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Abstract—" In this paper, we investigate the behaviors of the
optimum end-to-end distortion of spatially correlated, multiple-
input-multiple-output (MIMO) systems. Assuming Rayleigh fad-
ing channel and the transmitter perfectly knows the instan-
taneous channel rate, we derive an analytic expression of the
tight lower bound of the end-to-end mean quadratic distortion
at any SNR for transmitting a white thermal noise source,
in terms of the spatial correlation matrix, antenna numbers,
the ratio of source-bandwidth to channel-bandwidth, the ratio
of signal power to noise power (SNR) and the source power.
By analyzing the expression, we obtain the SNR exponent and
the corresponding factor at the asymptotically high SNR. Also,
we show that higher correlation brings higher distortion lower
bound, which corresponds to our intuition.

I. INTRODUCTION

End-to-end distortion, i.e. the distortion on the recovered
source at the receiver, is the primary performance metric
in analog source transmission. The relationship between the
quadratic end-to-end distortion (mean square error) and the
channel capacity is shown by Shannon’s inequality [1]. In
MIMO systems, this principle remains as well as in SISO
systems.

The existence of the SNR exponent in the optimum
quadratic distortion at the asymptotically high SNR has been
proved in [2]-[4]. In [5]-[7], Caire-Narayanan and Gunduz-
Erkip have given the upper bound of the SNR exponent in the
mean quadratic distortion at the asymptotically high SNR for
joint source-channel coding MIMO systems. It is relevant to
the ratio of the source bandwidth W to the channel bandwidth
W, (bandwidth ratio in our paper).

Inspired by their work, in [8], under the assumption that
the transmitter perfectly knows the instantaneous channel rate,
we derive the compact analytic expression of the tight lower
bound of the mean quadratic distortion for any SNR and the
explicit corresponding distortion factor at the asymptotically
high SNR. Also, in [8], the same upper bound of the distortion
SNR exponent as in [5]-[7] has been derived by a quite
different means.

Moreover, Gunduz-Erkip have studied the interleaving effect
on the SNR exponent [9] and we have studied the interleaving
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effect on both of the SNR exponent and the corresponding
factor [10].

To our best knowledge, before this paper, all relevant
works on optimum end-to-end distortion of MIMO systems,
including Caire-Narayanan’s, Gunduz-Erkip’s and ours, are
under the assumption of spatially uncorrelated MIMO channel.
An alternative scenario, which is more general, is the spatially
correlated case. Intuitively, for a correlated MIMO channel, we
would obtain the result that the spatial correlation increases the
lower bound of the end-to-end distortion as it decreases the
channel capacity.

In [11], Chiani et al. give the analytic expression for the
moment generating function of channel capacity in both cases
of spatially uncorrelated channel and spatially correlated chan-
nel. In this paper, on the basis of a part of their mathematical
results, we derive the analytic expression of the optimum
mean quadratic end-to-end distortion on a thermal noise source
and then figure out the SNR exponent and the corresponding
factor at the asymptotically high SNR. We also show that
higher correlation brings higher distortion lower bound, which
demonstrates our intuition.

Throughout the paper, vectors and matrices are indicated
by bold, |A| and det A denote the determinant of matrix
A, and {a;;};j=1,. ~ is an N x N matrix with elements
a;j, ,j = 1,...N. Also, E{-} denotes expectation, and in
particular E,{-} denotes expectation with respect to the
random variable 2. The superscript T denotes conjugate
transpose. Tight lower bound of and optimum are two phrases
exchangeable in this paper.

II. MIMO SYSTEM MODEL

Assume a white thermal noise source s(t) is to be transmit-
ted and systems are working on “short” frames due to strict
time delay constraint, that is, time-interleaving is impossible to
be done and no time diversity can be exploited. The transmitter
is supposed to perfectly know the instantaneous channel rate
which can be fed back by the receiver as a real scalar. The
recovered source at the receiver is denoted by 5(¢).

Consider a frequency-flat block-fading MIMO channel with
Ny inputs and N, outputs represented by

y=Hx+n (1)



where x is an Ny-length column vector denoting transmitted
symbols, y is an N,-length column vector denoting received
symbols, n is an N,.-length column vector denoting noises and
H is an N, x N; matrix denoting the channel. We assume all
elements in n are zero-mean i.i.d. complex random variables
with variance o2 and all elements in H are CA(0, 1).

Assume the signals are uncorrelated at the transmit antennas
and correlated at the receive antennas. Thus, the correlation
matrix ¥ = E{HH'}.

III. PRELIMINARIES

The mathematic equation and definition below will be used
in subsequent derivations and results.

A. The integral of an exponential function

/ e P9 (1 + az)Vdx = o~ T(q)¥(q,q + 1 — v, p/a),
0

R{q} >0, R{p}>0, R{a}>0.
2)

It can be seen in [12, pp. 344. 5.].

B. The confluent hypergeometric function ¥(a,c;x)

U(a,c;xz) = ! / e "1t tdt,  R{a} > 0.
I'(a) Jo
3)
It satisfies P J
Y Y
—-— —x)— —ay =0. 4
zoatle—a) - —ay=0 @)

Bateman has given a thorough analysis on ¥(a,c;z) [13,
pp. 257-261]. We will use some of his elegant results as
follows.

« If c is not an integer,

I'l—
U(a,c;z) = ﬂ@(a,c;x)
I'a—c+1)
I'c—-1) 4 ®)
+ Wﬂ? “Pla—c+1,2—cx)
where ®(a,c;x) is another confluent hypergeometric
function,
DN - (a)r "
P(a,c;x) = Z @ T (6)

r=0

Note that (a), = I'(a +n)/T'(a).
« if c is a positive integer,

Y(a,n+ 1;2) = nE;(la)n_TI){q)(a,nJrl;:c)logx
26 s a+r)—w(1+r)—w(1+n+r)}iz}

3

— n=0,1,2, ..
I'(a

@)
The last sum is to be omitted if n = 0.

U(a,c;r) =2 “V(a—c+1,2 8)

Thus, when c is a non-positive integer, we can obtain the
form of ¥(a,c;x) from (7) and (8), which is similar to

(D,

—¢x).

U(a,cx) = O(:i))!r‘c(@{cb(a—l—l—cﬂ—c;x)xlclogx
+Z +1_C [Ya+1—c+r)—p(l+7)
grti-e (1—c) < arx
_1[)(2—6“!‘7")} T‘! } a—l—l—c; C

(9)

o When z is small, see Table I on the bottom of this page

IV. MAIN RESULTS
The mean end-to-end quadratic distortion
ED =E(D)

/ T (s(t) = 5()) dt.
0

Theorem 1 (Expected quadratic distortion lower bound):
The expected quadratic distortion of spatially correlated
systems is tightly lower bounded by

Py |E|Nmax det G
Hllgv:in r (Nmax - k + 1) |‘/2(0')|

where G is an Ny i, X Nyyin matrix with ij-th elements given
by

(10)

EDLB —

corr

(1)

gi; = (%) "I(d;)¥ (dj,d +1—% 5;) (12)
P; is the source power, p is the SNR per receive antenna,
n is the bandwidth ratio Wy /W, d; = Nmax — Nmin + J,
Nimax = max{N¢, Ny}, Npin = min{N;, N,.}, and o =
(01,02, s ONpin)» With 01 > 02 > ---0p,,,, > 0 denoting
the ordered eigenvalues of the correlation matrix 3. Va (o) is
a Vandermonde matrix given by

V(o) 2 Vi (- [01—17...
where the Vandermonde matrix V;(x) is defined by

1 1 1
X1 X9

TN (13)

A mein

Vi(x) = (14)
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TABLE I
¥(a, c; x) FOR SMALL z, REAL ¢

c v
c>1 [ a=T(c—1)/T(a) +o(a17°)
c=1 —[(a)] Tlogz + o (|log z|)
c<1l| T'(1—-¢)/T(a—c+1)+0(1)




Proof: Following the proof of Theorem 1 in [8], the tight
lower bound of the mean end-to-end quadratic distortion with
respect to H,

EDLB. = PEy[det(Iy + ﬁHHT) 7.

corr

15)

Observing (15), we can find that it has the same form as
the moment generating function of capacity in [11] . Thus, by
the mathematical results given by Chiani ef al. in [11] for the
expectation over spatially correlated H, we get

DLB

LB _ P,KydetG (16)

where G is an Ny X Nyin matrix with ij-th elements given
by
(oo}
9ij = / N Nmintile=a/ov(1 4 L 0y=Tgp (17)
0 Ny

and N
37— Ninax
Ky = Nmin | | . (18)
Hk:l [ (Nmax — k + 1) [Va(o)]

By (2), we can write (17) in an analytic form

i 2 N,
gi; = (I/V)t) I(d;)W (dj,dj 1o g;) . (19)

This concludes the proof of the theorem.

Theorem 2 (Distortion exponent upper bound): At the
asymptotically high SNR, there exists an SNR exponent

AUB in the optimum distortion of spatially correlated
systems,
log EDLB
Ago]fr = — lim 0og corr
p—oo  logp
Nmin 2
_ Z] mll’l{n,d }a E S Nmax;
N mln{ y Nmax + 1} + Z dj7 % > Nmax-
(20)

Proof: From Theorem 1 and Section III-B, it is easy
to see that there exists an SNR exponent in the optimum
distortion at the asymptotically high SNR, i.e,,
log EDLB

corr

AUB _
log p

UB — _ lim 1)

p—00
We denote G at high SNR by G where each element Gij
is in the form of k:ijp_A”’ . Consequently, at high SNR,

UB
Acorr

det G ~ v p (22)

Due to the complexity of the function ¥(a,c;z), we will

discuss on det G for deriving AUB in several cases as follows.

D) dn,,, >2/n,i.e,2/n < Npax, and 2/n is not an integer.

ii)

i)

iv)

In this case, supposing d; < 2/n < diy1, | € Z7T,
according to Table I, we have

dj, 1<j<I
Ay=< , (23)
n’ < J S Nmin
and
d; .
L NET@rE -4 @), 1<
] — 2 2
’ Ntnaj] T (dJ_7)7 l<]SNm1n
(24)
Hence,
i 2
Ag)]?r = Z mln{ d } for E < maxy ¢ 7.
(25)

dein > 2/779 2/77 ls an il’lteger,

In this case, supposing d; = 2/n, | € Z*, according to
Table I, we have

d;, 1<j5<1;
Ay={% "=7= (26)
;a l < ¥ S Nmiru
and
NUT(d))D(2 —d)PH(2), 1<) <l
kij =14 Ni'logp, j=1
2 4.2
NtnU?J nr(dj_%)v l<j§Nmin~
27
Hence,
B Nuin 9 9
AUB — Z mln{ d;} for = < Nyax, - € Z.
n n
(28)
dem - 2/77’ L. e., 2/77 - max
In this case, according to Table I, we have
Aij=dj, 1<j< Ny, (29)
and
d; _ . )
by = 4 N LEDTC = d)TT ), 1= < N
_Nf,]\fmax log %a ,7 = Nrnin-
(30

We remark that k;n —N »ex Jog = Ni g because the

term NtN max Jog p does not contribute to det G.
Hence,

min

Nmin

2
AVB — min d;} for — = Npax.
> winiZ) o 2

corr (€29
dn,.. <2/n,ie,2/n> Npax-

This case makes the analysis more complicated as we
have to take care of keeping G as a full rank matrix.



If we consider

2 2. _
NtNmaXF(NmaX)F(E — Nmax)/T'(=) p Nomax
(32)

as foregoing, then G would become a singular matrix.

Hence, in fact, for G, it should be a lower-order term in
the polynomial of g;x,_ . which involves the row index

min

into the factor k;; contributes. Thus, we need to look at
the polynomial of g;n,,, in different cases.

When 2/7 is not an integer, by (5), we can get

9iNmin =

dj7j<Nmin
%7 lfj :Nmina 2/77_ 1< Nmax < 2/77

Nmax + 17 lfj = Nmina Nmax < 2/77 -1
(33)

d; — .
N{T(d))D(2 — dy)TH(2), § < Nonin
2 Nmax—2
N/ o, "T'(Nmax — 2),
lf] - Nmin, 2/77_ 1< Nmax < 2/7’]
N2 N ax D (Nimax)T (2 = Nmax)
7i(Nmax+1-2)I(2)

lf] - Nmin, Nmax < 2/77 — 1.

(34)

When 2/7 is an integer, by (9), we can get

dj, j Nmin

v NmaX+17j:Nmin
and
4 _ .
Nt F(dj)l—‘(% _dJ)F 1(%)7 7 < Nmin

Nmax
Nf,

- log p, if 7 = Npin, % = Nmax +1
NNmax-+1 NmaxT(Nmax)T (2 = Nmax)
0i (Nmax+1—2)T(2)
if j = Niin, 2 > Nimax + 1

kij =

(36)
Hence,

Nmin —1

Ai}?r:min{gaNmax+l}+ Z dj for g > Nmax.
n i=1 n
(37)

Combining expressions of AU in all cases, we conclude the

theorem. u

Comparing to the distortion SNR exponent upper bound of
uncorrelated MIMO systems [5]-[8],

Nmin

2
Agr?corr = Z min {777 Nmax - Nmin + 2k - 1} 5 (38)
k=1

we find that when 2/17 < Npax — Numin + 2, AUB is the
same to AUYB  and when 2/ > Npax — Numin + 2,
AYB is smaller to AUB . Therefore, when the bandwidth
ratio n is not high enough, corresponding to the case of
2/n > Nmax — Nmin + 2, at the asymptotically high SNR, the

optimum distortion of a correlated MIMO system has a flatter

descendent slope with SNR than that of an uncorrelated
MIMO system with same antennas and bandwidth ratio.
When the bandwidth ratio is high enough, the two have the
same descendent slope.

Theorem 3 (Corresponding distortion factor): Define the
corresponding distortion factor ) .. for the optimum end-to-
end distortion of spatially correlated MIMO systems at the
asymptotically high SNR as

UB

EDE) ~ pigp” o (39)
where ) )
lim OF Meory _ (40)
p—oo  logp
Then

7Nmax
e = e et K 1)
[T T (Nmax — k 4+ 1) [Va(o)
where K is an Nyin X Npin matrix with 7jth elements £;;-s
which are given in Theorem 2 for all cases.
Proof: The conclusion is straightforwardly from Theo-
rem 2. |

Note that when d; > 2/n, i.e., 1 > 2/(Nmax — Nmin + 1),
which is called the high-bandwidth-ratio state in this paper,
we can write p7,.. in a more compact closed-form

2Nmin

PS NN V(o) TV 0T (dy — 2)
I T (dy) [ Va(o)] '

* —
p’corr -

(42)

V. SIMULATION AND ANALYSIS

The analytical framework we derived is general and valid for
correlation matrices 3 all of whose eigenvalues are distinct. To
give an example, we consider a well-known correlation model:
the exponential correlation with 3 = {r="=7} and

€ (0,1) [14] as in [11].

Fig. 1 shows lower bounds of the mean quadratic end-to-end
distortion for a thermal noise source with power 1 conveyed
over a 2x 2 MIMO channel under Rayleigh fading. The system
is in the high-bandwidth-ratio state, n = 10. The SNR per
receive antenna ranges from 10 dB to 40 dB. The blue lines
represent results of Monte Carlo simulations which are carried
out by generating 5 000 realizations of H and evaluating (15).
The red circles represent the approximate optimum distortion
El)};oB]r;< = /’Lzorrp_Agolir'

It can be seen that the distortion lower bound when r = 0.9
is about 1.5 dB higher than that when r = 0.1. It corresponds
to our intuition since spatial correlation decreases channel ca-
pacity. Comparing the simulation results and the approximate
distortion, as we expected, we see that simulation results are
approaching approximate optimal distortion with the increase
of SNR and overlap approximate optimal distortion when SNR
is high enough.

ij=1,.., N,



O  Simulated

Approximate

-2 i i i
10 15 20 25 30 35 40
SNR (dB)

Fig. 1. Tight lower bounds of the mean quadratic distortion for a MIMO
system in the high-bandwidth-ratio state conveying a thermal noise source
with Ny = 2, N, = 2, Ps = 1 and n = 10. Exponential correlation cases
with r = 0.1,0.5,0.9

VI. CONCLUSION

In this paper, assuming a continuous thermal noise source
is transmitted over a spatially correlated MIMO channel under
Rayleigh fading, we have derived the compact analytic expres-
sion of the tight lower bound on the end-to-end mean quadratic
distortion. Stemming from it, we have derived the upper
bound on the distortion SNR exponent and the corresponding
factor for any bandwidth ratio. Numerical results show that
higher correlation improves the distortion lower bound which
corresponds to our intuition and simulation results corresponds
to approximate lower bounds in closed-form at high SNR.
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