O‘X]
0 Q l(a — ) (1+v)-— 7¢612

Rewriting the term in brackets in (D.5), we have

st 1+v+ T%%]ﬁ

da @ la A=) +v)+20(l+e)?

=0.

Since Q # 0 for p > 0 and 72 < 1, the optimal regularization parameter a* is
given by (4.2). Substituting (D.2) into (D.4), the term v takes the form

L ey e ex
o e[ em) 0o
2(1 —+ 6)612 €22 | €19 €12
With (3.82) and (D.2), we obtain e/, = 1:32621% and e}, = 1:3;22%. Substituting

these terms into (D.6) yields (4.3), which completes the proof.
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E Alternative Proof of Proposition 4.1 for Un-
correlated Channels

For © = Iy, e in (3.84) is the Stieltjes transform of the Maréenko-Pastur law?
in z = —a and reads [20, Example 2.8]

B(l—a) =14 /a2B2 +2aB(1+ B) + (1 — B)2

= . E.1l
e 5af (E.1)
Furthermore, for pr, = P/K Vk, from Corollary 3.7 we have e;; = egy = (1;6)2
and therefore
_ _ P2
Uopr = Yhpoypt = —— B . E.2
= Tort = g7 (E2)
Substituting (E.1) and (E.2) into the SINR (3.75) with 7, = 7 Vk, we obtain
_ _ 1+e)? —e?
Vk,rzf = Yraf = (]- - 7_2) 6( ) (E3)

1—724+(1+e)? [7’24—%}.

The derivative of (E.3) with respect to « reads

8’7er = aﬁ/ﬂfﬁf72 |:T2+%j| 62+ [1+%_ﬁ(1_72):|6_5(1_7'2) Oe

2 P ——
Ja Ode Oua [1_72+(1+e>2 (7‘2—&—%)} (oo’
(E4)
Since e is a Stieltjes transform in z = —q, its derivative % is always nonzero
for all @ > 0. Therefore, maximizing (E.3) is equivalent to solving
1+ -p8(1—-72 1—72
Rl ), Ba-7) _, (E.5)

2 1 2 1
T = T =
+p +p

As the coeflicients of the quadratic polynomial in e are independent of «, we
solve (E.5) for e and subsequently find the maximizing «. The only positive
solution e* to (E.5) is given by

2
2 T2+% 4 72—1—% 72+% ' '

Setting e* in (E.6) equal to e in (E.1) and after tedious algebraic calculus, we

obtain 25
«o 2
7(7_% )2 [aﬁp(Tz -1+ 2p + 1] =0. (E.7)

Since a > 0, we only need to consider the term in brackets. This quadratic
equation has exactly one distinct real root (4.4), which completes the proof.

20f the random matrix XHX, where X € CK*M has i.i.d. entries of zero mean and variance
1/M.
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Lemma F.1 (Matrix Inversion Lemma). [53, Lemma 2.2] Let U be an N x N

invertible matriz and x €CN, c€C for which U + cxx™ is invertible. Then
Hyp—1
H m-1_ x'U
KUt o) = gy

Lemma F.2 (Resolvent Identity). Let U and V be two invertible complex ma-
trices of size N x N. Then

Ul-vi=—vUtu-v)vlL (F.1)

Lemma F.3. [51, Lemma B.26] Let A € CN*N be a deterministic matriz and
x €CN have i.i.d. complex entries of zero mean, variance 1/N and bounded lth
order moment E |z;|' <v;. Then for any p > 1

E

1
H _ =
x Ax NtrA < N/

where C, is a constant solely depending on p.

Lemma F.4. [19, Lemma 14.2] Let Ay, As, ..., with Ay €CN*N  be a series
of random matrices generated by the probability space (Q, F, P) such that, for
weACQ, with P(A) =1, |[Ayvw)|| < K(w) < oo, uniformly on N. Let
X1,Xa,..., with xy € CN, be random vectors of i.i.d. entries with zero mean,
variance 1/N and eighth order moment of order O(1/N*), independent of Ay .
Then

P p/2
< (JiftrAAH> [uff/Q + Vgp} : (F.2)

1 0
XR',ANXN - NtI‘AN Ni) 0,

almost surely.

Proof. The proof unfolds from a direct application of the Tonelli theorem, [50,
Theorem 18.3]. Denoting (X, X, Px) the probability space that generates the
series Xi,Xso,..., we have that for every w € A (i.e., for every realization
A;(w),Az(w),...), the trace lemma, [19, Theorem 3.4], holds true. From [50,
Theorem 18.3], the space B of couples (z,w) € Y 2 X x § for which the trace
lemma holds, satisfies

[ 1s@wiry@w) = [ [ 15 w)iPx(@ira),

If w € A, then 1p(z,w) = 1 on a subset of X of probability one. Therefore,
the inner integral equals one whenever w € A. As for the outer integral, since
P(A) =1, it also equals one, and the result is proved. O

Lemma F.5. Let Ay be as in Lemma F.J and xn,yn €CY be random, mu-
tually independent with standard i.i.d. entries of zero mean, variance 1/N and
eighth order moment of order O(1/N*), independent of Ay .

H N—oo
YNANXN ? Oa

almost surely.
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Proof. Remark that E [yt Axxy|* < ¢/N? for some constant ¢ > 0 indepen-
dent of N. The result then unfolds from the Markov inequality the Borel-
Cantelli Lemma [50] and the Tonelli Theorem [50, Theorem 18.3]. O

Lemma F.6. [19, Lemma 14.8] Let Ay, Ao, ..., with Ay € CN*N be de-
terministic with uniformly bounded spectral norm and B1,Bs, ..., with By €
CNXN  be random Hermitian, with eigenvalues )\}13N <...< )\%V such that,
with probability one, there exist € > 0 for which )\]13’\’ > ¢ for all large N. Then
for veCN

—1 N—>co

1 L1 y

1

almost surely, where Bg,l and (By + vv™) ™1 exist with probability one.

Proof. The proof unfolds similarly as above, with some particular care to be
taken. For w € B, the smallest eigenvalue of By (w) is uniformly greater than
e(w). Therefore, with By (w) and By (w) + vvH invertible and, taking z =
—e(w)/2, we can write

1
N

trAyBy (w) = %trAN ({BN(w) - 5(2“’)14 n WIN> -1

and
ltrAN (By(w) + va)71
N

- %trAN ([BN(W) +vvh — ‘E(SJ)IN] + E(;J)IN> - .

Under these notations, By (w) —e&(w)/2Iy and By (w)+vv? —e(w) /21y are still
nonnegative definite for all N. Therefore, the rank-1 perturbation lemma, [84,
Lemma 2.1], can be applied for this w. But then, from the Tonelli theorem again,
in the space that generates the couples ((x1,Xa,...), (B1,Ba,...)), the subspace
where the rank-1 perturbation lemma applies has probability one, which is what
needed to be proved. O

Lemma F.7. Let U, V,0 € CY*N be of uniformly bounded spectral norm with
respect to N and let V be invertible. Further, define x = ©'/2z and y £ ©'/2q
where z,q € CN have i.i.d. complex entries of zero mean, variance 1/N and
finite 8th order moment and be mutually independent as well as independent of
U, V. Define co, c1,co € RY such that cocy — c3 > 0 and let u = %tr@)Vﬁ1 and
v £ Ltr®UV . Then we have

-1
x"uU (V + coxx + eryyt + coxy™ + CnyH) b'¢
u' (14 cu) Neoo
- 2Y,,2 — 0,
(cocr —e3)u + (o +c1)u+1
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almost surely. Furthermore

x"U (V + coxx" + cryy" + coxy" + coyx™) "y
/!
—couu Noo
- i}
(cocr — 3)u2 + (co +c1)u+1

almost surely.

Proof. Denote V = (A + coxxM + cryyH + coxy™ + CnyH)_l. Now xHUVx
can be resolved using Lemma F.2

x"UVx —x"UA 'x =x"UV (VI - A) A 'x
= —x"UV(coxx" + c1yy™ + coxy™ + coyxt) A7 1x. (F.3)

Equation (F.3) can be rewritten as

H xMUA " 'x — x"UVy(c;yH A~ Ix + coxH A~ 1x)
x'UVx = .

1+ coxHA-1x + cpyHA—1x
Similarly to (F.3), we apply Lemma F.2 to xHUVy. Thus, we obtain an ex-
pression involving the terms xX"UA"'x, y"A~ly, xHUA "1y and y"A~'x. To
complete the proof, we apply Lemma F.4 and Lemma F.5, with u = %tr@A*1
and v’ = +tr®UA ! and we have

xHUVx — w1+ eru) iy (F.4)
(cocr — AB)u? + (co +c1)u+1 ’ '
almost surely. Similarly we have
_ !/
xHUVy — catt N=%0 ), (F.5)

(cocr — 3 u? + (co +c1)u+1

almost surely. Note that as cg,c1,co € RT and coe; > 3, equations (F.4) and
(F.5) hold since (coc1 — c3)u® + (co +c1)u+ 1 is bounded away from zero, which
completes the proof. O

Lemma F.8. [8/, Lemma 2.1] Let ( > 0, B,A € CN*N with B Hermitian
nonnegative definite, T€R and q€CN. Then

|trA [(B + (In) ™" = (B +7qq" + (Iy) ]| < H?l

Lemma F.9. [19, Corollary 3.2] Let z€ C*, t > 0, q € CN and B CV*N
Hermitian nonnegative definite. Then

1

| <
1+tq" (B +2In) q

i
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Lemma F.10. Let q€CY and A € CN*N Hermitian nonnegative definite, then
q"Aq < [|A[/lal3. (F.6)

Proof. Let A = UAUM be the spectral decomposition of A and y £ UHq, then

N N
q"Aq = y"Ay = > Nilyil® < Amax > luil®> = [A]lly]3- (F.7)
=1 =1

Since multiplication by a unitary matrix does not change the norm we obtain
(F.6). O

Lemma F.11. Let AcCN*N be Hermitian nonnegative-definite, then

1
NtrA < ||A]|- (F.8)
Proof. The result is immediate by bounding the eigenvalues of A as \; < Apax-
O
Lemma F.12. Let A, B€CVN*N Hermitian nonnegative-definite, then
[AB < [A[IB]]. (F.9)

Proof. The result immediately follows from the spectral decomposition of A or
B as UAUM and by subsequently upper bounding all eigenvalues A\j < Amax. [

Lemma F.13. Letv > 0, A,BcCN*N Hermitian and B nonnegative-definite.
Denote D = A — iB — ivly, then

1

D7 < ~. (F.10)
v

Proof. We have DDH = (A — iB)(A + iB) + 2uB + v?Iy. Therefore, the

eigenvalues of DD" are greater than or equal to v2. Thus the singular values

(equivalently the eigenvalues, since D is Hermitian) of D~ are greater than or

equal to 1/v. O
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