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Abstract

Recent results on the asymptotic empirical eigenvalue distribution of random matrices have enabled the study of the
asymptotic limits of Linear Precoded OFDM systems with MMSE equalization. In this contribution, we extend these
results to the MMSE Successive Interference Cancellation (MMSE SIC) detector and quantify the non-linearity gain for
certain type of precoding matrices.
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I. INTRODUCTION

Linear Precoded OFDM (LP-OFDM) systems have drawn a lot of research interest lately. This type of modulation
was first proposed in 1993 in the multi-user context known as Multi-Carrier CDMA [16]. In [15], this scheme has been
extended to the single user scenario called LP-OFDM, in which, the information is linearly precoded before transmission.
This procedure is simply expressed by the fact thit dimensional transmit information vector is pre-multiplied by
a N x K matrix before transmission on a frequency selective fading channel. In the case of the maximum likelihood
detector, previous work have already analyzed the optimum choice of the precodeKwhéh[1] or the impact of
limited diversity wherK < N [13]. The analysis has been recently extended to the MMSE receiver by Debbah et al. [2]
(in the context of LP-OFDM and downlink MC-CDMA) and Peacock et al. [5] (in the context of uplink MC-CDMA).
Based on the fact that the number of carriers is high in OFDM wireless networks, the influence of the precoding matrix
and the ratio% on the performance of the MMSE receiver have been analyzed. In order to obtain tractable expressions
of the SINR, an attractive approach already used in the context of multi-users CDMA systems was proposed which
models the precoder as a certain type of random matrix [9], [7]. The study is conducted in the asymptotic regime (by
asymptotic, it is understood that the number of syml¥ol® be sent tends to infinity, the number of carribrg¢ends
to infinity while the ratio remains constant) and it is shown that the SINR converges almost surely to a deterministic
term independent of the particular realization of the random precoding matrix. Although simple, the sub-optimality of
the MMSE receiver has nevertheless motivated in recent years the search for efficient non-linear detection schemes to
increase the spectral efficiency [8] with only polynomial complexity [3]. Unfortunately, the gain achieved by these non-
linear detectors is not straightforward to analyze and depends on many factor such as tl%araﬂme nature of the
precoder. In this contribution, due to its simplicity, we derive the performance of a well known non-linear detector, the
MMSE SIC receiver (which is known to achieve capacity [10]), and quantify for a given system load the non-linearity
gain for two type of random codes: random i.i.d and random isometric (see section II-B for details and justification).

II. LP-OFDM
A. Model

The baseband frequency domain block equivalent model of a LP-OFDM system is depicted in figure .2. The receiver
front-end is formed by a symbol-matched filter followed by sampling at the symbol rate. The input symbol stream is
serial to parallel converted, then the resultitglimensional symbol vectar= (sy,--- ,5 )" (a white vector process with

12th December 2003 DRAFT



0-2

E (ssH) = lk) is multiplied by aN x K matrix Wy k whereN > K. This N-dimensional vectok = Wy ks is parallel

to serial converted and the corresponding generated data stream is sent across a non selective Rayleigh fading channel.
After serial to parallel conversion, due to inter-carrier interference generated by the precodeditnensional received

vectory = (y1,---,yn)" can be expressed as a function of the emitted symbol vector

y = H\Wnks +n 1)

wheren is a additive white Gaussian noise such tBgnhn") = 0|y, and whereHy = diag([hy, ..., hn]) is theN x N
diagonal complex matrix bearing on its diagonal the channel gains.

In the remainder of this paper, channel knowledge and perfect synchronization at the receiver is assumed. Due to
a lack of space, we will only consider the ergodic channel case. We assume fast fading environments in which time
and frequency interleaving is performed on the components=0fV y k S. The purpose of interleaving is to scramble
the precoded data stream in order to provide the coefficignds, .~ with ergodic properties (we denote Ipgt) the
R — R iMn_ e & SR, F(I?) = [ f(t)p(t) dt almost surely). This strategy incurs a delay in order to retrieve all the
components oW k S(n) before< de-spreading.

We setE(|hi|?) = 1 andE(|s|?) = 1 so thaio? defined byE (nnt) = o2l represents the inverse of the SNR at the
receiver input. The input SNR is defined as= %

B. Typesof codes

Two types of codes will be analyzed:

« random i.i.d matrix: coefficients of the precoding matrix are modeled as i.i.d random variables. This choice is
justified in order to get interpretable expressions of the SINR. The i.i.d. case study is based on mathematical results related
to the "limiting distribution of eigenvalues” of some large random matrices with independent and identically distributed
entries (see e.g. [7],[9]). As a particular example and for implementation simplicity sake, the coefficients can be chosen
randomly from the set (1,-1).

« random Haar distributed isometric matrix: In general, Walsh-Hadamard codes are used in LP-OFDM schemes
but the Haar distribution is introduced for calculus purpose. Moreover, as shown later, these matrices do not incur any
performance loss. Al x N random unitary matrix is said to be Haar distributed if its probability distribution is invariant
by right (or equivalently left) multiplication by deterministic unitary matrices. We restrict our study to isometric matrices
(obtained by extracting < N columns from a Haar unitary matrix) since perfect synchronization is ensured between the
codes at the transmitter. In this case, new tools, borrowed from the so-fradégor obability theory [11] are used to
analyze the SINR formula. One drawback of the isometric codes is that it is impossible to take into account a scenario in
which the redundancy factor = lim NHOO% is greater than 1. In order to deal with this case, we consider co-isometric
codes. Instead of using codes whose columns are orthogonal, one may use a matrix code such as the rows are orthogonal.
In this context, we model the precoding matiky x as a random matrix obtained first by extractdgows from a Haar
distributed unitanK x K matrix, and second by multiplying the resulting matrix by the scaling fawtd?. Therefore,
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Wh k satisfies
Wi kW« =aln (2

The scaling facton in (2) guarantees that the average power allocated to each comporsdatlofs is the case when
a < 1. The cas@ > 1is only interesting for a comparison basis with the i.i.d case.

I1l. SUCCESSIVEINTERFERENCECANCELLATION DETECTOR

Results on the performance of the MMSE receiver have been previously derived in [2]. However, the sub-optimality
of the MMSE receiver has raised considerable interest [8] for non-linear multiuser detectors. The price for those im-
provements is of course receiver complexity. Basically, these non-linear methods borrow equalization schemes from the
CDMA context [6], [4].

A. MMSE SC algorithm

The algorithm relies on a sequential detection of the received block [14]. At the first step of the method, a MMSE
equalization of matrisM nk = Hn Wi k is performed. The output of the MMSE detecor [, . .. ,& T is given bys =
WH «HR (HNWN,KWHKHH + GZIN)ily. Each componers, of §is corrupted by the effect of both the thermal noise
and by the "multi-user interference” due to the contributions of the other synibdls.«. Denotew the column ofW y
associated to elemest, andUn x theN x (K — 1) matrix which remains after extractig, from Wy k. DefineAnk =
HNWNVKWH’KHQ +02ly. The componerdyafter MMSE equalization has the following forrag = nw, S« + t« where
Nw, = WTHR (Ank) tHNWg . andTy = wiHE (Ank) P HNWNKSL, -+ - S 1,0, 81, -, KT +wiHY (Ank) tn.
It has been shown [17] that the additive noigecan be considered as Gaussian wKeandN are large enoughty is
therefore an asymptotically zero mean Gaussian noise of vaNascE (| T [2 /Hn, Wnk) = Nw, (1 — Nw ).

The SINRPBw, at the outpuk of the MMSE detector can thus be expressed as:

E[l nw S [* /Hn, W]
E[l t [2 /HN, W]

_we

1-nw,

BWk -

In the case of i.i.d or isometric spreading, under certain conditions, it has been shown in [2] thatl vghews
towards infinity andK /N — a, the SINRB\*,(vk at the outpuk of a MMSE equalizer converges almost surely to a value
B(a). Therefore, all the symbols enjoy asymptotically the s&8i8R B(a). Since there is no optimal choice for detecting
the first symbol, suppose that the algorithm starts by decoding sysrb@d\ssuming a perfect decision (this is possible
if the informationsk has been encoded at a rateJOb+ B\'fVK), the resulting estimated symbsy is subtracted from the
vector of received samples in the following mannes:=r; — S&mg (m; represents thé" column ofM Nk and vector
r1 =Yy). This introduces one degree of freedom for the next canceling vector choice which enables to reduce the noise
plus interference influence and yields an increase in the decision process reliability.

Lthis proof can be found in [12]
2In the case of finite systems, the SINR of each symbol is different. Therefore, only the symbol with the best SINR is detected first.

There is an optimum ordering in the detection process (depending on the channel attenuations) which makes the analysis extremely
difficult for finite dimensions.
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The second step can be virtually represented by a completely new systém dfsymbols(si,...,S«—1) transmitted

by anN x (K — 1) isometric precoding matriX¥Vnk—1 on the same flat frequency fading channel. Equalizing with
matrix G2 = M« 1 (Mnk-1M 1 +0°)~ whereWy 1 denotes the matrix obtained by suppressing colukins

of Wnk andMp k-1 = HNWn k-1, all the estimated symbols enjoy asymptotically an SINB{f . Assuming that

the information insk_1 has been encoded at a rate JGb+ B\'fv;}l), one can reiterate the same process described at the

beginning. The advantage of such a scheme isﬁﬁgtg [3\*,3;}1: one is able therefore to convey much more information
on the second symbol (since the SINR increases) than with MMSE equalization.

B. Performance issues

In this section, we will derive the asymptotic SINBRx) for each symbadk = [xN + 1] ([] is the integer part operator)
during the detection process. We assume hereafter that the detected symbols at each iteration are perfectly retrieved.

. . . ni:! . .
For each symbagj,1 < j <K —1, the SINRB\’,(VJ.*' is easily shown to bé\’f\,j*' = —J— wherew;j is the j'" column of

1-n i

matrix Wi (! = wHE (HaWic W HE +0?in) “"Hyw; ) Based on [2], the following result holds:
Proposition 1: Let k be the number of symbols to be detected and N the numbers of carriers. When N — o and
k/N — x <1, the INR B\vaj (1 < j <K) at the output of the MMSE S C equalizer with i.i.d and random isometric Haar
distributed matrices converges almost surely to a value B(x) that is the unique solution of the equation:
« Isometric case:

@ t _ B
/o T oZi—xproe PV =511 3)
e i.i.d case: Bx)
' t X
/o xt + 02B(X) + 02 p(t) dt = B(x)+1" “)

SinceB(x) is a decreasing function of perfect retrieval of the symbols at each step of the algorithm reduces the
interference and yields an increase in terms of performance. This is one of the asymptotic justification of the MMSE
SIC algorithm. The following theorem will be used in order to derive the asymptotic performance of the MMSE SIC
algorithm in terms of spectral efficiency and bit error probability :

Theorem1: let f : R — R be a continuous function. K — o, N — e andK/N — a > 0, thenz 3, f(pl, ) =%

1 1L 0 f(B(x))dxwherepy, = ﬂlvr:i,Wi with n}, =wHHY (H NW, W HR + 0l N) ’1HNWi andp(x) solution of equation
(3) or (4).
The proof can be found in the appendix.

BER Considerations. At each step of the SIC algorithm, perfect detection of the symbols is assumed. Even though
such an assumption is not justifiedhe performance evaluation gives us an upper bound on the achievable performance.
For a fixedK andN, the mean BERY(,N) is: %ziK:lQ (\ / Bwii) (we consider here a QPSK constellation). Theorem 1

can be therefore applied to the continuous funcfioy — Q(,/y) and yields limy . BER(K,N) = % 5 Q (N /B(x)) dx.
Figure (1) shows the BER in the uncoded case respectively for independent Rayleigh channel attenuations . Notice
that only the random isometric Haar distributed case is illustrated. The theoretical curves closely match to the simulation

3With this assumption, the final step of the detection process achieves the performance of the single user bound while it is well
established that due to the propagation of errors, such a result is not reached
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results at high SNR, using a realistic number of sub-chanNel2%6). At low SNR, a little gap appears due to the fact that
uncoded transmissions have been simulated. In this case, the symbols are not retrieved perfectly and yield propagation
errors. Indeed, for performing a good interference cancellation, due to the underlying feedback mechanism involved
in the successive detection, the MMSE SIC algorithm should decode first the reliable carriers enjoying a greater SINR
and then the most corrupted ones. Unfortunately, all the carriers share the same SINR resulting in practice to marginal
performance gain when applying successive interference cancellation approaches. The theoretical curve in figure (1)
shows also that even when ideal interference cancellation is performed (the best achievable BER), the performance gain
in the uncoded case is poor in comparison to the great complexity of the algorithm. Indeed, the performance is mostly
affected by the errors incurred at the first stages of the algorithm.

Spectral efficiency Consider ations. The spectral efficiency is defined as the highest rate at which information can be
sent with arbitrary low probability error with MMSE SIC detection. Our analysis (in which we consider perfect retrieval
of the detected symbols) is justified if coding on each cakrir= [xN + 1]) of figure (2) is carried at exactly the spectral
efficiency rate log(1+ B(x)). For a fixedk andN, the mean spectral efficiency of re-encoded successive cancellation is:
y(K,N) = & 5K log,(1+ B{Ni ). Theorem 1 can be therefore applied to the continuous funétion— log,(1+y) and
liMN—e Y(K,N) = [5'10g,(1+B(X)) dX .

It is well known (see [10]) that for eadk andN, y(K,N) = & 5 log,(1+ B{Ni) actually coincides with the ca-
pacityﬁ log,(det (I + Ww)). This equality is thus of course verified in the asymptotic regime. Therefore, the
following result holds:

Theorem 2: let ygc denote the spectral efficiency of the MMSE SIC algorithm pgd the spectral efficiency when
optimal detection is performed.

Yac = /Oa loga(1+ B(x))dx

and

Vot — ,Jliinw%bgz <det <|N N HNWN,I;\ZNH,KHH>>
The following equality holdsyopt = Yac
A remarkable result of theorem 2 in the ergodic case is that the MMSE SIC is able to achieve the single user bound
without the knowledge of the channel realization at the transmitter (in order to encode information on each substream)
but only the channel statistics (since(x) is deterministic). We believe that this is truly an important result as it does
not require a channel feedback mechanism but only knowledge of the channel stafistesfore, with time and
frequency interleaving, the MM SE SIC isableto achieve optimal performancein limited diversity channels.
In figure 3, we study the impact of the orthogonality of the precoder’s columns with respect to the i.i.d case at 10 dB
with i.i.d Rayleigh fading. Important conclusions can be drawn:
« with orthogonal codes, a great improvement with respect to the MMSE receiver is achieved vghelose to
1 (nearly 1.5 bit/s/Hz foo = 1). When 0< a < 0.5, there is no need into using such a detector. In this case, the high
redundancy of the precoder is able to compensate the sub-optimality of the MMSE detector.
« with i.i.d codes, a surprising result shows that there is no loss in terms of spectral efficiency as dongas
Therefore, one can use a matrix with i.i.d entries and still achieve the best performance possible. However, since the
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complexity of the SIC detector is related the number of inversikonssing i.i.d codes can be prohibitively to complex to
use in this case. ForQ a < 1, the SIC detector with i.i.d codes performs similarly as the MMSE detector with orthogonal
codes. In this region, orthogonality pays off.

IV. CONCLUSION

In this contribution, an asymptotic analysis has been derived for the SIC MMSE detector. We show in particular
that for loads X a < 0.5, the MMSE receiver already achieves optimal performance. Moreover, if time and frequency
interleaving is performed, a truly important result shows that the coding rate on each carrier depgndghe channel
statistics. We also showed that in the uncoded case, SIC approaches yield a very small performance gain in terms of
BER.
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APPENDIX

Proof of theorem 1
As we assume in the ergodic case that the probability distribution of the channel fading is compactly supported, it
is possible to show that the SINRs for each user at each iteration are uniformly boundedN@amalK, and for all
realization of the precoding matrix. In the non-ergodic case, the channel gains are also bounded for a given channel
response. Consequently, is it sufficient to show the result for a fun€tibat is continuous and bounded by a valle
K(N)

First, we notey := ==, and we define the random piecewise constant function defingdl max(a y,a)] for an

eventw:
a ) F(SNR(XN+1],N)) if x<an

an(X) .
0 if x> ayn

We can also define for ak, g(x) 2 f(B(x)). Thus we have: 3K, f(SINR(i,N)) = [ gn(X)dx

Because of the fact thaty — o andf is bounded by a real valud, we havefo‘("N gn(x)dx — 0. In order to prove the
result, it is sufficient to show that a.g o gn(X)dX — [ og(x)dx

For a fixedx € [0,a], P[f(SINR(|xN+1],N)) - f(B(x))] = 0 (consequence of the almost sure convergence of
SINR([xN+1],N) shownin [2], and of the fact thdtis continuous). This result can be writtenvase [0,a],E (1{gy(x)--gx)}) =
0. Itis then possible to considers the realization a random variable X, independent fipmith a uniform density over
[0,a] ; thus we can calcula&E (1{gN(X>%g(X>}) dx = 0 The function that is integrated is positive, so Fubini's theorem
can applyE [i1 o 1igyx)-gr3dX =0

Consequently, as the integrated term is posifga.s.,Ex 1{g xw)--gx)dX = 0. Let us consider one such eveat
We then haven (x,w) — g(x) a.s, and ag andgy are uniformly bounded by a positive valie E x [gn (X)] — Ex[g(X)].
Indeed, we have

[Ex[gn ()] = Ex[g()]]

IN

Ex[lgn(x) —g(x)]]
% /0 Lign(x)—g00} | GN(X) — g(X) [

IN

—0(dominated convergenge

1 a
+o /0 Lg0g--g003 Gn (X) —g(x)|dx

<2M x Py (gn (X)-=g(x))=0
0l a
[ oo [ g
x=0 x=0
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Fig. 1. Performance of SIC MMSE algorithm, Rayleigh channel (ergodic channel).
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Fig. 2. coded system model.
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Fig. 3. Spectral efficiency versus for various detectors at 10dB, Rayleigh channel (ergodic channel).
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