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1 Introduction

The problem of modelling channels is crucial for the efficient design of wireless systems [1, 2, 3]. The wireless
channel suffers from constructive/destructive interference signaling [4, 5]. This yields a randomized channel
with certain statistics to be discovered. Recently ([6, 7]), the need to increase spectral efficiency has motivated
the use of multiple antennas at both the transmitter and the receiver side. Hence, in the case of i.i.d Gaussian
entries of the MIMO link and perfect channel knowledge at the receiver, it has been proved [8] that the ergodic
capacity increase is min(n,.,n;) bits per second per hertz for every 3dB increase (n, is the number of receiving
antennas and n; is the number of transmitting antennas) at high Signal to Noise Ratio (SNR)!. However,
for realistic? channel models, results are still unknown and may seriously put into doubt the MIMO hype.
As a matter of fact, the actual design of efficient codes is tributary of the channel model available: the
transmitter has to know in what environment the transmission occurs in order to provide the codes with
the adequate properties: as a typical example, in Rayleigh fading channels, when coding is performed, the
Hamming distance (also known as the number of distinct components of the multi-dimensional constellation)
plays a central role whereas maximizing the Euclidean distance is the commonly approved design criteria for
Gaussian channels (see Giraud and Belfiore [9] or Boutros and Viterbo [10]).

As a consequence, channel modelling is the key in better understanding the limits of transmissions in
wireless and noisy environments. In particular, questions of the form: ”what is the highest transmission rate
on a propagation environment where we only know the mean of each path, the variance of each path and
the directions of arrival?” are crucially important. It will justify the use (or not) of MIMO technologies for
a given state of knowledge.

Let us first introduce the modelling constraints. We assume that the transmission takes place between a
mobile transmitter and receiver. The transmitter has n, antennas and the receiver has n,. antennas. Moreover,
we assume that the input transmitted signal goes through a time variant linear filter channel. Finally, we
assume that the interfering noise is additive white Gaussian.
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Fig. 1. MIMO channel representation.

! In the single antenna Additive White Gaussian Noise (AWGN) channel, 1 bit per second per hertz can be achieved
with every 3dB increase at high SNR.
2 By realistic, we mean models representing our state of knowledge of reality which might be different from reality.
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The transmitted signal and received signal are related as:

y(t) = \/Z/ H, «n,(7,t)x(t — 7)dT + n(?) (1)

with
Hnrr~><nt(7—7 t) :/ment(fa t)@jQWdef (2)

p is the received SNR (total transmit power per symbol versus total spectral density of the noise), ¢, f
and 7 denote respectively time, frequency and delay, y(¢) is the n, x 1 received vector, x(¢) is the n; x 1
transmit vector, n(t) is an n, x 1 additive standardized white Gaussian noise vector.

In the rest of the paper, we will only be interested in the frequency domain modelling (knowing that the
impulse response matrix can be accessed through an inverse Fourier transform according to relation 2). We
would like to provide some theoretical grounds to model the frequency response matrix H(f,t) based on a
given state of knowledge. In other words, knowing only certain things related to the channel (Directions of
Arrival (DoA), Directions of Departure (DoD), bandwidth, center frequency, number of transmitting and
receiving antennas, number of chairs in the room...), how to attribute a joint probability distribution to the
entries h;;(f,t) of the matrix:

hii(fit) oo hin, (. 1)

H,, ., (f.1) = S f (3)

Bt (o) oo T (f )

This question can be answered in light of the Bayesian probability theory and the principle of maximum
entropy. Bayesian probability theory has led to a profound theoretical understanding of various scientific
areas [11, 12, 13, 14, 15, 16, 17, 18] and has shown the potential of entropy as a measure of our degree of
knowledge when encountering a new problem. The principle of maximum entropy?® is at present the clearest
theoretical justification in conducting scientific inference: we do not need a model, entropy maximization
creates a model for us out of the information available. Choosing the distribution with greatest entropy
avoids the arbitrary introduction or assumption of information that is not available. Bayesian probability
theory improves on maximum entropy by expressing some prior knowledge on the model and estimating the
parameters of the model.

As we will emphasize all along this paper, channel modelling is not a science representing reality but
only our knowledge of reality as thoroughly stated by Jaynes in [20]. It answers in particular the following
question: based on a given state of knowledge (usually brought by raw data or prior information), what is
the best model one can make? This is, of course, a vague question since there is no strict definition of what is
meant by best. But what do we mean then by best? In this contribution, our aim is to derive a model which
is adequate with our state of knowledge. We need a measure of uncertainty which expresses the constraints of
our knowledge and the desire to leave the unknown parameters to lie in an unconstrained space. To this end,
many possibilities are offered to us to express our uncertainty. However, we need an information measure
which is consistent (complying to certain common sense desiderata, see [21] to express these desiderata and
for the derivation of entropy) and easy to manipulate: we need a general principle for translating information
into probability assignment. Entropy is the measure of information that fulfills this criteria. Hence, already
in 1980, Shore et al. [21] proved that the principle of maximum entropy is the correct method of inference
when given new information in terms of expected values. They proved that maximizing entropy is correct
in the following sense: maximizing any function but entropy will lead to inconsistencies unless that function
and entropy have the same maximum®. The consistency argument is at the heart of scientific inference and
can be expressed through the following axiom5:

3 The principle of maximum entropy was first proposed by Jaynes [12, 13] as a general inference procedure although
it was first used in Physics.

4 Keynes named it judiciously the principle of indifference [19] to express our indifference in attributing prior values
when no information is available.

5 Thus, aiming for consistency, we can maximize entropy without loss of generality.

5 The consistency property is only one of the required properties for any good calculus of plausibility statement. In
fact, R.T Cox in 1946 derived three requirements known as Cox’s Theorem[22]:



Information Theory and Wireless Channel Modeling 3

Lemma 1. If the prior information Iy on which is based the channel model Hy can be equated to the prior
information I of the channel model Ho then both models should be assigned the same probability distribution
PH) = P(H,) = P(Hy).

Any other procedure would be inconsistent in the sense that, by changing indices 1 and 2, we could
then generate a new problem in which our state of knowledge is the same but in which we are assigning
different probabilities. More precisely, Shore et al. [21] formalize the maximum entropy approach based on
four consistency axioms stated as follows”:

e Uniqueness: If one solves the same problem twice the same way then the same answer should result both
times.

e Invariance: If one solves the same problem in two different coordinate systems then the same answer
should result both times.

e System independence: It should not matter whether one accounts for independent information about
independent systems separately in terms of different densities or together in terms of a joint density.

e Subset independence: It should not matter whether one treats an independent subset of system states in
terms of a separate conditional density or in terms of the full system density.

These axioms are based on the fundamental principle that if a problem can be solved in more than one way,
the results should be consistent. Given this statement in mind, the rules of probability theory should lead
every person to the same unique solution, provided each person bases his model on the same information.®

Moreover, the success over the years of the maximum entropy approach (see Boltzmann’s kinetic gas law,
[23] for the estimate of a single stationary sinusoidal frequency, [14] for estimating the spectrum density of
a stochastic process subject to autocorrelation constraints, [24] for estimating parameters in the context of
image reconstruction and restoration problems, [25] for applying the maximum entropy principle on solar
proton event peak fluxes in order to determine the least biased distribution) has shown that this information
tool is the right way so far to express our uncertainty.

Let us give an example in the context of spectral estimation of the powerful feature of the maximum
entropy approach which has inspired this paper. Suppose a stochastic process z; for which p + 1 autocorre-
lation values are known i.e E(z;x;4%) = 7%,k = 0, ...,p for all i. What is the consistent model one can make
of the stochastic process based only on that state of knowledge, in other words the model which makes the
least assumption on the structure of the signal? The maximum entropy approach creates for us a model and
shows that, based on the previous information, the stochastic process is a p'" auto-regressive (AR) order
model process of the form [14]:

P
T = — E arTi—k + b;
=1

where the b; are i.i.d zero mean Gaussian distributed with variance o and a1, as, .., a, are chosen to satisfy
the autocorrelation constraints (through Yule-Walker equations).

e Divisibility and comparability: the plausibility of of a statement is a real number between 0 (for false) and 1 (for
true) and is dependent on information we have related to the statement.
Common sense: Plausibilities should vary with the assessment of plausibilities in the model.
Consistency: If the plausibility of a statement can be derived in two ways, the two results should be equal.

" In all the rest of the document, the consistency argument will be referred to as Axiom 1.

8 Tt is noteworthy to say that if a prior distribution Q of the estimated distribution P is available in addition to the
expected values constraints, then the principle of minimum cross-entropy (which generalizes maximum entropy)
should be applied. The principle states that, of the distribution P that satisfy the constraints, one should choose
the one which minimizes the functional:

D(P,Q) = /P(m)log (%) dx

Minimizing cross-entropy is equivalent to maximizing entropy when the prior @ is a uniform distribution. Intu-
itively, cross-entropy measures the amount of information necessary to change the prior @ into the posterior P.
If measured data is available, @) can be estimated. However, one can only obtain a numerical form for P in this
case (which is not always useful for optimization purposes). Moreover, this is not a easy task for multidimensional
vectors such as vec(H). As a consequence, we will always assume a uniform prior and use therefore the principle
of maximum entropy.
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In this contribution, we would like to provide guidelines for creating models from an information theoretic
point of view and therefore make extensive use of the principle of maximum entropy together with the
principle of consistency.

2 Some Considerations

2.1 Channel Modelling Methodology

In this contribution, we provide a methodology (already successfully used in Bayesian spectrum analysis
[23, 17]) for inferring on channel models. The goal of the modelling methodology is twofold:

e to define a set of rules, called hereafter consistency axioms, where only our state of knowledge needs to
be defined.

e to use a measure of uncertainty, called hereafter entropy, in order to avoid the arbitrary introduction or
assumption of information that is not available.

In other words, if two published papers make the same assumptions in the abstract (concrete buildings
in Oslo where one avenue...), then both papers should provide the same channel model.

To achieve this goal, in all this document, the following procedure will be applied: every time we have
some information on the environment (and not make assumptions on the model!), we will ask a question
based on that the information and provide a model taking into account that information and nothing more!
The resulting model and its compliance with later test measurements will justify whether the information
used for modelling was adequate to characterize the environment in sufficient details. Hence, when asked
the question, ”what is the consistent model one can make knowing the directions of arrival, the number of
scatterers, the fact that each path has zero mean and a given variance?” we will suppose that the information
provided by this question is unquestionable and true i.e the propagation environment depends on fixed steer-
ing vectors, each path has effectively zero mean and a given variance. We will suppose that effectively, when
waves propagate, they bounce onto scatterers and that the receiving antenna sees these ending scatterers
through steering directions. Once we assume this information to be true, we will construct the model based
on Bayesian tools.”.

To explain this point of view, the author recalls an experiment made by his teacher during a tutorial explana-
tion on the duality behavior of light: photon or wave. The teacher took two students of the class, called here

(1) %))

/ T \ @)
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Fig. 2. Duality wave-corpuscule?

A and B for simplicity sake. To student A, he showed view (1) (see Figure 2) of a cylinder and to student

9 Note that in Bayesian inference, all probabilities are conditional on some hypothesis space (which is assumed to
be true).
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B, he showed view (2’) of the same cylinder. For A, the cylinder was a circle and for B, the cylinder was a
rectangle. Who was wrong? Well, nobody. Based on the state of knowledge (1), representing the cylinder as
a circle is the best one can do. Any other representation of the cylinder would have been made on unjustified
assumptions (the same applies to view (2’)). Unless we have another state of knowledge (view (3’)), the true
nature of the object will not be found.

Our channel modelling will not pretend to seek reality but only to represent view (1’) or view (2’) in the
most accurate way (i.e if view (1’) is available then our approach should lead into representing the cylinder as
a circle and not as a triangle for example). If the model fails to comply with measurements, we will not put
into doubt the model but conclude that the information we had at hand to create the model was insufficient.
We will take into account the failure as a new source of information and refine/change our question in order
to derive a new model based on the principle of maximum entropy which complies with the measurements.
This procedure will be routinely applied until the right question (and therefore the right answer) is found.
When performing scientific inference, every question asked, whether right or wrong, is important. Mistakes
are eagerly welcomed as they lead the path to better understand the propagation environment. Note that
the approach devised here is not new and has already been used by Jaynes [20] and Jeffrey [26]. We give
hereafter a summary of the modelling approach:

1. Question selection: the modeler asks a question based on the information available.

2. Construct the model: the modeler uses the principle of maximum entropy (with the constraints of
the question asked) to construct the model M;.

3. Test: (When complexity is not an issue) The modeler computes the a posteriori probability of the model
and ranks the model.

4. Return to 1.: The outcome of the test is some "new information” evidence to keep/refine/change the
question asked. Based on this information, the modeler can therefore make a new model selection.

This algorithm is iterated as many times as possible until better ranking is obtained. However, we have
to alert the reader on one main point: the convergence of the previous algorithm is not at all proven. Does
this mean that we have to reject the approach? we should not because our aim is to better understand the
environment and by successive tests, we will discard some solutions and keep others.

We provide hereafter a brief historical example to highlight the methodology. In the context of spectrum
estimation, the Schuster periodogram (also referred in the literature as the discrete Fourier transform power
spectrum) is commonly used for the estimation of hidden frequencies in the data. The Schuster periodogram
is defined as:

N
1 .
F(w) = N | E spe dwte |2
k=1

sg is the data of length N to be analyzed. In order to find the hidden frequencies in the data, the general
procedure is to maximize F'(w) with respect to w . But as in our case, one has to understand why /when to use
the Schuster periodogram for frequency estimation. The Schuster periodogram answers a specific question
based on a specific assumption (see the work of Bretthorst [17]). In fact, it answers the following question:
”what is the optimal frequency estimator for a data set which contains a single stationary sinusoidal
frequency in the presence of Gaussian white noise?” From the standpoint of Bayesian probability, the dis-
crete Fourier Transform power spectrum answers a specific question about single (and not two or three....)
stationary sinusoidal frequency estimation. Given this state of knowledge, the periodogram will consider
everything in the data that cannot be fit to a single sinusoid to be noise and will therefore, if other frequen-
cies are present, misestimate them. However, if the periodogram does not succeed in estimating multiple
frequencies, the periodogram is not to blame but only the question asked! One has to devise a new model
(a model maybe based on a two stationary sinusoidal frequencies?). This new model selection will lead to a
new frequency estimator in order to take into account the structure of what was considered to be noise. This
routine is repeated and each time, the models can be ranked to determine the right number of frequencies.

2.2 Information and Complexity

In the introduction, we have recalled the work of Shore et al. [21] which shows that maximizing entropy
leads to consistent solutions. However, incorporating information in the entropy criteria which is not given
in terms of expected values is not an easy task. In particular, how does one incorporate information on the
fact that the room has four walls and two chairs? In this case, we will not maximize entropy based only on
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the information we have (expected values and number of chairs and walls): we will maximize entropy based
on the expected values and a structured form of the channel matrix (which is more than the information we
have since the chairs and walls are not constraint equations in the entropy criteria). This ad-hoc procedure
will be used because it is extremely difficult to incorporate knowledge on physical considerations (number of
chairs, type of room...) in the entropy criteria. Each time this ad-hoc procedure is used, we will verify that
although we maximize entropy under a structured constraint, we remain consistent. Multiple iterations of
this procedure will refine the structured form of the channel until the modeler obtains a consistent structured
models that maximizes entropy.

A question the reader could ask is whether we should take into account all the information provided,
in other words, what information is useful? We should of course consider all the available information but
there is a compromise to be made in terms of model complexity. Each information added will not have the
same effect on the channel model and might as well more complicate the model for nothing rather than bring
useful insight on the behavior of the propagation environment. To assume further information by putting
some additional structure would not lead to incorrect predictions: however, if the predictions achieved with
or without the details are equivalent, then this means that the details may exist but are irrelevant for
the understanding of our model'?. As a typical example, when conducting iterative decoding analysis [27],
Gaussian models of priors are often sufficient to represent our information. Inferring on other moments and
deriving the true probabilities will only complicate the results and not yield a better understanding.

3 Gaussian i.i.d Channel Model

3.1 Finite Energy Case

In this section, we give a precise justification on why and when the Gaussian i.i.d model should be used. We

recall the general model:
Y =4/ L Hx +n
Uz

Imagine now that the modeler is in a situation where it has no measurements and no knowledge where
the transmission took place. The only thing the modeler knows is that the channel carries some energy F,

in other words, ——E (22;1 Z;”:l | hij \2) = FE. Knowing only this information, the modeler is faced with

7 neng
the following question: what is the consistent model one can make knowing only the energy E (but not the
correlation even though it may exist) ? In other words, based on the fact that:

/ dH» > " | hij |* P(H) = nen, E (Finite energy) (4)

i=1 j=1

/dP(H) =1 (P(H) is a probability distribution) (5)

What distribution P(H)!!' should the modeler assign to the channel? The modeler would like to derive
the most general model complying with those constraints, in other words the one which maximizes our
uncertainty while being certain of the energy. This statement can simply be expressed if one tries to maximize
the following expression using Lagrange multipliers with respect to P:

Ny Nt

L(P) = —/dHP(H)logP(H) +y> D E- /dH | hij |? P(H)]

o +5 [1— / dHP(H)}

10 Limiting one’s information is a general procedure that can be applied to many other fields. As a matter of fact,
the principle "one can know less but understand more” seems the only reasonable way to still conduct research
considering the huge amount of papers published each year.

' Tt is important to note that we are concerned with P(H | I) where I represents the general background knowledge
(here the variance) used to formulate the problem. However, for simplicity sake, P(H | I) will be denoted P(H).
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If we derive L(P) with respect to P, we get:
dL(P) o
—gp ~ L lesP(H )30 Iy -
1=1 j=1

then this yields:

P(H) = ¢~ (AHy Zi EiLlhi P 4+1)

= e (FHD H Hexp—('y | hij |?)
i=1j=1
=111]P"s)
i=1j=1
with i
P(hm> _ _(’Y|hw| +nrnt)

One of the most important conclusions of the maximum entropy principle is that while we have only
assumed the variance, these assumptions imply independent entries since the joint probability distribution
P(H) simplifies into products of P(h;;). Therefore, based on the previous state of knowledge, the only
maximizer of the entropy is the i.i.d one. This does not mean that we have supposed independence in the
model. In the generalized L(P) expression, there is no constraint on the independence. Another surprising
result is that the distribution achieved is Gaussian. Once again, gaussianity is not an assumption but a
consequence of the fact that the channel has finite energy. The previous distribution is the least informative
probability density function that is consistent with the previous state of knowledge. When only the variance
of the channel paths are known (but not the frequency bandwidth, nor knowledge of how waves propagate,
nor the fact that scatterers exist...) then the only consistent model one can make is the Gaussian i.i.d model.
In order to fully derive P(H), we need to calculate the coefficients 3 and -y. The coefficients are solutions of
the following constraint equations:

/dﬂi:z]h” 2 P(H) = non, B

i=1 j=1

/ dHP(H) = 1

Solving the previous equations yields the following probability distribution:

P(H) = o Syl

=1 j=1

Of course, if one has any additional knowledge, then this information should be integrated in the L(P)
criteria and would lead to a different result.
As a typical example, suppose that the modeler knows that the frequency paths have different variances such
as E(| hi;j |?) = Ei;. Using the same methodology, it can be shown that :

Ny N
H) = [[[] P(h))
i=1j=1
LYY 12
with P(h;;) = #ﬁe Fij . The principle of maximum entropy still attributes independent Gaussian entries

to the channel matrix but with different variances.

Suppose now that the modeler knows that the path hp, has a mean equal to E(hp,) = mpi, and variance
E(| hpk —mypk |?) = Epk, all the other paths having different variances (but nothing is said about the mean).

Using as before the same methodology, we show that:

Ny Nt

=TI1I~20))

i=1j=1
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1hijl? lhpk —mpk >

with for all {4, j, (i,7) # (p, k)} P(hij) = #ﬁe_ Ziiand P(hyk) = #pkei Prk . Once again, different

but still independent Gaussian distributions are attributed to the MIMO channel matrix.

The previous examples can be extended and applied whenever a modeler has some new source of informa-
tion in terms of expected values on the propagation environment'2. In the general case, if N constraints
are given on the expected values of certain functions [ g;(H)P(H)dH = «; for i = 1...N, then the principle
of maximum entropy attributes the following distribution [28]:

P(H) = 67(1+)‘+Z«]L\]:1 Xigi(H))

where the values of A and A; (for ¢ = 1..N) can be obtained by solving the constraint equations.

Although these conclusions are widely known in the Bayesian community, the author is surprised that
many MIMO channel papers begin with: ”let us assume a n, X n; matrix with Gaussian i.i.d entries...”.
No assumptions on the model should be made. Only the state of knowledge should be clearly stated at the
beginning of each paper and the conclusion of the maximum entropy approach can be straightforwardly
used.!?

As a matter of fact, the Gaussian i.i.d model should not be "thrown” away but be extensively used
whenever our information on the propagation conditions is scarce (we don’t know in what environment
we are transmitting our signal i.e the frequency, the bandwidth, WLAN scenario, we do not know what
performance measure we target...)14

3.2 Finite Energy unknown

We will consider a case similar to the previous section where the modeler is in a situation where it has
no measurements and no knowledge where the transmission took place. The modeler does know that the
channel carries some energy E but is not aware of its value.

In the case where the modeler knows the value of F, we have shown that:

( nwbt p{ EZ l]| }

1=1 j=1

PH|E) =

In general, when FE is unknown, the probability distribution is derived according to:

= /P(H | E)P(E)dE

and is consistent with the case where E is known i.e P(E) = 6(E — Ep):

il hu |2
(’R'EO nrnt p{ ZZ

=1 j=1

P(H) =

In the case were the energy E is unknown, one has to determine P(F). E is a positive variance parameter
and the channel can not carry more energy than what is transmitted (i.e E < Epax) . This is merely the
sole knowledge the modeler has about E on which the modeler has to derive a prior distribution!®

12 The case where information is not given in terms of expected values is treated afterwards.

13 »Normality is not an assumption of physical fact at all. It is a valid description of our state of information”, Jaynes.
4 Tn ”The Role of Entropy in Wave Propagation” [29], Franceschetti et al. show that the probability laws that
describe electromagnetic magnetic waves are simply maximum entropy distributions with appropriate moment
constraints. They suggest that in the case of dense lattices, where the inter-obstacle hitting distance is small
compared to the distance traveled, the relevant metric is non-Euclidean whereas in sparse lattices, the relevant
metric becomes Euclidean as propagation is not constrained along the axis directions.

Jeffrey [26] already in 1939 proposed a way to handle this issue based on invariance properties and consistency
axioms. He suggested that a proper way to express incomplete ignorance of a continuous variable known to be
positive is to assign uniform prior probability to its logarithm, in other words: P(F) o % However, the distribution
is improper and one can not therefore marginalize with this distribution.

15
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In this case, using maximum entropy arguments, one can derive P(E):

0 < E < Enax

As a consequence,

ny

P(H) = /0 (WE e~ iz his P g

=1 j=1
With the change of variables u = %, we obtain:
1 > n 2
PH)= L [ g2 SIS g,
Emaxﬂ-nrnt 1

Emax

Note that the distribution is invariant by unitary transformations, is not Gaussian and moreover the
entries are not independent when the modeler has no knowledge on the amount of energy carried by the
channel. This point is critical and shows the effect of the lack of information on the exact energy!'®

In the case ny = 1 and n, = 2, we obtain:

1 _Ziahal?
PH) = 5 € Bmax
-Emaux’rr2 Zi:l ‘ hil ‘2

3.3 Correlation matrix unknown

Suppose now that the modeler knows that correlation exists between the entries of the channel matrix H
but is not aware of the value of the correlation matrix Q = E(vec(H)vec(H)H). What consistent distribution
should the modeler attribute to the channel based only on that knowledge?

To answer this question, suppose that the correlation matrix Q = VAV is known (V = [v1,..Vpy,n,]
is a n,ns X nyny unitary matrix whereas A is a n,n; x n,n; diagonal matrix A = diag(Aq, ..., A\p,n,) with
Ai >0 for 1 <i<mn,ny).

Using the maximum entropy principle, one can easily show that:

1 ' | viflvec(H) |?
PH|V,A) = T mn 7T/\lexp{ E — }
i=1 i i1 i

The channel distribution can be obtained:

P(H) = / P(H,V,A)dVdA
= / P(H | V,A)P(V,A)dVdA

If the correlation matrix is perfectly known, then P(V,A) = §(V — VO)§(A — A°) and

T v, Vec(H) |2

1
P(H) = Hnrnt /\0 eXp{Z

In the case were the correlation matrix Q is unknown, one has to determine P(V,A) = P(A | V)P(V).
This is the problem of constructing an ignorance prior corresponding to ignorance of both scale (up to some
constraints proper to our problem) and rotation. The a priori distribution can be derived as well as the joint
probability distribution using tools from statistical physics. Due to limited space, the result is not provided
but can be found in the recent work of the author [30].

}

16 In general, closed form solutions of the distributions do not exist. In this case, a powerful tool for approximate
Bayesian inference that uses Markov Chain Monte Carlo to compute marginal posterior distributions of interest
can be used through WinBUGS (http://www.mrc-bsu.cam.ac.uk/bugs/welcome.shtml.)



10 Mérouane Debbah

4 Knowledge of the directions of arrival, departure, delay, bandwidth, power:
frequency selective channel model with time variance

4.1 Knowledge of the directions of arrival or departure

The modeler'” is interested in modelling the channel over time scales over which the locations of scatterers
do not not change significantly relative to the transmitter or receiver. This is equivalent to considering time
scales over which the channel statistics do not change significantly. However, the channel realizations do vary
over such time scales. Imagine that the modeler is in a situation where it knows the energy carried by the
channel (nothing is known about the mean)!®. Moreover, the modeller knows from electromagnetic theory
that when a wave propagates from a scatterer to the receiving antennas, the signal can be written in an
exponential form

s(t,d) = so eI (" d=2mf1) (6)

which is the plane wave solution of the Maxwell equations in free non-dispersive space for wave vector k €2*!
and location vector d €2%!. The reader must note that other solutions to the Maxwell equations exist and
therefore the modeler is making an important restriction. The direction of the vector sg gives us knowledge
on the polarization of the wave while the direction of the wave vector k gives us knowledge on the direction
of propagation. The phase of the signal results in ¢ = k”d. The modeler considers for simplicity sake that
the scatterers and the antennas lie in the same plane. The modeler makes use of the knowledge that the
steering vector is known up to a multiplicative complex constant that is the same for all antennas.

Although correlation might exist between the scatterers, the modeler is not aware of such a thing. Based
on this state of knowledge, the modeler wants to derive a model which takes into account all the previous
constraints while leaving as many degrees of freedom as possible to the other parameters (since the modeler
does not want to introduce unjustified information). In other words, based on the fact that:

eIPL1 | pIPLsy

®sT><nt

ej¢n,~,1 . ejtﬁn,,.,s,,.

what distribution should the modeler attribute to @4 «,,?7 H is equal to J%‘I)@, ¢i; = kor; j and r;
is the distance between the receiving antenna ¢ and receiving scatterer j and ®is a n, X s, matrix (s, is the
number of scatterers) which represents the directions of arrival from randomly positioned scatterers to the
receiving antennas. g _,, is an s, X n; matrix which represents the scattering environment between the
transmitting antennas and the scatterers (see Figure 3).

The consistency argument (see Proposition 1) states that if the DoA (Directions of Arrival) are unknown
then H = %@nrmesrm should be assigned an i.i.d Gaussian distribution since the modeler is in the
same state of knowledge as before where it only knew the variance.

Based on the previous remarks, let us now derive the distribution of ®4_xy,. The probability distribution
P(H) is given by:

P(H) = /P(@@ | ®,5,)P(® | 5,)P(s,)ds,d®

e When ® and s, are known, then P(® | s,) = §(® — ®Y) and P(s,) = (s, — s,°). Therefore P(H) =
P(®°0).
e When @ and s, are unknown: the probability distribution of the frequency path h;; is:

P(hi) = / P (hij | ®,5,) P(® | 5,)P(s,)d®ds, (7)

In the case when P(® | s,.) and P(s,) are unknown, the consistency argument states that:

17 We treat in this section thoroughly the directions of arrival model and show how the directions of departure model
can be easily obtained from the latter case.
8 The case where the paths have different non-zero means can be treated the same way.
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— The ®,_xn, matrix is such as each h;; is zero mean Gaussian.

—  The O, «,, matrix is such as E(hi;jhmn*) = dimd;n (since h;; is Gaussian, decorrelation is equivalent
to independence).

In this case, the following result holds:

Proposition 1. O, y,, i.i.d. zero mean Gaussian with unit variance is solution of the consistency ar-
gument and mazrimizes entropy.

Proof: Since ® is unknown, the principle of maximum entropy attributes independent uniformly dis-
tributed angles to each entry ¢;;:

1
P(ij) = ﬁl[o,%y

Let us show that ©g, xp, i.i.d zero mean with variance 1 is solution of the consistency argument.

A N L . . _ |hij\2
Since h;j = \/%2221 Or;e?%* then P(h;j | ®,s,) = N(OviZZ:l ek 2= 1) = \/%e 2 and
therefore h;; is zero mean Gaussian since:

P(hlj) = P(h” | <I>,sr) P(‘I’ | ST)P(ST)d(I)dST

—

1 \’17‘,7’\2
= e "2 P(®]|s,)P(s,)dPds,
[ = P@ 5P

1 |h1',j2/
= e 2 P(® | s,)P(s,)d®ds,
Nozs (@ | s0)P(sr)
1 _|hij\2
= e 2

3

Moreover, we have:

1 Sr ) 1 Sr '
E(hlh:nn) = E@@,(i 6,646]‘1)1,1@ ezkne_J¢ml)

1 . ‘

= =Y Ee(0k;b;,)Ea (/77
Srosii=t
Sr  Sp

— l Z Z 5kl5anq>(€j¢ik_j¢ml)
Sy

" k=11=1
1 &
— R j¢'ik_j¢7nk
= djn . ZEQ (e )
k=1
= 6gn51m

which proves that H is i.i.d Gaussian for unknown angles.

One interesting point of the maximum entropy approach is that while we have not assumed uncorrelated
scattering, the above methodology will automatically assign a model with uncorrelated scatterers in order
to have as many degrees of freedom as possible. But this does not mean that correlation is not taken into
account. The model in fact leaves free degrees for correlation to exist or not. The maximum entropy approach
is appealing in the sense that if correlated scattering is given as a prior knowledge, then it can be immediately
integrated in the channel modelling approach (as a constraint on the covariance matrix for example). Note
also that in this model, the entries of H are correlated for general DoA’s.

Suppose now that the modeler assumes that the different steering vectors have different amplitudes /P;".
What distribution should the modeler attribute to the matrix @, «,, in the following representation:

eJP11 . piPLsy Plr 0
0 . 0 | Oy n?
0 P;

ej¢nr,1 L. ej¢n7~,sr

Proposition 2. O, 4, i.i.d Gaussian with variance 1 is solution of the consistency argument and maximizes
entropy

Proof: We will not go into the details as the proof is a particular case of the proof of Proposition 3.
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q)nr><5r GSXW

Fig. 3. Directions of arrival based model.

4.2 Knowledge of the Directions of Arrival and Departure

The modeler is now interested in deriving a consistent double directional model i.e taking into account
simultaneously the directions of arrival and the directions of departure. The motivation of such an approach
lies in the fact that when a single bounce on a scatterer occurs, the direction of arrival and departure are
deterministically related by Descartes laws and therefore the distribution of the channel matrix depends on
the joint DoA-DoD spectrum. The modeler assumes as a state of knowledge the directions of departure from
the transmitting antennas to the set of transmitting scatterers (1...s;). The modeler also assumes as a state of
knowledge the directions of arrival from the set of receiving scatterers (1...s,) to the receiving antennas. The
modeler also has some knowledge that the steering directions have different powers. However, the modeler
has no knowledge of what happens in between. The set (1...s;) and (1...s,) may be equal, (1...s;) may be
included in (1...s,.) or there may be no relation between the two. The modeler also knows that the channel

carries some energy. Based on this state of knowledge, what is the consistent model the modeler can make
of H

eJP11 . piP1sy Plr 0
1 .
| 00
eIPnr 1 | eiPnr.s, 0 \/P_;r
VPP O L. eIt ed%im,
()sszt 0 ..' O E ". E ?
0 /PL eIVsen Vst

In other words, how to model @, x.,? As previously stated, the modeler must comply with the following
constraints:

e The channel has a certain energy.

1
e Consistency argument: If the DoD and DoA are unknown then %‘Pnr x5, P* 3 O, «s, P2, ., should

SrSt

be assigned an i.i.d zero mean Gaussian distribution.

Let us now determine the distribution of @ _xs,. The probability distribution of P(H) is given by:

P(H) = /P(@Pf%@Pt%\IJ | ®, ¥, P", Pt s, 5,)

P(¥,® | s,,s)P(P", P s,5,)
P(sy, s, )ds,ds;dP*dP*d¥dP
o When ¥, ®, s,, s, P", Pt are known: P(®WY | s,,5;) = §(® — ®°)5(¥ — WO), P(s4,8,) = 6(5,—5°,)5 (s, —
s9,),P(PT, Pt | s,,5,) = 6(P* — P")§(Pt — P°") and

1 1
P(H) = P(®"P° ?©@P°" " ¥°)
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q)anSr es,xs LIJSXW

Fig. 4. Double directional based model.

Suppose now that W, ®,s,, s, are unknown, then each entry h;; of H must have an i.i.d zero mean
Gaussian distribution. In this case, the following result holds:

Proposition 3. O, s, i.i.d zero mean Gaussian with variance 1 is solution of the consistency argument
and maximizes entropy.

Proof: Let us show that ©, «, i.i.d zero mean Gaussian with variance 1 is solution of the consistency ar-
gument and maximizes entropy. Since ® and ¥ are unknown, the principle of maximum entropy attributes
i.i.d uniform distributed angles over 27 to the entries ¢;; and %);;. In this case, if one chooses 6, ;, to bei.i.d
zero mean Gaussian with variance 1 and knowing that hi; = 2= 37311 32071 Op v/ P’ /By e/ Vriel¥ir,

. b s L7
then: P (hij | O, ®,s,,5:) = N(0, 5= 00 | /B el?wy/PlelVn P= 1) = \/%e 5~ (since
Ly, B =1and i 22;1 P,' =1 (due to power normalization as we assume the energy known).
Therefore

1 Ihij12
P(hiy) = / e P@ |55 PP 515, Pl 5, AR AT
T
dP*dP%ds;ds,
1 [hijl?
= ——¢ * /P(<I>, U | s, 5.)P(P*, P | 54,5,.)P(st, 5,)d®dYdPT dP*ds,ds,
V2T
1 _lhg4l?

= e 2

Moreover, we have :

St Spr St Spr

1 ; s y b,
Es v o (hijhl,,) = — Z ZZZE@(opkol*r)]ElI/(eijwrnmekj)Esﬁ(e Jémitidin)

S¢S
tor k=1p=1r=11=1

St Sr St Sp

1 ' ' 4 |

= E E :E : . o i Z

StS E :(Splék Egr(e P +_7'¢'kj) ( —jbmi+J .p)
tor EQS e +jo

k=1p=1r=1 =1

/Pkt /Prt /Pp’r‘ /Pl’r‘

1 st Sp

= Z ZEW(e—jdﬁknﬂ-ﬁPm)E o(e70mrtidm)ptp T
StSr k=1 p=1

St Sy

1
= Simdin > > B'pT

T k=1p=1
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which proves that ®; s, is solution of the consistency argument. Once again, instead of saying that this
model represents a rich scattering environment, it should be more correct to say that the model makes
allowance for every case that could be present to happen since we have imposed no constraints besides the
energy.

4.3 Considering more features

The modeler wants to derive a consistent model taking into account the direction of arrivals and respective
power profile, directions of departure and respective power profile, delay, Doppler effect. As a starting
point, the modeler assumes that the position of the transmitter and receiver changes in time. However, the
scattering environment (the buildings, trees,...) does not change and stays in the same position during the
transmission. Let v¢ and v, be respectively the vector speed of the transmitter and the receiver with respect
to a terrestrial reference (see Figure 5). Let s - be the signal between the transmitting antenna ¢ and the
first scatterer j. Assuming that the signal can be written in an exponential form (plane wave solution of the
Maxwell equations) then:

- B
sfj (t) = sge’ (ij (vettdiy)+2mfet)

fc”t

_ S()€J27T( t+fct)ej’¢1:j

Here, f. is the carrier frequency, d;; is the initial vector distance between antenna i and scatterer j
(1hi; = k&;.dyj is the scalar product between vector kf; and vector d;;), ki is such as ki; = 2Tul; = 2”—Cfcu§j.
The quantlty L kt vy represents the Doppler effect.

In the same vem if we define Sij (t) as the signal between the receiving antenna j and the scatterer i,

then:

feveul;

3;“7 (t) — Sgej(QW( t+fct))ej¢7‘,j

In all the following, the modeler supposes as a state of knowledge the following parameters:
speed vi.

speed vyg.

the angle of departure from the transmitting antenna to the scatterers 1);; and power P]‘?.
the angle of arrival from the scatterers to the receiving antenna ¢;; and power P;.

The modeler has however no knowledge of what happens in between except the fact that a signal going from
a steering vector of departure j to a steering vector of arrival ¢ has a certain delay 7;; due to possible single
bounce or multiple bounces on different objects. The modeler also knows that objects do not move between
the two sets of scatterers. The s, X s; delay matrix linking each DoA and DoD has the following structure:

e~ J2mfTia | e—i2nfTi s,

DSTXSt(f) =

e_jzﬂ'fTsr,l . e_jzﬂ'fTsr,st

The modeler also supposes as a given state of knowledge the fact that each path h;; of matrix H has a
certain power. Based on this state of knowledge, the modeler wants to model the s, x s; matrix g 5, in
the following representation:

ei@raten M g ren ey N/ /PT 0O

1 .
r r
ej(¢7‘,1+27rfur1fvrt) o (¢T 4on fursvr t) 0 \/ﬁ
®sr><st @Dsrxst(f)
I.It V.
\/Ff 0o ... e.j(¢1,1+2ﬂ'fut+vtt) . ej(w1.nt+2ﬂfh+tt)
0o . 0

Lave . ful o, ve
0 \/R;:t ej(wsl 1+277+t) . eJ(wsl,ng‘i’zﬂ%t)
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Fig. 5. Moving antennas.

(@ represents the Hadamard product defined as ¢;; = a;;b;; for a product matrix C = A()B. As
previously stated, one has to comply with the following constraints:

e FEach entry of H(f, ) has a certain energy.
e Consistency argument: if the DoA, DoD, powers, the delays, the Doppler effects are unknown then matrix
H should be assigned an i.i.d Gaussian distribution.

Proposition 4. O, ., i.i.d zero mean Gaussian with variance 1 is solution of the consistency argument
and mazximizes entropy.'?

Proof: We will not go into the details but only provide the guidelines of the proof. First, remark that if
® and ¥ are unknown, then the principle of maximum entropy attributes i.i.d uniform distribution to the
angles ¢;; and 1;;. But what probability distribution should the modeler attribute to the delays and the
Doppler effects when no information is available?

e Delays: The modeler knows that there is, due to measurements performed in the area, a maximum
possible delay for the information to go from the transmitter to the receiver Tn.x. The principle of
maximum entropy attributes therefore a uniform distribution to all the delays 7;; such as P(r;;) = Tmlax
with 7;; € [0, Tmax]

e Doppler effect: The modeler knows that the speed of the transmitter and receiver can not exceed
a certain limit v (in the least favorable case, vimis would be equal to the speed of light) but if
the transmission occurs in a city, the usual car speed limit can be taken as an upper bound. In this
case, the speed v; and v, have also a uniform distribution such as P(v;) = P(v,) = vuiﬁt' Moreover, if

v = vpcos(ay)r + vgsin(ay)g, v = v, cos(ar)e 4 v sin(ay)g, uty; = cos(f';;)2 + sin(5;;)g and u*y; =

cos(3";;)1+sin(8";;)3, the modeler will attribute a uniform distribution over 27 to the angles ay, a,3";

and 8",

With all these probability distributions derived and using the same methodology as in the narrowband
(in terms of frequency selectivity) MIMO model proof, one can easily show that @, x5, i.i.d Gaussian is
solution of the consistency argument and maximizes entropy.

Note that in the case f = 0, vy = 0 and v, = 0, the same model as the narrowband model is obtained. If
more information is available on correlation or different variances of frequency paths, then this information
can be incorporated in the matrix D, xs,, also known as the channel pattern mask [31]. Note that in the case

of a ULA (Uniform Linear Array) geometry and in the Fourier directions, we have u;j; = uj (any column of

19 Why does normality always appear in our models? Well, the answer is quite simple. In all this paper, we have always
limited ourselves to the second moment of the channel. If more moments are available, then normal distributions
would not appear in general.



16 Mérouane Debbah

matrix ® has a given direction) and uﬁj = u! (any line of matrix ¥ has a given direction). Therefore, the
channel model simplifies to:

1 1
H(f,t) = 1 GsTXst @DSTXSt(f’t)

pandmn=sin@n)  jor A=) sin(@s)

ejzﬂ_ d("t—lg\Sin(ﬂ)ﬂ

o d(ng—1)sin(es,)
... e2n——=—*

In this case, the pattern mask D, x5, has the following form:

. o ftoor t -~ o t
/Plr /Pfe J27rf71‘1€]277 - (ufvetuivy) ) / /Pgtt jenfr, se el xdt (u1v7+ustvt)

Do, e (i) = :
. . t t
/P t67]27rf7'5r 6]27r (u vr+u§vt) o /'F)STT /Pstt e*jQTrfTsr’St ej?‘irf?(u:v-,v+u5tvt)

Although we take into account many parameters, the final model is quite simple. It is the product of three ma-
trices: Matrices @ and W taking into account the directions of arrival and departure; matrix @5 x5, O Dy, xs,
which is an independent Gaussian matrix with different variances. The frequency selectivity of the channel
is therefore taken into account in the phase of each entry of the matrix O, x5, (O Dy, x5, (f,1).

Remark: In the case of a one antenna system link (n, = 1 and n; = 1), we obtain:

Py 0
H(f,t) = #[ i(or+2nivey) j(¢s,.+27rf“grwt)] 0o . 0
) M € ... € T c
0 /Pr.
VPEO oL pi(wr+2m L
@srxst @Dsrxst(f) 0 0 :
. ful
0 /pstt (¢§t+2ﬂ7t"t>
1 Vr . Vrp .
\/SrS¢ Zk 1 Ok, u/ﬁej (spron L De=d2rfmea  Ssr 6y, sR\/PT€J(¢k+2W = t)fiﬂ%fw’“]
T
\/Tt 0 pi(wr+2n L1 )
0
fu ét t
;t el (Ysy 27 t)
St Sp
Z Dk leﬂﬂﬁk,zte—j?ﬂfﬂc,z
=1 k=1
where pr; (pri = %Stﬁk VARV, tej((pk*‘“)) are independent Gaussian variable with zero mean and
variance E(| pr; |?) = =P/ P!, &0 = (ukvr — ulvy) are the doppler effect and 74, are the delays. This

SrS
previous result is a generéhzatlon of the SISO (Single Input Single Output) wireless model in the case of

multifold scattering with the power profile taken into account.

5 Discussion

5.1 Miller’s Model

In a paper ” A Random Matrix Model of Communication via Antenna Arrays” [32], Miiller develops a channel
model based on the product of two random matrices:

H=®A0
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where ® and © are two random matrices with zero mean unit variance i.i.d entries and A is a diagonal
matrix (representing the attenuations). This model is intended to represent the fact that each signal bounces
off a scattering object exactly once. ® represents the steering directions from the scatterers to the receiving
antennas while © represents the steering directions from the transmitting antennas to the scatterers. Mea-
surements in [32] confirmed the model quite accurately. Should we conclude that signals in day to day life
bounce only once on the scattering objects?

With the maximum entropy approach developed in this contribution, new insights can be given on this
model and explanations can be provided on why Miiller’s model works so well. In the maximum entropy
framework, Miiller’s model can be seen as either:

e a DoA based model with random directions i.e matrix ® with different powers (represented by matrix
A) for each angle of arrival. In fact, the signal can bounce freely several times from the transmitting
antennas to the final scatterers (matrix @). Contrary to past belief, this model takes into account multi-
fold scattering and answers the following question from a maximum entropy standpoint: what is the
consistent model when the state of knowledge is limited to:

— Random directions scattering at the receiving side.
— Each steering vector at the receiving side has a certain power.
— Each frequency path has a given variance.

e a corresponding DoD based model with random directions i.e matrix ® with different powers (represented
by matrix A) for each angle of departure. The model permits also in this case the signal to bounce several
times from the scatterers to the receiving antennas. From a maximum entropy standpoint, the model
answers the following question: what is the consistent model when the state of knowledge is limited to:
— Random directions scattering at the transmitting side.

— Each steering vector at the transmitting side has a certain power.
— Each frequency has zero mean and a certain variance.

e DoA-DoD based model with random directions where the following question is answered: What is the
consistent model when the state of knowledge is limited to:
— Random directions scattering at the receiving side.

— Random directions scattering at the transmitting side.
— Each angle of arrival is linked to one angle of departure.

As one can see, Miiller’'s model is broad enough to include several maximum entropy directional models
and this fact explains why the model complies so accurately with the measurements performed in [33]

5.2 Sayeed’s Model

In a paper ”Deconstructing Multi-antenna Fading Channels” [34], Sayeed proposes a virtual representation
of the channel. The model is the following:

H=A,SA,"”

Matrices A, and A,, are discrete Fourier matrices and S is a n, x n; matrix which represents the con-
tribution of each of the fixed DoA’s and DoD’s. The representation is virtual in the sense that it does not
represent the real directions but only the contribution of the channel to those fixed directions. The model is
somewhat a projection of the real steering directions onto a Fourier basis. Sayeed’s model is quite appealing
in terms of simplicity and analysis (it corresponds to the Maxent model on Fourier directions). In this case,
also, we can revisit Sayeed’s model in light of our framework. We can show that every time, Sayeed’s model
answers a specific question based on a given assumption.

e Suppose matrix S has i.i.d zero mean Gaussian entries then Sayeed’s model answers the following question:
what is the consistent model for a ULA when the modeler knows that the channel carries some energy,
the DoA and DoD are on Fourier directions but one does not know what happens in between.

e Suppose now that matrix S has a certain correlation structure then Sayeed’s model answers the following
question: what is the consistent model for a ULA when the modeler knows that the channel carries some
energy, the DoA and DoD are on Fourier directions but assumes that the paths in between have a certain
correlation.

As one can see, Sayeed’s model has a simple interpretation in the maximum entropy framework: it
considers a ULA geometry with Fourier directions each time. Although it may seem strange that Sayeed
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limits himself to Fourier directions, we do have an explanation for this fact. In his paper [31], Sayeed was
mostly interested in the capacity scaling of MIMO channels and not the joint distribution of the elements.
From that perspective, only the statistics of the uncorrelated scatterers is of interest since they are the ones
which scale the mutual information. The correlated scatterers have very small effect on the information. In
this respect, we must admit that Sayeed’s intuition is quite impressive. However, the entropy framework
is not limited to the ULA case (for which the Fourier vector approach is valid) and can be used for any
kind of antenna and field approximation. One of the great features of the maximum entropy (which is not
immediate in Sayeed’s representation) approach is the quite simplicity for translating any additional physical
information into probability assignment in the model. A one to one mapping between information and model
representation is possible. With the maximum entropy approach, every new information on the environment
can be straightforwardly incorporated and the models are consistent: adding or retrieving information takes
us one step forward or back but always in a consistent way. The models are somewhat like Russian dolls,
imbricated one into the other.

5.3 The ”Kronecker” model

In a paper ”Capacity Scaling in MIMO Wireless Systems Under Correlated fading”, Chuah et al. study the
following Kronecker 2° model:

H=R, *OR,,?
Here, © is an n, X n; i.i.d zero mean Gaussian matrix, RHT% is an n,. X n,. receiving correlation matrix while
Rnt% is a my X ny transmitting correlation matrix. The correlation is supposed to decrease sufficiently fast
so that R, and R, have a Toeplitz band structure. Using a software tool (Wireless System Engineering
[37]), they demonstrate the validity of the model. Quite remarkably, although designed to take into account
receiving and transmitting correlation, the model developed in the paper falls within the double directional
framework. Indeed, since R,,, and R,,, are band Toeplitz then these matrices are asymptotically diagonalized
in a Fourier basis

R,, ~ F,, A, F!
and

R,, ~ F,, A, F}T.
F, and F,, are Fourier matrices while A, and A,, represent the eigenvalue matrices of R,,, and R,,.

Therefore, matrix H can be rewritten as:

H=R, *OR,,
- Fn"' (An'%FnrHG)Fnt Ant%) FntH

= Fo, (€1 D, ) Pl

®, = FnTHGFnt is a n, x ny zero mean i.i.d Gaussian matrix and D,, «n, is a pattern mask matrix
defined by:

[

Ds><51 =
1 1 1 1
2 2 2 2
)\l,nt )\n7‘7n7‘ R )\nt7nt )\77/7“777/7*

Note that this connection with the double directional model has already been reported in [31]. Here again,
the previous model can be reinterpreted in light of the maximum entropy approach. The model answers the
following question: what is the consistent model one can make when the DoA are uncorrelated and have
respective power J; ,,., the DoD are uncorrelated and have respective power A; ,,,, each path has zero mean
and a certain variance. The model therefore confirms the double directional assumption as well as Sayeed’s
approach and is a particular case of the maximum entropy approach. The comments and limitations made
on Sayeed’s model are also valid here. reference also [38, 39]

20 The model is called a Kronecker model because E(vec(H)?vec(H)) = Ry, @ R., is a Kronecker product. The
justification of this approach relies on the fact that only immediate surroundings of the antenna array impose the
correlation between array elements and have no impact on correlations observed between the elements of the array
at the other end of the link. Some discussions can be found in [35, 36].
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5.4 The ”Keyhole” Model

In [40], Gesbert et al. show that low correlation?! is not a guarantee of high capacity: cases where the channel
is rank deficient can appear while having uncorrelated entries (for example when a screen with a small keyhole
is placed in between the transmitting and receiving antennas). In [42], they propose the following model for
a rank one channel:

H= RnrégrgtHRnt% (8)

1, .. . . . L, s .

Here, R,,. 2 is an n, X n, receiving correlation matrix while R, 2 is a n; X n; transmitting correlation

matrix. g, and g; are two independent transmit and receiving Rayleigh fading vectors. Here again, this
model has connections with the previous maximum entropy model:

1
H-= 7¢nr><sT®sT><stlI’st><nt (9)

\/SrSt
The Keyhole model can be either:

e A double direction model with s, = 1 and ®,, x1 = Rnrégr. In this case, gtHRnt% = 0145, Vs, xn,
where @1, is zero mean i.i.d Gaussian.

e A double direction model with s; = 1 and ¥4, = gtHRnt%. In this case, Rnrég,« =P, %505 x1
where @ 1 is zero mean i.i.d Gaussian.

As one can observe, the maximum entropy model can take into account rank deficient channels.

5.5 Conclusion

After analyzing each of these models, we find that they all answer a specific question based on a given state
of knowledge. All these models can be derived within the maximum entropy framework and have a simple
interpretation. Moreover, each time the directional assumption appears which conjectures the correctness of
the directional approach.

6 Testing the Models

In all the previous sections, we have developed several models based on different questions. But what is the
right model, in other words how to choose between the set {My, My, ..., Mk} of K models (note that M
specifies only the type of model and not the parameters of the model)?

6.1 Bayesian Viewpoint

When judging the appropriateness of a model, Bayes?? rules derives the posterior probability of the model.
Bayes rule gives the posterior probability for the i** model according to: 23

PY | Mi, I)
PM; | Y, I)=P(M; |])——F7—

Y is the data (given by measurements), I is the prior information (ULA, far field scattering...). For
comparing two models M and M, one has to compute the ratio:

21 7keyhole” channels are MIMO channels with uncorrelated spatial fading at the transmitter and the receiver but
have a reduced channel rank (also known as uncorrelated low rank models). They were shown to arise in roof-edge
diffraction scenarios [41].

22 This chapter is greatly inspired by the work of Jaynes and Bretthorst who have made the following ideas clear.

2% We use here the notations and meanings of Jaynes [20] and Jeffrey [18]: P(M; | Y,I) is the ”probability that the
model M; is true given that the data Y is equal to the true data y and that the information I on which is based
the model is true”. Every time, ” (]” means conditional on the truth of the hypothesis I. In probability theory, all
probabilities are conditional on some hypothesis space.
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P(My |Y,I)  P(My |[I) P(Y | My, I)

P(M|Y,I) P(M|I) P(Y|M,I)

If P(My |Y,I) > P(M | Y,I), then one will conclude that model M; is better than model M. Let us
now try to understand each term.
POMD 14
P(MII)
favors one model or the other before the observation. As an example, suppose that the information {I =
The scatterers are near the antennas } is given. Then if one has to compare the model M (which considers

ULA with far field scattering) and the model M; (assuming near field scattering ) then one should consider

P(My |1
POLID 2

For understanding the second term, let us analyze and compare the following two specific models: the
DoA based model My,, and the double directional model Myouble-

The first term, crucially important, is usually forgotten by the channel modelling community:

Model Mdoa:
1
H(f,1) = gb(@ Dt,f)
(f,1) NG GO D, 1)
with
efj27rf71,1ej27r%(u;v,.) o e*jzﬂfﬁ»"t 6j27r%(u;vr)
D, f) = : | .

e—i2mfre agi2n b (Wive)  o—j2m T, g gi2n L (U] vy)

deals with the DoA model taking into account the delays, Doppler effect (we suppose that the transmitting
antenna does not move but only the receiving one) for a ULA (s is the number of scatterers). Let the
information I on which is based the model be such that the powers of the steering directions are identical
and that the transmitting antennas do not move. We recall that ufv, = (cos(8";)i+ sin(8",)j) (v, cos(a. )i+
vy sin(ay.)j) = vy cos(B7; — ay)

The set of parameters on which the model is defined is

Pdoa = {(Pa Sy, T, Ur, 67 Q- ﬂr}

and the parameters lie in a subspace S, .. We recall here the DoA based model for a given frequency:

doa *

1
y(t.f) = Z=2 (D) x(f) +n(f)
The term of interest P(y | Myoa, I) can be derived the following way:
P(y ‘ MdoaaI) = /P(Y7pdoa | Mdoaal)dpdoa = /P(y | pdoadeoaaI)P(pdoa | Mdoa;[)dpdoa
Let us derive each probability distribution separately: P(y | pdoa, Mdoa, 1) =

1 — 3k S SN, (vt )~ = BO O Dty fi)e(1) " (ults . f1)~ A= B(© O Dt fi))(f:))

P(pdoa | Mdoavj) = P(‘I),ST,T, /Bravrvam@ | Mdoa;I)
= P(¢ | Srdeoml)P(Sr | MdomI)P(vr | MdoaaI)P(T ‘ Mdoaaj)
P(@ | MdoaaSMI)P(ar | Mdoa;I)P(ﬁr | Ia Mdoa)

since all the priors are taken independent in the case of uninformative priors. The values of these priors
have already been provided (the proof is given in chapter 4.3) and only the prior on ® and s, remain to be
given. We give these two priors now (and also the prior on the power although in the two models introduced
for comparison, the power distribution is not needed):
24 The term % can be seen as the revenge of the measurement field scientist over the mathematician. It shows
that modelling is both an experimental and theoretical science and that the experience of the field scientist (which
attributes the values of the prior probabilities) does matter.
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e If only the mean and variance of each path is available then using maximum entropy arguments, one can
show that:

1 Csr St g, (2
P(® | 87‘de0&7[) = (7 We 20 25410041
1 —trace(®@©1)

e How can we assign a prior probability P(s, | Mdoa,I) for the unknown number of scatterers? The
modeler has no knowledge if the measurements were taken in a dense area or not. The unknown number
of scatterers could range from one (this prior only occurs in model that have a single bounce) up to a
maximum. But what is the maximum value? There are N x N; data values and if there were N x Nj
scatterers, the data could be at most fit by placing a scatterer at each data value and adjusting the
direction of arrivals. Because no additional information is available about the number of scatterers,
N x Nj may be taken as an upper bound. Using the principle of maximum entropy, one obtains a
uniform distribution for the number of scatterers P(s, | Mgoa, I) = le N
Note that in the general case, if one has precise available information then one has to take it into account.
But how can the modeler translate the prior on the scatterers due to the fact that the room has three
chairs and a lamp in the corner? This is undoubtedly a difficult task and representing that information
in terms of probabilities is not straightforward. But difficult is not impossible. The fact that there are
several chairs (with respect to the case where there is no chairs) is a source of information and will lead
to attributing in the latter case a peaky prior shifted around a higher number of scatterers.

e Power: The transmitter is limited in terms of transmit power to an upper bound value P! .. . There-

fore, the principle of maximum entropy attributes a uniform distribution to the different amplitudes

P(P") = , P; €10, Pt ,.]. In the same vein, the receiver cannot, due to the amplifiers, process a re-
ceiving amphtude greater then P, rmx In this case, the principle of maximum entropy attributes a uniform
distribution such as P(P]') = , P, €0, Pl

With all the previous priors given, one can therefore compute:
_
(27T(72)M
oty BN 0 (uity £ -

P(y | Maons 1) = [

2(©0 D(t;,1)e(f)) " (vt 1)~ A=2(© O D(t;. ) (1))

e 20 §7‘

(¢ | SraMdomI)P(Sr | MdoauI)P('Ur | MdoauI)P(ar | Mdoml)P(BT | Mdoavl)
P(7 | Maoa, I) P(® | Maoa, I)d®dOds,drdv,da,dS"

which gives:

NXNl N Nl

2m Vlim Tmax
P Maoa, I
(y| doa ) N % Nl = / / / / 27‘[‘0’2 N12Nr HH

1=17=1

—2%2(y(tj,fi)f%g@(@ODuj,fi))z(fi)) (y(t5,£:)— A= 2O O D(t;.1)a(f:))
]' Sp XNy 1 1 Ny X Sy ]' ]' Sy
(Tmax) Vlim (27r) 27 ( 271')

dé11...don, s, db11...d0s, n,d711...dTs p, dvpda.dB”y ... dB" (10)

€

As one can see, the numerical integration is tedious but it is the only way to rank the models in an
appropriate manner.

Model Mdouble:
Let us now derive model Mgouble:

H(/,0) = V/Srst ( Qth>

with
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e—i2nfriagizrdt(uive)  p—g2nfri, gi2n L (ulv,)

D(t, f) =

.7277)“7"51 16‘727{-7(“ V1) . _]27TfTs, 3{6]27T (“ V,)
deals with the double directional model for which the set of parameters is

Pdouble = {i’a Sy ‘Ila Sty Ty Upyy Qipy /BI‘Q} = {pdoaa i’v St}

by adding two new parameters ¥ and s; and going to the new subspace Sp,_,,. in such a way that ¥ = F,,
(n: = s;) represents model My,,. Indeed, in this case, we have:

. . ny—1)i
Z t 91 e—j27rj7—1 76]271- (ulvr) o Z;ril elie—jQﬂ'le‘iej2ﬁ%(u{VT)6J27r4( t"t )
(@O D) Fui =
ng—1)i
Z;Lgl 0, Ze—jQWfTQT L€J27r (u vT) B Zn:p 037‘ie—j27rf7'sryle‘]27\' (u Vr) 3271—4( t— = )
. (ng—1)i
— P . j2m —L——
2211 fiie j2rf(ri—m,1) Z t 91 e 27 f(T1i=T1,ny ) I 2Ty
_ : : OD.h
(ny—1)i
ng

— —j . j 21
Zz L ‘99 e J27Tf(7'<r i~ Tsp, 1) . Z;’l:tl esTie .727"f(7-sr,1, Tsrynt)ej

6: () D, f)

Where @1 is a matrix with i.i.d Gaussian entries.
We recall here the model for a given frequency:

Y1) = =@ (0 DI ) Bx() + 0l

The same methodology applies and we have:
1
P(y ‘ Mdoublevj) = / T _N{Nr

N
(2702) 2
S SN S (v - A= #(0 O D(t5.10)) (1) (vt 81~ —E=2(© O D(t;,5:)) wa(fi))

6
(Q | Srdeoublewl)P(sr | Mdoub1e7I)P(\Il | Stdeoublewl)P(st | Mdouble7—[)

P(U’I‘ | Mdoublc;-I)P(a'r | Mdoublc,-[)P(ﬁr ‘ Mdoublc,I)P('T | Mdoublc,I)

P(© | Maoubte, I)d®dTdOds, ds,drdv,da,dB"

and

N><N1 N><N1

2m Vlim Tmax N N
P Mouble, I
(Y| double ) N < N1 z_:l Sz:_l / / / / 271_0_2 N12N7 11_[1]1_[1
672%2(y(tj,fi)fi,;rﬁ@(@@D(tj,fi))‘lfr(fi)) (y(tj,fi)f—@—st@(e@D(tjvfﬂ)‘l'r(fi))
1 Sp XSt 1 1 TNy XSy 1 St XMt ]‘ ]‘ Sy
(Tmax ) Vlim ( 277) (27r) 27 (27r)
dd)n...dqlﬁnrsrdwn...d¢1ntd911...desrnthn...deTntdU,-dOérdﬂrl...dﬁrsr (11)

A common problem in the modelling process is the following: suppose, when testing the models with the
data, that both models M and M; have the same maximum likelihood, in other words:

P(y | pdoamaxa Mgoa, I) = P(y ‘ pdoublemaxa Myouble, I)

Which model should we choose? Hereafter, we give an example to show that Bayesian probability will
choose the model with the smallest number of parameters.

First of all, we will suppose that the information I available does not give a preference to model before
seeing the data: P(Mgouble | 1) = P(Mdoa | I).
As previously shown,
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P(y | Mdoavl) = /P(Yapdoa | Mdoaaj)dpdoa
= /P(y | pdoadeomI)P(pdoa | Mdoaa-[)dpdoa

and

P(y ‘ Mdoublea I) = /P(Y;pdouble | Mdoublea I)dpdouble (12)

= /P(y | Pdouble; Mdoublca I)P(pdoublc | Mdoublca I)dpdoublc (13)

Since

P(pdouble | Mdoublevj) = P([pdoavql7st] | Mdoublevj)
= P(pdoa | ‘IlystaMdoubleyI)P(‘Ilyst | Mdouble7])

From equation (12), we have:

P(y | Mdouble7 //P y | [pdoaa St] Mdouble7I)P(pdoa | ‘IlvstaMdOuble7I)
\IJ y St | Mouble, )dpdoad\ydst

In the following, we will suppose that the likelihood function P(y | [pdoa, ¥, St], Mdouble, I) is peaky
around the maximum likelihood region and has near zero values elsewhere. Otherwise, the measurement
data Y would be useless in the sense that the data does not provide any information. Suppose now that with
model Myouble, the maximum likelihood P(y | [Pdoas ¥, $t]Mdouble; I) occurs at a point near ¥ = F; and
st = ny for the parameters ¥ and s; in other words P(y | [Pdoa, ¥, St], Mdouble, I) is always null except for
the value of ¥ = F; and s; = n; then:

P(y | Mdoub167 /// y | [pdoaa‘:[’ St] MdoublevI)P(pdoa | l:[’7815-2\4d0ub167])
\II y St | Maouble, )dpdoad\IldSt

~ /P(y | [pdoav‘:[’ = Fntvst = ntLMDoublea-[)
P(pdoa | [\Il = Fntast = nt]MdoubleaI) (14)
P([‘II = Fntast = nt] | Mdouble71>dpdoa (15)

One has to notice that P(pdoa | [¥ = Fu,, st = nt], Maouble; I) = P(Pdoa | Mdoa, L) and P(y | [Pdoa; ¥ =
Fo.,, st = nt], Maouble, I) = P(¥ | Pdoa, Maoa, I) since both models are the same when ¥ = F,,, and s; = n;.

We also have P(¥ =F,,,, st = n: | Mdouble, I) < 1 (In fact, we can derive the exact value. Indeed, since we

have no knowledge of the directions of arrival, P(® = F,,, st = n¢ | Maouble, I) = W) Using equation

(14), Bayesian probability shows us that:
P(y | Mdoubleyl) S /P(y | [pdoa, v = Fnust = nt}yMDoublml)
P(pdoa | [‘IJ = Fnt7 St = nt}Mdoublcy I)P([‘IJ = Fn“st = nt] ‘ Mdoub107 I)dpdoa

= /P(y |pdoa»Mdoa7[)P(pdoa | Mdoa>I)P([‘I’ = Fntzst = nt] | Mdouble7l)dpdoa
< /P(y |pdoa7MdoaaI)P(pdoa | Mdoaaj)dpdoa

= /P(y7dea | Mdoa,I)ddea
P(y | Mdoa71)

Since Mo, has less parameters then Myouple, Bayesian probability will favor the model My, with less
parameters and therefore shows that “the best explanation is always the simplest”?®. It is therefore wrong

25 In statistical inference, this is known as Occam’s razor. William of Occam was a theologian of the 14th century who
wrote against the papacy in a series of treatise in which he tried to avoid many established pseudo explanations. In
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to think that by increasing the number of parameters one can always find a good model: one can indeed
better fit the data to the model (expression P(y | Pdoa; Mdoa, I)) but the prior probability P(pdoa | Mdoa, I)
will spread over a larger space and assign as a consequence a lower value to P(y | Maoa, I).

But how does the a posteriori computation compare with the usual methodology of maximizing the
likelihood P(y | p, M, I)?

Following [20], let us expand log P(y | p, M, I) around the maximum likelihood point p = {p*, .ss s D™ mmax t

d? log i . .
log P(y | p, M, I) = 1og P(y | pmax, M, T) + Z Gy dpj = D' max) (0 = P imax) + O0)
4,j=1

then near the peak a good approximation is a multivariate Gaussian such as:

P(y | p, M, ) = P(y | pmaes M, D)™ 30 Pmm) 47 0pinss)

with the inverse covariance matrix defined as:

d?log(P
371” Qg( ‘ )
dj Zdj g T=Tmax

Therefore,
— _l(p_pmaX)Ail(p_pmaX)
P(y | M, 1) —P(ylpmax,M,I)/e 2 P(p | M, I)dp
= P(y | Pmax, M, I)G(M,I)

All the tools are now provided to better understand what is happening. Suppose we want to compare
two models M and M;. The a posteriori probability ratio for model M over M is:

P(M; [y, 1) ~ P(My [ 1) P(y | My, 1)
_ P(M|I) P(y|p™ M,I) G(M,I)
P( |I) (y|p1max’M1’I) G(Mlvj)

P(M|y,I) _ P(M[I) P(y|M1I)
I

In the conventional methods, M is better than M if % > 1 which is only one part of the

three terms to be computed. In fact, in order to compare two models, three terms have to be calculated
and the mistake persists thinking that any model M; versus M is good as long as we increase the number
of parameters: indeed, the fitting will get better and the ratio % will decrease but this is only

looking at one part of the problem. First of all, one has to consider P( T ‘|II)) and moreover g((]\]/v[[l ’II)). This

last term depends on the prior information about the internal parameters and as the number of parameters
increases this term decreases due to the fact that we add more and more uninformative priors.

6.2 Conventional Methods

In the previous section, we have shown how probability theory can be used to rank the models. However,
the integrals derived in equation (10) and equation (11) are not easy to compute, especially in the case of
interest with a high number of antennas (8 x 8) since we have to marginalize our integrals across a great
number of parameters. But however difficult the problem may be, it is not a reason to hide problems and the
use of other methods should be clearly explained. The reader must now know that one can rank models and
that there is an optimum number of parameters when representing information. The Bayesian framework
gives us an answer by comparing the a posteriori probability ratios: % If one is to use other testing
methods, then one has to clearly understand the limitations of these methods and justify the use of the
criteria. In the following, we explain two procedures used by the channel modelling community and explain
their limitations.

his terms, the logic of simplicity was stated in the following form ” Causes shall not be multiplied beyond necessity”
[28]. Note that Occam’s razor has been extended to other fields such as metaphysics where it is interpreted as
”nature prefers simplicity”.
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1- Parameter estimation methods

In this procedure, the data is cut into two parts, one for estimating the parameters, the other to validate

the model incorporating the parameters.

e For estimating the parameters such as the angles of arrival, non-parametric methods such as the
beamforming or the Capon method [43] can be used. In the case of parametric methods such as
Music [44], Min-Norm [45] or Esprit method [46], they rely on properties of the structure of the
covariance R = E(yyH) = ®K®H + 521 of the output signal. In this case, one has to assume that
matrix K (K = E(@Pxx?TH@)) has full rank.

e Once the parameters of the model have been estimated, the other set of the data is used to test the
model. A mean square error is given. In general, a small mean square error is acknowledged to yield
a good model and one seeks the smallest error possible.

If one is to use this procedure, one has to understand that in no way will it lead into judging the

appropriateness of a model. Indeed, by adding more and more parameters to the model, one can always

find a way of achieving a low mean square error by adjusting accordingly the parameters. This fact
explains why some many models comply in the literature with the measurements. If the model minimizes

the mean square error, then it is a possible candidate but the modeler can not conclude that it is a

good candidate.

Moreover, since the testing method has no real justification, many problems arise when using it.

e How does one cut the set of data? Do we use half the data to estimate the parameters and half the
data to test the model? Why not using one quarter and three quarter? In the Bayesian viewpoint,
this is not at all a problem as one takes into account all the data available and does not make any
unjustified transformation on the data.

e If one is to use a Music or Esprit algorithm, K has to be full rank. This is obviously not the
case for a double directional model where the steering DoD matrix ¥ is not always full rank since
K = E(@¥xxTwHeH).

2- Moment fitting:

Other authors [47] validate their model by finding the smallest error of a set of moments. They derive

explicit theoretical formulas of the ng, moment m,(f) of the matrix H” (f)H(f) and find the optimal

parameters in order to minimize:
Lo~ malf)
¥ 2 !
n=1 n

>

where
_ Trace(H" (f)H(f))"

n(f) = Trace(HH (f)H(f))

As previously stated, many models can minimize this criteria by adding more and more parameters and
one cannot obviously conclude in this case if a model is better then the other or not. Moreover, how
useful is it to have a channel that fits a certain amount of moments?26.

The previous remarks show that when the abstract of a paper asserts: ”This paper finds the theoretical
predictions to accurately match data obtained in a recent measurement campaign”, one has to be really
cautious on the conclusions to be drawn.

7 Conclusion

Where do we stand on channel modelling??” This question is not simple to answer as many models have been
proposed and each of them validated by measurements. Channel models are not getting better and better
but they only answer different questions based on different states of knowledge?®. The crucial point is not

26 Note that if all the moments fit, then the criteria is sound in the sense that measures such as mutual information
or SINR (which are of interest in communications) will behave similarly.

27 This question has to be taken in light of a talk ”Where do we stand on maximum entropy?” made by E.T. Jaynes
in 1978 at MIT [48].

28 This point of view is not new and the misconception persists in many other fields. Descartes, already in 1637,
warned us when stating in the first lines of the French essay ”Le discours de la méthode”:” la diversité de nos
opinions ne vient pas de ce que les uns sont plus raisonnables que les autres, mais seulement de ce que nous
conduisons nos pensées par diverses voies, et ne considérons pas les mémes choses”.
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creating a model but asking the right question based on a given state of knowledge (raw measurement data,
prior information, are we in a urban area? is it a fixed network?..). A generic method for creating models
based on the principle of maximum entropy has been provided and proved to be theoretically sound. At
every step, we create a model incorporating only our prior information and not more! The model achieved
is broad as it complies as best it can with any case having more constraints (but at least includes the same
prior constraints). The channel modelling method is summarized hereafter:

e H(p)= [ —plogp+ Y, \i{prior information};
e Argument of consistency

The consistency argument is extremely important as it shows that two channel modelling methods based
on the same state of knowledge should lead to the same channel model. This fact has not always been fulfilled
in the past. Our models are logical consequence of the use of the principle of maximum entropy and need
not to be assumed without deeper justification. The models proposed may seem inadequate to reality for
some readers: we argue as in [20] that the purpose of channel modelling is not to describe reality but only
our information about reality. The model we achieve are consistent and any other representation is obviously
unsound if based on the same state of knowledge. However, one must bear in mind that the less things are
assumed as a priori information the greater are the chances that the model complies with any mismatched
representation.

But what if the model fails to comply with measurements? The model is not to blame as it is a logic
consequence of information theoretic tools [20]. With the methodology introduced, failure is greatly appre-
ciated as it is a source of information and the maximum entropy approach is avid of information: the result
of non-compliance is automatically taken into account as some new information evidence to be incorporated
in the question. It only means that the question asked was not correct (double directional rather than direc-
tional for example) and should be adjusted accordingly in order to imply a new model (based on some new
source of information); and as it is well known, finding the right question is almost finding the right answer.
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