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Abstract—In the setting of multiple-access MIMO channels, the
work establishes the DMT optimality of lattice-reduction (LR)-
aided regularized linear decoders. This is achieved irrespective of
the lattice design applied by each user. The decoding algorithms
employ efficient solutions to the Nearby Vector Problem with
Preprocessing in the presence of a regularized non-Euclidean
metric, and in the presence of time-outs.

The decoders’ optimality induces a worst-case computational
complexity that is at most linear in the users’ sum-rate. This
constitutes a substantial improvement over the state of art of
DMT optimal decoding, including ML decoders with complexity
that is exponential in the sum-rate, or lattice decoders based
on solutions to the NP-hard closest vector problem (CVP). The
optimality of the efficient decoders is established for all channel
statistics, for all channel dimensions, for any number of users,
and irrespective of the different rates. The findings directly apply
to different computationally intensive multi-user settings such as
multi-user MIMO, multi-user cooperative communications, and
multi-user MIMO-OFDM.

Index Terms—Maultiple-Access Methods, Multi-User Receivers,
Diversity Multiplexing Tradeoff, Lattice Designs, Lattice Reduc-
tion, Linear Receivers, MIMO Communications.

I. MULTIPLE-ACCESS CHANNEL AND LATTICE DESIGNS
A. Introduction

The general MIMO multiple-access linear channel (MIMO-
MAC) model describes different scenarios where independent
users utilize multi-dimensional transmit-receive signals in the
presence of fading and of each other’s interference.

A fundamental performance limit in outage limited com-
munications was presented in [1], for the single-user MIMO
case, in the form of the diversity multiplexing tradeoff (DMT).
This was extended in [2] to the multi-user MIMO-MAC case.
The tradeoff has since been widely adopted as a benchmark
for transceiver design and analysis. The work in [3] proved,
for the single-user case, the existence of DMT optimal lattice-
based encoders and decoders, and the result was extended in
[4] to the multi-user case.

Recent work by the authors in [5] proved, for the single-user
case, the DMT optimality of explicit encoder-decoder struc-
tures that employ computationally efficient lattice reduction
(LR)-aided linear decoders. The extension of this optimality
to the multiple-access case poses challenges relating to the
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variable densities attributed to the code-channel lattices of
different users having different rates. These challenges are
addressed herein and the decoders’ optimality in the MIMO-
MAC case is proven for any optimal or suboptimal lattice
code.

B. System model

We consider a general (real) multiple-access MIMO channel
model [2]
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with %k independent users and a single receiver, where y, w €
R™, H; € R™*"_ and where x; € R™ is the codeword
transmitted by user ¢. The transmitted codewords x;, for
i = 1,---,k, are drawn with uniform probability from
some codebooks &, C R™, the channels H; are random
with arbitrary distributions and parameterized by p which
can be interpreted as the users’ SNR, and w is assumed to
be i.i.d. Gaussian with unit variance. The users operate for
some duration T, at some SNR p, and user specific rates'
R; = % log, | Xy, |, which define the user’s multiplexing gain
r; [11, [2] according to
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In this setting z £[zT T --- zF]T e R", n =3 | n;, can
be seen to originate from a codebook X £ Xy XXX, C
R™, where r2[r;ry --- 7|7 defines the multiplexing gain
vector [2].

The joint ML decoder is known to be DMT optimal for
each user [2], and is given by
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The diversity gain delivered by the set of designs X}, under
ML decoding is given as a function of r to be (c.f. [1], [2])
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Herj@in, we consider lattice designs given by X, =
(pf”lTAi) N R;, for each user i, where A; 2{G;z; | z; €
7™} C R™ is a lattice generated by? G; € R™ X", where z;
is the integer information vector associated to user ¢, and where
R; C R™ is a compact convex shaping region. Specifically
R; contains O in its interior, and is independent of p. For each
r; >0, X, induces a cardinality |X,,| = p"T.

dur(r) 4

p—00

'We here assume that one use of (1) corresponds to 1" uses of some
underlying channel (see [5]).
2The assumption that G; is square incurs no loss of generality (c.f. [S]).



II. DMT OPTIMALITY OF REGULARIZED LATTICE
DECODING IN THE MULTIPLE-ACCESS SETTING

The (general) regularized lattice decoder was in [5] given
for the single user case, and takes in the multiple-access setting
the following form:

k k
&y, = arggéi{{l lly — Zi:l H &) + Zi:1 |EA

where
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and where |27, 2 &7 T&; for any® positive definite T,
i = 1,...,k. Apart from the obvious addition of the regu-
larization terms, we emphasize that (5) differs from (3) also
in that the search is performed over the full lattice, and not
just the codebook. Although suboptimal in general, searching
over the full lattice tends to symmetrize the decoder and will
allow for methods used to reduce the decoder complexity
(this will be further discussed in Section III). Nevertheless
the following result, extending the result in [5], shows that
under the assumption of uniformly distributed x; over X,
(5) defines a DMT optimal decoder for the general multiple-
access setting.

Theorem 1: For any set of lattice designs {X,

r; T
(p~ 7 Ay N R;}*_, employed by the users, and for any
fading distribution such that dyp,(r) is continuous at r, the
regularized lattice decoder in (5) is DMT optimal, i.e., gives
optimal diversity

log P (21, # @)
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A. Proof of Theorem 1

The proof extends on the proof for the single-user case in
[5] by considering lattices with variable densities across the
different dimensions associated to each user, and by showing
how in this setting, the regularization factor Zle [EAlES
guarantees DMT optimality, i.e., guarantees that the DMT-
performance provided by the lattice designs in the presence of
regularized lattice decoding, matches the performance of the
same designs in the presence of ML decoding. Note however
that we make no assumption that the design achieves the
optimal DMT of the underlying channel (see [5]).

Consider the following, guaranteed to exist, spherical region
B £{d € R™ | ||d||” < 7}, )

where the radius ; > 0 is chosen to be independent of p, and
also chosen to guarantee that d; + do € R; for any d;,ds €
B;. For

>
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where H 2[H, H; --- H}], the first task will be to show
that for any r > 0,
log P (Vr < 1)

Tog p < —dmi(r) . 9
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3T; may be optimized for improved performance.

To see this, assume that & € ®f:1 B; and v, < 1, where
the latter implies the existence of d € ®f:1 (B:NA,,), d#0,
such that v, = 1||Hd||> < 1 (see (8)). The fact that d, €
®Z:1 B; and d,x € ®f:1 A,, implies that € = =z + d €
®i_1(RiNA;,), ie., & € Xr. The ML decoder will choose

over & with probability P (:B — Tz € ®f:1 B;, H) =

T
Q(%HHdH), where since v, = 1| Hd||? < 1, then

k
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Furthermore by applying standard counting techniques it may
be shown that for r > 0, and for  uniformly distributed over
®!_,(R;NA,,), it holds that
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for some f > 0 independent of p.

For &y, € A, being the output of the ML decoder, and
given that x is independent of H and thus also independent
of vy, it is the case that
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Equation (10) says that P (.’f}ML # x|z € ®f:1 Bi, v < 1) =
pY, which combines with (11), (12) to give that

P(vp <1)<P(&np # )
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which proves (9).
As in the case of (8), define
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where ( =[ 1 ¢ Cr |, and where G, i =1,k
and ¢ are any constants that satisfy
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At this stage make the assumptions that
Vrie > 1 (14)
and that
lwl|* < p°. (15)

The first task is to show that these two conditions are sufficient
for a correct decision by the regularized lattice decoder in (5),
provided that p is sufficiently large.
. A 2
Towards this end, let c=max, ot x, [7(7, where

Tédiag[Tl, .-+, Tg] is block diagonal, and note that c is
independent of the transmitted codeword x and p, and that
¢ < oo because the R; are bounded. This, in conjunction with
the condition in (15), implies that a induces a regularized
metric of

ly = He|* + |z = |w]* + |z|7 < p° +c. (16)



The task will be to compare (16) with the metric for any
& € Ay, & # x. Towards this note that the assumption in (14)
implies
k
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by the deﬁmtlon in (8). Since A, i Ay, 4¢,, then scaling

(17 by p "z results in
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It is now the case that ¢ € ; lQr, p B for all p > py,
given some sufﬁmently large p;, because for bounded R;

then R; C 2p i B;, for all i. Note that p; can be chosen
independent of the transmitted x.
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First, consider the case where € 5 @,_,(p ™ B; N A,,)

and noteC that for any such & # «, then d = ¢ — & €
;T
®f=1(pWBi NA,,), and
1 A2 1 2 26T
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directly from (18). Combining (13),(14), and (19), gives that
there is some ps > pp, independent of « and &, for which the
triangle inequality guarantees that

ly — Ha|? = ||[H(x — &) + w|* > p
for all p > py. Consequently,

26T
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for any & € A, where & € %@le p i B; and p > po.
ST
Second, consider the case where & ¢ ®f 1 ?T& in
1 (min;{y;}) kp i which

26,7
in turn implies ||&||% > 1p™ (min;{7;})*Amin(T) where
Amin(T') > 0 denotes the minimum eigenvalue of T'. It follows
that

which case (7) states that ||ar:||2
T

ly — Ha|? + |[2]7 > o (min{y}) Auin(T) @1
. oo ur
forany & ¢ @,_, p i B;.
For the transmitted codeword x, (16) implies that
ly — He||* + [|lz|7 < a(p) £ p° +c (22)
which is compared to
26T
b(p) £ min(1, ; (min{y;}H)* Amin(T))p " (23)

to show that, given (13), there is some ps > po, again
independent of « and &, for which a(p) < b(p) for all p > ps.
As a result, for any other & € A, \{x}, (20) and (21) imply
that

ly — Hz|? +||&]|7 > b(p) > alp)

for all p > ps. It has thus been shown that the transmitted
codeword yields the minimum metric, i.e., that &1, = , as
long as p > p3 and as long as the conditions in (14), (15) are

(24)

satisfied. Equivalently for an error to occur when p > ps it
must be that vy ¢ < 1 or |w|| > p°, and thus

P (& #2) <P (e <1+ P (Jw] >0°), @5

for p > ps. The exponential tail of the Gaussian distribu-
tion guarantees that P (|w|| > p°) = p=°°, and the term
becomes asymptotically irrelevant. As a result, in conjunction
with (9), it is the case that for any ¢ > 0 satisfying (13)
then limsup,_, ., % < —dmwn(r + ¢). Given the
continuity of dy,(r) at r, i.e., given that lim¢_,o dup, (r+¢) =
dy(r) , as we choose (; arbitrarily small, it may be concluded

that log P (&1, # )
limsup 2L T2 < gy (r), (26)
p—ro0 log p
for any r > 0. The optimality of the ML decoder completes
the proof. |

III. COMPUTATIONALLY EFFICIENT DECODING:
C'-APPROXIMATE SOLUTIONS TO THE CVP

The decoder in (5) may be rewritten in the form of a closest
vector problem (CVP). To this end, note that by incorporating
the lattice design, the signal model in (1) may be written as

y=HOGz+w 27

where © is a power normalizing diagonal matrix having the

elements of the ith n;-tuple on the diagonal being equal to
;T

p~ i, where z = [z] --- 2]]7 and z; is the original integer

information vector for user ¢, and where G is the composite

lattice generator matrix corresponding to A,. Let
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where Q € R(M+")*" and R € R™ ™ are the factors of
the QR decomposition of the extended channel matrix, i.e., Q
has orthogonal columns and R is upper triangular. It is now
straightforward to show that (5) is equivalent to

21, = arg min [y’ — MZ|? (28)
where M 2 ROG, and where &, = O©G2y..

Obtaining &y, in (5), or equivalently 2y, in (28), thus requires
the solution of a CVP in the lattice generated by M. However,
the CVP is unfortunately NP-hard in general [6], even after
preprocessing [7], [8]. Specifically [7] proves that for a large
family of recursive cube search algorithms, such as the
fastest currently known CVP algorithms ( [9], [7]), there exist
lattices that induce decoding complexity that is exponential in
dimension, irrespective of the amount of preprocessing. The
work in [8] extends the result to all algorithms, and shows that
it is not possible to find optimal polynomial time solutions to
the general CVP, (i.e., irrespective of the input lattice), even
in the presence of any form of preprocessing.

In our case this NP-hardness implies that even if LR
preprocessing methods [10] are used when obtaining the
exact solution to (28), it is unlikely that there will be any
general search techniques with a (worst-case) complexity that
grows sub-exponentially in the problem dimension n, unless
the code itself provides a structure that simplifies decoding,
such as for example in the case of orthogonal designs [11].



However, such constraints would severely limit the available
lattice dimensions and rates. For most high-performance lattice
designs no such efficient solutions to (28), or (5), are known.

A. DMT optimality of C-approximate lattice decoding

The above motivates the study of suboptimal implemen-
tations of the regularized lattice decoder, in the form of
approximate solutions to the induced CVP. Specifically we
are interested in finding a C'-approximate solution to (5), i.e.,
in employing a C-approximation algorithm [12], which for a
fixed C > 1 and for arbitrary inputs y € R™ and H € R"™*",
decides on @ € A, that satisfies

(&) < C&(@L) where &(@) = |ly—Hal*+|z(7. 29)

In the above, recall that &y, is by definition the vector which
provides the minimum metric in (5). The following result
states that any C'-approximation algorithm for (5) is sufficient
for DMT optimal decoding.

TheTorem 2: For any set of lattice designs {&,, =
(p~ 7 A;) N Ri}E, employed by the users, and for any
fading distribution such that dyr,(r) is continuous at r, all C-
approximate implementations of the regularized lattice decoder
are DMT optimal over the MIMO-MAC, provided C is
independent of p, i.e.,

dA(I‘) = dML (I‘) s (30)

where
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for « uniformly distributed over A}, and where &, is any
C-approximate solution to (5).

Proof: The proof follows from the proof of Theorem 1, it
can be found in [5] and is sketched here for completeness. In
particular, for a(p),b(p) in (22), (23) then (13) implies that
lim,_ o a—p) = o0, and that we can select py > ps such
that b(p) > Ca(p) for all p > py. As the metric for x is
upper bounded by a(p), and the metric of any other vector is
lower bounded by b(p), it follows that under the assumptions
of (14),(15), and for p > p4, then &5 = x. The remaining
proof is similar to the proof of Theorem 1. U

We note that, in many cases, it is more straightforward
to find C-approximate solutions to (28) rather than to (5),
although as shown in [5] any C-approximate solutions to (28)
is also a C-approximate solution to (5). We shall for this
reason focus on (28) in what follows.

B. DMT optimality of LR-aided lattice decoding: employing
solutions for the C-approximate CVP with Preprocessing

The NP-hardness of the CVP motivates the use of C-
approximate rather than exact solutions. As was shown by
Theorem 2, any such solution also provides a DMT optimal
decoder. However, the CVP may not be efficiently approxi-
mated for arbitrary C' > 1. For example, it has been shown
in [6] that approximating the CVP to within almost-polynomial

factors in m, is still NP-hard*. Nevertheless, for sufficiently
large values of C, tractable solutions do exist. To this end,
consider the CVP with a reduced lattice basis, i.e.,
2p = arg min ||y’ — MUZ%'|]? (32)
z'enn
where U € R™ ™ is a unimodular matrix, i.e., UZ"™ = Z".
The problem in (32) is clearly equivalent to (28) with 21, =
U 27 . Minimizing the norm in (32) over arbitrary 2’ € R”,
followed by simple rounding to the nearest integer point leads
to the approximate solition
Zy=[(MU) 'y (33)
where [-| denotes per-component rounding to Z™. This ap-
proach was in [15] referred to as the rounding off algo-
rithm, and shown to provide a C-approximate solution with
C1£1+2n(9/2)%, given a reduced basis MU obtained by
the LLL algorithm® [10]; it is equivalent to the LLL-based
LR-aided linear implementation of the MMSE-GDFE decoder
when T' = I [16]-[20]. Similarly, the LLL-based LR-aided
SIC implementation was in [15] referred to as the nearest
plane algorithm, and shown to provide a Cs-approximate
solution to the CVP with Cy £ 2% [15]. We note that Cy, Cs
are independent of p, and that Theorem 2 therefore applies. For
completeness, we give the following corollary to Theorem 2.

Corollary 2a: The efficient LLL-based LR-aided linear im-
plementations of the regularized lattice decoders provide DMT
optimal decoding of any set of lattice designs operating in a
multiple-access MIMO setting.

Proof: The corollary follows by the equivalence of the LR-
aided linear decoder and the rounding off algorithm in [15], or
of the LR-aided SIC decoder and the nearest plane algorithm
in [15], in conjunction with Theorem 2. O

Interestingly, Corollary 2a applies also to a time-limited
implementation of the Schnorr-Euchner (SE) sphere decoder
[21], [22] operating on (32), provided the sphere decoder tree-
search is allowed to reach the first leaf-node (see [5] for more
details).

C. Decoding complexity

The LR-aided decoders discussed above, first LLL reduce
the lattice basis M, and then provide a C-approximate so-
lution to the CVP according to (33) or by using an SIC
based procedure. The complexity of obtaining an approximate
solution in the reduced basis is only O(n?) [16], [17], [23]
and independent of p, while the preprocessing relying on the
LLL reduction is more complex. Thus, the decoder complexity
is dominated by the basis reduction, i.e., finding U.

The work in [24] shows that even though the worst-case
complexity of the LLL algorithm is often cited as polynomial

4We note that C-approximate solutions for arbitrary C' > 1 are not
guaranteed even if oracle preprocessing of the lattice basis is allowed.
Specifically [13] (resp. [14]) have shown that the CVP with preprocessing
(CVPP) is NP-hard to approximate to within any factor less than \/ 5/3 (resp.
V/3), or equivalently that under the assumption that P NP  there exist lattices
for which the CVP cannot be approximated to within \/5/3 (resp. v/3) in
polynomial time, no matter how the lattice is represented.

SNote here that regularization guarantees that M is always full rank,
rendering the LLL algorithm applicable, regardless of the channel realization
and the system dimensionality.



in the dimension of the lattice, it is in fact infinite if applied
to arbitrary, real valued, M € R™*™. This implies that the
worst-case complexity of the LLL-based LR-aided decoder is,
strictly speaking, unbounded if applied to arbitrary channels.
However, in order to achieve DMT optimal performance it is
not required to LLL reduce every conceivable channel. Instead
the decoder may be allowed to time-out and declare an error
when the number of floating point operations exceeds a given
threshold, given that the time-out event is not more common,
in asymptotic terms, than the probability of decoding error.
To gain insight into such a time-out mechanism, note that
the number K of LLL cycles required to reduce a given lattice
basis M € R™*™ may be bounded according to [24], [25]

K <n?log, k(M) +n (34)

where s = 2/+/3 and where (M) denotes the 2-norm con-
dition number of M. Each iteration requires O(n?) floating
point operations [10], which may be reduced to O(n) if only
an effectively LLL-reduced basis is required [26]. In light of
(34) we may thus limit the application of the LLL algorithm
to bases M with bounded condition number k(M ), or allow
the decoder the option to time out, stop, and declare an error.
Details of the time-out condition can be found in [5].
Employing the above time-out approach, and quantifying
the natural connection between channels that induce error and
channels that induce high-complexity, allows for the following.

Corollary 2b: For a very general class of multiple-access
channels, and for any given number of users, DMT optimal
decoding of any set of lattice designs is feasible at a worst-case
complexity that is at most O(log p).

Proof: The proof follows the steps in [5] and is omitted here
due to lack of space.

In the scale of interest, this worst-case complexity can be
seen to be O(n*) and at most linear in the sum-rate of the
users®, and is thus substantially reduced in comparison to the
worst-case complexity of other proven DMT optimal decoders,
which have complexity that is exponential in the sum-rate and

dimensionality, or induce solutions to the NP-hard CVP.

IV. CONCLUSION

The work established the DMT optimality of efficient LLL-
based LR-aided linear (or SIC) implementations of the reg-
ularized lattice decoders, for a very general multiple-access
MIMO setting. In conjunction with DMT optimal MIMO-
MAC lattice-designs [27], the current work establishes that
DMT optimality in the computationally demanding MIMO-
MAC setting can be achieved with computationally efficient
decoders, at a complexity that is at most linear in rate.
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