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Motivation and outline of this work Also, in the limit of very largeK and finite M we find closed-

We consider the uplink and the downlink of a muItiuseEorm expressmns.for the delay-limited t_hroughput. we S.hOW
hat, for both optimal and orthogonal signaling, the optima

wireless system with one base station aRd user termi- . - . :
: . ... Strategy in the limit of largei’ consists of letting the users
nals (single-cell case). Each user is affected by a position ’ : . :
, L . transmit on their own best subchannel only, irrespectiély
dependent path loss, fixed in time, and by a slowly tim

varying frequency-selective fading channel modeled/apar- %he other users. This result suggests a system where the user

. are able to “listen wideband”, i.e., measure their chanaéi g
allel block-fading channels. We study the system throughpun all the M subchannels, and “talk narrowband”, i.e., they

sum rate) versug, /N, under hard fairness and proportionaf’- . . . :
1$airness c)onstraintbs/ 0 prop will transmit only on their best subchannel. This feature is

By “hard fairness” we mean a system where each us%?metlmes referred to as “Cognitive Radio”, a technology th

transmits at its own desired rate in every channel conditio_92N'N9 an Increasing interest also in the standardizati

. ) . environment.
This corresponds to the so-calletelay-limited capacity of In the case of PFS, we find a simple closed-form expression
fading multi-access channels [1]. When no fairness is immos?o '

the notion of throughput (or ergodic) capacity region [2] hglézef;?rg:ggpgaén;[he considered cellular environmeat t

becomes relevant: this is the long-term average rate regior}, .
) . . Finally, we carry out a closed-form analysis of the through-
achievable when the users adapt their rate and power angordi

to the instantaneous channel conditiohsit is well-known PUt VErsus systent;,/No in the high and low spectral ef-

) : ; ficiency regions, for all systems under consideration. Our
that the maximunong-term averagehroughput is achieved analysis shows that, in the high spectral efficiency (high-
by letting only the user with the best channel transmit Y ' gh sp y (g

0 ; : ; . )
each time-frequency coding interval (referred to as ‘siot” gNR) region, the penalty incurred by imposing hard-faisnes

is generally small. Furthermore, in some cases of practical

the following) [3], [2]. However, in a cellular enwronmentinterest (with reasonably large but finit&), the optimal

where users are at different distance from the base statign . .
. . . i elay-limited system may outperform PFS for high spectral
this strategy would result in a very unfair resource allmrat

. . iciency. On the contrary, the gain of PFS oway delay-
basically, only the users closest Fo the base.statlon Woﬁgited system can be significant in the low spectral efficien
be allowed to transmit. Hence, various scheduling algorith Begion (low SNR)
aiming at maximizing the Iong-term average throughput su “Due to the strict pages limitations of this extended abstrac
ject to some faimess constraint have been proposed, Amorl&)mission our results shall be only outlined and all poof
the_se, the Propor_tional Fair theduling (PFS) algorit.hﬂn [gnd many %ormulas shall be omitted. They can be found in
enjoys many desirable properties and was adopted in so(tgf available from the authors upon request
evolutionary 3G wireless communication standards [5] for~’ ’
delay-tolerant data-oriented communications. Summary of the results

Our analysis allows us to quantify the effect of im-
posing “hard-fairness” (the delay-limited setting) vess
“proportional-fairness” (the delay-tolerant setting)ircellular

Because of uplink-downlink duality [7], our results apply
%o both uplink (multi-access channel) and downlink (brcesic
channel). This statement is proved formally in [6]. Here, we

i(nvwonfrnznt', forl gl'\t/eri\{, K and chanr|1|el si{:\tlstltlzs. Ft?]r f'mttﬁfocus on the notation for the MAC without loss of generality.
» we find simple iterative resource allocation algorithmatth,, " . «ider the channel model

provably converge to the optimal delay-limited throughput X

1When coding over an arbitrarily large number of fading blockallowed, Y™ = Z Vv leX;cn +N™, m=1,...,M 1)
the same ergodic capacity region can be achieved by fixedawatble-power k=1

transmission. However, due to our assumption of block-fadirgnnel, in this . .
work we assume that a coding interval spans a single faditigagan. Hence, where m is the sub-band index, and/™ ~ GN(O, NO)-

the variable rate and power scheme is in place. This is an accurate model for a slowly-varying MAC with



fading where the system bandwidth/i$ times larger than the wherea > 2 is referred to as “path-loss exponent”. Remark-
channel coherence bandwidth. We study the sysipettral ably, F .x},»(z) can be given in closed form in several

efficiency is given by cases of interest (see [6]).
c_ I @) Results for finite K and M. The aggregate rate and
M aggregate energy per symbol of ugeare given by
and expressed in bit/s/Hz, versus the syst@iN,, defined Mo
as Ry = Y Ry, k=1,...K (5)
Ey D Yy 3 m=l
Noun T Ny By © ST
0/ sys OZkzl k E, = Z E;Cn’ k=1,....K (6)
m=1

where E}, is the total transmit energy of usdr, and R,
denotes the total number of bit per one use of Mieparallel respectively, whereR;’ and E;* denote the rate and the

channels (bits pef/ dimensions). The quamit(% is energy per symbol allocated by usgron subchannein.
S 1 _ — m m
relevant in the case where there is a total sum-powerS yccinmtstra\'llzv %;?;gglgggr?clﬁrg g?ﬂi;ﬁ)ﬁ?&_g}i?ﬂfn f: aE:tién’ ;).f.L’lSeIri ;’r
(downlink), or when the users are statistically Symmetrighannelk 9
(uplink). In a “?érd fainess” (delay-limited) situation, the rat&s
Channel statistics.In cellular communications, signal prop- Y '

agation is characterized by a frequency flat factor that dgpe are fixed a priori, and the system has to allocate transmit

: : nergies in order to let the raf€-tuple inside the achievable
on the distance between the user terminal and the basenstali : . . . .
s e 4 Fate region. We wish to find the partial rates allocation (toed
(path loss), and by a frequency selective “small scale’nfgdi

that depends on the local scattering environment around {ﬁSgrlg:f:{zh;ri':i?nfzc?ﬁgsrén lﬂ?ree ggSfNOf) ortrzggr(:]r;?rl]ti;ri@rﬁng
user terminal. The path loss varies so slowly in time withh q b/ =10 /sys

respect to the signal bandwidth that it can be considerdd " rate.K—tupI.e. . : .

. - : For optimal signaling, lettingt™ denote the permutation
constant forever. This corresponds to the realistic asiomp R . :

o S ﬁhat sorts the gaing/}* in increasing order, the required

that users do not change significantly their distance froen t ansmit ener or svymbol of usef® in channehn is qiven
base station during a large number of consecutive slots. gn gy per sy r s g
the contrary, the small-scale fading changes in time deapgnd y
on the channel Doppler bandwidth. In practice, its coherenc N
time is such that it can be considered constant on each slot£”, — dmo exp ZR;" — exp (Z R,Tm> (7)
but changing according to some stationary ergodic (possibl L i<k '
correlated) process from slot to slot. This model is refiie
as block-fading.

We take into account these two effects by lettifif =
s fi*, where s, denotes the path loss of uskr(symbol s
stands for “slow”) andf;* is the frequency-selective bloc .

. . wr. o CONverges to the optimum.
fading of userk in channelm (symbol f stands for "fast’), For orthogonal signaling, the transmit ener er symbol of
Clearly, s;, and f;* are mutually statistically independent, as 9 9 9, gy persy

they are due to completely different propagation effects. userk in subchannei is given by

i<k

Optimizing the partial ratesR;* in order to minimize

(E»/No)sys is a convex minimization problem that can be

solved with standard tools. In particular, in [6] we give msi
I(ple iterative block-coordinate descent algorithm thatvphdy

We shall assume that the users are uniformly distributed in Em— m No (exp(RI"/O7) — 1) ®)
the unit-circle cell, but for a forbidden circular regionraflius i ko P B
nter round th ion, w 1is a fix C .
0 centered around the base_ station, h}ak_eé ~isa ed 'Flhe minimization of(E;/Ny)sys With respect to{®@™ R™ :
system constant. We consider a normalization such that the . Y T
=1,...,M} is also a convex optimization problem. In

loss at the cell border is equal to 1 (clearly, all results oban mo= )
scaled by a constant factor equal to the loss at the cell horJSCt’ It can b? checked that the functige, y) =z exp(z/y)
for a given cell size and loss exponent). It will appear in thg CONVex. Since the constraints

following that a key role in performance analysis is playgd b
the cdf of the random variablemax{ f1, ..., f,}, wheres is Z Ri' > Ry, k=1,....K
distributed as the path loss of a random user, gndre i.i.d. m=1

small-scale fading variables, distributed @(—z2),z > 0, and
(i.e., chi-squared with 2-degrees of freedom). The relevdh
denoted byF yaxis1,(2), is given by

M

K
dep<i, m=1,....M
k=1
1 1 a?/e a2\ with Rj* > 0 and©j* > 0 are also separable, we can use again
Fomax{fyn(®) = 1_ 52 p2/a /2/%2 (1 —e? ) Y a block-coordinate descent algorithm and have a convergent
‘ (4) iterative optimization.



In a delay-tolerant situation, the user rates can be adapted
according to their instantaneous channel conditions. We le
SNR = Ei. /Ny denote the transmit SNR in each slot, where
Ei.; is the total transmit energy. We assume that the channel
gains are independent but not necessarily identically dis-
tributed across the users, and symmetrically distributedss

C (bit/s/Hz)

the channels, that is, for any permutatienof {1,... M},
the joint cdf of the channel gains satisfi€§d;,...,dM) =
F(d;',...,d;™), for all k. This means that no subchannel

is statistically worse or better than any other. Howevee th
users might have different channel gain distributions, ber S
analysis is not restricted to the case of symmetric users) as /N 42

3], [4]. . - .

[ ] [ ] . . . . Fig. 1. Spectral efficiency vs. systemy,/No for PFS and optimal delay-
_!n order to cope. W'th users_ n dlffer_ent propagation Cofmited signaling. The curve for conventional TDMA/FDMA and = oo

ditions (here, specifically, at different distance from these users is shown for comparison. The channel parameterd/are 10, path

station) the PFS algorithm has been proposed [4]. In the linfiss exponent: = 2 and radius of the forbidden regiah= 0.01.
of large fairness interval (i.e., when the interval over athi
fairness is imposed grows to infinity) we have the following ‘ ‘ ‘

L L L
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€=2,5=001,M=10

result: o
Theorem 1:For any givenK and fixed path loss com- of

ponentss = (si,...,sk), under the channel gain statistics T s wcmmmsons |

defined above, the long-term average throughpuachieved o

C (bit/s/Hz)
o

by PFS is given by Y/ /4
7/

/7
A 7 Optimal-orthogonal
/ (delay-limited):K=10, o

K
M oo
T=" E log(1 NR)dF, T /%
K k_l/() Og( +Sk$s )d max{f},K(x) (9) i

where F .71,k (7) is the cdf ofmax{f{",..., fi}, inde- ) ‘ ‘ ‘ ‘ ‘ ‘
pendent ofm by the symmetry assumption. | T

As a corollary, it follows that the average spectral efficien
C as a function O(Eb/NO)sysy where expectation is taken alsd™ig9. 2.  Spectral efficiency vs. systeifi, /Ny for PFS and optimized-

. L . = orthogonal delay-limited signaling. The curve for conventil TDMA/FDMA
with respect to the (random) path loss, is given implicitly b 47" " cers is shown for comparison. The channel parameters are

oo M = 10, path loss exponentr = 2 and radius of the forbidden region
c = / logy (1 + 2SNR)AF max( f},x (%) § =0.01.
0
B\ SNR .
A = (10)  Theorem 2:As K — oo the minimum (E,/No)sys for
58 given system spectral efficieny is given by

Figs. 1 and 2 compare the spectral efficiency achieved by B o dF )
PFS and delay-limited systems for finite number of ugérs: (b> = log(2) / 9CFs max{f},m (2) smax{f},m (&
10, 20, 30, 50,100 (in Fig.2 we show only the cas& = 10 0/ sys 0 z 1)

and K = oo for the optimized-orthogonal system for the sake . . ) ) ) -
of clarity). In all cases, spectral efficiency improves with This is achieved by letting each user transmit on its best

This effect is known amultiuser diversityHowever, the effect SuPchannel only, and by using superposition coding and suc-
of multiuser diversity is quite different in the delay-ltedl C€SSive decoding on each subchannel. U

and delay-tolerant setting. While for the delay-tolerarstegns ~_ 1heorem 3:As K — oo the minimum (E;/No)sys for
increasing & yields a gain in terms o{E,/No)sys for all given spectral efficienc{ achieved by orthogonal signaling

spectral efficiencies (roughly, an horizontal shift of tevs. IS 9iven by

(Eb/No)sys curve), for the delay-limited systems increasiig / g, B * exp (1+ W (“221)) — 1 dFy maxi sy, (2)
yields a change only for large spectral efficiency. This atffe | 7~ = log(2) o W (;w—l) .
sys >

e

will be analyzed in depth in the asymptotic caselof— oo, (12)

as seen next. o } N where W (z) is Lambert's W function and wherg is the
Results for K — oo and finite M. Under mild conditions g tion of

(given in [6]) on the fading and path-loss distributiondjsfeed o qF () 1

by the model introduced before, the performance of delay- / Sma"{f}’Mlz =

limited systems in the limit of large number of users is given o 1+W (MT_) Clog(2)

by the following results. This is achieved by letting each user transmit on its own

(13)



best subchannel only, and by using orthogonal signaling wit As far as§, is concerned, we have
optimized fractions on each subchannel. ] 2
. - 2 (E[s]E IR
We shall compare the optimal and the optimized-orthogonal E( 2[8113 [max{f}n’ ’fi }]g
delay-limited systems of Theorems 2 and 3 with a conventiona [s?JE[(max{f*,..., f£})?]
TDMA/FDMA system, where each user chooses its own be&gain, from extremal theory we get that
channel to transmit, but resource allocation (the frastiorn) 2
i i ; : prs _ 2E[s]
are proportional to the users’ requested rates, disraggrdi Klgﬂoo 0o = E[s?]
the actual channel gains. The performance of conventional ) ]
TDMA/FDMA is given by By comparing (15) and (19) under the cellular channel statis
Theorem 4:As K — oo the (Ey/Ny)sys for given system tics, we notice that for low specral efficiency the gain of the
spectral efficiencyC, achieved by letting each user transmit ofPPOrtunistic scheme over the delay-limited scheme is two-
its best subchannel only and allocating a fraction of chanrf@ld: on one hand it achieves larger multiuser diversity as

8675 = (20)

uses proportional to its individual rate, is given by

@ _ 2C -1 e d-Fsmax{f},M(x)
Ny sys C 0 X
(Il

Low and High spectral efficiency behaviors Our compar-
ison is based on the asymptotics of spectral efficicb@s a

(14)

function of (E,/Ny)sys. In general, the low spectral efficiency
behavior C | 0) is characterized by the minimum system

Ey /Ny, denoted by(E;/No)min @and thewideband slopeS

(see definitions in [8]). The high spectral efficiency bebavi

(C — o) is characterized by the high-SNR slopg, and by
the horizontal dB penaltf ., (see definitions in [9]).
All the delay-limited systems achieve the saf#&/No)min,

given by
< dF
(E)> — 10g(2) / smax{f}’M(x)
min 0

K > M, on the other hand it achieves a “Jensen’s inequality”
gain due to the convexity of /x. We conclude that for low
spectral efficiency the cost of imposing a strict constraint
on rate and delay is very high. In fact, the optimal delay-
limited system does not benefit in terms (&, /No)min Over

a conventional orthogonal system (or a single-user system)
this regime, multiuser diversity appears only as a secoddro
effect, as a gain in the wideband slope.

Next, we focus on the high spectral efficiency regime. In this
case, the high-spectral efficiency slope is giverShy= 1 for

all systems under consideration. However, systems magrdiff
significantly in their horizontal dB penalty. The convemiib
TDMA/FDMA system yields (calculation is immediate)

o dFs max /
L((:)gnv.tdma/fdma — IOgQ (/ {f},]\f(-’f)> (21)
0 X

For the optimal delay-limited signaling, we have the foliog/

surprising behavior, already noticed in [10, Section §.fo2
the case of frequency-flat path-loss only:

The advantage of optimal over conventional delay-limited Theorem 6:As K — o~ the horizontal dB penalty of the
signaling is evidenced by the wideband slope, provided by gptimal delay-limited system is given by

Theorem 5:As K — oo the wideband slopeS, (in
bit/dimension/3dB) of the spectral efficiency \&;/No)sys
curve for the delay-limited systems is given by

dFs max{sy,m ()

Sgptimal _ f T (16)

Fy max d
J e g gy ()

dF; maxgf},m (@)
2 {f}. M

(f ﬁdFs max{f},]\l(x))Q

Sgonv.tdma/fdma -9

Sopt .orthogonal __
0 =

(18)
O

The low spectral efficiency behavior of the PFS system is - opt.orthogonal _

easily obtained and we have

<Eb>PFS - log(2)
NO min fOOC x dF@ max{f},K(x)

Notice that, under mild conditions on the fading distributi
(Eb/NO)PFS

min

(19)

PFS
goes to

min

statistics theory, we can easily show tr(a%)
zero asO (15, )-

goes to zero ask — oo. Using extremal

. 1
optimal __ —1
Loptimal — _Jog, (Fsmax{f}’M (1 - c)) +0(1) (22)

O

In general, in all cases Whetk, ,,,.x{},a () is strictly in-
creasing for all sufficiently large, the horizontal dB “penalty”
diverges to—oo, indicating that optimal delay-limited sig-
naling yields unbounded dRjain over the corresponding
conventional TDMA/FDMA system. The following result pro-
vides the horizontal dB penalty of optimized-orthogondagle
limited signaling.

Theorem 7:As K — oo the horizontal dB penalty of the
optimized-orthogonal delay-limited system is given by

- / 10g2 (x)dFs max{f},M (LC) (23)
0

O
Finally, for the opportunistic PFS system we obtain, after
simple direct calculation,
2285 = [ logy(0) AP st cls) (29
0

In the limit of large K, we have the behavio£EFS =
O(loglog K), typical of multiuser diversity systems [4].



Comparing (21), (23) and (24) we notice that
gonv-tdma/fdma: - popt.orthogonal hy Jensen's inequality. In

the usual case where the number of users is much larger
than the number of subchannel& (> M) we have that
Loptorthogonal < ¢ PFS " Note that the gain of PFS comes
only from K > M and the diversity associated with it. Fbf
growing large, the gain vanishes. Thus, the wider the band,
the less advantage for PFS in terms of spectral efficiency,
despite the looser delay constraint.

€=2,5=0.01,M=10

Optimal <
S,=3315 :

Optimal-orthogonal
= 2.345

i

C (bitisiHz)

€N £5960

-9 -85 -8 -75 -7 -6.5 -6 55 -5
/N, @)

Fig. 3. Spectral efficiency vs. systefy,/No for the optimal, optimized-
orthogonal and conventional TDMA/FDMA delay-limited syste for K =
oco. The channel parameters alé = 10, path loss exponent = 2 and
radius of the forbidden regiosi = 0.01. The dotted lines correspond to the
low spectral efficiency approximation.

@=2,5=001,M=10

Fig.
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(unbounded dB
shift)
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Fig. 4. Spectral efficiency vs. systefty,/No for the optimal, optimized-
orthogonal and conventional TDMA/FDMA delay-limited sysite for K =

oco. The channel parameters ailé = 10, path loss exponent = 2 and

radius of the forbidden regioti = 0.01. The dotted lines correspond to the [5]
high spectral efficiency approximation.

(4]

Figs. 3, 4, 5 and 6 show the low and high spectral efficiencg/e’]
behavior of all systems considered. In particular, we oleser
that, consistently with Theorem 6, the gain of the optimal’]
delay-limited signaling over orthogonal signaling beceme

unbounded af€ — oc. [8]
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