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When Network Coding and Dirty Paper Coding
meet in a Cooperative Ad Hoc Network

Nadia Fawaz, Student Member, |EEE, David Gesbert, Senior Member, |EEE,
and Merouane DebbaMember, |IEEE

for ad hoc networks that are more spectrally efficient than
classical Decode & Forward (DF) protocols. Using analog net
work coding, our strategies preserve the practical half-dplex
assumption but relax the orthogonality constraint. The into-
duction of interference due to non-orthogonality is mitigaed
thanks to precoding, in particular Dirty Paper coding. Combined
with smart power allocation, our cooperation strategies dbw to
save time and lead to a more efficient use of the bandwidth
and to improved network throughput with respect to classicad
Repetition-DF and Parallel-DF.

Abstract— We develop and analyze new cooperative strategies @ }@
b 4

Index Terms— Cooperative Communications, Network Coding, . . o
Dirty Paper Coding, Precoding, Ad Hoc Network Fig. 1. A four node network with 2 cooperating sources and fidations

A. The ldea in Brief

Loss of bandwidth issues have been tackled at higher layers

OOPERATIVE communications occur when distribute@nks to network coding (NC). Packets arriving at a node
wireless nodes interact to jointly transmit information®" any edge of a network are put into a single buffer. At
Several radio terminals relaying signals for each othemfor€ach transmission opportunity, an output packet is geeerat
a virtual antenna array and their cooperation enables t@@ random linear combination of packets in the buffer withi
exploitation of spatial diversity in fading channels. Sme "Current” generation [2]. Inspired by network coding, ctes
relaying strategies already exist, the simplest and mostées & four-node cooperative network using "network precoding”
ones being [1] Amplify and Forward (AF) and Decode an@ two-block t_ransmlssmn scheme,_where in each s_lng_le block
Forward (DF) with repetition coding (RDF) or parallel chahn On€ source simultaneously transmits and relays as in fig): 2 (c
coding (PDF). Since radio terminals cannot transmit ande first block : S, sends a single signdl (si(n), s2(n—1))
receive simultaneously in the same frequency band, most Which is a function of both its own messaggn) and a
cooperative strategies are based on the half-duplex mode. message:(n — 1) received, decoded and re-encoded by
When considering a three-node cooperative network, with a 1 in the second block of previous transmission (repeti-
source S, a relay R and a destination D, each transmission is tion of the codeword - RDF - or use of an independent
divided into two blocks: in the first block, S transmits and R~ codeword -PDF), now relayed fo$;. S3, Dy and D,
and D receive; in the second block R relays and D receives. receive. SinceS; knows the message i (n — 1), it can
In some strategies S also transmits in the second block. extracts, (n), if it also knows the mixing functiory;.
Now let us consider the four-node network in fig. (1) with  Second block: S, sends a single signgb(sz (1), s1(n))
two sourcesS; and S, transmitting in a cooperative fashion ~ Which is a function of both its own messagg(n) and a

|. INTRODUCTION

to two destinationsD; and D as in [1]. The previous trans- message; (n) received, decoded and re-encodecbbyn
mission scheme is repeated twice, first for the relay channel the first block of the current transmission, now relayed for
S, — S, — Dy and second for the relay chanr&l—S; — D, as _Sl. S1, D_l and D, receive. Sl_n(_:es*l knows the message
described in fig. 2 (b), resulting in a four-block transnossi in s1(n), it can extractsy(n), if it also knows f.

The use of orthogonal interference free channels for ssurce Functionsf; and f» are the network precoding functions

and relays transmissions simplifies receivers algorithmis Bvhich help improving communication in terms of bandwidth.
results in a loss of bandwidth. Knowing f; and f, allows sourcess; and.S; to easily cancel

interference and extract the message they will have to ielay
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Fig. 2. Time division channel allocations for (a) orthogdiaect transmissions, (b) usual orthogonal cooperatigasmissions (c) proposed scheme : analog
network coding cooperative transmissions

D+, generates interference fdp, interested insa(n — 1). performance criteria are derived in section IV. Numerical
A similar interference problem occurs in the second blockesults and comparison with other cooperative protocads ar
Nevertheless, interference is known at transmitter, tmesoan provided in section V and lead to the concluding section VI.
design the precoding functions to take into account thiseiss
In particular Dirty Paper Coding (DPC) [3], a well-known
coding technique to mitigate interference known at trattemi
may help NC. We may expect DPC-like network precoding to Giveni € {1,2}, i denotes the complementary integer in
help improving bandwidth efficiency in a cooperative netorthe ensemblé1, 2}, e.g. ifi = 1, i = 2. Matrices and vectors
as well as mitigating interference, thus enhancing peréorce are represented by boldface uppercasé, A*, A” denote

II. SYSTEM MODEL

with respect to usual cooperative schemes. the transpose, the conjugate and the conjugate transpose of
matrix A. tr(A), det(A) and ||Al|r = \/tr(AA) stand for
B. Related Work trace, determinant and Frobenius normAofl i is the identity

Works in [4]-[6] proposed several cooperative strategigs fnatrix of size N. _
considered a common destination and did not address interfe 10 capture the gain resulting from the NC approach, we
ence mitigation issues arising in multi-source multi-trestfon ~ consider that all terminals are equipped with a single arden
cooperative ad hoc systems. DPC was also considered in rétgpsider the four node network in fig. 1. Each soufgei €
networks, eg. in [7]-[10], as joint coding between coopagt {12} generates a sequeneg(n) , n € {1,.,N}. These
pairs, or to mitigate interference at relay. s_y_mbols_ are modeled by independent |dent|cally dlstr_nﬂ)ute

Analog network coding at the physical layer was proposétfi-d-) circularly-symmetric complex gaussian randontiva
in [11] with power allocation, interference mitigation tiles to @bles, with zero mean and variance= T[|s;(n)|?]. With a
DPC and results on the total network throughput, neversiseldransmission bandwidtt’, there aré” complex symbols per
the full analysis is presented in this paper. Recently [15{90”(’- At timet = k/W , k € IN, the signal transmitted by
studied AF with analog network coding and showed thav IS denotedr;(k) whereasys, (k) andyp, (k) represent the

joint relaying and network coding can enhance the netwosidnals received by sourcg and destinatiorD; respectively,
throughput. with 4,5 € {1,2} . Finally f; represents the network coding

Our main contribution is to bring network coding, in arfunction performed abj;. Those functions can be of any kind,
analog way, at the physical layer, to provide novel coopezat N0t necessarllly linear. Nevertheless, in t_h|s paper deuadoa
protocols using analog network coding and to analyze théietwork coding approach for cooperative ad hoc networks,
performance in terms of the network throughput and outay focus first on functions performing a linear operation
behavior. Thanks to analog Network Coding combined wifpn Symbolss, ands,, to simplify analysis and detection at
Dirty Paper precoding, time is saved compared to classicgstinations. Then a DPC app_roach is considered and shown
DF protocols, interference resulting from non-orthogigas 0 outperform the other strategies.
mitigated, leading to a better use of resources and improveds described in section | and figure 2 (c), NC cooperative
spectral efficiency. Analysis show that our cooperativatetr communication divides each transmission into two blocks.
gies clearly outperform classical orthogonal DF protocols o First block at even time indexes = 2n, signals

transmitted byS; and received by other terminals are:

. . _ 21(2n) = fi(s1(n), s2(n —1))
The rest of the paper is organized as follows. In section (2n) = h 21(2n) + 25, (2n)
II, notations and the system model are presented. In section Ys T USs 52 .
[, cooperative precoding methods are described whelteas t yp,;(2n) = hp;s, 1(2n) + zp,(2n) , j € {1,2}

C. Ouitline
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« Second blockat odd time indexes = 2n+1, signals different destinations [13]. In Dirty Paper NC for PDF;
transmitted byS> and received by other terminals are: decodes the message carried 9yn — 1) and re-encodes it
using an independent Gaussian codebook. More precisely, in

2220 +1) = fa(s1(n), s2(n)) order to use dirty paper coding; first orders destinations
Ys;(2n+1) = hgys, 22(2n+1) + 25,(2n + 1) based on channel knowledge. Thén picks a codeword for
yp,(2n+1) = hp,s, x2(2n+1) + zp,(2n+ 1) , j € {1,2} the first destination, before choosing a codeword for thersetc
, ) destination, with full non-causal knowledge of the codedvor
The channel between transmittere {51, 5} and receiver intended to first destination. Thus the second destination

Uhe %SI’SQ’]P“ﬁQI} is riprdese_nted bZL“r W?IiChfir(;dUd%Sh does not see interference due to the codeword for the first
the efects of path-loss, shadowing and slow flat fading.s €destination, whereas the first destination will see the adign

channel _coefﬁments are mpdeled by mdep_endent C'_rCUIarh’ltended to the second destination as interference. Timalsig
Symmetric cor_aneXQ gaussian rz?mdom _varlables W'Fh Z&fhnsmitted bys; is the sum of the two codewords, with power
mean and variance;,, 1.€. Rayleigh .fadlng;v(k) are '-'-0,' sharing across the two codewords taking into account cthanne
circularly-symmetric complex gaussian noises at recelve[(nowledge.sg will proceed the same way in the following
with variances?. Each source has a power constraint in Miock. The ordering of destinations chosen at each source
ects performances. Transmitted signals thus become:

continuous time-channel of P Joules/s and transmits orify hgﬁ
of the time, both in orthogonal interference-free coopemat )
schemes and in the proposed NC cooperation schemes. Thus z1(2n) = fu1s1(n) + fizsa(n — 1)
the power constraint translates inf = E[|z;(n)[?] < 27, 22(2n + 1) = fo157(n) + fa2s2(n)
Since a source transmits only part of time, it can increase it

2
transmit power in its transmission block and remain withan | Where f; stands for the power allocated by sourgeto the

* . . . ) /A .
average power constraint for the whole transmission. finalcodeword intended to destinati@y, andsj is the independent

each destination is assumed to have perfect CSI of its nfgdeword produced by a source acting as relay after decoding

incoming channels from sources, whereas sources are agsufflé Message carried by. Destinations are assumed to know
to have knowledge of the amplitudes of all channels arlfje orderings (each source can with a single bit indicate the

perfect CSI of the source-source channel. ordering it selected).

IV. PERFORMANCEANALYSIS

Average rate, per user and network throughputs as well as
outage behavior are analyzed in slow fading channels.

IIl. PRECODINGMETHOD
A. Linear Precoding

In Linear Network Coding for RDFS; detectssa(n — 1)
in the signal transmitted by, and re-encodes it using the _
same codeword. Thef; forms its transmitted signat; (n) A. Orthogonal interference-free RDF and PDF
as a linear combination of its own codewosd(n) and the For cooperative channels in fig. 2 (b), using RDF the mutual
repeatedz(n—1). The same process happensatTherefore information between inpu¢; and outputyp, at D; is [1]:
function f; can be represented by a matRxof size N; x N, 1
i.e. (number of transmit antennas at source) times (number e (s1:yp,) = 5 min{ log(1 + plhs,s, %),
symbols on whichf; acts). In the single antenna scenario, 2 2
Fi = [fi, fi2] is a row of size 2. Transmitted signals are thus: log (1+ plhp,s, " + plh, s, )(:}L)

21(2n) = F1 [s1(n), s2(n — 1)]T = fi1s1(n) + fiasa(n —1) where the input SNR ig = /0> = 2P/(Wo?), and
z2(2n + 1) = Fa [s1(n), s2(n)]" = for51(n) + fazs2(n) the factor 1/2 is due to the two channel-uses to send a

In Linear NC cooperation scheme, the power constraiftéssage. Mutual informatiofizpr(s2;yp,) between input

becomesP; = e,||F;||2 < %_ We will consider precoding 2 and outputyp, at D» is given similarly. Half the degrees
functions such that|F;||2. = 1, i.e. f; does not increase of freedom are allocated for transmission to a destination

the power transmitted by sourc® but shares it between the- €ach destination is passive half of the time when the
source message and the relayed message. signals transmitted do not contain information intended to

Remark : orthogonal TDMA transmissions without relay-that destination- therefore the throughput of the first user
ing can be seen as a particular case of network coding whergpr (s1;yp,) and the total network throughput using RDF
F, = [1,0] and F; = [0,1]. Orthogonal interference-free'S: 1 1
cooperation [1] is also a particular case of our scheme where ~ Crpr = §IRDF(51§ Yp,) + §IRDF(52§ yp,) (2
Fi = [1,0] and Fe = [1,0] during two blocks, and then L ' . i
Fo — [0,1] andF, — [0, 1] during the next two blocks. The outage probability is defined as in [1]:

Pge(p, R) = Prilgpr < R] , with R = % in b/s/Hz
B. Dirty Paper Precoding / A3)

Since interference resulting from NC approach is knownhere the spectral efficiencyk is by definition the ratio
at the transmitter, more advanced NC functions can includetween rate in bits per second and the number of degrees
decoding and re-encoding with DPC of messages intendedofofreedom utilized by each terminal [1].
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Fig. 3. Comparison of Per user and Network Throughputs afsetal RDF Fig. 4. Comparison of Per user and Network Throughputs afsatal PDF
and LNC cooperative methods and NC-DPC cooperative methods

Using PDF, mutual information between andyp, is [14]:

1
) ' I 2
Ippr(si;yp,) =3 min{log(1 + plhs,s, %), Tevo(sziypa) = g {log (1 + plhs,sa/22f)
2 2
log(1 + plhp, s, |?) + log(1 + plhp, s, )} log (l—i-p 10,5, foo] p Dy, /1| )
(4) 1+ plhp,s, f1* "1+ plhp,s, fu1]?

Mutual informationlppr(sa;yp,) at Dy is also given by a

similar formula [14]. The total network throughput of PDF is With Network Coding, all degrees of freedom are used for

; . transmission to each destination. No time is wasted from the
given by: S ) . '
destination point of view, thus the throughput of the firstus
1 1 is Irnc(s1;yp,) and the total network throughput for this
C -7 1 + 27 o 5 LNC-173JD1 ghp
PDF =3 pPpF(515YD,) 5 pPDF(52;YD,) (5) strategy is :

and the outage probability for a source-destination pair is Cive = max  Iine(siiyp) + Iove(ssiyp,) (9)

PgYt L (p,R) = Pr[I <R 6 {fijtijerioy
por (0 R) Uppr | (6) PN

|f21]2 + | f22] < 1

_ _ ~ The optimization problem turns out to be a non-convex
For our proposed network coding cooperative scheme goplem, both for LNC and for DPC in next section, so

figure 2 (c), when the network coding functions are lineghat classical convex optimization techniques cannot feel us
transformations, mutual information between inpyt and to find a closed-form expression of the power allocation

outputyp, at destinationD; can be shown to be: scheme. Moreover, because of limitations due to the quality

B. Linear NC RDF

1 of the source-relay link , MAC-BC duality [15] cannot be
Irnc(s13yp,) = 5 min {log (1 + plhs,s, ful?) , used to solve the optimization problem as in non-coopezativ
\hp, s, fi1)? |hDy s, fo1? system_s. Finding the optimal power allocation sgheme betwe
log <1 + P1 ¥ plhis, fra]? P1 ¥ plhos f22|2> transmitted and relayed signals at each source is différemt
121 102

@) BC power allocation problem, because power terffis and
12, appear in the capacity of the links between the two sources,
In the minimum in equation (7), the first term representyst terms in the minimums in formulas (7), (8), (11), so that

the maximum rate at which relay> can decode the sourcethe power allocation scheme maximizing the sum-rates of the
message; after canceling the interference known at the relagyo BC channels between a source and the two destinations
(interference is due to the symbe] the relay emitted previ- may not be the same as the one maximizing the sum-rate of
ously), whereas the second term represents the maximum gate cooperative system.
at which destinationD; can decode given the transmissions Since all degrees of freedom are used by each terminal, the

from sourceS; and relaysS,. outage probability for a pair is:
A similar formula gives the mutual information between

ou . ro.
input s, and outputyp, at destinationDs, with appropriate Piic(p R') = Pr{line < R'], with R = 7 ' b/sHz (10)
changes:
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Fig. 5. CDF of Spectral Efficiency - SNR = 10 dB Fig. 6. Outage Probabilities versus SNR

C. DPC NC PDF realizations), in the case of symmetric networks, i.e. wher

The mutual information between a source message and the fa‘?"”g variances are identica, - L. Optlmal_ power
received signals at the intended destination depends on ﬁlllgcathns and orderingH; v.ver.e.obtalned numerically by
two orderingsll,, TT, of destinations for DPC chosen by bothexhaus_u_ve search. Average individual throughput andgmuta
sources. Knowing all channel amplitudes, each source ddpPability are the same for both users, since they are as-
compute alone the DPC orderings maximizing the netwoﬁymed tq haye the same power constraints and the _network is
throughput. Since a relay uses an independent codeword toj metric. Fig. (5) and (6) show the outage behavior of the
encode the signal it received from the previous source otfa: t ifterent strategies.
network throughput for this cooperation scheme belonging t
the family of PDF can be written : A. Average Throuhputs

Fig. (3) compares RDF [1] and LNC for RDF that we pro-
pose, and shows that our technique based on Linear Network
coding performs much better in terms of per user throughput,
thanks to a more efficient use of spectral resources as well
as power resources. Fig. (4) plots the per user throughputs
for PDF [1] and our DPC-NC for PDF. Once again, the NC
based strategy enhances performance in terms of individual
throughput.

Finally fig. (3) and (4) also allow to compare the total
network throughput of all techniques, and show neat improve
ments in the network performance thanks to NC methods.
Thanks to smart power sharing between own and relayed
signals, even with repetition coding, and increased sakectr
efficiency, Linear NC enhances considerably performance

whereSTN R;; is the Signal-to-Interference plus Noise ratigompared to classical RDF and PDF. Using a more advanced
resulting from the signal transmitted i at D;: coding technique, DPC, to mitigate interferences generate

Cppc = max Ippc(si;yp,)+Ippc(s2;yps,)
Iy, o, { fij}ijeqi,2)
|f11]? + [ f12]* <1
|fo1]? + | f22]* <1

with :
1 .
Ippc(si;yp,) = 5 Mnin {log (1 + plhs,s, f11]?) ,
log(1 4+ SINR11) + log(1 4+ SINRa1)}

1.
IDPC(SQ; yDz) = 5 min {log (1 + p|h5152f22|2) )

log(1 4+ SINR12) + log(1 4+ SIN Ra2)}
(11)

{ plhp,s. fi;] , it S; does DPC in favor oD, destination by the NC methods leads to even better results.
SINRij = P|hDjSifij|2 Lo ; _
ET e if S; does DPC in favor ofD; B. Outage Behavior

The outage probability is defined as Fig. (5) plots the cumulative distribution functions of the

per user throughputs. Indeed

PRBr(p, R) = Prilrpr < R] = Pr{Irpr/2 < R|

Ppeo(p, R)) = Pr[lppc < R'] (12)

V. NUMERICAL RESULTS Recalling that/zp /2 is the per user throughput, analyzing

In this section, numerical results are presented to compéane outage behavior of the different strategies for a target
the different cooperation strategies. Fig. (3) and (4)stilate rate r is equivalent to comparing the CDF of the per user
average per user throughput and total network throughghtoughputs for a rate valu&’. A neat improvement in the
obtained through Monte Carlo Simulations (1000 channeltage probability is visible in fig. (5) when using network
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