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Abstract

Dynamic channel resource allocation (DCA) exploiting wideband multiuser diversity can provide data transmission with

very high spectral efficiency by scheduling at each dimension (time, frequency, space) the user with the best channel

conditions. The main issue arising from this allocation is fairness. Base station or users have to wait until their channel is

most favorable to transmit. It is commonly considered that fairness comes at the cost of a significant system capacity

penalty. In this paper we show that multiuser diversity, and thus an increase of aggregate data rates with the size of the user

population, can still be successfully achieved even with deterministic channel use and that even under a hard fairness

constraint we can achieve performance which comes close to those of the optimal unfair policy for K-user systems with K

parallel sub-channels. We propose and compare different algorithms which perform channel allocation yielding variable-

rate/constant-power (Max–Min allocation and maximum total rate allocation) and fixed-rate/variable-power (fixed rate

allocation). We show the effect of system bandwidth (and thus sub-channel correlation) on wideband multiuser diversity.

This paper also investigates the performance of combined orthogonal channel and antenna allocation algorithms in

multiple-antenna multi-channel systems. We extend the proposed Max-Min allocation algorithm to the multiple-antenna

systems and compare its performance in two different transmission scenarios (spatial multiplexing and space time coding).

An extension of the Max–Min allocation algorithm to the general case of an arbitrary number of users is also given. The

proposed techniques are applicable, for instance, in orthogonal frequency division multiple-access (OFDMA) systems with

dynamic sub-carrier allocation.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Current and future wireless communication systems
are expected to provide a broad range of multimedia
e front matter r 2005 Elsevier B.V. All rights reserved
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services. Customers are expecting high quality, relia-
bility and easy access to high-speed communications.
The use of multiple antennas at the transmitter and/or
at the receiver (MIMO systems) and the use of
dynamic channel allocation (DCA) had been identified
as two of the major techniques promising significant
improvement in terms of spectral efficiency and a
combination of these techniques is surely a means to
meet the future broadband service requirements.
.
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Multiple-input multiple-output (MIMO) systems
have emerged as one of the most promising
technical breakthroughs in modern wireless com-
munications. The pioneering work by Foschini [1]
and Telatar [2] predicted remarkable spectral
efficiency for wireless systems using multiple anten-
nas to increase data rates through multiplexing or to
improve performance through diversity. There have
been many studies of MIMO systems in a multiuser
network environment including proposals for sche-
duling algorithms [3]. In [4] authors study optimal
strategy of multiple access with multiple antennas at
the base station. The proposed scheduling algorithm
straddles both the physical and low level protocol
layer. In [5] the authors study greedy scheduling in
multiuser MIMO systems and show that it leads to
lower average user experienced delays compared to
single-user greedy scheduling.

DCA uses channel state information (CSI) avail-
able at the transmitter to schedule users across the
available system bandwidth. In DCA strategies, one
should employ the concept of multiuser diversity as
introduced in [6–9] to guarantee high spectral
efficiency. It has been shown in these studies that
multiuser diversity yields an increase of the total
throughput as a function of the number of users.
The most remarkable result is that for multiuser
systems significantly more information can be
transmitted across a fading AWGN channel than
a non-fading AWGN channel for the same average
signal power at the receiver. Spectral efficiency can
be increased by more than a factor of two for small
signal-to-noise ratios (around 0 dB). This is due to
the fact that at a given time and frequency, the
channel gain is random and can be significantly
higher than its average level. One can take
advantage of this by using a proper dynamic time-
frequency allocation based on the time/frequency
varying characteristics of the channels. The success
key of DCA is the use of CSI at the transmitter, but
one may question the practicality of assuming that
quasi-perfect CSI can be made available at the
transmission end. This depends strongly on the
considered system architecture. In systems such as
HDR (also known as IS-865) the receiver estimates
the CSI based on a common pilot and feeds the
information back to the transmitter [10]. If we
employ the same antenna array for transmission
and reception in a time-division duplexing (TDD)
system then channel reciprocity allows us to use our
channel estimates obtained during reception for
transmission, which is the case for instance in the
DECT cordless telephone system and for power-
control in UMTS-TDD. In practical TDD systems,
amplitude information is reasonably simple to
estimate from the opposite link, while for accurate
phase information this is not the case, mainly due to
the difficulty in calibrating the difference in phase
response between the transmitter and receiver
chains.

The system related main issue arising from
channel-dependent resource allocation schemes is
fairness. Users (or the base station) cannot always
wait until their channel conditions are most favor-
able to transmit. This is particularly true for
traditional circuit-switched services like voice or
real-time video. In [11], the authors treat the fairness
problem between users in the slow fading environ-
ment and discuss the implementation in the IS-865
system and propose methods to enhance fairness.
Their approach consists in using multiple antennas
to induce fast channel fluctuations combined with
the proportionally fair allocation policy used in IS-
865. In a similar vein for multi-cell systems, [12–14]
study combined power control and base station
assignment in multi-cell systems with fixed vector
rate. This is also a form of fairness, since these
algorithms allow users to transmit with their desired
rates. Similar opportunistic techniques for multi-cell
systems are briefly alluded to in [11]. In [15], the
authors consider the sub-carrier assignment pro-
blem in orthogonal frequency division multiple-
access (OFDMA) systems and compare the simpli-
city and fairness properties of different allocation
algorithms. In [16], a fair allocation criterion
yielding multiuser diversity with a deterministic
channel use in a K-user system with K parallel sub-
channels is proposed. We build our work on these
results by addressing an algorithm that performs the
allocation of users across sub-channels according to
this criterion for OFDM-like systems on frequency
selective channels. We analyze both fixed-power/
variable-rate and variable-power/fixed-rate cases.
The obtained results show that even with hard
fairness constraint, multiuser diversity is still achiev-
able and we can obtain performance approaching
those of the optimal completely unfair scheme. The
addressed results are very pertinent for slowly-
varying channels since frequency selectivity is
exploited. From a futuristic system point-of-view,
an application of the ideas outlined in this work
would be the allocation of users equipped with
various radio interfaces in different parts of the radio
spectrum, potentially using different radio-access
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technologies, based on link quality and quality-of-
service (QoS) constraints. We could also envisage a
centralized control of radio spectrum across very
large bandwidths and co-localized radio-access tech-
nologies (e.g. GSM/UMTS-FDD/UMTS-TDD,
802.11, 802.16, DVB-T, etc.). We can also envisage
an inter-operability between service providers, with
a centralized access control which maps users over
the available system resources independently on the
users’ service provider but only depending on the
channel conditions.

The organization of this paper is as follows:
Section 2 presents the underlying system model. In
Section 3, we provide an algorithm to achieve the
criterion in [16] and compare this algorithm to the
one achieving the maximum total throughput. We
also outline an algorithm for power control under a
fixed rate vector constraint and present numerical
results and outline the effect of bandwidth on
multiuser diversity. We extend this study to the case
of multiple transmitting antennas for the downlink
in Section 4. We also compare different spatial
combining methods when using multiple antennas
at reception. Finally, in Section 5 we present our
conclusions and outline ongoing extensions and
future perspectives.

A note on notation: We use calligraphic letters
(e.g. H) to denote matrices and uppercase under-
lined letters (e.g. X ) to denote vectors. Ef�g denotes
the expectation. A�1 and AH are, respectively, the
inverse and conjugate transpose of matrix A.

2. System models

We consider the downlink of a wireless system
with K symmetric users. We assume that the base
station is equipped with N t antennas transmitting
over M parallel channels and each user has Nr

receiving antennas (For the case N t ¼ 1, the study
in this paper is exactly the same for the uplink
transmission). Fig. 1 shows a diagram of such a
system: At the transmitter, using the CSI of all
users, subcarriers and antennas are assigned to
different users. At a receiver k, the subcarrier
allocation information is then used to extract the
data for user k from its assigned carrier. In this
paper, for the multiple antenna at base station case
we consider antenna allocation, but more generally
the study and all related results can be applied to
schemes where opportunistic beamforming or pre-
coding is used. In such cases, the algorithm is
applied in the same way to allocate beams or
precoding vectors. The system model in the paper
could represent any wideband OFDM system, such
as mobile broadband wireless access (MBWA)
systems, for instance the evolving IEEE 802.16
standard where an OFDMA technique is used.
Another example of such a system could be the
UTRAN HSDPA (high-speed data packet-access)
3GPP proposal using an OFDM(A) physical layer
instead of WCDMA, proposed in [17] for the
downlink channel. HSDPA also envisages multi-
ple-antenna terminals. In the context of these
systems, the algorithms proposed in this paper
would be used to allocate the different frequency
sub-bands and transmit antennas to users. We can
also imagine the use of these techniques in exten-
sions of IEEE802.11a/g, Hiperlan2 or multiband-
OFDM for UWB systems.

We consider that each sub-channel is a fading
AWGN channel with noise variance N0. The Nr � 1
received signal vector for user k over a given sub-
channel m is given by

Y k;m ¼
XK

k0¼1

Hk;m:Pk0m:X k0;m þ Zk;m (1)

where Zk;m is the noise vector in sub-channel m and
X k0 ;m ¼ ½xk0 ;mð1Þ; . . . ;xk0 ;mðN tÞ�

T is the N t � 1 signal
vector for user k0 on sub-channel m s.t. xk0 ;mðntÞ is the
signal transmitted for user k from antenna nt. Pk0;m

is the N t �N t diagonal matrix diagð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Pk0 ;m;1

p
; . . . ;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pk0 ;m;N t

p
Þ s.t. Pk0 ;m;nt is the transmit power for user k0

from antenna nt on sub-channel m. We assume that
Efx2

k;mðntÞg ¼ 1 and EfPk;m;ntg ¼ P=MN t so that the
average transmit power of user k across all channels
and antennas is P.

Hk;m is the Nr �N t channel gain matrix for user
k on sub-channel m whose nrntth element
Hk;m½nr; nt� is the channel between the nrth receive
antenna of user k and ntth transmit antenna. As has
been mentioned previously, we assume that the
amplitude of the channel responses for each antenna
pair, for all users and over all sub-carriers are
known at the transmitter. For reciprocal channels
(for instance in TDD systems), the base station
estimates the CSI for each user from received pilots
which are known sequences transmitted by the users
on each antenna and are spread over the entire

available bandwidth. The estimated CSI is used to
carry out the sub-channel allocation algorithm and
a message is fed back to inform each user of its
assigned sub-channel/transmit antenna (It is worth
noting that for slowly-varying channels this is
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Fig. 1. System Model for a multiuser, multi-carrier and multiple antenna system.
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reasonably simple to accomplish and consumes little
signaling bandwidth since the allocation remains
invariant for long period.) In the case of non-
reciprocal channels, each user has to estimate its
CSI over all available sub-channels and from all
transmitting antennas based on known pilots and
feeds this information back to the base station
which carries out the antenna and sub-channel
allocation algorithm.

In the spirit of OFDM-based systems, we model
each channel gain Hk;m½nr; nt� as a frequency sample
of a discrete multipath channel having G significant
uncorrelated paths with delays: t1; t2; . . . ; tG, that is

hk;m½nr; nt�ðtÞ ¼
XG�1
l¼0

aldðt� tlÞ, (2)

where the path gains al are zero mean Gaussian
random variables with variance s2l .
The channel is assumed stationary for the
duration of coded transmission blocks, but may
vary from block to block. The samples of the
frequency response are given by

Hk;m½nr; nt� ¼
XG�1
l¼0

ale
�jð2ptl f m=MÞ (3)

and have covariance

EfHk;m½nr; nt�H
�
k;m0 ½nr; nt�g

¼
XG�1
l¼0

XG�1
l0¼0

E alal0e
�jð2pðtl f m�tl0 f

0
mÞÞ=M

n o
ð4Þ

¼
XG�1
l¼0

E jal j
2

� �
e�jð2ptl ðf m�f 0mÞÞ=M , ð5Þ

where f m is the frequency corresponding to sub-
carrier m. Channel gains for different antennas over
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the same sub-channel and for the same user are
assumed to be uncorrelated.

The goal of the following sections will be to study
allocation algorithms of users to sub-carriers
according to optimization criteria based on mutual
information.
sub-channel K

sub-channel 2
RK,2

R2,K

R1,K

RK,K user K

user 2

Fig. 2. Graph representation of the system.
3. Single antenna systems: orthogonal allocation

algorithms with hard fairness

We first consider the single antenna case
(N t ¼ Nr ¼ 1). Thus, the antenna indices nt and nr

drop from all equations for the moment and the
received signal for user k over sub-channel m is

yk;m ¼
XK

k0¼1

ffiffiffiffiffiffiffiffiffiffi
Pk0;m

p
Hk;mxk0;m þ zk;m. (6)

Let us impose a hard fairness constraint on the
system, namely that each user is guaranteed one
sub-channel at any given time instant and transmit
with constant power P. We also assume that there is
only one user per sub-channel (i.e. orthogonal
multiaccess). The achievable rate for user k over
sub-channel m, under the assumption of Gaussian
transmit signal xk;m is

Rk;m ¼ log 1þ
PjHk;mj

2

N0

� �
bits/dim. (7)

Under this model, the results in this section are valid
for both uplink and downlink transmissions. In this
system we accommodate up to K ¼M users. This
K-user system with K parallel channels can be
represented by a weighted bipartite graph G ¼

ðX ;Y ;EÞ where the left-hand side (LHS) set of
vertices X represents the users and the right-hand
side (RHS) set Y represents the sub-channels
(Fig. 2). E is the set of edges between X and Y.
For notational simplicity, we denote the edge
between vertex x 2 X and vertex y 2 Y by the tuple
ðx; yÞ. Each edge ðx; yÞ in the graph is weighted by the
rate achieved by user x over sub-channel y given by
Eq. (7) i.e. wðx; yÞ ¼ Rx;y ¼ logð1þ ðPjHx;yj

2=N0Þ.

Definition 1. A matching Mat in G is a subset of E

such that no two edges in Mat have a vertex in
common. Intuitively we can say that no vertex in
X [ Y is incident to more than one edge in Mat.

Definition 2. A matching Mat is said to be
maximum if for any other matching Mat0,
cardðMatÞXcardðMat0Þ. Mat is the maximum sized
matching (where cardðMatÞ is the number of edges
in the matching Mat).
Definition 3. A perfect matching is a maximum
matching Mat s.t. cardðMatÞ ¼ jX j ¼ jY j. In other
words, Mat is a perfect matching if every vertex is
incident to an edge in Mat. Thus, an allocation of
users over sub-channels under our assumptions is
equivalent to find a perfect matching in the system
corresponding graph.
In the considered system all users can transmit on
all sub-channels, thus the graph G is complete
ðcardðEÞ ¼ K2Þ. There exists K ! possible allocations
of sub-channels to users each one represented by a
perfect matchingMati with i ¼ 1; . . . ;K !. Let the
vector CM ati ¼ fCMati

ð0Þ;CMati
ð1Þ; . . . ;CMati

ðK�1Þg
represent the matching Mati s.t. CMati

ðkÞ is the sub-
channel assigned to user k when matching Mati is
applied.

Assuming orthogonal multiplexing, an achievable
ergodic sum rate is upper-bounded as

XK�1
k¼0

RkpE max
i¼1;...;K !

XK�1
k¼0

log2

(

� 1þ
P

N0
Hk;CMati

ðkÞ

� �)
bits/s ð8Þ

when the transmitters (guided by the receivers)
jointly select the best allocation vector given the
instantaneous channel gains. This rate can be
achieved either by adapting the data rate with the
variation of the channels or by coding over many
independent channel realizations.
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3.1. Max– min allocation (MMA) policy

3.1.1. Allocation criterion

This policy consists of finding the matching Mati�

s.t.

i� ¼ arg max
i¼1;...;K!

min
k¼0;...;K�1

Hk;CMati
ðkÞ

¼ arg max
i¼1;...;K!

min
k¼0;...;K�1

Rk;CMati
ðkÞ. ð9Þ

This policy guarantees that at any given time instant
the minimum channel gain allocated is the best
possible among all allocations and thus maximizes
the minimum of all user rates. It was shown in [16]
that this criterion achieves multiuser diversity and
provides a non-negligible gain with respect even to a
non-fading channel. In the following we give a
description of an algorithm that permits us to
achieve this allocation criterion in polynomial time.
In practice this policy (and similarly the one which
follows) allows the instantaneous information rate
to vary but is strictly non-zero.

3.1.2. Allocation algorithm description

The idea of the algorithm is that we remove the
edges with the minimum weights (i.e eliminate the
links with minimum channel gains) until no perfect
matching could be found in the graph correspond-
ing to the considered system. The last removed edge
then corresponds to the link with the minimum
allocated rate under MMA policy, since we cannot
find a perfect matching with greater minimum rate.
Once the first user is assigned a sub-channel, we
remove the two nodes from the graph, we set the
dimension of the graph to ðK � 1Þ and operate in
the same way to allocate a sub-channel to the
second user and so on until all users are assigned
one sub-channel. Before giving the details of the
allocation algorithm let us first point out some
general definitions that will help in the algorithm’s
description.

Definition 4. Given a matching Mat in a bipartite
graph G, an augmenting path for Mat is a path that
comprises edges in Mat and edges not in Mat

alternately and which starts and ends at exposed
vertices.

Theorem (Berge’s theorem [Berge [18]]). A match-

ing Mat is maximum iff it has no augmenting path.

This theorem will be of great help in our
algorithm. In fact, in some cases we will have to
check the existence of perfect matching in a graph
having a matching of cardinality equal to the graph
dimension minus 1. Thus, if no augmenting path
can be found for this matching this shows that the
graph does not have any perfect matching. In
Appendix A, we give an algorithm for the search
of an augmenting path of a given matching Mat.
We also describe how to augment a matching along
an augmenting path.

Fig. 3 gives a descriptive diagram of the MMA
algorithm that can be described as follows:
(1)
 Initialization
� We first begin by constructing the graph G ¼

ðX ;Y ;EÞ corresponding to our system as

described previously.
� The objective of our algorithm is to find

the matching Mati� such that i� ¼ arg
maxi¼1;...;K !mink¼0;...;K�1Hk;CMati

ðkÞ. If we con-

sider the K2 order statistics of the channel

gains from the minimum to the maximum,

then we have that

ord min
k¼0;...;K�1

Hk;CMati
ðkÞ

� �
XK

thus we remove theK � 1 edges with the

minimum weights from E,

E ¼ E � fðx; yÞ=ordðwðx; yÞÞoK � 1g

� Then we construct an arbitrary perfect

matchingMatp corresponding to an arbitrary

allocation.

(2)
 Iteration

(a) Find, in graphG, the edge ðx�; y�Þ with the

minimum weight (i.e. the link with minimum

channel gain)

ðx�; y�Þ ¼ arg min
ðx;yÞ2X�Y

fwðx; yÞg

(b) � Ifðx�; y�ÞeMatp, then remove the edge

ðx�; y�Þ from the graph (i.e. E ¼ E�

ðx�; y�Þ) and go to (a).
� If ðx�; y�Þ 2Matp, then let Mat0p ¼

Matp � ðx
�; y�Þ and

� If Mat0p admits an augmenting path P,
then set Matp to the result of aug-

menting Mat0p alongP, and go to (a).
� If Mat0p admits no augmenting path,

then we allocate sub-channel y� to
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Fig. 3. Algorithm diagram.
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user x�, remove vertices x� and y�

and all edges connected to them

(after this the dimension of the graph

is reduced by 1 and Mat0p is a perfect

matching in the new graph), set

Matp ¼Mat0p and go to (a)

(c) Stop the algorithm when all user are

assigned one sub-channel
3.2. The maximum total rate allocation (MTRA)

policy

The MTRA policy is the strategy that achieves
the maximum sum-rate given by Eq. (8). Here we
permit to each user to have access to the channel but
without any guarantee in the channel condition. The
objective is to maximize the total throughput of the
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system under the constraint that each user has a
sub-channel to transmit which, nevertheless, is a
kind of fairness since in the optimal multiuser
diversity based systems only the strongest user can
transmit over each sub-channel.

As in the previous section, we can model the
considered system by a bipartite graph. Finding the
matching that maximizes the total weight is
equivalent to find the allocation maximizing the
total sum rate. Authors in [19] describe an algorithm
that permits to find such a matching in OðK3Þ time
based in the well-known Hungarian method.

3.3. Fixed rate allocation (FRA) policy

The objective here is to find the allocation of users
to sub-channels minimizing the total transmit power
while achieving some required rate-tuple R ¼ ðR0;
R1; . . . ;RK�1Þ, (i.e the SNR tuple ðg0; g1; . . . ; gK�1ÞÞ

where Rk is the rate of user k. In this policy
instantaneous power is allowed to vary in order to
achieve a target per user information rate. This
algorithm represents the most fair alternative since
each user is given a guaranteed rate. The Hungarian
method, presented in the previous section, performs
the desired assignment with a small change in edge
weights of the corresponding graph. For instance,
the weight of the edge between user k and sub-
channel m will be the negative of the power needed
to achieve the desired SNR target gk if user k is
assigned to sub-channel m, that is

wðk;mÞ ¼ �PðRkÞ ¼ �
gkN0

Hk;m
. (10)

Finding the matching that maximizes the sum of
weights permits us to find the desired allocation of
users to sub-channels.

If a maximum power constraint is imposed, in
some cases some users may not meet their desired
rate and are allocated a smaller value.

3.4. Numerical results

Fig. 4 shows the average per user throughput as a
function of the number of users with the MMA and
MTRA fair allocation algorithms in a Rayleigh
fading environment, which we compare to the
unfair allocation where for each given sub-channel
we choose the user with the best channel [6,7]. For
these results we have assumed that the correlations
between frequency channel gains in Eq. (5) are zero.
Although unrealistic, this gives us an idea of the
achievable rates as a function of the number of
uncorrelated channels (or the approximate number
of degrees of freedom of the propagation environ-
ment in the available system bandwidth). We first
note in Fig. 4 that the per user average throughput
increases with the number of users, in all cases,
which is due to multiuser diversity. We can also see
that even under a hard fairness constraint we can
achieve performance which comes close to the
optimal unfair policy. With a fixed rate (variable
power) requirement we see that multiuser diversity
can still be achieved and this additional constraint
does not introduce any throughput degradation.
This curve was computed for the same average SNR
(0 dB) as in the variable cases.

Fig. 5 shows the spectral efficiency (SE) as a
function of the number of users accommodated,
using the proposed MMA algorithm on a frequency
selective channel with correlated frequency channel
gains, different values of the system bandwidth and
with a fixed number of subcarriers equal to 64. Here
the number of sub-carriers per user is M=K . For the
correlated channel results, we assumed that the
maximum path delay tmax ¼ 2ms and an exponen-
tially-decaying multipath intensity profile. The
bandwidth of each of the 64 frequency beans is
kept constant and only the spacing between
different beans is changed, since our goal is to
show the effect of frequency channel gains correla-
tion. The performance of the algorithm with
independent frequency channel gains is also given
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for comparison. As expected, bandwidth plays an
important role in how much scheduling users on
sub-channels can increase spectral efficiency. We see
that when the system bandwidth is appropriately
chosen spectral efficiency can be increased by more
than a factor of 2 for moderate user populations
even with hard fairness constraints.

We also note that for sufficiently large bandwidth
(here B ¼ 50MHz) we approach the system perfor-
mance of the independent frequency channel gains
case. An other interesting result, given by the lower
curve ðB ¼ 5MHzÞ, is that for a number of users
greater than the number of coherence bandwidths of
the system, the increase of the number of users
induces only a very slight improvement of the SE.
This result is confirmed by Fig. 6 which shows the
SE as a function of the system bandwidth for a fixed
number of users ðK ¼ 8Þ and a fixed number of
subcarriers ðM ¼ 64Þ. This curve shows that an
increase in the system bandwidth yields a rapid
improvement of the system SE and slowly ap-
proaches the performances of the independent
frequency channel gains case for system bandwidth
greater than 50MHz. This result is due to the
increase in subcarrier spacing which becomes great-
er than the coherence bandwidth for B450MHz
and thus the frequency correlation of the channel
becomes small. The value of 50MHz is also the
system bandwidth for which the number of coher-
ence bandwidths is almost equal to the number of
users accommodated in the system.
4. Multiple-antenna multiuser downlink transmission

Let us now consider the general case, presented in
Section 2, where the base station side is equipped
with N t41 antennas transmitting in the down-link
over M parallel sub-channels. MIMO techniques
can be divided into two groups: space time coding

which increases the performances of the commu-
nication system by coding the data over different
transmitter branches and space-division multiplex-

ing, which achieves a higher throughput by trans-
mitting independent data over different transmit
branches simultaneously. For a detailed study of
MIMO systems, one can refer to [20] where different
classes of techniques and algorithms, which attempt
to realize the various benefits of MIMO including
spatial-multiplexing and space-time coding, are
presented.

In the following we compare the performance of
these two transmission techniques using the MMA
algorithm, by first considering the use of a single
antenna at reception. We then consider a system
with Nr41 receiving antennas and compare differ-
ent spatial combining techniques of the received
signals. The MMA in the multiple-antenna trans-
mission system is the allocation that guarantees that
the minimum SINR allocated is the best possible
among all allocations. In all scenarios we consider
the extreme case where we accommodate the
maximum possible number of users, but the
algorithm is easily generalized to the general case
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of an arbitrary number of users in the same way as
in the single antenna case described in Appendix B.

4.1. Single antenna receivers

We assume in this section that Nr ¼ 1. We
consider two systems, the first attempts to achieve
spatial-multiplexing whereas the second is a space-
time coding approach.

4.1.1. System1

In the first system (System1) we assume that each
user k is assigned one sub-channel and one antenna
from which it receives its signal. In this system we
accommodate up to K ¼ N tM users and the
allocation consists on the assignment of both sub-
channel and antennas to users. We use the MMA
algorithm described in the previous section to
schedule users on antennas and sub-channels. The
only difference with single antenna case is in the
construction of the graph corresponding to the
system (Fig. 7). Here the right-hand side set of
vertices represents the tuples (antenna, sub-channel)
to assign to users instead of only sub-channels in the
single antenna case. The weight of the edge between
each tuple (sub-channel, antenna)¼ ðm; ntÞ and user
k is the SINR:

gkðm; ntÞ ¼
jHk;m½nt�j

2ðP=N tÞ

N0 þ
P

n0t#nt
jHk;m½n

0
t�j

2ðP=N tÞ
. (11)

We assume that each antenna transmits with power
P=N t over each sub-channel, thus the total trans-
mitted power over each sub-channel is P. Under the
assumption of Gaussian transmit signals, the
Users

(1,1)

(1, 2)

(M, Nt)

(sub-channel, antenna)

users 2

users 1

users K

γ1 (1,1)

γ2 (1,1)

γK (1,1)

γ1 (1,2)

γ2 (1,2)

γ1 (M,Nt)

γK (1,2)

γ2 (M,Nt)

γK (M,Nt)

Fig. 7. Graph representation of the system 1.
achievable sum rate can be written as

XK�1
k¼0

Rk ¼ E
XK�1
k¼0

log2ð1þ gkðm
�
k; n
�
kÞÞ

( )
ðbits= dimÞ,

(12)

where m�k and n�k are, respectively, the sub-channel
and antenna assigned to user k according to the
MMA policy.

4.1.2. System2

In the second system (System2), we assume that
each user is assigned a single sub-channel and
receives its signal from all antennas. This is known
as transmit antenna diversity. System2 can contain
up to K ¼M users. As for System1 we assume that
each antenna transmits with power P=N t. This
system can be seen as a K user system with K

parallel sub-channels where the channel gain of user
k over sub-channel m is ð

PNt

nt¼1
jHk;m½nt�j

2Þ=N t. This
channel gains are the weights of the edges in the
graph corresponding to the system. The sum rate of
this system is

XK�1
k¼0

Rk ¼ E
XK�1
k¼0

log2

(

� 1þ

PN t

nt¼1
ðP=N tÞjHk;m�

k
½nt�j

2

N0

 !)
ðbits= dimÞ,

ð13Þ

where m�k is the sub-channel assigned to user k using
MMA policy. In the following section, we compare
the two transmission techniques of the multiple-
antenna system in terms of the SE using the
Max–Min fair allocation.

4.1.3. System comparison

Fig. 8 shows the spectral efficiency SE (averaged
per sub-channel sum rate) as a function of the
number of sub-channels for both System1 and
System2 with 1, 2 and 4 antennas using the MMA
algorithm. We assume a frequency selective channel
with correlated frequency channel gains resulting
from a maximum path delay tmax ¼ 2ms and an
exponentially-decaying multipath intensity profile.
The system bandwidth is assumed equal to
B ¼ 20MHz. We first note that SE increases with
the number of sub-channels, in all cases, which is
due to multiuser diversity. We can also note that
System1 permits transmission at a higher rate than
System2. This is due to the ‘‘opportunistic’’ spatial-
multiplexing offered by multiuser-diversity as
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described in [11,21]. Another interesting remark is
that the throughput increases with number of
antennas in System1 but decreases in System2 which
is due to the fact that channel variation is reduced
by antenna diversity (i.e. the benefits of multiuser
diversity are reduced when less channel variation is
present. This is due to the channel hardening by the
use of multiple-antennas [22]).

The remainder of the paper will focus on System1

since we are interested in increasing the system
throughput. Fig. 9 shows the spectral efficiency of
this system on a frequency selective channel with
correlated frequency channel gains for different
values of the system bandwidth and with 1 and 2
antennas at the transmission side. The SE with
independent frequency channel gains is given for
comparison. This figure confirms the results high-
lighted in the previous section for single antenna
transmission. Bandwidth plays an important role on
how much scheduling users on sub-channels can
increase SE. We note that the benefit from using
multiple antennas at transmission can be limited by
the amount of bandwidth. For example, for a large
number of sub-carriers, a single antenna 20MHz
system can outperform a double antenna 5MHz
system.
4.2. Multiple-antenna receivers

In this section we consider the use of multiple
antennas at the receiver (mobile) side and we limit
our study to System1 (spatial multiplexing). We
assume that each user has Nr41 receiving antennas.
The signal to interference plus noise ratio (SINR)
corresponding to the signal received by user k from
antenna nt on sub-channel m is [23]

gkðm; ntÞ

¼
ðP=N tÞjwk;m;ntHk;m;nt j

2

wk;m;ntð
P

n0tant
ðP=N tÞHk;m;n0t

HH
k;m;n0t
þN0:IÞwH

k;m;nt

,

where Hk;m;nt ¼ ½Hk;m½nt; 1�; . . . ;Hk;m½nt;Nr��
T is the

ntth column vector of the channel matrix Hk;m,
wk;m;nt is a weight vector performing spatial combin-
ing and I is the identity matrix.

In the case of maximum ratio combining, the
expression of the weight vector is given by

wk;m;nt ¼ HH
k;m;nt

.

For MMSE, the filter for the detection of xk is given
by

wk;m;nt ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
P=N t

p
mk

S�1k Hk;m;nt

 !H

,

where S�1k ¼ N0Iþ ðP=N tÞ
P

n0tant
Hk;m;n0t

HH
k;m;n0t

and
where mn ¼ ðP=N tÞH

H
k;m;nt

S�1k Hk;m;nt .
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The filter in the MMSE receiver requires the
estimation of the channel gains from interfering
antennas and takes advantage of this to mitigate
interference.

Numerical results: Fig. 10 shows the system SE for
a MIMO system using spatial multiplexing (Sys-

tem1) with different receivers (MMSE and MRC).
We consider a system with 4 transmitting antennas
at the base station and each receiver has Nr ¼ 2
antennas. The allocation of sub-channels and
transmitting antennas is made according to the
MMA policy. We assume again a frequency-
selective channel with correlated frequency channel
gains resulting from a maximum path delay tmax ¼

2ms and an exponentially-decaying multipath in-
tensity profile. The system bandwidth is assumed
equal to B ¼ 20MHz. This figure highlights the SE
gain that can be reached by using multiple antennas
at the reception. Concerning the reception techni-
ques comparison, as expected, MMSE receiver takes
advantage from the knowledge of the interferer
channel gains and yields slightly better performance
than MRC.

5. Conclusion

In this paper we treated multiuser allocation
algorithms for multi-carrier systems. We proposed
an algorithm that performs the Max–Min Fair
allocation criterion described in [16] and have
shown that even under hard fairness constraints,
we can achieve performance close to those of
optimal unfair allocation. These results are perti-
nent for any type of system for which bandwidth
can be allocated to a large population of users in a
centralized fashion. This could be, for instance for
wideband OFDMA systems or potentially future
systems allocating users with multiple radio-inter-
faces across large portions of radio spectrum using
potentially different radio-access technologies. The
results are generalized to MIMO transceivers. We
proposed an extension of the MMA algorithm to
the multi-carrier multiple-antenna downlink trans-
missions and showed that spatial multiplexing and
interference mitigation in addition to multiuser-
diversity can also be achieved through similar
allocation algorithms. We showed also the gain of
using multiple antennas at the receiver. In this
paper, we assumed that all users have the same
traffic load. An extension of this work would be to
investigate inter-layer scheduling techniques taking
into account the traffic load of different users [4,24].

Appendix A

A.1. Searching for an augmenting path

The following is a pseudo code for searching for
an augmenting path:
assign all vertices as unvisited;

create an empty vertex queue Q;

AP_found:¼false;
while an exposed u in U is unvisited

andnotAP_foundloop
add u to Q;

visit u and record u as start vertex;

while Q not empty loop

remove v from (front of) Q;

for each w adjacent to v loop

if w unvisited then

predecessorðwÞ:¼v;
if w is exposed then

record w as end vertex;

AP_found:¼true;
exit;

else

visit w;

add w’s mate to (rear of) Q;

end if;

end if;

end loop;

end loop;

end loop;
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A.2. Augmenting the matching along an augmenting
path

Let G ¼ ðX ;Y ;EÞ be a bipartite graph andMat is
a matching (not maximum) in G. Consider Pat to
be an augmenting path for Mat. The augmenting
path must have 2k þ 1 edges for some k. We can
form a matching Mat0 of size cardðMatÞ þ 1 by
augmenting along Pat as follows:
�
 Initially let Mat0 ¼Mat.

�
 Remove from Mat0 the k edges on the augment-

ing path Pat belonging to Mat.

�
 Add to Mat0 the k þ 1 edges on the augmenting

path Pat not belonging to Mat.

Appendix B

In this section we present the extension of the
MMA algorithm to the general case of an arbitrary
number of users. Let consider a system with K users
sharing M parallel sub-channels (As in Section 3, all
the reasoning and results are valid for both uplink
and downlink). The Max–Min assignment problem
can be formulated as

max
Sk

min
k

X
m2Sk

log 1þ
Pk;m:Hk;m

N0

� �
ð14Þ

s.t.
XK�1
k¼0

XM
m¼1

Pk;mpPmax, ð15Þ

Pk;mX0 for all k;m,

S0S2; . . . ;SK�1 are disjoint,

S0 [ S2 [ . . . [ SK�1 ¼ f1; 2; . . . ;Mg,

where Hk;m is the channel gain of user k on sub-
channel m, Sk is the set of indices of sub-channels
assigned to user k, and Patk;m is the power assigned
to user k on sub-channel m. We assume that Patk;m

is either 0 or Pat and that

XK�1
k¼0

Pk;m ¼ P for all m 2 f1; 2; . . . ;Mg

which means that only one user can transmit in each
sub-channel and that the total transmit power per
sub-channel is the same.

Regarding the complexity of searching the
optimal solution to Eq. (14), we present in the
following a sub-optimal solution which has perfor-
mance close to those of the optimal one obtained by
an exhaustive search.
In this allocation, we proceed in two steps. We
first allocate one sub-channel to each user and then
use the remaining sub-channels to improve the
amount of rate allocated to the users with the worst
channel gains. As in Section 3.2, we begin by
constructing the graph G ¼ ðX ;Y ;EÞ corresponding
to the system. We have now jX jpjY j, so we call a
perfect matching each maximum matching Mat s.t.
cardðMatÞ ¼ jX j. Not all vertices of Y are incident
to an edge of a perfect matching any more.

An important thing to notice is that, this
algorithm is optimal for a K-user system with K

parallel sub-channels.
B.1. Algorithm description
(1)
 Initialization
� We first begin by constructing the graph G ¼

ðX ;Y ;EÞ corresponding to our system as

described previously.
� The objective of our algorithm is to find

the matching Mati� such that i� ¼

arg maxi¼1;...;K !mink¼0;...;K�1HCMati
ðkÞ;k. If we

consider the K2 order statistics of the

channel gains from the minimum to the

maximum, then we have that

ord min
k¼0;...;K�1

Hk;CMati
ðkÞ

� �
XK ,

thus, we remove the K � 1 edges with the

minimum weights from E,

E ¼ E � fðx; yÞ=ordðwðx; yÞÞoK � 1g.

� Then we construct an arbitrary perfect

matchingMatp corresponding to an arbitrary

allocation.
� set Rx ¼ 0 for all x ¼ 0; . . . ;K � 1 and A ¼

f1; . . . ;Mg:

(2)
 Iteration

(a) Find, in graph G, the edge ðx�; y�Þ with the

minimum weight (i.e. the link with minimum

channel gain)

ðx�; y�Þ ¼ arg min
ðx;yÞ2X�Y

fwðx; yÞg.

(b) � Ifðx�; y�ÞeMatp, then remove the edge

ðx�; y�Þ from the graph (i.e. E ¼ E�

ðx�; y�Þ) and go to (a).
� If ðx�; y�Þ 2Matp, then let Mat0p ¼

Matp � ðx
�; y�Þ and
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� if Mat0p admits an augmenting path

Pat, then set Matp to the result of

augmenting Mat0palong Pat, and go

to (a).
� If Mat0p admits no augmenting path,
then we allocate sub-channel y� to

user x�, set Rx� ¼ wðx�; y�Þ and

A ¼ A� y�, remove vertices x� and

y� and all edges connected to them,
set Mat0p ¼Mat and go to (a).

(c) When each user is assigned one sub-

channel go to (3).
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(3)
 Amelioration

While Aa; {
� Findk� satisfying Rk�pRk for all k 2

0; . . . ;K � 1:
� Find m� satisfying Hk�;m�XHk� ;m for all

m 2 A:
� set Rk� ¼ Rk� þ logð1þ

P:Hk� ;m�

N0
Þ and A ¼
A�m�:

}

(4)
 Stop the algorithm.
B.2. Numerical results

Fig. 11 shows the minimum allocated rate of all
users as a function of the SNR for a system with 5
users and 8 sub-channels. This choice of parameters
is completely arbitrary. This figure shows that our
-6 -4 -2 0 2 4 6 8 10
SNR (dB)

mal exhaustive search
optimal (our proposed algorithm))

nimum of all user rates vs SNR with the optimal

h and our sub-optimal proposed allocation for

sers and 8 sub-channels.
proposed algorithm performs almost as well as the
exhaustive search based allocation.
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