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Abstract—We consider multiaccess, broadcast and interference
channels with additive Gaussian noise. Although the set of rate
pairs achievable by time-division multiple-access (TDMA) is not
equal to the capacity region, the TDMA achievable region con-
vergesto the capacity region asthe power decreases. Furthermore,
TDMA achieves the optimum minimum energy per bit.

Despite those features, this paper shows that the growth of
TDMA-achievable rates with the energy per bit is suboptimal in
the low-power regime except in special cases: multiaccess chan-
nels where the users' energy per bit are identical and broadcast
channels where the receiver s have identical signal-to-noise ratios.
For the additive Gaussian noise interference channel, we identify
asmall region of interference parameter s outside of which TDMA
isalso shown to be suboptimal.
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nal CDMA. Thus, in practice, superposition is particularly rele-
vant in the wideband low-power regime where the received en-
ergy per information bit may not be far from its minimum value.
Therefore, it is of considerable practical interest to compare the
capabilities of TDMA to the capabilities of superposition in the
low-power regime.

Let us consider the standard two-user multiaccess and broad-
cast Gaussian channels [1]. Plotting the rate regions achieved
by superposition and TDMA we see that for both the multi-
access channel (Figures 1 and 2) and for the broadcast chan-
nel (Figures 3 and 4) the proportion of the area achievable by
TDMA to the area achievable by superposition goes to 1 as the

of TDMA is also explored. signal-to-noise ratio goes to 0.

Keywords: Channel Capacity; TDMA; CDMA; Multiple-
Access Channels; Broadcast Channels; Interference Channels; 1
Wideband Regime; L ow-power communication.
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I. INTRODUCTION

For both multipoint-to-point (multiaccess) and point-toQ.6 |
multipoint (broadcast) links, the most important practical les-
son drawn from multiuser information theory is that superposx 4.
sition strategies (e.g. code-division multiple-access (CDMA))
where users transmit simultaneously in time and frequenc
causing mutual interference offer, in general, higher capacifi
than orthogonal strategies (e.g. time-division multiple-access
(TDMA)) provided that the inter-user interference is taken into ‘ : : :
account at the receiver (e.g. [1]). However, from several 0.5 1 15 2
standpoints, TDMA is an attractive channel-sharing technghg 1. Multiaccess channel capacity region and TDMA achievable region
ogy. Foremost among the attractive features of TDMA is thaith with SNR; = 4 andsSNRz = 1.
simplicity of the receiver design. Furthermore, the superior-
ity of superposition over TDMA demonstrated by information The intutive explanation for the behavior shown in these fig-
theory is far from overwhelming. For example, in the absenages is simple. As the background thermal noise becomes the
of fading, the maximum total aggregate rate that superpositideminant component of the overall interference, the coupling
can achieve for a multiaccess channel subject to additive whitetween the users weakens. As a consequence of this, it is easy
Gaussian noise is no higher than that achieved by TDMA. The prove that the minimum energy per bit (achieved at vanish-
presence of fading tends to tilt the balance back in favor of sirg signal-to-noise ratio) required by TDMA for either multi-
perposition. Indeed, when users are affected by independartess, broadcast or interference channels is the same as in the
fading, they can achieve strictly higher total aggregate rate wigiingle-user channel. From this evidence, we would be justified
superposition than with TDMA, as a simple consequence of tite suspect that the purported advantage of superposition over
concavity of channel capacity as a function of signal-to-noiSEDMA may actually vanish in the low power regime. If this
ratio [2]. Other practical effects that favor superposition includis the case, then the increase in receiver complexity required to
the presence of channel distortion (which destroys the orthogealize the capacity achieved by superposition would be hardly
nality of the TDMA signals) and out-of-cell interference [3]. justified unless some of the other factors mentioned above (fad-

In multiaccess, the most common practical embodiment ofg, out-of-cell interference, channel distortion) come into play.
the capacity-achieving superposition strategies is honorthogo-The main conclusion of this paper is that, except in some
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Fig. 2. Multiaccess channel capacity region and TDMA achievable regibig. 4. Capacity region and TDMA-achievable rate region of broadcast chan-
with with SNR; = 0.4 andSNR2 = 0.1. nel with SNR; = 0.4 andSNR2 = 0.1.

with

Ey log, 2

- = _°¢ 2
NO min C(O) ( )

whereC(%) andC'(snr) denote the capacity as a function of

f,—g and per-symbosnr respectively, and’'(0), C(0) are the
first and second derivatives 6f(snr) evaluated in nats.
In the case of a single user white Gaussian noise channel

Y=cX+N 3)

whereN is proper complex Gaussian noise with zero mean and

0‘ 5 1 1‘ 5 2 variance
. N . . E[NP’] = 0® = No, (4)
Fig. 3. Capacity region and TDMA-achievable rate region of broadcast chan-
nel with SNRy = 4 andsNR; = 1. subject to the power constraint
E[|X[*] < P = snro? (5)

very special cases, and unless bandwidth is not a resource to be
conserved (such as in the ultrawideband regime) TDMA doesidc a deterministic constant, we have
incur significant inefficiency. Our approach is to apply the low-

power analysis tools introduced in [4] to investigate the power- C(sNR) = log(1 + |c|*snR) (6)
bandwidth tradeoff of both superposition and TDMA. The min-

imum values of energy per bit are obtained in the limit of in- E, _log.2 )
finite bandwidth and therefore imply zero spectral efficiency. No min le|?

As argued in the recent work [4], in addition to the normalize(‘;jjmd
minimum energy per biﬁ—gmin required for reliable communi-
cation, the key performance measure in the wideband regime is So = 2 bis/Hz/(3 dB) (8)

the slope of the spectral eﬁiciency% curve (b/s/Hz/3 dB) at Ngte that (7) implies that the received energy per i, satis-

f,—gmin. For a single-user channel, [4] shows that fies .
b — —
Now log, 2 = —1.59 dB.
C (ﬂ) Whereas the conventional capacity region supplies the trade-
So def = Mo & 10log,,2  off of rates for fixed powers, in the low-power regime, it is more
sigt 10logo xp — 101og; R - illuminating to analyze both the minimum energy per bit re-
o 0 min min
C (ZA& ) quired for reliable communication and the “slope regi&iit)
- m No min that gives the tradeoff of individual user slopes for a fixed ratio
NI A # with which the individual rates vanish. Although TDMA in-
. 2 curs no penalty in the minimum energy per bit, our comparative
2 [C(O)] analysis of the slope regions achieved by TDMA and superpo-

= (1)

—C(0) sition reveals important differences.
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Il. THE MULTIPLE ACCESSCHANNEL in the following sense:

We consider the complex-valued multiaccess channel 1 |2SNR,
alog, (1 + T)

li =1
Y =1 Xi + e Xs + N ) SNRy 0 Togy (1 + |c1 [PSNRy)
. : . . (1-a)l 1 4 Le2SNRy
whereN is complex Gaussian with independent real and imag- . @) 1082 (1-a) 1 (16)
inary components with variance (4); andc, are deterministic SN&ELO log, (1 + |ca|?sNRs2) ’

complex scalars. The inputs in (9) are constrained to satisfy
Define the transmitted and received energy per information

E[|X:*] < Py = s\Ry, 02, (10) bit relative to the noise spectral level of uset 1,2 by
The capacity region is the Cover-Wyner pentagon [1]: Ei _ swRg 17)
Ny R;’
{Ri < logy (14 |e1|*sNRry) and
Ry < log, (1+ |c2|*sNrs)
) ) Ef cil®snr;
Ri+Ry < 10g2 (]. + |Cl| SNR; + |CQ| SNRQ)} (11) F = T’ (18)
0 i

In particular, we can conclude from (11) the celebrated res‘r‘gspectivelyl
that the total capacity (maximum sum of rates) of the multi- 5,6 of the fundamental limits of interest in this paper is the

access chann_el Is equal to the capacit)_/ of_a_single-us_,er chanplimum energy per information bit, which is obtained with
whose power is equal to the sum of the individual received po"é{'symptotically low power. To that end, we can apply the gen-

ers, namely eral framework of capacity region per unit cost for multiaccess
channels developed in [6]. However, in the particular case at
hand it is instructive to give a self-contained derivation.

. . Several of the performance measures we will encounter later
As is well known, the boundary (or, more precisely, the

daepend on the rati@ with which both rates go to 0. As the

Pareto-opUm_a_\I points) of the capacity region (1) is ac.:h'evefollowing result shows, this is not the case for the multiaccess
by superposition. In contrast, TDMA achieves the region de-

scribed as the union of rectangles: minimum energy per bit.
gies. Theorem 1: For all@ = R;/R», the minimum energies per

lex |25NR1> information bit for the multiaccess channel are equal to

Ry + Ry =1log, (1 + |e1*sNRy + |c2|*SNRs) (12)

U {R1 < «alog, (1 + —
@ E; ES
0<a<l1 1 =2 = loge 2 =—-1.59dB. (19)
|c2|?SNRa Nomin ~ Nomin
Ry < (1—a)log, (1 + —)} (13)
-« Furthermore, (19) is achieved by TDMA.

where the parameter is equal to the fraction of time that the  Proof: Since the presence of interferers cannot lower the
first user is active. By letting the time sharing parameter kflinimum energy per bit and (19) is the minimum received
equal to energy per bit, the result will follow by showing that TDMA
achieves the single-user transmitted energies per bit (7):
_ |Cl|2SNR1
~ |e1]?sNRy + |e2|2SNRy

(14) E; _log, 2

FOmin B |Ci|2 -

(20)

we obtain the well-known result that the total capacity achieved

by (13) is also equal to (12) (cf. Figure 1). In particular, TDMA Consider a fixed time-sharing parameflex. o < 1. Using
is optimal for the important special cage, |>sNr; = |cz|?snry — (13) we obtain

andR; = Rs.

2
Moreover, as the noise level grows, we operate predomi-& — je1 [P snRy _ log, 2

im = 21
nantly in the linear region of the logarithm, the multiaccess in- Nomin ~ SNRi—0 alog, (1 + W%) lea]? @D
terference becomes a secondary factor and the achievable rates
become decoupled. This is illustrated by comparing Figuresahd
and 2, where we see that the TDMA achievable rate region oc- )
cupies an increasingly large fraction of the capacity region de - |ca["SNRs _ log, 2_ (22)

1m =

the noise level increases. This can be formalized by showidp min ~ SNR==0 (1 _ o) log, (1 + W) |c2|?
that the TDMA achievable region converges to the rectangle

INote that sometimes a “system” energy per bit is considered instead of the

{Rl < log, (1 + |01 |23NR1) individual per-user energies per bit defined in (17). For example, when all the
- 5 per-symbol energies are identical, [5] uses a system energy per bit which is
Ry < log, (14 |ea]?sNr2)} (15) equal to the harmonic mean of the individual energies per bit.
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Since the convergence of the limits (21) and (22) is uniform RQ(O) = | 27)
over a, we can conclude that the result holds evea i not .. leq [*
held fixed and varies with the signal-to-noise ratio. (For exam- Ei(0) = ——+ (28)
ple, in order to enforce the constraiRy = 0R>.) . lea|t

| R»(0) = 1_4 (29)

Let us turn our attention to the slope regions achieved b hus. if th ir bel h  th hi |
TDMA and superposition for the multiaccess channel. Fix th&US: if the rate pair belongs to the boundary of the achievable

rate ratioR, /R» = 0. To define the slope regid®(6) corre- '€9ioN. therS; = 2a andS, = 2 — 2a. Taking the union over
sponding to a region of achievable rate palsng ;, SNR), we all possible time-sharing parameters gives the desired rdslilt.

use (17) to obtain the set of achievable rate pairs for given en-

ergies per bit. Because of the fixed ratio between the rates iti Theorem3: Let the rates vanish while keepig / 1> = 0.
gies p - . ﬁe optimum multiaccess slope region (achieved by superposi-
enough to consider the achievable segment of rates for user L

on) is:
Ro <%v %) ={R; € Ry 3 (sNRy,SNR2)S.1. S(8) = {(S1,S2) 0<8<20<8 <2,
0 0 ; ,
1 0 1 1 1
(Ri,R1/6) € A(SNRy, SNR2) - < ( > Ly > 1
SNRi _ Ei OsNRy _ %} 23) 2 1+6) S 1+6 8230
Rl B NO, R1 - NO ( )
Furthermore,

The slope regio$ () is the set of slope pairs that result from

S, = . R, 1010g102 closur U S(G)} = {(81,82) :0< 8 < 2,0< Sy < 2}

e T0Tomn B — 10Togyg B 0>0
NV NG . V10810 N, 0810 Ny min
(31)
Sy = 1 lim = L2 = 101log,, 2 Proof: As we showed in Theorem 1, when we let the powers
0 22,2 10logo 52 — 10logyo 72 . and rates vanish, both received energies per bit approach the
o B B BB same value, and therefore (17) implies that in the limit
for (Ry, R1/0) vanishing with ~ d NN d N, re-
. P i C1 |2SNR1 R1
specting the membershi®; € R (ﬁ, @) It can be seen lerfsnry Ry 6. 32
p g El 0 \ No’ No |CQ|2SNR2 R2 ( )

that this is equivalent to
In the rest of the proof we will assume that (32) holds. While

S(0) = {(S1,S2) € R :3 4 € (0,00) this is only required in the limit, we can handle the more general
d case invoking uniform convergence in the same way as in the
S1 < ox90(B,04) proof of Theorem 1.
¢ d Re-writing (11) as a union of rectangles
Sy < 5d—go(A,¢A)} (24)
U {Ri < alog, (1+|c1]|*s\Rry)
where 0<a<l1
le1|>sNRy
= 1-a)l 1+ ——
sup{R, : Ry € Ry <2A1—1 2822 >} |e2|2SNR,
Ng mi Ng mi < 1 14—
0 min 0 min R2 S «log, + |01|25NR1 + 1
Theorem2: Foralld = R, /R, the multiaccess slope region + (1—a)log, (1 + |02|2SNR2) }
achieved by TDMA is:
(33)
{(81,8): 0<8,,0< 8, St +8 <2} and using (32), the individual maximal achievable rates for
Proof: Fix 0 < a < 1. Applying (1) to the individual rate fixeda andf resulting from the Pareto-optimal segment of the
constraint equations in (13), Cover-Wyner pentagon become
le1 2sNRy Ri(s\ri) = alogy (14 |e1|*sNRry)
Ri(sNry) = alog, <1 + T) |le1 [2sNRy

— I

lc1|?sNRry /0 + 1
|e2|#SNRy >
B|ca]|?sNRry + 1

+ (1—a)log, (14 |c2f*sNry) .
B0) = |euf (26) (35)

2
Ro(s\ra) = (1 — a)log, <1 ¥ |Czl|ﬂ>} (25)
-« R>(sNRy) = alog, (1 +

we obtain
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The first and second derivatives of the functions in (34)-(3%uperposition, optimum decoding, and their powers are suffi-

at zero signal-to-noise ratio are equal to : ciently unbalanced. Comparing this to the triangular region
) achieved by TDMA we see that even in the simple setting of the
Ri(0) = el (36) two-user additive Gaussian multiaccess channel the low-power
RQ(o) = e |2 (37) capabilities of TDMA are markedly suboptimal.
. 2(1 - a) As a concrete example, let;| = |e2| = 1 and suppose we
Ri(0) = —lei)? <1 +t—0 ) (38) constrain user 1 to have a small r&te = € and
Ba(0) = —leaf* (260 +1). (39) % = (3.0l — 1.59)dB
0
Plugging these results into (1) we obtain
gging @ whereas g
26 2 = (3.015 — 1.59)dB,
ST 3%+ 9 No = 4
2 then the highest rate achievable by TDMA is
S, = . (41)
14 2a6 RT €
T==
We can solve forx in (40) and (41) and subtract the resulting 4
equations in order to obtain: whereas superposition achieves
1 1 €
1 6 9 (42) Ry, = >

TS 2Tes T w
which is equivalent to the boundary condition in (30). The Conqperating at-the poiit=2, 5, =1, :.2 (Figure 5).

ditions S; < 2, S; < 2 follow immediately from the fact that Th_eorem 4: If both users are constramed o h"?“’e the same
the existence of an interferer cannot improve the rate. MorEEceived energy per bit, then TDMA achieves optimum slopes.

over, the points at which the liné% = 2 andS, = 2intersect prot: |dentical received energies per bit imply that
with (42) correspond tae = 1 anda. = 0, respectively, i.e. to

the vertices to the Cover-Wyner pentagon. St R P
To show (31) note that as eithér— 0 or § — oo the third S Ry
constraint in (30) becomes redundant. ]

which, when substituting the values found in (40) and (41), re-
quiresae = 1/2. Furthermore, for every value éfthe super-

2 ‘ ‘ ‘ ‘ ‘ ‘ position slope region “touches” the TDMA region at one point
(Figure 5), which corresponds to the mid paint= 1/2 in the
175 | ] Pareto-optimal segment of the Cover-Wyner pentagon. To see
this, note thatv = 1/2 achieves the minimum sum (equal to 2)
15 of the slopes in (40),(41):
260 2
~ 125 ] 5 2a+0  1+2a0
B O
L 1 It is easy to extend the above results to the more general case
_005 where the channel is subject to fading known to the receiver.
0.75 | 1 The expressions for the capacity region and the region achieved
by TDMA simply boil down to expressions (33) and (13) re-
05¢ { spectively where each of the rate constraints is averaged with
respect tas; andc,. We assume henceforth that the fading co-
0.25 | 1 efficients have finite fourth moments. Unlessandc, are de-
terministic, the total rate sum achieved by TDMA is no longer
optimum, and its achievability region only intersects the capac-

025 05 075 1 125 15 175 2 ity region at the tr_|V|a! points where one of thg users is silent.
This property, which is one of the multiuser diversity mecha-
nisms by means of which total capacity can be higher in the
Fig. 5. Slope regions in the Gaussian multiaccess channel with TDMA afeHlitiaccess channel than in the single user channel with the
superpositiord = 1 andf = 2. same aggregate power (e.g. [3]), is a straightforward conse-
quence of Jensen’s inequality and appears to have been pointed
Theorem 3 shows thdioth users can achieve slopes thabut for the first time in [2]. Nevertheless, even in the presence
are arbitrarily close to the single-user slopes provided they uskfading with an arbitrary distribution, it is easy to show that

slope user 1
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Theorem 1 holds, and thus TDMA is optimum as far as requiwhich leads to the following generalization of (30):
ing the same minimum energies per bit as superposition.
In order to extend Theorem 2 to the fading channel all we
need to do is take the expectation of the right sides of (26)-(29) S(9) = { (51,852):0< 8 < 81(5”),
with respect t@;; andes. The resulting slope region for TDMA 0< 8, < Stu)
is the same as that in Theorem 2 except that the former individ- - o2

ual slopes now becomg|c1|)S1, k(|c2|)Sa2 respectively, i.e., _ 1 1 1]1 1
1 = 0|l—-———|+3|——|}
81 Sl(su) [ 82 Sésu)
S S.
(51,82): 081,08, s+~ <1 (43) (55)
Sl 82

where the kurtosis of the fading coefficients is denoted by

_ Elle[]
H(|C|) - E2[|C|2] (44)

0.8
and the slope of the coherent single-user fading channel fc

in [4], [5] is denoted by:
2 0.6
S = : (45)
o w(el)

To generalize Theorem 3 we need to proceed a bit more ¢
fully. Since we are assuming that the transmitters are no
formed of the fading coefficients, the asymptotic equality
received energies per bit translates into

(sul
82/82

0.4

02{{ — AWGN: S=2 E[|e["EL 1
_ _ Rayleigh: S®9=1  EJ|c[*|=2 i
E[|e1]?]sNry _ Ry —9 (46) "7 Nakagami(3): S®=15 Efjcl=4/3
E[|ca|?]sNR2 R» | e TDMA
0() 0‘2 0‘4 0‘6 0‘8 /1
Using (46), the fading counterparts of (34),(35) become ' T osystd T '
Ri(s\Ry) = aF [10g2 (1 + |Cl|25NR1)] Fig. 6. Normalized slope region for the fading channel with= 1 and

different fading statistics.

+ (1-aF [log2 (1 o Jarlews )]

|lea?pshry /6 + 1 Taking the closure of the union of (55) over all values of

(47) 6 > 0, we again get the result that single-user slopes are si-

le2 |2 SNRy multaneously achievable with superposition, in contrast to the
Ba(swry) =l |log, {1+ flci|?sNra/p + 1 triangular region achieved by TDMA.
+ (1-a)E [log2 (1 n |c2|2SNR2)] _ As we can see in Figure 6, in the presence of fading TDMA

no longer achieves optimum slopes when the energies per bit

(48) are required to be equal for nonzero rates. In the symmetric case
where of equal received energies per bit and equal spectral efficiencies
E [|Cl|2] (i.e.,0 = 1), we define the max-min slope of the system as
T B2l
) E [|62| ] o S= max min{S;,S} (56)
Assuming that the users fade independently, the derivatives of (S1,82)€8(1)
(47) and (48) are L )
) where the slope region is given either by Theorem 2 or by
Ri(0) = E[|eail?] (49) Theorem 3 for TDMA and superposition coding, respectively.
: _ Clearly,S is given by the intersection of the slope region bound-
Ry(0) = E[|ef 50
2(0) [|02| ] ) (50) ary with the lineS; = S,. The bandwidth expansion factor
Bi0) = —F ] - 2(1—a) (E[|lal?]) (51) incurred by TDMA in the low power regime is given by ratio
! - “ 9 of S achieved by superposition ov8rachieved by TDMA. It
RQ(O) - _E [|02|4] — %a (E [|02|2])2 ) (52) is easily seen from (43) and (55) that this is given by
This leads to the generalization of (41): Q(ﬁ + ﬁ)
20 1+ < + 5t
- 53 S Sy
51 2 —2a + 0k(|e1|) (3)
S 2 (54) which is strictly larger than 1 for any non-constant fading (i.e.,
P S T —

k(|ca]) + 2a0° with kurtosis larger than 1).
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IIl. THE BROADCAST CHANNEL

We consider the simple complex-valued two-user broadcastProof: Let us start with TDMA. Enforcing the constraint on
Gaussian channel where users 1 and 2 receive the same si§firatio of the rates in (59), pins down the value of the time-
from the transmitter embedded in independent Gaussian nogring parameter and we obtain that the rate achieved by user

with different signal-to-noise ratios: lis
Y, = e X+N, - flog, (1 + |c1|>snR) log, (1 + |c2]?sNR) (65)
Y, = X +N, (57) log, (1 + |e1]?sNR) + 8log, (1 + |c2|?>SNR)
wheree; ande, are deterministic and the various random vari! "€ reciprocal of the derivative of (65) with respectsia: at
ables are proper complex with sNR = 0 is equal to
1 1
E[|X*]< P, .
= el e
E[|N;?] = o2, . o . .
INil'] =& which upon multiplication byog, 2 yields the transmitted en-
and P ergy per bit. Multiplying bylc; |?, we obtain the desired for-
SNR = —. mula (63). Formula (64) is obtained in an entirely analogous
o way or simply by noticing from (62) that
We will assumejc; |2 > |ca|? as in the casée;|> = |cof?
TDMA is trivially optimal. The capacity region of this chan- B al? (66)
nel (achieved by superposition and stripping) is equal to [1] By flea)?”
U {R1 < log, (1+ alci|*snR) Let us analyze now the capacity region (58). Defingsnr) to
0<a<1 be the solution to
1— 2
Ry < log, <1 + ﬁ%)} (58) Ri(snR) Y log, (1+ ap(siR)|er|*snR)
alc
' _ g1 (1 — ag(sNR))|e2|>sNr 67
whereas the region achievable by TDMA is = ogy {1+ g (SNR)|c2|2SNR + 1 (67)
f
U {R1 < alog, (1+ |ci]’snR) E 9Ry(snR) (68)
0<a<l1

Although an explicit solution fotvy (sNr) does not seem feasi-

Ry < (1-a)log, (L+]eof’snr)} (59) ble, wegwill be :Eble to compute itgs(vaIL)Jesm =0, as well as
As for multiaccess channels, it appears from Figures 3 andPgt of its derivative. By taking the first and second derivative

that as the power decreases, the TDMA-achievable region G&sNR = 0 0f i (snr) and Ry (snr) we get

cupies a larger fraction of the capacity region. This has been ;

_ 2
shown in [7] for a variety of broadcast channels in the sense 1?1(0) = la j‘a(o) , . (69)
that for every paif R, R») in the boundary of the broadcast Ei(0) = —lauf*ag(0)” +2le1] s (0) (70)
capacity region, Ry(0) = e (1 —ap(0)) (71)
R1 R2 RQ(O) = _|02|4 + |CQ|4O£9(O)2 — 2|CQ|2d0(O) (72)

lim sup

+ =1. (60
0 S gy (1 JerPonm) T Tog, (1 + JeaPonm) - ©0)

By recalling thatR;(sNnR) = 6R»(snr) for all snr and by
Analogously to (17) we define the transmitted and receivedfluating the derivatives (69)-(71) and (70)-(72) we obtain
energies per bit as

ap0) = el (73)
Ei _ s\R (61) f e 4+ 0 ea]?
Ny R;’ ) ci2(1 = 6) + 20)|cs|?
2000 = el 00
E!  cil®snr o _
N.© R (62)  Multiplying the reciprocal of (69) byc:|? log, 2, (63) follows,
’ and so does (64) by applying (66). O

Theorem5: Suppose tha?, /R, = ¢. Then, the minimum | o 5 girect our attention to the analysis of the slope regions
received energies per bit achieved by both TDMA and SUPerpRs; the proadcast channel. The definition of the slope region
sition are: S(0) is parallel to that of the multiaccess channel. Starting from

Er 2 a region of achievable rate paifdsnr), we use (61) to define
Fl (1 N ||cc1||29> log, 2 (63) g pairgsnRr) (61)
0 2

Eé . 9|02|2 E1 . . ﬂ
FO = (1 + |01|2 log, 2 (64) Ry Fo = {Rl € R+ : (Rl,Rl/G) ceA| R No } (75)
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The slope regio$ () is the set of slope pairs The result now follows by applying (1) to (85). U
Ry Theorem7: Let the rates vanish while keepity, /R = 6.
S = lim o 10log;p2  The optimum broadcast slope region (achieved by superposi-
%‘L%m 10 loglo N — 10 10g10 No min tion) is:
1
S = =8 76 2 2 2
2 751 (76) (S1,8): 0 < S < 0 (6 + |e1]*/lc2])

SE 20+ [l |l
for Ry vanishingwithZ: | £- _ within R, € Ry (}3—) Al- 5 < Sy (@6)
2 —_— .
=79

. . 0
ternatively we can write

A

d Proof: As before it is sufficient to justify the slope of user 1
S(9) = {(81,82) € ]R2 181 =08, S§; < A99( )} (77) because as we saw abaye = 0S,. We have already done the
d main calculation needed here in the proof of Theorem 5. From

where expressions (69), (70), (73) and (74) it follows that
E 2R1(0) 208+ |c1]?/|c2)?)
A) =sup{R; : Ry € Ry | 2° — ) 78 ) 11 /12
9o(A) = sup{R; : R € Ry ( Nowo } (78) TR0 - P20t P ol

Theorem6: Let the rates vanish while keepitdty /R> = 6.  and the theorem follows.
The broadcast slope region achieved by TDMA is: O

20 Comparing the results of Theorems 6 and 7 we see that un-
{(61,8): 081 < 74,058 < —} (79) less|ci|> = |ea|? (in which case TDMA is optimal), TDMA

. is wasteful of channel resources. For given power and rates
Proof: The fact that if we operate on the boundary of the CaR1 andR» — Ry /6, the bandwidth expansion factor incurred

]E)acny region we geb, = 65, can be readily seen from theb TDMA in the low power regime is equal to the ratio of the
act that the numerator in the definition of slope has a factof/
Slopes obtained in Theorems 6 and 7:

of § becausd?, = R»6, whereas the denominators are identi-

cal: the §/ B, ’s differ by a multiplicative constant (66) which is (1+6)(6 + |e1)?/|e2?)

immaterial in the definition of slope (left side of (1)). 2120+ |c1[2/]cal® (87)
As in the proof of Theorem 5, enforcing the constrdint =

6 R», we obtain the value of the time sharing parameter and thaefunction which is monotonic iteq|?/|e2|> > 1 and achieves

value of the individual rates. Fikand letr(sNnr) = 71 (sNR) = & maximum (ovef) equal to

1 — 7»(sNR) be the solution of 5 5 5 5
le1*/leal® + (1 + Jea P/ lea*) e |/ (V2]ea])

7(sNR) log, (14 |c1[*sNR) = B(1 — 7(sNR)) log, (14 |ca|*SNR). e 2/|e2? + |e1l/|ea|
Although we are unable to find an explicit solution fdisnR), Figure 7 plots the TDMA bandwidth expansion factor as a
we are be able to compute its derivativesgt = 0. Taking the function ofd when the users ari)dB apart. Note that TDMA
derivatives of the rate function can be quite wasteful of bandwidth.

Ri(sNR) = 71 (sNR) log (1 + |e1]? shR)

2 L

we obtain

Ei(0) = e’ i (0) (80) 18

Ri(0) = —n(0)er|* +2]ea*71(0) B 6l

For rateR» (sNR) just exchange subscripts 1 into 2 in the above
expressions. Since; (sNrR) + 72(sNR) = 1 and Ri1(sNR) = 1.4 |
6 R»(snr) for all snr and by equating the derivatives we obtain

0 |ca? 12
0 —_— 82
T( ) |Cl|2+0|02|2 ( )
20,12 |e1]? = Jeaf? ‘ ‘ ‘ ‘ |
c ¢
! 2 Fig. 7. Bandwidth factor penalty incurred by TDMA as a function of
After substitution we get Ri/Ry = 0for [e1]? = 10]e2|*

le1|? e |? 84 The extension of the above results to the case of broadcast
le1|? + 6ea|? (84) channels subject to fading known to the receivers only is not as
0 +1 straightforward as for multiaccess channels. When the informa-
—6R,(0) = 5 (Rl(O)) (85) ' tion bearing signak fades, the channel from the input to one

Ri(0) = 6R»(0)=#

— R (0)
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of the outputs is no longerdegraded version [16] of, nomore It is worth pointing out that the region (90) is an inner bound

capable [15] than, the channel from the input to the other outfor the general fading broadcast channel only in the interval of

put. The capacity region of general broadcast channels is stillr on the right of0 for which C;(sNr) > Ca(snr) and not

an open problem, and only inner and outer bounds are availalfier. everysnr. It is an inner bound for eversnr if the overall

The best known inner bound was derived by Marton in [14]. Inehannel is degraded and is the capacity region for the class of

terestingly, the Marton region yields the capacity region for alegraded fading broadcast channels analyzed in [7], as proved

the classes of broadcast channels for which a coding theorenmi17].

currently available. In order to extend Theorems 5, 6 and 7 we need to take the
In the following, we shall make use of an inner bound to thexpectation of the right hand sides of (69)-(72) and of (80)-(81)

fading broadcast channel capacity region obtained by a partigith respect ta:; andc, with

ular choice of the auxiliary variables in the Marton region. We

assume that; ande, in (57) are ergodic random processes with a(0) = 7(0) = 6 E[|c2|?]

finite fourth moment, perfectly known to the corresponding re- El|c1]?] + 6 E]|e2?]

ceiver. Then, we obtain the achievable region 20ip(0) = az(0) El|e1]*] — 0(1 — a2(0)) E|e2|*]
R, < E[log(1+ |ei]?asnr)] ’ Elle1]?] + 6 Eflc2|?]

_ lea|2(1 — a)snRr 27(0) = 7(0) Efles[*] = 6(1 = 7(0)) Ef|ea|"]
Ri+Ry < B |log 14 210l "0 = Bller T+ 0 BllcaP?
U 1+ |e2|?asnr (88) 1 2
0<a<l1 +E [log (1 + |ci|* asnr)]

5 whose derivation follows that of (73)-(74) and of (82)-(83).
Ri+Ry < Ellog(L+ ] snr)] By substitution of the first and second derivativessat = 0

by settingV’ = V ~ N(0,(1 — @)P), U = X ~ N(0, P) of the rate functions in (2) and (1), we see that the minimum
andE[XV*] = E[|[V|?] = (1 — a)P with a € [0,1] in [14, 'E€Celved energies perbitare

Theorem 2]. On the other hand, TDMA achieves r 2
B (1 N M) log. 2 91)
U { Ry < TE[log(1+ |ei]*snR)] (89) No Ef|c2[?]6 ‘
— 2 r 2
0<ren Ry < (1-7)E[log (1+ |c2|*snr)] B _ ( N El|ca|?10 log, 2 ©92)
No Elles|?]

Next, we show that the achievable regions in (88) and (89) yield
the same minimum energies per bit (which, in absence of a ¢
verse coding theorem, cannot be claimed to be the minim

hieved by both TDMA and (88). The slope region boundary
u?ﬁhieved by TDMA is the following generalization of (79)):

energies per bit required for reliable communication). Further- 20
more, we obtain the slope regions corresponding to the achiev- S1 =608, = o) + el (93)
able regions (88) and (89), and we show that the TDMA slope ! >
region is strictly suboptimal. while the slope region boundary achieved by (88) is the follow-

Notice that the only effective sum-rate constraintin (88) is ing generalization of (86)

le2|2(1 — a)SNR>:| ) 20(6 + p)

E |1 14 ——W—— E |l 1 = = 4

s (142 et )|+ o (1 o) 2 Py e B
if Cy(z) > Cy(x) in the intervalz € [0, snr] where where Eller 7]

C1
p= :
Ci(z) = E [log (1 + |e;|* z)] Elles|?]

. : ) o . The bandwidth expansion factor incurred by TDMA is given by
is the single-user capacity for useWithout loss of generality,

we assume that in a sufficiently small right intervalot= 0 k(e ]) + &(|e2]) (B + p)

the single-user capacities satigfy (z) > Cs(z) andC (z) > 0%k(|c1|) + (20 + p)&(|e2])

Cs(z) (otherwise swap the role of the user$)Therefore, in the

low-power regime, it is enough to consider the simpler regiomterestingly, if the fading distributions have the same kurtosis

defined by this factor is independent of the fading distribution and coin-
cides with the bandwidth expansion factor found in the absence
U { R; < Cy(asnR) (90) ©f fading (87).
RQ S CQ (SNR) — CQ (a SNR)

0<a<l

A IV. THE INTERFERENCECHANNEL

2The conditionC; (z) > Ca(x) in a right interval ofx = 0 is equivalent . . .
to E[|e1]?] > E[|02L2} or Eflc1|?] = El|e2?] and E[|e1|*] < E[|ea]?]. Unlike the multiuser channels considered above, the capac-
If Bfle1|*] = E[|c2|*] and E[|e1|*] = Eflc2|*] then for the purpose of this jty of the interference channel in additive white Gaussian noise

analysis the channel to user Isfatistically equivalent in the low-power regime . . .
to the channel to user 2. In this case the region (88) boils down to the TDNIRMaINS unknown. However, using the available results we can

region in the low-power regime. prove the low-power suboptimality of TDMA in all but a small
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region of interfering parameters. The (non-canonical) channel
model is

Yi=cuXi+c2Xo+ Ny (95)
Yo = 1 X1 + 2 X2 + No (96)
where the coefficient{c;;, i, = 1,2} are deterministic

scalars,Ny, N, are proper-complex Gaussian with zero mean
and variance? and

E[|X;|*] < snRr; 02

The receiver that observé§ is only interested in recovering
the information sent by usér The canonical model assumes
ci1 =co2 = 1.

TDMA achieves the same region as for the multiaccess chan-

nel (13) 2)
2
U (R < alog, <1+Imlﬂ>
0<a<i @
R» < (1—a)log, <1+|c212|ﬂ>} (97)

Thus, Theorems 1 and 2 on th§:  and slope region
achieved by TDMA also hold for the "interference channel,
namely the minimum received energies per bit are

%min = %min =log,2 =—-1.59dB
the minimum transmitted energies per bit are
E; log. 2 .
FOmin N |Cie|2 =12
and the slope regiohis
S1+8 <2

Since the recewe%— achieved by TDMA does not depend
on the interference | parameters it is equal to the optimum one.
Equivalently, the convergence of the TDMA-achievable region
to the (rectangular) capacity region in the sense of (16) holds
verbatim for the interference channel.

Although a general expression for the optimum slope region
of the interference channel is unknown at this time, we can use
existing results on the capacity of interference channels to draw
the foIIowing conclusions:

1) | “"12‘ > 1 and“"ﬂ‘, > 1

The capacity reglon is the intersection of the Cover-
Wyner pentagons corresponding to both multiaccess
channels [8]

Ry < log, (14 |ci1*snry)
Ry < log, (14 |coal’sNro)
R1 + RQ S min{10g2 (1 + |011|28NR1 + |012|2SNR2) s

10g2 (1 + |021|2SNR1 + |022|2SNR2)}
(98)

3For the interference channel, the slope region associated with a given achiev-

able rate region is defined exactly as for the multiaccess channel.

3)
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Because the interference coefficients;| are strictly
larger than|c;;|, i = 1,2, j # i, for sufficiently small
SNR; andsnrs the constraint o, + Rs in (98) is strictly
larger than the sum of the single-user capacities and the
capacity region reduces to a rectangle, regardless of ratio
between the rates. Effectively, fofz;|/|ci1| > 1 and
|e12]/]ca2| > 1 thevery large interference condition [9]
is always in effect in the low-power regime. Since the ca-
pacity region is a rectangle, the optimum slope region for
anyf € (0,00) is

S(6) =10,2] x [0, 2] (99)
in contrast with the triangular slope region achieved by
TDMA for any 8 € (0, o).
}i”}o 1 and'CmI >1or }C”} >1 and}“l}o —
The capacity region is still given by (98) but in thls case
it reduces to the standard multiaccess region

Ry < log, (14 |ci1|*snry)
Ry < log, (14 |ca|*sNRy)
R+ Ry < log, (1 + |011|28NR1 + |022|28NR2)

(100)

which, as we saw, leads to the slope region (30). Com-
paring (99) and (30), we see th&(f) is not continuous
in the interference parameters.

}"’?}2 > 1andl2l < 1:

el

The following rate-pair is achievable

R1 = 10g2 (1 + |011|28NR1)
|c22|? SNRo
Ry = 1 1+ — 101
2 0g- < + i |c21|28NR1 ( )

as long as the receiver of user 1 can decode user 2, or
equivalently if

|c12]?SNRo
1+ |011 |2SNR1

|c22|?SNRo
1+ |021|28NR1 -

which is guaranteed to hold for sufficiently smsir; if

|e1a?
|c22]?

>1 (102)

In fact, it was shown in [9], that (101) is a Pareto-
optimal pair for thedegraded interference channel, i.e,

}212}2 }2?1}2 = 1. The the Pareto-optimality in the more
general case (102) can be derived from [18, Theorem
2]. Clearly the optimal minimum energies per bit are
achieved by this rate-pair.

By fixing the received SNR ratio to

|011|2SNR1 -9
|022|28NR2 -
and by defining
_ leaaf?
|e11?
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the achievable rates become

11

which is strictly larger than the TDMA slope region if

2 2
Ri(sNry) = log (1 + |C11|28NR1) |012|2 |C21|2 < 1 (111)
|22 |2SNRo |caz|? |e11] 4
R>(sNR2) = log <1 + 5 5 > i ? o |2 _

L+ |e21]? pO |caz|?sNRy On the contrary, ifz22> < 1, 2 < 1 (excluding
whose first and second order derivatives at zero SNR are }E;ZE = }Eljz = 1) and Ii;z}i Iii}i > i (see the re-
(in nats) gion in Figure 8), we do not know of any strategy that

. achieves both the optimurg: and a slope pair outside
By (0) = lenf (103) the TDMA region. PrmR; PeP
—R1 (0) = |011|4 (104)
Ry(0) = |eas)? (105) 3
—R2 (0) = |022|4 + 2|021|2 |022|2 0p (106)
The corresponding (optimum) slope-pair is 2.5
2
S1=2, &= m 2
Cc11|®

Notice that for every value &f > 0 this slope region is

strictly superior to the TDMA slope region and the union

overd gives agairf0, 2] x [0, 2]

}Eif}; <1 and“"“}; > 1

Je11

4)

Proceeding entirely analogously to the previous case but
with the role of the user exchanged, we obtain that the

following (optimum) slope-pair is achievable

B P
P gl

‘022 [

Sy =2

5) {425 <landi® <1:

| :I
0.5

0.5 1 L5 2 2.5 3
Fig. 8. Region of the interference parame szl , % for which no strat-

egy is known to provide better slopes than TDMA.

By treating the interfering signal as noise it is possible to

achieve the rate-pair

|611|2SNR1
R =1 14—
! 082 ( + 1+ |c12|?SNRy
|022|28NR2
Ry, = 1 14—
2 082 ( + 1+ |c21|?sNRy

which leads to optimun§ . By definingd andp as
before, by expressing, as function obngr; only andR»
as function oknRr» only, the relevant derivatives are

RBi(0) = |en|? (107)
.. 1
—R1 (0) = |611|4 + 2|012|2 |611|2 % (108)
Ry(0) = |coal? (109)
—Ry(0) = |eoo|* +2|ea1 ) |e22?8p  (110)

The achievable slope-pair is then

2 2
1= T .25 2 = T .z .
lc12]? 1’ [c21]?
1+2‘C22‘2 7 1+2\c11\29

By eliminatingd from the above expression we obtain the

achievable slope region

2 2 |012|2 |021|2
S;iel02, ([=-1)(=-1)=4
e 0.2] (31 ) <32 ) lcaz[? |err |?

All the above results can be replicated in the case the coef-
ficients{c;;, i,j = 1,2} are ergodic independent random pro-
cesses witlfc; 1, c12) known at receiver 1 angts; , c22) known
at receiver 2. As in the absence of fading, the minimum energy
per bit and slope region achieved by TDMA are as those ob-
tained for the multiple-access channel, i.e. the minimum energy
per bit achieved by TDMA is optimum and the slope region is
the triangle (43). A variety of multiaccess strategies are now
shown to achieve slope pairs outside the TDMA region:

2 2

D) gk > 1andgia > 1

If the users transmit at the capacity of their respective
hypothetical single-user channels in the absence of inter-
ference, they are still decodable with arbitrary reliability
in the presence of interference for sufficiently snsat
andsnRr,, because each interferer can be decoded with
arbitrary reliability and then subtracted out. Thus, the
capacity region is the rectangle composed of single-user
capacities and the slope region is the rectangle

S(6) = [0,85] x [0, 5]

whereS ™" = 2/k(|cs|), fori = 1,2, are the individual
single-user slopes.

El|e12]?] El|e21]?] .
Blenn?] > 1 AN ey < 1

The following rate-pair is achievable
R, =

2)

E [log, (1 + |e11]*sNRry )]
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3)

4)

5)

6)
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|c22]*SNRy 7) Unsolved case:
R, = E|l 14+ ———— 112 o .
2 {OgQ < 1 + |ea1[*snry (112) No transmission strategy is known to be better than

TDMA in the low power regime for
as long as the receiver of user 1 can decode user 2, which

is guaranteed to hold for sufficiently smahir;. This El|ea1]?] El|e12]?]
. . L . —— <1 — =<1
strategy achieves optimum minimum energy per bit and Ellcii]?] = Ellexnl?] =
the (not necessarily optimal) slope-pair Ellea1]?] Elleis)?] 1
) > Ellen?] Bllexal] = s S00
81 = _h:(|011|), 82 = (| |)+2EHC21|2]9,
FllC22 Eflei1[?] except in those cases of identical fading (4 and 6) for

_ _ _ which TDMA is indeed suboptimal.
which lies outside the TDMA triangle.

E[ea1|?] E[|c12]?) .

>land=h225 <1

Eflc11]?] Ellc2|?] =

analogous to the previous case, by switching the indices V. CONCLUSION

1land2. In the hypothetical ultrawideband regime where bandwidth
c1; andey; have identical distribution (including scale)is not a commodity to be conserved, minimum energy per bit is
fori=1,2: achieved by avoiding interference altogether by assigning users

The channels seen by both receivers are statistically idga-nonoverlapping frequency bands. Not surprisingly, we have
tical and the optimal slope region is that of the multipleseen that the same result can be obtained using TDMA for mul-
access channel with fading, which, as we saw, is strictaccess, broadcast and interference channels. References [10],
larger than the TDMA slope region. [7] analyze the broadcast channel in the wideband regime and

gHzmlz} <1 andgHzlzlz} < 1: by treating the interfering based on a first order analysis, such as (60), conclude that in
USer as noise, the r:ﬁe—pair low-power W_lde.band channels very Il_t'FIe is to be gained from
the complexity incurred by superposition schemes. However,
le11 |2 snRy we have shown in this paper that this conclusion is unwarranted
R, = E [10g2 (1 + W)} as long as bandwidth is not a free commodity. In that case, the
122 2 minimum energy per bit is not the only figure of merit of in-
Ry = E [10g2 (1 + w)} terest; indeed, one needs to assess the growth of the achievable
1+ [ea1]*sNRy rates as the energy per bit grows from its minimum value. For
multiuser channels, we have seen that, revealing differences in
is achievable. This leads to optimut and to the efficiency that are transparent to other figures of merit, the slope
slope region region is a convenient analysis tool in the low-power regime.
Interestingly, the information-theoretic suboptimality of
S; €[0,8%], TDMA is more pronounced in the near-far scenario where users
( Lo ) ( Lo ) = ke el ] oping receiver can achieve essentialy sigle-user
Stoos )\ s Eflen”] Eflex2/?] capacity for both users simultaneously in marked contrast to
(113) TDMA. In terms of the Cover-Wyner pentagon, consider the
case where user 1 (in theaxis) is much more powerful than
The TDMA slope region user 2; then as far as the rate achieved by user 2 is concerned
it is much more preferable to operate at the upper vertex of the
i i <1 pentagon than at the TDMA-achieved maximum rate-sum rate
R pair.
] o ] ) Only when the received energies per bit are required to be
is strictly included in (113) if not only close to-1.59dB but identical for all users, is TDMA
) ) as good as superposition in the multiaccess channel, but then
Ellex|"] Ellez|] 1 (114) only in the absence of fading. With fading, the TDMA slope
Efle1’] Eflexf?] ~ sl g region is strictly inside the optimum region. Other results on
the suboptimality of TDMA for fading multiaccess channels in
which necessarily holds in the case the presence of delay constraints are given in [11].
To translate the conclusions of this paper into practical
SEISE < 1. lessons that apply to real-world embodiments of TDMA and
CDMA, it should be emphasized that the advantages of super-
Rayleigh fadingd;,; proper Gaussian random variables)position strategies over orthogonal strategies we have shown

Since in this casé?{s“) = 82(5”) = 1, depending on the may not hold unless the receiver uses multiuser detection to
relative strength of the interference coefficients, one déke into account inter-user interference.

the above cases must hold. Thus, in this case, TDMA is For the broadcast channel without fading, our analysis was
strictly suboptimal. based on the well-known capacity of the degraded Gaussian



VERDU-CAIRE-TUNINETTI: SUBOPTIMALITY OF TDMA IN THE LOW POWER REGIME 13

channel. If the receivers see identical sighal to noise ratios, th@s] A. El Gamal, “The capacity of a class of broadcast channel&EE

TDMA is trivially capacity-achieving for all signal-to-noise ra- ___ Trans. Information Theory, vol. IT-25, pp. 166-169, 1979.
. . ycap y 9 . 9 . [éLG] P. Bergmans, “Random coding theorem for broadcast channels with de-
tios. Otherwise, TDMA incurs a bandwidth expansion Whos€ * graded components,”|EEE Trans. Information Theory, pp. 166-169,

severity increases with the power imbalance. In the presence 1973.

; ; ; ; 7] D. Tuninetti and S. Shamai, in preparation.
of fadmg, although the capacity region Is unknown we wer 8] G. Kramer, “Genie-aided outer bounds on the capacity of interference

able to obtain the minimum energy per bit and optimum slope ~ channels,” Proceedings HEEE INt. Symp. on Inform. Theory, ISIT 2001,
region. In particular we showed that the TDMA bandwidth ex-  p- 103, June 2001.

pansion penalty does not depend on the fading distribution if
the users are subject to the same fading distribution.

For the interference channel, the TDMA slope region is the
same triangular region as in the multiaccess channel. Inthe case
of large interference, the optimum single-user slopes are simul-
taneously achievable. In the imbalanced case where one of the
interference coefficients is larger than 1 and the other is smaller
than 1, we can also identify optimum slope pairs that lie strictly
outside the TDMA triangle regardless of the desired rate ratio.
In the case of small interference, neglecting the interference at
both receivers results in slope pairs outside the TDMA triangle.
However, depending on the fading kurtosis, a small region of
interference parameters remains for which we do not know of
any strategy that beats TDMA in the low-power regime. Inter-
estingly, in the important case of independent Rayleigh fading,
TDMA is suboptimal regardless of the strength of the interfer-
ence coefficients.

Finally, we note that for the degraded Gaussian relay channel
[12], itis easy to show that TDOMA does not achieffe . [13].

On the contrary, findin%m, for more general networks with
relays appears to be a chaffénging problem.
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