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ABSTRACT

In this paper, we analyze the semiblind mutual information
(M1) between the input and output of a MIMO channel. To
that end we consider the popular block fading model. We
assume that some training/pilot symbols get inserted at the
beginning of each burst. We show that the average M1 over
atransmission burst can be decomposed into symbol posi-
tion dependent contributions. The MI component at a cer-
tain symbol position optimally combines semiblind infor-
mation up to that symbol position (with perfect input re-
covery up to that position) with blind information from the
rest of the burst. We also analyze the asymptotic regime
for which we can formulate optimal channel estimates and
eval uate the capacity |oss with respect to the known channel
case. Asymptotically, the decreasein MI involvesFisher In-
formation matricesfor certain channel estimation problems.
We also suggest to exploit correlationsin the channel model
to improve estimation performance and minimize capacity
loss.

1. INTRODUCTION

We consider single user spatial multiplexing systems over
flat fading MIMO channels. We furthermore consider the
usual block fading model in which data gets transmitted
over a number of bursts such that the channel is constant
over a burst but fading independently between bursts. The
transmitter is assumed to have no channel knowledge. The
formidable capacity increase realizable with such dua an-
tenna array systems has been shown [5],[2] to be propor-
tiona to the minimum of the antenna array dimensions for
channel with i.i.d. fading entries. At least, thisis the case
when the receiver has perfect channel knowledge. This con-
ditionisfairly straightforward to approachin SISO systems

Eurecom’s research is partially supported by its industrial partners:
Ascom, Swisscom, Thales Communications, ST Microelectronics, CEGE-
TEL, Motorola, France Tlcom, Bouygues Telecom, Hitachi Europe Ltd.
and Texas Instruments. The work reported herein was aso partially sup-
ported by the French RNRT project ERMITAGES.

by inserting pilot/training data in the transmission, with ac-
ceptable capacity decrease[1]. For MIMO systems of large
dimensions though, the training overhead for good channel
estimation quality becomes far from negligible though, es-
pecialy for higher Doppler speeds such as in mobile com-
munications. The effect of channel estimation errors on
the M| has been analyzed in [4], whereas optimal design
of training based channel estimation has been addressed in
[6]. The true capacity of the system is higher though than
the M1 obtained by training based channel estimates[2],[3].
In this paper, we attempt to approach the true capacity by
optimal semiblind channel estimation that is suggested by a
decomposition of the MI. Related background material ap-
peared in [7] where a variety of semiblind MIMO channel
estimation techniques were introduced.

2. CAPACITY DECOMPOSITION

We shall consider here the usual block fading model, except
that we shall refer to a block as burst; consider then trans-
mission over aMIMO flat fading channel y = Hx + v, for
a particular burst of 7' symbol periods. The accumulated
received signal over the burst is then:

Y=(Ir®H) X +V (1)

whereY and V are N, T x 1 and X is N;T x 1. H is
a N, x N; channel matrix. N; (resp. N,.) is the number
of transmit (resp. receive) antennas. We assume the use of
apilot training sequence of length N,T},, the length of the
transmitted data is then N7, so that T), + T; = T. We
can decompose the burst signal into training and data parts
X=xI'x)ly=xlyHTadV =V, V)"
As stated in [6], the mutual information between the input
and the output of this system verifies:

I(Yp:YdQXd|Xp) I(YdEXd|Xp,Yp)+I(Yp§Xp|Xd)
I(Ya; Xa| Xp, Yp)

)
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I(Y,, X,; X4) = 0 due to the independence between X 4
and (Y,,,X ). Consider now a partition of X4 in @ blocks
Xii =1,...,Q, Xqg = (X],...,X5)T, of different
IengthsTl,z =1,...,Q, >, T; =Ty X;andV; are as-
sumed independent from block to block (block-wise coding
across bursts). Let's definefor,

j >, XJ (xr,xt,, ... ,XjT)T

andY/ = (VT X%, ..., Y)T. Then,

(3

I(deXd| )_I(}GQlevXQ| )

- I(Yl ’X1|XP)Y)+I(Y1QaX |XP7YP)X1)

= I(Y1Q§X1|Xp,yp) + I(Y2Q5X2Q|vaYP,X1:Y1)
+{(Y1§X2Q|XpaYP:X1)J

=0 3

where I(Yy; X$|X,,Y,, X1) = h(Y1|X,,Y,, X1) —

h(Y1|X,,Y,, X1, X2), and considering the fact that X & is

independent of Y7 conditioned on (X,,Y),, X1), this leads

to h(Y1]X,, Yy, X1, X&) = h(Y1|X,,Y,, X1) and finally

I(Yl;X2Q|Xp,Yp,X1) = 0. Iterating the equation for i =
2,...,Q, thisleadsto the following:

I(Yd7Xd| ) E (YiQ;Xi|XP7YP7X{_17YIi_1)

Z I E;Xi|Xp>Yp)Xf_17 Yli_l)
=1

( ~-

J

e

I1

+ ZI z+1’X|XP’YP7XZ ! le)
z 1

This clearly shows the way of processi ﬁ% to achieve capac-
ity: for every block we use the already detected blocks as a
(data-aided (DA)) training sequence (in addition to the ac-
tual training) and use the not yet detected blocks as blind
information. Also, the mutual information can be seen as
the sum of two parts: I(Yy; Xq|Xp,Y,) = I1 + 12 where:
I1: istherate that we can achieve by using only the already
treated blocks for side information (DA training).

I2: isthe additional amount of rate that can be achieved by
exploiting the blind information contained in the not yet de-
tected blocks.

The average mutual information is defined as I,y =
+I(Yy; Xa| X, Y,). Wewant to show below that this quan-
tity goes to the coherent M| I(y;z|H) as T and ) grow
for finite T},, where I(y; z|H) = Th_r)noo +I(Y;X|H) =

lim +1I(Y;; X;|H). An upper bound is given by:
1—oo ¢

Towg = %( (Xa) — h(Xd|vavaYd))
< %( (Xd) (Xd|vaYPdevH))
= +(MXa) — W(Xa4|Ya, H)) (4)
= (Y X|H) - I(Y,; X,|H))
= Tlll;n Iavg <I(y,1‘|H)
Also
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where H) = H(X,, X{~',Y;) isthe optimal estimate
of the channel (statistic of reduced dimension), that verifies
lim;_ o0 H( i) = H a.s. Giventhat,
lim; o0 & I(YQ Xi|X,,Y,, X7V Vi) > I(y; 2| H).
This allows us to conclude that hm:moo Iowg > I(y; 2|H).
Combining this result with (4) we conclude that:
limy o0 +1(Ya; Xa|Xp,Y,) = I(y;z|H) . This means
that whenT" grows, adoptl ng the detection method per block,
and the associated channel estimation allows to reach the
capacity of the system assuming perfect channel knowledge
(see[3] for related results at high SNR).
Remark1: When T' grows, the use of detected blocks only
to estimate the channel allows to achieve asymptotically the
MI I,,4 of the system. But for finite T', it is necessary to
also use the blind information to reach it.
Remark2: For afixed T', and when all the entries of X
(training and data) are iid, it's easy to see that the average
MI I, of the system is maximized when the number of
the training symbols T, is as small as possible (i.e. alows
semiblind identifiability of the channel).
Remark3: In the case where H is no longer constant, and
varies from block to block H = H (9, the (coherent) capac-
ity of the system assuming perfect channel knowledgeis no
longer achievablefor largeT" and the average M1 is bounded

by:
Q 1Z
=IO X < Ty < 510G XilH) - (6)

i=1 i=1

for any channel estimate H; = H;(X,, X!™', 7).
3. CHANNEL ESTIMATION

3.1. Bayesian case (random channel with prior)
The capacity C of the system is the maximum Ml I,,,, over
al input distributions, under a given power constraint. We
have N
LS9 1 Xi|H(i)) <0<
Q

ZI (Yi; Xi|H) .

=1

)

p(Xa), tr(RXd)<TdNta2 T

Thisis valid for al choices of the partitioning of X, into
X;i=1,...,Q,andinparticular for Q = Ty and T; = 1.
For an AWGN V' with power 2 and in the absence of side
information on the channel at the transmitter (see [9]), the
max in the upper bound of the capacity (coherent capacity)
is attained for a centered white Gaussian input with covari-
anceRXd = U%INt T+



_ 2
IV X HD) < C < %Elndet(I + ”—2H HY)
i=1 v
(€)
where H®) = H(X,, X1, Y)).

Thereceivedsignal isY; = H X;+V; = H(i)gfiJrH(i) X+
Vi = HY X; + V; + Z;, where we assume H () to satisfy
the Pythagorean Theorem (PT) (i.e. His decorrelated W|th
H). NOWI(Y X;|H®O) = h(Y|H(’)) h(Y;|X;, H®) =
R(Y;|H®DY — h(V; + Z;|X;, HD). Under the above con-
ditions and for uncorrelated and centered Gaussian V; and
X, =X ZC (variable with same 1st and 2nd order moments,
but Gaussian), it was shown in [6] that a lower bound for
I(Y;, X;|HW) is given by considering Z; as an indepen-
dent and white Gaussian noise, with covariance o2 I, Where

0'3 — NLTtT' E(ZlZZ[{) — 0_3“‘ E(ﬁ](\lr)rﬁ(l)H) Nt .t H()
(i) (i) H
andoZ, = "IE(?# The new lower bound is now:
T. 77 (i
C > 522 I(Yi; Xi|H)
T-T, T, o 77 (i) 77 (i) H
> e e Elndet(] + —2—=—HOHO)
= Ezfl ( 03+Nia'ga'%(i) (9) )
_w E@ORO®) ) g
LetUﬁ()—Nim dH ,\) thendueto

the fact that the channel estlmator sﬂlsﬂ% the Pythagorean
Theorem, we havethat 0% . + O'H = o%. Now:

G
o2(02 —02,. ) —(i)—(i
E?ﬁl Elndet(I + = (7 H(z))H(t)H(z)H

a?,-&-Nia'ga'%(i) )
H
(10)

c>
=CrB

T—T,
T

The expectation is over the distribution of 7", which re-
mains close to that of H (). Then the given capacity lower
bound C'rp depends primarily on the Mean Square Error
(MSE) of the channel estimator H(*). Since Cp is ade-
creasing function of the M SE, the optimum estimator isthe
Minimum Mean Square Error(MM SE) estimator:
H](\?MSE = HJ(\?MSE(Xp:Xf_laYi)

1 11
E(H[X), X1, T,) a

which is an unbiased estimator of H. The performance of
any unbiased estimator is bounded by the Cramer-Rao | ower

bound:

()T
R = Eh 'h
RORD T

> J- @ (12)
where h = [Re(vect(H))T Im(vect(H))T]T and J is
the Bayesian Fischer Information Matrix (FIM) for the a
posteriori distribution of H, and isin this case:

i _ o (omp(H|X,,xi" ¥\
JO = _Egﬁ( oh ) ,
_ _Eg Olnp(X,,Y,, X", V{7 |H)
oh oh

~~

o

DAtraining

0

sh
+E-Z

g0 (omp(viyH) _Eg oInp(H)\"
oh oh oh oh
‘]lEl‘; d ‘(’)l
We have aﬁ o> ”N"A; Thisis an absolute lower bound

onthe channel estimation MSE. The MM SE estimator achieves
this bound asymptoticaly (T'; — oc). The above result is
also valid for the case when the channel varies from block
to block, since channel re-estimation for every block is as-
sumed.

3.2. Asymptotic Behavior

We focus here on the asymptotic behavior of the capacity
loss for small channel estimation error. We suppose that
the channel is constant over every block, the mutual infor-
mation for the particular block (i) at the receiver assuming

channel estimationisthen 7(V;; X; |HDY = E(Ie (Yi; Xi|HD)Y)

, where I (Yy; X;|H®) is the capacity for a particular
realization of the channel. It is assumed here that the chan-
nel H") may vary from block to block (while allowing an
asymptotic regime). The M| assuming perfect channel know!-
edge and for a particular realization is I ;) (Y;; X;|H®).
Let's temporarily drop the block index ().

In the following, we derive a weighting matrix that appears
in the asymptotic M1 decrease and optimal semiblind chan-
nel estimate. Thefirst order derivative of I (Y X|H) with

respectto H = H — H evaluated at H = 0 is zero:
8h1H<Y XDlo = (h( )—hH<X|Y,H>) im0

pH(X\YH
= [ [pa(Y|H) hpH(X|Y H) AXdy

= [on (V1) 4 ([ pn (1Y DY) oY =0.

e

=1

J

(13)

The second order derivativew.r.t. F evaluated at 0 is;

\T
| )) -
H=0

T
(M) PR <w
oh =0 oh oh
Jy|x(H)

T
(81an(YX,H)> - Ty (H) —
H=0 Y
(14)

oh

Jy and Jy|x are FIMs describing the M1 decrease due to
the channel estimation error and evaluated at H = 0. To
compute Jy and Jy | x, we consider areceiver point of view
in which, given a certain realization H and a certain H,
H is an unknown constant. Then pz(Y|X, H) =p(V+
(H + H)X|X H) =p(V + HX|X) = pH(V|X) where
V = V + HX and the variable V|X follows the same
distribution as V' but with an offset (mean) HX (notation
assumes N; = 1). Now:

ah
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oInp(V|X)
Jyix(H) = — (%( pH(‘ > |f1:o>

8lnpr (Y| H)
Jy(H) = E(BBT), B= pgr(] | |H 0

B — 1 8pr(Y,X\fI)dX|~
~ pu(YI|H) R H=0
1 prH(Y|X,fI)p(X)dX|~
= pa(Y[H) oh H=0

_ o (V1X)
= soom S p”aﬁ | f—oP(X)dX

For H in a small neighborhood of H, the MI decrease is
approximated by a quadratic function:
~T ~
IH(YA;X|H) Iy(Y;X|H) = hAW(H)h (15)
—(h =" (Jy|x (H) = Jy(H))(h = h)

Theweighting matrix W(H) = Jy|x (H) — Jy (H) isnon-
negative definite since Iy (YV; X |H) < Iy(Y; X |H).
Example: For white Gaussian and decorrelated V; and X;,
Vi|X; is Gaussian with mean H X and covariance

o3I py (Vil X)) = (2m02)~Niee exp — VU O G
Then Jy,(H) = 0 and Jy, x,(H) = N;Z1. Asaresult
Wi(H) = W,; = Nij—zI is constant. More generaly, for
any Gaussian noise V; and zero mean input X;; Jy, (H) =
0, Jy;x;(H) = Jy, x, is constant and W;(H) = W; =
Jy; x;- We now want to find the best channel estimator,
that minimizes the M| decrease. Then we need to min-
imize the cost function I(Y; X|H) — I(Y; X|H(S)) =
E{IH(Y X|H)—-Ig(Y; X|H(S))} wherefor every block
i, Hisbasedon SO = (X, XI~1Y;). Asymptotically
() LV X[H) = I(YV; X|H(S)))

= Efming . E{(R(S) — )" W (H)(R(S) — h)|S}]
= hope(S) = (E{W(H)|S}) ™ (E{W (H)h|S})

ming
h

(16)

So h,, is a weighted MMSE estimate. For centered in-
put X and Gaussian noise V., W (H) = W and the opti-
mal channel estimator is the MMSE estimator h,,.(S) =
W=t E{Wh|S} = E{h|S}. The minimum mean M| de-
crease w.r.t. the perfectly known channel caseis:

I(Y; X|H) — I(Y; X|Hop(S)) = E[NW(H)h

—(E{W(H)h|SHT (E{W (H)|S})~" (E{W (H)h[S})].
and al this so far for block (7). The minimum mean M1 de-

crease for the complete burst becomes, using the recursive
MI decomposition of section 2:

S IV X HOY — 1(Vy; X B
=22 [E{WNTW(HD)h
—(E{W;h|SOHT(E{W;|SW})~

H(SD))]

HE{WhISOH}].

where W; = Wi(H9) = Jy,x,(HD) — Jy,(HY).

In the case of a constant channel over the different blocks
(eHD = H i=1,...,Q), "% I(V;X;|HD) gets
modified to 1(Y; X o ) and W; (H®) to W;(H).

3.3. Deterministic channel
In this case we have no prior information on the channel.
The channel is constant during the burst with an unknown
value H. Thecoherent capacity isthen I(Yy; X4|Y,, X,, H).
For agivenreaizationY ? of Y and a (variable) channel H,
let'sdefineG(Y°, Xp, H) = h(X)—E(—-1lng(X|Y°, H)) =
h(Xq) — E(~Ing(X|Y?,Yy, H)) where the expectation
hereiswithrespect to X ; (X, isknown), and ¢( XY}, Y7 ,H) =
p(X|Y), Y7, H)|y_g- Let'sintroduce a partltlon of Yy
in which the different blocks have the same lengths N; =
Ni,i=1,...,Q andarei.i.d. Thenin +G(Y°, X, H) =
7 g(X, |V, H) + S2 (X)) + Elng(X,|Ye, H))),
the averaging over the blocks tends asymptotically to an ex-
pectation w.r.t. Y. We conclude that :
hmT%OO TG(YO X,, H) = limr, o 7:{lnp(X, Y, H)

— Y2 (h(X;) — Elnp(X;|Y?, H)} = I(y; z|H) (17)

So asymptoticaly G(Y°, X,,, H) approachesthe mutual in-

formation. Let'sdefineG o, (H) = limy TG(YO X,,,H)
Gloo(H) — Goo(H) ~

= N% Ex, v z[Inp(X1|Y1, H) — Inq(X,|Y1, H)]

= [pOAH) ([ PG|V H) In BT ays

= 3 Ev,u[D(p(X1 |V, H)||g(X: |Y1, H))] > 0
(Kullback-Leibner distance). This means that Gm(ﬁ) is
maximized when ¢(X, Y1, H) = p(X1|Y1, H). This fact,
combined with the hypothesis that the training part is suf-
ficiently informative to allow, together with the blind infor-
mation, complete channel identifiability, ensuresthat asymp-
totically (for T4 and T}, big enough) G(Y°, X, H) iSs max-
imized for lg H. We can hence use the maximization of
G(Y°, X,, H) asoptimization approach to find a consistent
channel estimator.

This method is related to the first iteration of an iterative
MAP/ML estimation approach for input signal/channel with
EM applied to the ML estimation part for the channel. The
maximum aposteriori (MAP) estimateof X ;inthe MAP/ML
approachis:

XMAP = argy max Ing(X|Y°,H'). (18)

Various solution techniques exist for this type of problem.
Consider an aternating maximization (between X ; and H)
approach in which expectation over X 4 is introduced when
maximizing over H (EM-like approach). Theiterations com-
prise two steps. Thefirst step for the first iteration gives:
H = argmaxgy E(lng(X|Y°,H")) (19)
= argmaxy G(Y°, X,, H') .
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Thisisasemiblind cost function for the channel estimation.
The second step consists of the MAP estimation of the input
assuming the channel H' = H.

Remark1: The recursive decomposition of section 2 re-
mains valid in the deterministic channel case, and we can
process by successive detection of the symbols (blocks). To
have an acceptable agorithm complexity, one can choose
from a variety of channel updating techniques. Along the
lines of section 2, this approach alows to maximize the Ml
for largeT'.

Remark2: Similarly to the Bayesian case, we can evaluate
the asymptotic M| decrease as h' W (H) b with W (H) =
Jy|x (H) — Jy (H). Inthe deterministic case however, the
direct minimization of the M| decrease does not lead to a
meaningful channel estimator.

4. CORRELATED MIMO CHANNEL MODEL

In order to improve channel estimation and reduce capacity
loss, it is advantageous to exploit correlations in the chan-
nel, if present. So consider the frequency-flat MIMO chan-
nel: H (N, x N¢,), h = vect(H). Thecorrelated channel
model we suggest is:
h=Sg (+ go h for direct path, |go| = 1)
where the elements of g aretaken to bei.i.d. Gaussian for a
stochastic model. The correlations are captured by S.
Special case 1: Bell-Labs/Saturn model:
H=R/"GR?=S=RI'">oR? g=vect(G)
Specia case 2: Cioffi-Raleigh model (multipath model):
H = Zgi albfl = S = [bf@al b;@CLQ ] .

The modlel h = S g is straightforwardly extendible to the
non-zero delay-spread case.

5. OBSERVATIONS

Capacity approaching channel estimation should exploit prior
info + data/decision aided info + (Gaussian) blind info. The
symbol-wise decomposition of the block fading channel ca-
pacity involves for each symbol position in a burst a chan-
nel estimatethat is based on: prior channel distributioninfo,
training and detected inputs up to that symbol position, (Gaus-
sian) blindinfo in remaining channel outputs. Hence, symbol-
wise Gaussian semiblind (Bayesian) channel estimation is
required (blind parts: detected data + Gaussian undetected
data). To have asymptoticaly (in SNR and burst length)
negligible capacity loss, enough training symbols are re-
quired to have (deterministic) identifiability of the param-
eters that cannot be identified blindly (from the Gaussian
undetected symbols), hence blind (Gaussian) info reduces
training data requirements. Exploiting channel correlations,
the (effective) number of degrees of freedom in the channel
and hence the training reguirements get reduced. The chan-
nel withi.i.d. entries, while optimal from a capacity point of
view, is the worst case from the channel estimation point of

view. Therecursive mutual info decomposition may suggest
apractical approach for channel estimation. However, sim-
pler practical approaches would pass through the bursts it-
eratively, with semiblind (blind info = Gaussian undetected
symbols) channel estimation in thefirst pass, and semiblind
(blind info = detected data) channel estimation in the next
iterations. Prior channel info (and S in the channel model)
gets estimated (sufficiently well) by considering the datain
multiple bursts jointly (assuming these parameters are in-
variant across a (large) set of bursts). Whereas we have
considered block fading so far in this paper, we conjecture
that these results extend to the continuoustransmission (CT)
case. in steady-state, channel estimation should be based
on the semi-infinite detected past symbols, and semi-infinite
future blind channel information. A Gauss-Markov model
for the channel variations with a certain Doppler bandwidth
will prevent perfect channel extraction fromthisinfinite data
though. Finaly, the proposed channel model is useful for
the introduction of partial channel knowledge at the trans-
mitter. Indeed, if the transmitter can know the channel cor-
relations summarized in S in h = S g and only lacks
knowledge of the fast fading parameters g, the channel ca-
pacity may be close to that of the known channel case.
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