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ABSTRACT achieve maximal diversity offered by time/frequency and

It is known that linear minimum mean square error zerodoubly selective channels. Recognizing the fact that the
forcing (MMSE-ZF) equalization can achieve full joint structure of MMSE-ZF receivers can be exploited in order
multipath-Doppler diversity offered by doubly selective to reduce the complexity of these full-diversity achievieg
channels [1] when appropriate precoding is applied at theeivers, low complexity linear equalizers were proposed in
transmitter. However, brute force implementation MMSE-[7] and [8] for frequency selective channels. Since the com-
ZF equalizer involves a matrix inversion operation that reputational complexity in the MMSE-ZF receiver is predom-
sults in significant computational burden. In order to atlev inantly due to the matrix inversion involved in building the
ate this problem, first an iterative implementation of MMSE-equalizer, we propose a reduced-complexity implememntatio
ZF equalizer based on polynomial expansion (PE) approxief the MMSE-ZF receiver based on polynomial expansion
mation is proposed. Then, the structure of a matrix involveqPE) approximation. PE approximation is not a new idea,
in this approximation is exploited to reduce the computait was first proposed in [9] where, in order to avoid explicit
tional complexity of the PE approximation. Simulation re- matrix inversion, the Cayley Hamilton theorem [10] was ap-
sults are provided to show that while this approach reduceglied to express the matrix inverse as a finite sum of weighted
the computational complexity compared to the brute-forcenatrix polynomials. The weights themselves were chosen to
implementation of the MMSE-ZF equalizer, it does not ef-optimize a desired performance metric at the output of the

fect the diversity order. equalizer. In this paper, we adopt an approach where the
complexity reduction is achieved by first approximating the
1. INTRODUCTION MMSE-ZF receiver using PE approximation an then exploit-

Practical wireless communication channels are prone to si ?Ognthfnsttﬁécgggu%ﬁ aWn;a\f\;ill)l( g;&%ﬁ%ﬂﬁgﬁ;gﬁﬁﬂfﬂgg
nal fading due to the presence of multiple signal paths (tim detail and show that a decrease in the computational effort i

dispersive channel) , time-varying nature of the chanme} (f . : : . .
quency dispersive channel) or both (time-frequency difsperaCh'eve.d with no loss on the diversity order of the resulting
approximated equalizer.

sive or the so called, doubly dispersive channel). How-
ever, its is possible for the receiver to employ equalizatio
techniques that optimally exploit the inherent diversity i 2. SIGNAL MODEL

these channels as a convenient counter-measure against fadl Fig. 1 we show the block diagram of the transmission

ing. For instance,_the frequency_ sele_ctivity of time disper model. At the transmitter, complex data symbslg are
sive channels provide multipath diversity due to the presen

of multiple independently fading components in the channel il
In block transmission systems, when the channel coherence—| Parser
time is shorter than the transmit block length, temporaitvar
ations of the channel provides Doppler diversity [2] which
can be exploited by the receiver. Doubly selective chan- Figure 1: Block diagram of transmission model.

nels offer joint multipath-Doppler diversity that can be-ha

nessed by suitable equalization techniques and proper prist parsed intoN-length blocks.Then-th symbol in the
coding. In [3], the authors used the Complex-Exponentiak-th block is given by[sk]], = s[kN + n] with n €
Basis Expansion Model (CE-BEM) [4] wit+1 basis func- [0, 1, ..., N — 1]. Each blocks[k] is precoded by &7 x N
tions to model the doubly selective channel of membgnd  matrix® whereM > N and the resultant blocik] is trans-
showed that by employing linear precoded block transmismitted over the block fading channel. We consider a channel
sion, the maximum diversity in the channel is upper boundedhemory of order’. It is well known that the temporal vari-

by (Q + 1)(L + 1) and can be achieved when maximum-ation of the channel taps in doubly selective channels with a
likelihood equalization (MLE) is used at the receiver. How-finite Doppler spread can be captured by finite Fourier bases.
ever, MLE incurs a huge computational complexity there\We therefore use CE-BEM [4] witf + 1 basis functions to
fore the diversity order achieved by linear equalizatioBYL model the time variation of each tap in a block duration. The
which is a low-complexity albeit sub-optimal alternative t basis coefficients remain constant for the block duratian bu
optimal maximum-likelihood equalization (MLE) was inves- are allowed to vary with every block. The time-varying chan-
tigated in [5] [6] [1]. It is now known that linear mini- nel for each block transmission is thus completely desdribe
mum mean squared error zero forcing (MMSE-ZF) receiverdy the + 1 Fourier bases and) + 1)(L + 1) coefficients.

stk] [e) X[k hig MEqualize. ud




In general@ is chosen such th& = 2 f,,,.MTs] where 4. POLYNOMIAL EXPANSION APPROXIMATION
1/Ts is the sampling frequency anfl,.... is the Doppler FORLE IN DOUBLY SELECTIVE CHANNELS

spread of the channel. The coefficients themselves are
sumed to be zero-mean complex i.i.d Gaussian random v
ables. Using as the discrete time (sample) index, we can
represent thé-th tap of the channel in thie-th block

aar]s order to reduce the above mentioned computational cost,
we propose here a reduced complexity implementation of the
MMSE-ZF equalizer for doubly selective channels. We start
with an alternative representation of the received signal i
Q _ Eq. (3)
hig =Y h(k, 1)/, y=H, Os+v,

whereH,, represents the channel matrix in the time-domain
1 €[0,L], f, = (g — Q/2)/M. The corresponding receive and can in turn be represented as the sum of two matrices
signal is formed by collecting/ samples at the receiver to

formylk] = [y(kM + 0),y(kM + 1),...,y(kM + M — H,=H.+H,,
1)]T. WhenM > L, this block transmission system can be Q o
represented in matrix-vector notation as [3] H.=>» (Drolfg(K+ L) ®e“H,),

yk] = H,.[k; 0]©8[k] + Ho.[k; 1]©sk — 1] + VK], (1) 0

9=
_ eI%a H
where v[k] is a AWGN vector whose entries have zero- = OrialfolK + L)) @ (Drerrlfa] = € icin)Ho).

mean and variance? and is defined in the same way @, = wy(K + L — 1)/2. Representing the received signal in
as y[k]. Hu.[k; 0] and H..[k; 1] are M x M matrices  this form allows us to iteratively estimate the transmit &gin
whose entries are given B .. [k; )]s = h(uartrenr+r—s)  vectors. The symbol estimate after the-th iteration is given
with t € [0,1],r,s € [0,..,M — 1]. Defining D[f;] by

as a diagonal matrix whose diagonal entries are given by ~m) fro _(m—1)

D[fllmm = e2mfam m € [0,1,..., M — 1], and further s =H.©)y-H.6s ) ©)
defining[H,[k; t]],.s = h q(k,tM + r — s) as Toeplitz ma- where the superscript represents the Moore-Penrose
trices formed of BEM coefficients, it is straightforward to pseudo-inverse. From Eg. (5), we can derive the signal to

represent Eq. (1) as interference noise ratio (SINR) expression for thth sym-
bol of the symbol estima®™ as
ZZqu [k;t)Os[k —t] + VK], (2) .
10 4=0 SINR, = — GG (6)

pee” +[G.G/]..."
3. PRECODED TRANSMISSION IN DOUBLY ) , . . _
SELECTIVE CHANNELS wherep is the signal to noise ratio (SNR) aigds then-th
) ) ) o row of G, without the elemeniG],, ,, and
The precoding matri® considered here is given by

©=F T, @T.. G, = 1+ (-1)"((H.©)'H.e)"",
where represents the Kronecker product of matri¢gs, , G, = (Z(_l)k((HK@)THUQ)IC)(HKG)T_
is a(P + Q)-point DFT matrix,T, = [, 0,,.,]%, T, = P '

[lx Ox..]". P and K are chosen such thdt/ = (P +

Q)(K+L)andN = PK. This precoder was proposed in [3] Alternatively, it is possible to envisage a polynomial expa
and was shown to enable diversity orde@f+ 1)(L + 1)  sion approximation for the MMSE-ZF receiver that mini-
for ML receivers in doubly selective channels. When thismizes the mean squared error at the receiver. In this case,
precoder is applied at the transmitter, the received sicaral the symbol vector estimate after iterations is given by

be represented as

YK = (Fi o @ Lo HIRSE 4 VIEL () " 23 ARMz )
whereH k] is given by (see Sec. 7 for derivation). k=0
Q where
H[k] = Z(JP+Q[Q]T1) ® (DK+L[fq]ﬁq[k§ 0]T.).  (4)

g R=—(H.®)'H,0, z=(H.0O)'y,

In the following we will drop the block indeX in the inter-  and the diagonal scale factor matrickg of order N are

est of simplifying notations. For this scheme, it was shown,,: oo L) .

in [1] that MMSE-ZF equalization collects full diversity -of r%hseuﬂaﬂt&%gycmlé%%'r?g in the expression%or in Eq. (7) in
fered by the channel. In other words, the slope of the outage

probability curve of the MMSE-ZF receiver in the high-SNR opt . A,

regime is(Q +1)(L+1). This being the case, it is of interest Ay =arg  min Bls—s II* (8)

to explore the possibility of lowering the complexity of $uc

a receiver since brute-force implementation of the MMSE-Note that Eq. (5) corresponds to the special case of Eq. (8)
ZF receiver involves the computation of the matrix inversewhere the diagonal elements of @ll, are unity. Another
(H"H)~* which is computationally expensive. special case of Eg. (8) where the diagonal matrikgsare



reduced to scalar weighting coefficients are addressed where®, ., = N(©"), andN(.) denotes the null space
before (for instance in [9]). Let\,, = [Ax],, and of a matrix. The solution to Eq. (14) allows us to compute
A = [Mor o5 A then Eq. (8) can be solved by find- (D®,)f as

ing the optimumA°»* separately for each transmit symbol

n € {0,1,---, N — 1} in the symbol vectos as oD —'D_H@N,F(@Z.Fp_lp_H@N,F)_1@/@.#?;;])
At = argmin Els[n] — X,q[n]|*. (9)  which involves inversion of a matrix of dimensidd — N
in place of inversion of matrix of dimensiai in the brute-

aln] = [wol[n] wi[n] --- w,[n]]" andw,,[n] are elements force approach. Moreove@TF is only dependent on the pre-

of w,, = R™z. Once theN vectors corresponding tae»*  coding matrix hence it can also be precomputed and used

are obtained the diagonal matricAs are formed and sub- across blocks.
stituted in Eq. (7) to get the symbol estimate. The SINR at

the output of this equa"zer is given by 4.1 Optimization of transmission parameters
. The reduction in computational complexity @, ©)' using
SINRYMSE-rE _ plG.G (10) EQ- (15) is related to the redundancy in the transmit block

(i,e., M — N). One can therefore optimize the transmis-
sion parameterB, O, K, L to reduce the computational com-
whereg is now then-th row of G ; without the elemenig],, ,, plexity of overall PE approximation of the MMSE-ZF equal-
and izer. Such an optimization has to take into account the-nter
relations of the transmission parameters. For a fikgd,
n . ; andT;, we know thatL is fixed but@ increases proportion-
G. = > ARY(+(H.©O)H®), ally to M due to the fact thatr — Q/M is fixed due to
k=0 the relationQ = 2 fimaMTs]). This also implies that the
available diversity at the receiver increases with

"~ pag” +16.67..."

G, = > AR'(H.O)
k=0 5. NUMERICAL RESULTS

Since both Eq. (7) and Eq. (5) require the calculation ofn this s_ectipn we provide simulation results to show th_at th
the pseudo-inversgH, ®)' we now focus our attention to approximation for the MMSE-ZF equalizer proposed in the
reducing the complexity of the matrix inversion that needs t Paper does not entail any loss in terms of the diversity or-
be performed in order to obtaifH,.®)". Notice thatH,®  der collected by the receiver. It is yveII ac.cepted that .the
can be factored as shown in (12) where we replace the blocklope of the outage probability curve in the high SNR regime
circulant-with-Toeplitz-blocks (BCTB) matrix in (11) wita ~ provides an accurate estimate of the diversity order of a re-

block-circulant-with-circulant-blocks matrix (BCCB)ei, ceiver. The outage probability curve was plotted by comput-
ing the post-equalization SINR (SNR for the case of brute

Q for MMSE-ZF equalizer) for the symbol indexcorrespond-
= (Jriold] @ejqu;)_ ing to [N/2] since it suffers the maximum inter-symbol-
0 interference within the block. Monte-Carlo simulationsae
carried out for a fixed transmission rate for different SNR
whereH¢ is a circulant matrix whose first column is the samePOINts. For the brute-force implementation of the MMSE-ZF
receiver, the post-equalization SNR for an arbitrary syimbo
indexn in the symbol bloclsis given by

HBCCB
q

as the first column dfl,, This allows us to take advantage of
the fact thaH ;.. is diagonalizable as

P
D= (F,, @ F" Hucon(Frio ®Frer), SNRe = Ty,
Now plugging this into (12) we have whereH represents the equivalent doubly selective channel
after precoding angd is the SNR. For the polynomial expan-
H.® = (lpio ®Fki)DOp. sion equalizers, the post-equalization SINR was computed
as given by Eq. (6) and Eq. (10). When the post-equalization
where®; = (1., ® Fi,,)® which in turn leads us to SINR was below the SNR required to support the fixed
transmission rate, the channel was declared to be in outage.
(HKQ)T — (’DGF)T(IPW @ Fron)™. (13) The slope of the outage probability curve thus obtained

provides an estimate of the diversity order. In addition to

The problem of computingH, ©) is thus reduced to the this, we compare the slope of the receiver to that of the
problem of computingD©® )T'_ This can be accomplished matcheq filter _bour}d (MFB) which is known to collect all
by formulating the problem of computing the pseudo-inverséN€ available diversity in the channel.

as that of finding theV x (M — N) matrix= that corresponds 19 2 illustrates the evolution of the diversity order siop
to the solution of the minimization problem [7] achieved against the order of approximation in the polyno-
mial expansion equalizer in Eq. (5). It is seen that the slope

. P _ P .., flattens out understandably at lower order approximations
T 1, = 1\H T 1, = 1 ” N .

arg min T{(@:D " +E0,x.»D )" (©:D +EOx.sD )} que to large approximation errors but starts to stabilize at

(14) about second order approximation of the equalizer.
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Figure 2:Evolution of diversity order for different iterations.
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Figure 4: Comparison of performance of the two PE approxima-
tions.

minimizes the MSE at the receiver Eq. (7) is shown in
Fig. 4. We see a significant enhancement in performance
for the first order approximation when compared to the PE
approximation in Eq. (5). However, for higher orders the the
difference in their performance appears negligible.

6. CONCLUSIONS

In this contribution we propose two approximations for the
MMSE-ZF equalizer for doubly selective channels. The pro-
posed equalizers are based on polynomial expansion approx-
imation and lead to a decrease in the computational com-
plexity of the equalizer when compared with the brute-force
implementation. Simulation results show that such an ap-
proximation does not incur a penalty in terms of the divgrsit
order achieved by the approximated equalizers.

7. APPENDIX

Due to the presence of the zero-padding makgxit can be

Fig. 3 shows the comparison of the diversity order ofeasily shown that the inter-block-interference comporent

brute-force implementation of the MMSE-ZF equalizer forhe received signal is zero, i, [k;1]@s)k — 1] = 0. Asa
doubly selective channels for the casetbi= 2andL = 1. result, the received block in Eq. (1) can now be represented
Observe that the slope of the outage probability curves fogg
both the implementations are the same. The polynomial
expansion equalizer has an SNR offset when compared to
the brute force implementation which is to be expected since
the equalizer is an approximation of the MMSE-ZF receiver
however, it succeeds in collecting full diversity offered Using standard Kronecker product identities, one can show
by the doubly selective channel at relatively low order ofthat
approximation. The performance of PE approximation that

Q
y[k] = D[fy]H[F; 0@k + v[k], (A1)

H,[k;0/© = F2_ T, @ H,[k; 0]T.,

P+Q

(A2)



whereH,[k; 0] is aK + L x K + L Toeplitz matrix formed
by the firstK + L rows and columns ofl,[k; 0]. Eq. (Al)
can then be re-written as

Q
y[k] =

DIf) (FioT: @ Fylki 01T, ) sik]+vIk], (A3)

HIk] =
Note that

D[fq] = DP+Q[fq(K + L)] ® DK+L[fq]v

The above equation represebiy,| as Kronecker product of
time-variation over two scale® ., ,[f,(K + L)] is a diag-
onal matrix of sizeP + () that represents time-variation at a
coarse scale (complex-exponentials sampled at sub-sagnpli
interval of (K + L)Ts andD, . [f,] is a diagonal matrix of
size K + L that represents the time-variation over a finer grid

(A4)

(P+Q) (K+L,

— K—

Ho = Dicy o [fo]Ho[k; 0]

corresponding to the sampling peridg Using Eq. (A4)and Figure 5: Equivalent channel matrix for doubly selective
standard matrix identities, we can decompose the receivédiannel.

signal as in Eq. (A6) wher&{q] = J7~9/?) andJ is a circu-
lant matrix with[0, 1, 0, »,,_.]" as the first column. Since
the matrix(F7, , ® | ., .) has no effect on the diversity of
the doubly selective channel, for the analysis of the dityers
order of MMSE-ZF receiver, the effective channel matrix can
be represented as

Q [5]

Z(JP+Q[Q]T1) ® (DK+L[fq]ﬁq[k§ 0]T,), (A7)
q=0

(4]

H[k]

Fig. 5 provides an illustration of the structure of the equiv [g]
alent channel matrix due to precoding. Heétfg represents

the product matriD . , . [f]H4[k; 0] for ease of illustration.

In particular, it is a block-Toeplitz matrix with constitoe
blocks which are in turn formed by the product of a diag-
onal matrixD, . [f,] and a Toeplitz matrix formed by the
corresponding BEM coefficients of tlyeth basis function.
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Ykl = 3" (OrralfalK + DIFEGT) © (Ducralfi]Fqlk: 0T, ) slk] + VIR, (AS)
q=0
Q ~
VI = (Fro @ Vi) D (QrsaldT2) @ (Ou o [FlFy [k OT) ) sik] + VIR, (A6)

q=0



