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Abstract—The design and analysis of multistage detectors with complexity and performance of multiuser detectors for asyn-
universal weights for asynchronousCDMA systems is presented. chronous systems. Furthermore, the effects of the bandwidth
The use of a front-end that enables joint detection and provides 5. chip-pulse shaping on the performance of CDMA systems
sufficient statistics is proposed. With such a front end the proposed b | | tIn fact. i trast t h i
multistage detector has the same complexity order per bit as the P€COME aISO reievant. In 1act, in contrast 10 Synchronous sys
matched filter. The proposed approach can also take into account t€ems the performance of linear multiuser detectors for COMA
other suboptimum statistics and the non-ideality of the chip pulse systems increases with the bandwidth as analytically shown in
waveforms. In such a way, the universal weights can be designed [71.
and the performance can be computed for very realistic scenarios. ~ | this work we analyze the impact of different sets of ob-

servables on the design and the performance of low complexity
|. INTRODUCTION multistage detectors and the effects of pulse shaping waveforms
n the performance of linear detectors.
A widely used approach to generate accurate but suboptimal
distics processes the received signal by a filter matched to
chip waveform. For a given user, a set of observables is
ained by sampling the filter output at the time delay of the
g r with rate equal to the chip rate independently of frequency
AT ; dwidth of the chip waveforms. We refer to this statistics
first in [4]. In [5] the analysis has been extended t0 CDMAg gyaristics A. This discretization scheme provides different

systems with linear minimum mean square error (MMSE) d@pqeryaples for each user and does not enable a joint processing
tectors and sinc pulse modulation. In [6], asynchronous systems

ith bol h but chi h ianals. all users. An implementation of multistage detectors with
with symbol asynchronous but chip synchronous signals, 1.e. iy ersa weights using such statistics implies a complexity
time delay of the users is a multiple of the the chip interval, arg

) . BN X ; . derper bit equal toO(K?). This approach is still interesting
investigated and an efficient implementation of linear muItlusgir0 a complexity point of view if detection of a single user is

detectors with the same complexity order per bit as the matc% uired. In this case its complexity ordeer bitis still equal to

filter is proposed for such a scenario. In this work we exteng ;-2 while the combplexity ordeper bit of the linear MMSE
the design of efficient multistage detectors for uplink CDM%e(tect)or isO(K?). piextty P

in [3], [6] to totally asynchronous CDMA systems. The low
complexity of such detectors is obtained thanks to two essen@g
features: (i) the joint processing of the received signals r%%

all K users of interest so that most of computations beco Sndwidth and subsequent sampling at R ow. We refer
|(r:i1ent|cal a;nd.the clomp_le;:ltsyt/) drodps byha factor &f, (i) [0 these statistics as Statistics B. These observables enable a
the use ofuniversal weightsbased on the asymptotic selt- i hrocessing of all users without loss of information and

averaging properties of random matrices instead of tailorgg istage detectors with universal weights have a complexity
weights depending on the transmitted spreading sequences rder per bit equal t@(rK) if r is the oversampling factor.
For synchronous CDMA systems sufficient statistics for a?l In this work the design of low complexity detectors for

users can be I?btalned s(ej\mpllng at the _ch|p rate ?}nd t;]me d : MA systems with chip asynchronism and the corresponding
common to all users under some restriction on the chip puéﬁalysis are proposed for both discretization schemes. Our

waveforms. A S|m|flar appl)roalch doeshnot provide suff|C|edn nalysis enables an analytical computation of the performance
statistics in case of completely asynchronous systems and Hagraqation due to the use of sub-optimal statistics as function

choice of sufficient statistics or suboptimal statistics, tradi few system parameters, namely, the signal-to-noise ratio
complexity against performance, plays a relevant role on bqi§\R), the roll-off, the system load, and the statistics of the

channel gains and time delays.

1The autocorrelation of the chip pulse waveform satisfies the Nyquist . 2 .. .
criterion. These chip pulse waveforms are also known as square root NyquispDMA systems using Statistics A show a substantial depen-

waveforms. dence of the performance on the initial sampling time instant

The design of low complexity linear multiuser detectors witﬁ
random spreading sequences and their large system analys'&
mainly focused on synchronous code division multiple acc
(CDMA) systems [1]-[3]. The synchronous assumption is NQht
realistic in the uplink of CDMA systems. Asynchronous CDMA,
systems with matched filters at the receivers have been analy,

n systems with bandlimited waveforms sufficient statistics
be obtained by filtering the received signal by a low
ss filter with bandwidthByow larger than the chip-pulse



due to the sub-optimality of the statistics. Sampling at the Throughout this work we assume that the filtered chip pulse
best time instant, i.e. at the time delay of the user of interestaveform ¢(¢) is much shorter than the symbol waveform,
implies a slight performance degradation at very low SNR®. ¢(¢t) becomes negligible foft| > t, andty < Ts. This
and low roll-off. However, this degradation increases as tli® usually verified in the systems with large spreading factor,
SNR and the roll-off increase. Above all in CDMA systemsvhich we are considering. Thus, we can neglect the useful
real implementations do not make use of costly pulse shapesiginal outside the symbol intervill, T%].
The analysis presented in this work hold for very general Given the time delayr, the virtual spreading sequence of
chip waveforms not necessarily inter-chip interference freeserk for the transmitted symbot spans the symbol intervals
Therefore, the degradation effects due to the non-ideality of andm + 1 and it is a2 Nr-dimensional vector given by
pulse shapers can be computed. Vim = PrSkm
o e o e e iere sy, — (s 0ol — 1) and s o
optimality of statistics or the non-ideality of pulse shapers r X N matrix takmg into account the effects of the

P y yorp Pers. pulse shape and the time delay of ugerlts (i, j)-element

[I. SYSTEM MODEL is equal to zero fori < |7t] and fori > |7E] +

Let us consider an asynchronous CDMA system with N7, while (®;);; = ¢ ( 2T — (j - 1)T, — 7 + | 7]
users in t_he upllnk channel and spreadmg f_acni_Sr The tor oz | 41 << |72 +Nr. The zero elements are due
received S'gr}?l in complex base-band notation is given by g the fact that we negfect the useful signal outside the interval

= apsk(t — 1) +n t e (—o0,+00 [T + 75, (m + 1)Ts + 73] ) ) .
Z ki ) Q ( ) Let S[m] be the2rN x K matrix of virtual spreading,
whereay, is the received signal amplitude of userand takes i-e. S[m| = (181, Pasom,... PxSkm), A the K x K

into account the transmitted symbol amplitude and the fieiagonal matrix of received amplitudeH] [m] = S[m|A, and
fading channely;, is the time delay of usek. Without loss of b[m] andy[m] the vectors of transmitted and received signals,
generality (w.l.g.) we assumae, € [0, T;] with T, the symbol respectively. Furthermore, we decompose the mdi#xu] into
interval and0 < 7, < 7»... < 7x. Here,n(t) is a zero mean two matrices of size'N x K, H,[m| and H 4[m| such that
complex Gaussian circularly symmetric process with two-siddd [m] = [H ~ [m], H [m]]”. Then, the baseband discrete-time
power spectral densiti, andsk( ) is the spread signal of userasynchronous system in matrix notation is given by

k. Z bk (m) ) (1) Y ="HB +N
_ m=—o0 _ whereY = [...,yT(m—1),yT T(m+ 1)...]F andB =
In (1), by [m] is the transmitted symbol of usérin the symbol | 4T (;;, — 1) b"(m), b m+1) T are the infinite-length
interval m and N-1 vectors of received and transmitted symbols respectivefyis
C](gm) (t) = Z Sk lu)tb(t — mTy — uT) an infinite-length noise vector; an# is a bi-diagonal block
=0 matrix with infinite block rows and block columns given by
is its spreading waveformsy,[u], v = 0,...,N —1, are
elements of the spreading sequence of ésarthe m'™ symbol : : : :
interval. T, is the chip interval. The spreading sequenceg;— | --- © Ha(m—1) Hu(m) 0
L . . 0 H,;(m) Hy(m+1) 0
sgm|u] are assumed to be i.i.d. complex Gaussian variables
with E{skm[u]} = 0, E{|sgm[u]|?} = +. The users’ symbols ' '
bi[m] are uncorrelated random vanables With| b, [m][?} = 1

Additionally, hy ,, denotes the column of the matrik
and E{by[m]} = 0. We denote by)(t) the band limited chip containing thek*® column of the matrixH[m]. Here, 7 and
waveform with bandwidthB, unit energy, and Fourier trans- R are the correlation matrices defined 75 — HHY and

form ¥( f). Thanks to the statistical properties of the spreadmﬂ HHH. Finally 3 = is the system load
sequence, the average energy of the signature waveforms is a SRe focus on the followmg front-ends. '

unit. Front-end Type Aconsists of an analog filte® (/) matched to

_ At the _front—end, the base band signal is processed byh% chip puise, i.eG(f) — W*(f), and a subsequent sampler
filter with impulsive responsg(¢) and corresponding frequencyWlth sampling rate equal to the chip rate. This front-end implies

responseG(f). We denote byg(t) the output of the filter the use of s
\ . ) quare root Nyquist chip pulse waveforms to keep
corresponding to the inpub(t), i.e. ¢(t) = g(t) * ¥(t) and 40 Giserete noise process white with variadge
by ®(f) its Fourier transform. The filter output is sampled ront-end Type Bconsists of (i) a low pass ﬁlte@(f) with
rate -.
e . . I low pass bandf| < 77 wherer € Z* satisfies the constraint
The discrete signal at the front-end output is given by -
f?) < ﬁ o) tha;t the Tamptllng{;he;l)ﬁn:hls s;:thsfledfamd of
ii) a subsequent sampler at r i is choice of the
Z“’f Z bi.[m] Z Sk.m| ((**“ mN) Tc*Tk) +n[p]  front end the conditions of the sampling theorem are satisfied
meTee so that the sampled signal provides sufficient statistics. The
with p € Z andn[t] the discrete time, complex-valued noisesampling rate is a multiple of the chip rate as convenient
p pling p p



in practical implementations. Additionally, the discrete noisg- 327> 77277 (#+5) ¢+ (%(x + s)) . Assume thatr, €
przocejsvsr{n[P]} is still white with zero mean and variance|y 7] for k = 1,... K and the sequence of the empirical joint
— 0
A distributions ') (A, 7) = % S5, 1A = [age|2)1(7 = 7)
1. LINEAR MULTIUSER DETECTION converges almost surely, & — oo, to a non-random distribu-

The design of multistage detectors with universal weighéIon function £} 412 (A, ) with bounded suppdft Then, given

2 ; ¢ N
follows along the design of multistage detectors for symb T“k| ,7x), the diagonal elemen{R"(1m));,;. of the matrixR
asynchronous but chip synchronous CDMA systems in [6]°NVErges in probability to a deterministic value, conditionally

2
Multistage detectors of rank € Z+ and L < K for symbol ©N (lax]*, 75),

m of userk performs a projection onto the Krylov subspace lim (Re(m))kk %5 Ro(laws|?, )
XLgem(H) = span(T by )| E2) for k= 1...K, m € Z and K=BN—o0
a subsequent filtering. Tt;e_;; are defined as with R (|axx|?, 7) determined by the following recursion
Ek[m] = wk_’gh,?[’]-ey -1
,Z; ’ ReA7) = g(Ur o1, A, T)Rs(N,7)
wherewy, ,,, are the filter coefficients for usér The multistage 5=0
detector processing jointly all users is given by and, for0 < z <1,

L—1
bi[m] =Y WHAT'Y
=0
where H,, = (Rim,hom...hk,n) and W, is a diagonal

matrix with the k' element equal tavy,. Figure 1 shows f(Rs, x) :6/AQT(I)Rs(AaT)dFIAIQ,T(/\vT)
1

-1
Ug(l‘) = Z ,f(Ré—s—la a’:)US(JJ)
s=0

an implementation that enables detection with finite delay.

The family of multistage detectors includes many well known

detectors like multistage Wiener filters, polynomial expansion 9WUs, A7) = /\/ trace(Us(2)Q(x))d z

detectors, or, equivalently conjugate gradient methods, and the 0

parallel interference canceller, eventually weighted. In [6] WhereQ, (z) = A, (z)A¥ (z) and

is shown that the implementation of multistage Wiener filters - - - T

in Figure 1 for asynchronous systems with a sufficiently large ~ A-(z) = (@7(96), O _r(x).. @ re-y (m)) -
number of stages can even outperform a linear MMSE detector S ) ;

with finite observation window. Therefore, we focus on the The recursion is initialized by setting/"(z) = I, and
design of a detector with universal weights equivalent to tHéo (A, 7) = 1. ) ) )
multistage Wiener filter for large systems (EBSN — co). We Due to lack of space the proof of this theorem is o_mltted. The
refer to it as detector Type J-I to emphasize the fact that tifgerested reader can refer to [8]. Far € [0, T3], with k =

detector performs the projection of all usiitly and the filter 1,---,/ we conjecture that the results of Theorem 1 holds
is designedndividually for each user. The universal weights argeplacing he time delays, by 7, = 7, — {%J )
obtained as Whm = lim wem(N) The signal-to-interference and noise ratio (SINR) of a detec-
Fym N Koo k,m tor Type J-I for large CDMA systems is given by
~—B8 —
where wy,,(N) are the tailored filter coefficients SINR. 1 5 = TR I )

of the multistage Wiener filter minimizing the MSE

1- €Toc571>o£ ,00 .
E{[lbe[m] — S whme (N )i P T™Y|?}. The tailored ook 00y

weight wy . ¢(N) is the (¢ + 1)t element of the vector Where & o = limg—pn ooy (V) and Epo =
wy,.m(N) given by limg—gN—o0 Ek,m (V). Given any multistage detector for user
’ ) k with filter coefficientsw,, it holds
W m(N) = El;,m,(N)ék,m(N) H 2
o o SINR — ||’wk €k,oo||
where Ey ., (N) = ((R™(m))xr + c*(R™ 7 (m))wr) , wil (EL = & sbboo) Wi
1 A — — J
with i, j = 1LI} &m(N) = ((R (m?)k’“)jzle’ and IV. EFFECTS OFSTATISTICS AND OF CHIP PULSE
(R?(m))kx = hy.,, Thy,, denote the diagonal element of WAVEFORMS

the matrixR’ corresponding to user at time instantn. The | o s consider a system with front-end A and let us assume

design of universal weights reduces to the computation of tig;; the chip pulse waveform is a square root raised cosine with
asymptotic value$img—gn_.o (R’ (m))xr. The convergence roll-off ~ € [0, 1], i.e.

of the diagonal elements oR’ to deterministic values is , \ _ .

established in the following theorem. ) = Ay () cos(m(1+7) 7)) +sin(r(1 —7)77)
Theorem 1:Given the Fourier transforn®(j2x f) with fi- (1 — (4y7:)?)

nite support and bounded in absolute value, det(x) 2 21(-) denotes the indicator function.
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Fig. 1. Multistage detector for asynchronous systems
The limit valuesR,(|axx|?, 7) can be obtained applying theReplace all monomials, 22, ..., z¢ in the polynomialp,(z)
recursion in Theorem 1 for = 1 and Q. (z) reduced to the by the momentsnY, ... m©, respectively, and assign the
scalar ® [Afzr e TR AR '
L 2l 1) conzen e result tom, the /" eigenvalue moment of ordérof R.
3+ 3sin (;(x+§))+% (1—51]“ (;(l”ra))) Algorithm 1 is derived in [8].
—1<z< -2 Interestingly, R¢(|axk|?, 7) is independent of the arrival
Q. (r)=51 - << Y time in this case and, thus, also the performance of such a

23 A8
|=

IA 2B
8 8
A
-

CDMA system.

In Figure 2 we compare the performance of a detector Type
J-I processing the observables provided by front-end B (dashed
As the front-end B is in use at the receiver, the chip-puldimes) to the performance of the corresponding Type J-I detector
waveform has bandwidthy- < B < 7, the sampling fed by front-end A (dots) assuming equal received powers,
rate is = with » > n, and the time defay distribution is system load3 = 3, L = 3. The chip waveform is a square
uniform, Theorem 1 yields the following algorithm to computeoot raised cosine. The curves represent the output SINR as

1 1 .2 (= 1 cos 27T 02
5+5sin (;(m—i))—i—iQ (1—5111

1

2 —
—
~—~

N ‘

Re(lark|*, k) a function of the roll-offy parameterized with respect t:.
Algorithm 1: Initialization The parameterZ= varies from 0 dB to 20 dB in steps of 5
dB. As reference we also plot the performance of synchronous
Let po(z) =1 and uo(y) = 1.

CDMA systems. As expected, multistage detectors with front-

th
e Define (y) = f )Se:ﬁg write it as a polvnomial in end B outperform th_e corr_esponding multistagg—:- detector_s; with
te—1\Y) = Yte—1y poly front-end A. Interestingly, in the former case linear multiuser
Y. Defi _ d write i | ial i detection and asynchronism can compensate to some extent for
o Definev,_.(z) = 2p;-1(2) and write it as a polynomial in 0 jocc in spectral efficiency caused by the increasing roll-off
z f R and typical of synchronous CDMA systems (note that the SINR
o Define £ — (7“) /2 H2s (277 )d keeps constant for synchronous CDMA systems) [7]. On the
s = j—z|dz 3) . ; ; .
T2 _n T contrary, even in the case of asynchronism, multiuser detection
. ) _with front-end A can not compensate for the loss in spectral
and replace all monomialg,y?,...,y" in the polynomial efficiency due to non-zero roll-off and its performance is close
u—1(y) by &1,&,...,&, respectively. Assign the result totg the performance of synchronous CDMA systems for any
Up—1. SNR level.
o Define m(%. = E{lax[**} and replace all monomi- We elaborate on the effects of the chip pulse waveforms
als z,22,...,2" in the polynomialv,_1(z) by the moments by focusing on square root raised cosine and raised cosine
m‘(;)‘% . ~m|(2|2’ respectively, Assign the result 1_;. chip-pulse waveforms with roll-offy € [0,1]. To simplify the
e Set (-1 notation we assumeé, = 1. Let
pe(2) = Z 2Up—s—1ps(2) 1 0< |z < 152
5=0 T@) =43 (1-sinZ (ja| - 1)) 52 <lof <52
1 0 |z| > 12
pely) = Zo ByVe-s—14s(y)- The energy frequency spectrum of a square root raised cosine

waveform with unit energy is given b q.c (j27z)|> = T(z).
e Assignpg(A) to Ry(A). The unitary Fourier transform of a raised cosine chip waveform
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Fig. 2: Asymptotic output SINR of a Type J-I detector with= 3 Fig. 3: Asymptotic output SINR of a Type J-lI detector with

versus the roll-offy as front-end A (dashed lines) and front-end B
(dots) are in use in an asynchronous CDMA system. The solid lines
show the reference performance in synchronous CDMA systems.

L = 4 versus the roll-offy for square root raised cosine (lines
with markers) and raised cosine (lines without markers) chip-pulse
waveforms. Solid lines correspond to asynchronous systems while

The curves are parametric % with %= varying betweer0 dB dashed lines refer to synchronous CDMA.

and20 dB in steps of5 dB.

= o Multistage detectors with front end B and universal
and Algorithm 1 to derive the asymptotic SINR to the case weights are asymptotically optimum and have the same
of synchronous systems and uniformly distributed time delays. complexity order per bit as the matched filter.

Figure 3 shows the large system output SINR of detectorse If only a user had to be detected multistage detectors with

Type J-1 with L = 4 versus the roll-off for£= = 15 dB and front end A have slightly lower complexity than multistage

N . . .
£2 — 30 dB, when square root raised cosine (marked lines) detectors with front end B. However, while the optimum

and raised cosine (lines with markers) chip-pulse waveforms ©N€ can compensate to some extent the loss in spectral
are transmitted. The dashed lines correspond to synchronous efficiency due to the roll-off in asynchronous systems
systems while the solid lines refer to asynchronous systems. Multistage detectors with front end A do not have this
The SINR is obtained assuming equal received powers at Property. They perform almost as the multistage detectors
the receiver and system loa8l = 1. Increasing the roll-off for synchronous systems at any SNR.

the performance increases for both waveforms. At high roll-
off the gap in performance between the two different chip-
pulse waveforms is quite relevant in favor of the square roqt
raised cosine pulses. Therefore, the design of pulse shapes
a relevant impact. The asynchronous systems outperform the REFERENCES
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with unit energy isU,.(j27x) = %T(m). We apply (2)
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