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Abstract—Performance bounds provide a solid theoretical
ground for comparing different localization methods. Similarly to
the actual performance, they depend on two factors, namely the
accuracy of the available data that are used for localization and
the geometry of the network. While the impact of the accuracy of
the available data has been studied extensively, the literature on
the impact of network geometry is still poor. Specifically only a
limited number of papers examines hybrid methods and no paper
considers NLoS environments. This contribution is a first attempt
to fill this gap. Through straightforward derivations, meaningful
expressions for the Cramer-Rao bounds of a Hybrid method are
derived. Emphasis is given to the NLoS case, where the results
reveal the scenarios under which the accuracy is low'.

I. INTRODUCTION

Traditional geometrical localization methods require esti-
mates of one set of location dependent parameters (LDP) in
a certain number of base stations (BS) that depends on the
method. Two very common methods are the time-of-arrival
(ToA) based and the angle-of-arrival or departure (AoA and
AoD respectively) based. The former one uses the delays
estimated in at least 3 BS (for 2-D scenarios) and performs
trilateration to obtain the location of the mobile terminal (MT)
while the latter one uses angles estimated in at least 2 BS and
performs triangulation.

To overcome the need for a communication link between
the MT and several BS and/or to be able to localize with high
accuracy in multipath and non-line-of-sight (NLoS) environ-
ments, hybrid methods were introduced. In a hybrid method,
different sets of LDP estimates are combined. Introducing
more sets of LDP, some of which might come at the cost
of extra nuisance parameters (eg. received signal strength
might come at the cost of unknown path loss exponent),
will lead to an enhancement in performance, as long as the
total number of the newly introduced LDP is greater than the
number of the extra nuisance parameters and the matrix of the
partial derivatives of these LDP with respect to the nuisance
parameters has full rank [1, Theorem 1].

In this contribution, we evaluate the performance of a
ToA/AoA/AoD hybrid method in LoS and NLoS environments
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with 1 or more BS. To do so, we compute and plot the Cramer-
Rao bound (CRB). In all geometrical localization methods, the
CRB (and the actual performance) depends on two factors:
the accuracy of the available LDP estimates and the network
geometry. The impact of the accuracy of the available LDP
estimates on the CRB has been studied extensively for both
LoS and NLoS environments. For a NLoS environment that
can be described by the single bounce model (SBM), it was
first studied in [2]. However, in that contribution, the impact
of network geometry on the accuracy of the hybrid method
was completely omitted. As a matter of fact, to the best of the
authors’ knowledge, there exist no publications that address
this topic. On the other hand, for LoS environments, there
are many publications that deal with the impact of network
geometry, especially for non-hybrid methods [3], [4], [5], [6].
For hybrid methods, the topic was studied in [7], [8].

In contrast to all of the aforementioned work, we derive
expressions for the CRB as a function of distances and angles,
which allow for easy interpretation of the impact of the
network geometry. We do so, not only for the trivial case
of a LoS environment, but also for a NLoS environment
that can be described by the SBM. In the latter case, the
location of the scatterers needs to be jointly estimated with
the location of the MT, thus, from the CRB in its initial form
(product of 3 matrices), it is impossible to understand the
impact of network geometry. However, after a straightforward
derivation, this becomes feasible. Finally, contour maps in the
numerical examples’ section, validate the conclusions drawn
from the CRB expressions and serve as indicators on how the
localization performance can be improved.

Notation: For any defined vector a, A = diag{a} and for
any defined matrix A, a = vec{A}. Extending this, a; will
denote the ith entry of a and the {4,4} entry of A. It therefore
suffices to define any of the above (a vector, a diagonal matrix
or just a scalar), to define all 3.

II. CHANNEL MODEL

Let ¢;, ¥; and d;, 1 < i < Ng, denote the AoA, AoD
and length of the ith (N)LoS path respectively’. For a LoS

2The length of the path is just the product of the speed of light times the
corresponding estimated delay, thus we consider the path instead of the ToA.
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environment, these LDP are equal to:

T - L
b = 5(1 — sgn{mt — s, }) + tan ™" % M
S ®
di = \/(Ybs, — Ymt)? + (Xps, — Tmt)?. 3)

Based on the SBM we can also express these LDP explicitly
as a function of the MT coordinates, z.,,,; and y,,+, for a NLoS
environment:

o; = g(l — sgn{zs, — Ty }) + tan ! Ysi — Yt (€))

Si Tmt

s — s; — Ybs;
P = 5(1 — sgn{zs, — ps, }) +tan”! % (5)
di - dbs,i + dmts,i (6)

where

dbs,i == \/(997 - ybsi)2 + (Isq, - xbs,,)Q (7)
dmts,i == \/(ys7 - ym,t)2 + (xs, - xmt)Z (8)

SBM can describe accurately a NLoS environment, despite
the fact that it is very simple. Its wide applicability stems
from the fact that in a physical propagation environment, the
more bounces, the larger the attenuation will be, not only
because the scatterer absorbs some of the signals energy
but also because more bounces usually implies a longer
path length. Therefore, if a limited number of NLoS signal
components with non-negligible energy arrive at the receiver,
it is reasonable to assume that they have bounced only once.

III. CRB FOR LOS ENVIRONMENTS

According to the CRB for an unbiased estimator p of p,
the correlation matrix of the parameter estimation errors p is
bounded below by the inverse of the Fisher Information Matrix
(FIM), i.e.3:

Rep=E{(p—-p)(Pp—-p)'} =T 9)
Let
d k=1
0,={ ¢, k=2 (10)
P, k=3

3For matrices A and B, A > B means that A —B is non-negative definite.

denote the vectors containing the LDP estimates* It is well
known and can be easily shown, that the information contained
in uncorrelated data (in our case LDP) can be summed up, so
that the FIM for a hybrid localization method is given by:

00! 00,
J=) Jo, =) —ECyl — =
- - 8p k apt

where the 3¢ equality holds only if the entries of 8y, Yk, are
i.i.d. Gaussian with variance o7. To simplify analysis we will
assume this to be true. If the AoA, AoD and delays have been
jointly estimated, some correlation amongst them could be
expected. This would lead to a different and more complicated
FIM expression, due to the non-zero cross-covariance matri-
ces. Since we are interested in studying solely the impact of
the geometric configuration and not that of the LDP accuracy
(and correlation), we consider this correlation to be weak and
ignore it. Due to (2), it can be shown that

1 06t 06
SR A

0p, Op Op'

o3 dy =0gdy (12)
Therefore the FIM for this case becomes
1 1
J=—Jdag+-———--J (13)
o3 (03 +03) ¢
Using eq. (1)-(3), we obtain for the 4 entries of the FIM
jii = fjg — 3, a;sin’(¢;) (14)
Jiz=jn = Ei Q; Sin(¢z‘) COS(¢¢) (15)
Joo = % — >, a; cos?(¢;) (16)
h
where 1 1
o= —5 — (17)

oi  (of+o})d}’
The FIM for the LoS scenario is a 2 X 2 matrix and thus it
can easily be inverted to get the CRB for the MT position
CRB,ss. The derivation is simple and due to space limitation

we give only the result below:
tr{J}
det{J}

CRByos = tr{J ™'} =
227,’ 0%21 - %

3) - (2o ) (3, g
(18)

(=3 -

Introducing Cay = diag{cae}, which follows the definitions
of the vectors given in (27)-(28) and A we can rewrite the
above formula to be able to compare it to the one for the
NLoS case

21°(51 - 5A)1
N, 1t(%:[ —A)1+1PA(11F — éam)Al
d

5
9a

CRBpos = (19)

where égz¢ is a symmetric matrix whose {i, j} entry is equal
to cos(2¢; — 2¢;).

“4For clarity, we omit * on the LDP quantities, despite the fact that they are
estimates.



IV. CRB FOR NLOS ENVIRONMENTS

In a NLoS scenario, we are again interested in estimating
the MT’s coordinates, Pint = [Tm¢, Yme|', but this time in the
presence of nuisance parameters, which are the coordinates of
the scatterers p,.; = [x%,y!]!. The set of all of the above
2N, + 2 parameters compose the vector:

p= [pgnt’ pfmi}t (20)

To compute the CRB, the (2N, + 2) X (2N + 2) FIM needs
to be inverted. This is feasible even for large values of Ny, if
we rewrite the FIM as a 2 x 2 block matrix and use blockwise
inversion. Besides we only need to focus on the upper left
2 x 2 submatrix of its inverse, the trace of which gives the
best possible accuracy, i.e. the CRB for the MT position.

CRByos = tr{[J

aok — [,20: 06,
f’pﬁm P} s

Z 1 69k 00}
k o3, OPint 0P,

00y,

71}1:2,1:2} 21

] in (11), we get

J— k aé 8pm P},

Z 1 00, Z 1 69
k 0'9 ()pnuz 8p“” k Ug dpnu't Bpn“L
a | Ju Ji2
Jo1 J22
Using blockwise inversion we can obtain the upper left sub-

matrix of the inverse of J, given by the Schur complement of
Jao

(22)

[J71]1:2,1:2 =Jn - J12‘]2_21-]21)71 26 (23)

The entries of G are given by eq. (62)-(64), in the appendix.
The CRB for the position estimate is then given by

_ tr{G}
CRBpos = tr{G~} = 2et{C]
o 21131
113 0 (Qly ) 11" Qg — Sy 1118414 ;41
211311 ) o1

103, (118 — Cygpoy)T 341

where ég¢+5¢ is a symmetric matrix whose {i,j} entry is
equal to cos(¢; — ¢; + 1; — 1;) and the rest of the matrices
are given in eq. (65)-(69) of the appendix.

V. THE IMPACT OF NETWORK GEOMETRY ON THE CRB

First lets observe from eq. (19) and (24) that both CRB
depend on distances through the matrices A and Jiet. This
is no big surprise, since this hybrid method utilizes angles. In
contrast to ToA-based methods where distances do not impact
performance, in AoA methods, the greater the distances the
signal components cover, the worse the performance. Similarly
here, by taking the partial derivative of the LoS (NLoS)
CRB with respect to any d; (dm¢s,q:), it can be proved that
performance worsens when the MT moves away from the BS
(the scatterers). To demonstrate this, consider the following
example, where the MT communicates with 2 BS. In all our
examples, we consider the LDP variances to be constant. Their

y(m)
)
\

x(m)

Fig. 2. LoS environment: CRB vs MT position
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Fig. 3. NLoS environment: CRB vs MT position

values are o7 = 25m and a = }f The contour
maps show the CRB for a reglon of 10*m?2. The contour lines
are based on the c.d.f. of the CRB. Numbering the lines in
increasing order of the corresponding CRB, contour line j
encloses (5/10)100%, 7 € {1,...,9} of the total area, i.e.,
for a contour line j we have p(CRB < CRB(j)) = j/10.
Therefore, these plots also give the circular error probable
(CEP) [4] defined as the radius of the circle in which the
estimate lies with probability P, eg. in fig. 2, the 90% CEP
is 2.8m. Another important remark can be made by observing
the weighting factors of the distance matrices in eq. (65).
These factors are the variances of the angles. If AoD is much
more accurately estimated than AoA, i.e. if a,i << az, then
only the distances between the MT and the scatterers impact
the performance. This was already observed in the numerical
example illustrated in [9]. In that work, AoA is not known
and thus assuming that the errors in all AoA are uniformly
distributed in [0, 360°), 05 > 10° >> 1 > o7. The
AoD/ToA/Doppler-Shift hybrid method proposed therein, has
similar performance in pico-cells and macro-cells, because, if
elliptical scattering model is considered for the former and
circular for the latter, d,,,;s can be considered approximately
the same (at least same order of magnitude), while d;s is
significantly different.

More interesting is the impact of the various angles. The
NLoS CRB,,,s depends solely on the sums and the differences
of AoA with the corresponding AoD. This is no big surprise
either, since due to symmetry in a 1 BS scenario, we would
expect to obtain the same performance if we exchange the

2_10



50
[a%® T T
® ///__ 363 _\
40 263 363 T
30 / 361 361 \
20 28" 359 359 |
101 3. T
. :5?9 387 7 ‘?‘3.9
§ or 355 7
@
-or & O
-20¢ @ 4
k)
_30F i
§
40+ @ @ 2 4
& %. "
_50 | | \ 45 a \ | |
250 —40 -30 -20 -10 30 40 50
BST x(m)ssz

Fig. 4. LoS: CRB vs MT position for collocated BS

position of the BS with that of the MT. Furthermore, one can
observe how similar the 2 CRB expressions are, by replacing
1 in the NLoS C'RB,s, using the LoS condition (2). The
differences of AoA with AoD do not depend on the angles
anymore and the sums are equal to two times the AoA plus a
constant ¢ € {—2m,0,27} so that é§¢+51/, = égz¢. One last
important comment for the CRB final expressions concerns
the matrices denoted by C. Due to the terms involving
these matrices, the denominators decrease and thus the CRB
increases. Both CRB are maximized with respect to angles if
C(;% = C5¢+5¢ = 11", This corresponds to collocated BS
for the LS case and collocated scatterers for the 1 BS NLoS
case. While for the LoS the CRB remains finite(localization
with this hybrid method is possible even with 1 BS), for the
NLoS case the CRB goes to infinity and thus it is impossible to
estimate the MT location. The significance of these matrices
is demonstrated with the following contour maps for 1 and
2 BS scenarios. Comparing fig. (2) with fig. (4), we observe
that indeed, in a LoS environment, performance decreases for
closely located BS, but not significantly due to the first term
in the denominator that depends only on distances. In fig. (5),
we can observe the huge impact of collocated scatterers in a 1
BS environment. The CRB of this scenario is compared to that
of fig. (3) and to the other two possible combinations (2 BS
with collocated scatterers and 1 BS with distant scatterers)
in fig.(6). It is shown that while for collocated scatterers it
is preferable to have communications with more than 1 BS,
in environments with distant scatterers communication with
just 1 BS via multiple paths can sometimes lead to better
performance.

VI. CONCLUSIONS

In this contribution we investigated the impact of network
geometry and evaluated hybrid localization methods in both
LoS and NLoS environments. We based our analysis on the
single bounce model and derived meaningful expressions for
the CRB in an attempt to explain how the actual location of
the MT and the scatterers can affect the accuracy of the local-
ization method. Comparison of the CRB using contour maps
and c.d.f. plots for different scenarios, provided a graphical
demonstration of the conclusions reached by interpreting the
CRB expressions. The results presented herein are prelimi-
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Fig. 5. NLoS: CRB vs MT position for collocated scatterers
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Fig. 6. c.d.f. of CRB for 4 NLoS scenarios

nary and could be extended in various directions, including
investigating more scenarios, introducing dynamic instead of
static channels, deriving and illustrating the optimal geometric
configurations and comparing different hybrid methods.

APPENDIX

To compute the entries of G lets introduce some key
quantities

Dpis 2 (Yo = ymed)” + (X, —2me])’)2 - (29)
Dbs 2 ((Ys Ybs) + (Xs - sz)2)§ (26)
c. = [cos(z1),...,cos(zns)] (27)
s: £ [sin(z1),...,sin(zn)] (28)
where the last two vectors are defined for any vector
z="T(¢)+T(¥) (29)

that is a linear transformation of the vectors containing AoA
and AoD and thus contains angles. If the MT communi-
cates only with 1 BS through a multipath environment, then
Y = ypsl and X5 = xp51. Lets further define the vectors
and matrices containing partial derivatives

D, 295 =Cy+Cy (30)
D, 22" _g, 18, 31)
di 2 24 — el = -1'C, (32)
di & 24— gt = 118, (33)



Dy, £ *l = —SyD,1, (34)

$, £ 52 = CyD,, (35)

A f,sD:nté =1'SyD,,}, (36)
¢ L 20— iDL = -1'CyD,)  (37)
v, 29— _8,D;! (38)

Uy, & 0%~ CyD,] (39)

Pl 2 2b (40)

R @41)

Based on this we can compute each of the submatrices in
(23). Jos is a 2 x 2 block matrix, each N, x [Ny submatrix of
which is diagonal as long as the paths are distinct. Thus, we
can again use block inversion and the solution is very simple
since it resembles the solution of the 2 x 2 matrix inversion
problem. Let

Jooq  Jaz
Joo = . 42
* [ Joop  J224 } “42)
Then
_ Jo0ad L —Tomd ) }
Iy = det gt 43
22 |: _J22deelt J22GJdelt ( )

where J jor = Jooqdoog —J gzb and the 3 different submatrices
composing Joo are given by:

Jose = 0,°D2 + %2@2 +0,°0% (44)
Joop = 0’ Dy, Dy, 40,2 @y By, + 0,2 W, W, (45)
Joog =0 D2 +o0,°®2 40,702 (46)
Jo1 = JY, can also be expressed as a 2 x 2 block matrix
Jo = [ j.21a .?221; ] '
J22d

47
J22¢ “n
The elements of this block matrix are the following vectors

ji2a = 0;°Dx,dy+ 0, @y b (48)
jie = 0,°Dy d,+0,7®y ¢, (49)
j12e 07Dy, dy + 0, ®x, Py (50)
Jroa = o4 Dysdy+0¢>2q)ys¢y G
Last,
I = o dtd, +a—2¢t¢$ o;*dld, +a—2¢t¢y

*2dtd +o, %Pl ad “did, +o, ¢t¢y

Substituting the 4 submatrices given by (43),(47),(52) into (23)
we obtain after some algebraic computations the 4 entries of
G:

g = d.Fpd, + ¢, Fad, +2d.Fe, (53)
g22 = d}Fpd, + ¢! Faop, +2d,F o, (54)
921 = g1z = d.Fpd, + ¢.Fep, + d.Fe, + d.Fe, (55)

where we have introduced the matrices

Fp= O‘;QI - 0‘;4 (D2 Joog

+D? J22d - 2stDyaJ22b) It (56)
Fq>—0'¢ I—O' (¢ J22a
+q> J22d 28, By Joop) I, (57)
F = _O-d O'(z) (Dxb ¢)(‘5']-2211 + DYa ¢y>J22d
—(Dy, @y, + Dy, &y )Top) I} (58)

Replacing the vectors that contain partial derivatives into the
entries of G, we obtain

g11 = 1Y(C3Fp + D, 1 .S3Fs — 2D, 1 C4S¢F)1 (59)

oo = 1’5(S2 Fp + DmtéC2 F@ + 2DmtsC¢,S¢F)1 (60)
gz =1 (C¢S¢FD DmqubsduF@

+D,,(C;, — S))F) 1 (61)

Finally, replacing the matrices that contain the partial deriva-

tives from (30)-(39) into the submatrices of Jso and the

matrices F, Fg, Fp and subsequently the results into the
entries of G, we obtain

mts

g1 = 14(Qp, I )1 (62)
922 = 1" (Qgyd )1 (63)
g12 = —1(Sg 1y T 51 (64)
where
Jier = (Uflaiai)Dgstth_leef

= ((012/)Dbs + U¢ mts)Q¢ pt 0dQ¢ w) (65)

and we have introduced
Qp—y =T+ Cyy (66)
Q, ,=1-Cy_y (67)
Qpt+y =1+ Cyiy (68)
oy =1 Cory (69)
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