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Managing a Peer-to-Peer Data Storage System in a
Selfish Society

Patrick Mailĺe, Lászĺo Toka

Abstract—We compare two possible mechanisms to manage
a peer-to-peer storage system, where participants can store
data online on the disks of peers in order to increase data
availability and accessibility. Due to the lack of incentives for
peers to contribute to the service, we suggest that either each
peer’s use of the service be limited to her contribution level
(symmetric schemes), or that storage space be bought from and
sold to peers by a system operator that seeks to maximize profit.
Using a noncooperative game model to take into account user
selfishness, we study those mechanisms with respect to the social
welfare performance measure, and give necessary and sufficient
conditions for one scheme to socially outperform the other.

Index Terms—Peer-to-peer networks, game theory, incentives,
pricing.

I. I NTRODUCTION

T HE “digital society” that has been soaring since the
creation of the Internet implies that all kinds of digital

documents are now likely to be created, accessed, and modified
from several types of devices. Therefore, an appropriate sys-
tem for storing the data of a user should offer various services,
such as versioning, ease of access, protection against device
failures, and short transfer time to a given device.

In that context, the possibility of storing data online appears
as a promising solution. Indeed, having access to the Internet
becomes easier and easier, with the multiplication of WiFi
hotspots, the development of WiMAX and third generation
wireless networks, and the appearance of other access modes,
such as multi-hop networks that work in an ad-hoc fashion to
reach an access point. Let us also highlight the high rise of
available transmission rates in access networks, which renders
transfer times reasonable, even for large files. Finally, online
storage systems are able to cope with document versioning,
and to protect data not only against user device failures but
also against disk failures, through the use of data replicates
stored on different disks.

For those reasons, many companies now propose online
data storage services, most of them offering a given storage
capacity (between2 and 25 gigabytes) for free, with the
possibility of extending that quota to a higher value for a fixed
price per year (the price per year per gigabyte being of the
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order of 1$). However, while creating such a storage service
implies owning huge memory capacities and affording the
associated energy and warehouse costs, one can imagine using
the smaller but numerous storage spaces of the service users
themselves, as is done in peer-to-peer file sharing systems.

In a peer-to-peer storage system, the participants are at
the same time the providers and the users of the service:
each participant offers some memory capacity (possibly from
multiple locations in the network: part of her disk space at
home, storing device devoted to the service, ...) to providethe
service to the others, and benefits from storing her own data
onto the system. The added value of the service then comes
from the protection against failures provided by the system,
from the ease of data access, from the versioning management
that may be included, and from the difference in the amount
of data stored into the system versus offered to the service.

An online storage service is valuable only if data are avail-
able: therefore to cope with disk failures and with participants
disconnecting their disk from the system, data replicates must
be spread over several (sufficiently reliable) peers to guarantee
that data are not lost and are almost always available; the
data replication rate then depends on the reliability of the
participants. To work properly, a peer-to-peer storage network
therefore needs that participants offer a sufficient part oftheir
disk space to the system, and remain online often enough.
However, both of those requirements imply costs (or at least
constraints) for participants, who may be reluctant to devote
some of their storage capacity to the system instead of using
it for their own needs.

In this paper, we consider that users behave selfishly, i.e.
are only sensitive to the quality of service they experience,
regardless of the effects of their actions on the other users. The
framework of noncooperative Game Theory[1] is therefore
particularly well-suited to study the interactions among peers.
For a peer-to-peer storage system, it is clear that without
any reward for contributing participants, selfishly behaving
users will only benefit from the service without providing any
part of it1. In other words, the only Nash equilibrium of the
noncooperative game is the situation where the system actually
does not exist due to the lack of offering peers.

The work presented in this paper focuses on the incentives
that can be used to make participants contribute to the system,
i.e. the changes that can be brought to the game to modify its
Nash equilibria. While the economic aspects of peer-to-peer
file sharing networks have already been extensively studied
(see [3], [4], [5], [6] and references therein), there are toour

1Such a behavior, calledfree-riding [2], also appears in peer-to-peer file
sharing networks, and is problematic for the survival of those altruism-based
networks.
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knowledge no references on the economics of peer-to-peer
storage networks. Now, the economic models developed for
peer-to-peer file sharing systems do not apply to peer-to-peer
storage services: in file sharing systems, when a peer provides
some files to the community, she adds value to the system
for all users since they all can access the data she proposes;
in that sense the resource offered to the system is a public
good. On the contrary, in a peer-to-peer storage system the
memory space offered by a peer is a private good: it can be
shared among different users but each part is then devoted to
only one user. Therefore the economic implications of those
systems are necessarily different.

The existing literature on peer-to-peer storage systems
mainly focuses on security, reliability and technical feasibility
issues [7], [8], [9], whereas the incentive aspect received
little attention. Only solutions that do not imply financial
transactions are considered in current works, therefore to
create some incentives to participate, the counter paymentfor
providing service is usually the service in question as well.
This approach finally leads to a scheme where every peer
should contribute to the system in terms of service at least
as much as she benefits from others [10], [11]. We call such
a mechanism imposing the contribution of each peer to equal
her use of the system asymmetricscheme.

In this paper, we also investigate solutions based on mon-
etary exchanges: users can “buy” storage space for a fixed
unit price, and “sell” their own memory space to the system
at another unit price. It is known from economic theory that
when those unit prices are fixed by the supply and demand
curves (as in a perfect market [12]), then user selfish choices
lead to a socially efficient situation. However, it is more likely
here that the system be managed by a profit-maximizing entity
that fixes prices so as to maximize revenue. That entity then
acts as the leader of a Stackelberg game [1].

The main question addressed in this paper is whether it is
socially better to impose a symmetric scheme or to let a profit-
maximizing monopoly set prices. The performance measure
we consider is social welfare, i.e. the total value that the
system has for all participants. Under some assumptions on
the peers utility functions, we derive a necessary and sufficient
condition for symmetry-based systems to outperform revenue-
oriented management. We obtain that user heterogeneity tends
to favor pricing-based schemes that are more flexible, and
above a given user heterogeneity threshold even a monopoly-
managed system will be socially better than a system imposing
symmetry. The results presented here are a generalization of
our preliminary work [13] that did not consider incentives to
stay online and where the only source of heterogeneity came
from the price sensitivities.

This paper is organized as follows. Section II introduces
the model we consider for user preferences, and for the two
incentive mechanisms studied in this paper, namely symmetry-
based and profit oriented price-based schemes. In Section III
we define the social welfare performance measure and com-
pute its value for those two types of schemes. We compare
them in Section IV to determine the management scheme that
is best suited to the society, and present our conclusions in
Section V.

II. M ODEL

A. Content availability management and associated costs

In a peer-to-peer storage system the availability of the stored
data is considered as the most important factor in user’s
appreciation. As the storage disks are users’ property, there
are no direct means to guarantee that a given user disk storing
a specific file will be online 100% of the time. To ensure
data availability, the system can introduce several tools,such
as data replication and coding [14]. We suppose here that
the system detecting that a peer has gone offline triggers a
recovery of the data stored in that peer from the replicas in
the system, and a new storage of those data into other peers.
Likewise, when a peer comes back online, then new data will
be transferred into her offered storage space, independently
what and whose data she was storing before. Such a scheme
is purely reactive (actions are taken when a user departure is
detected). One could also imagine using proactive approaches,
or a combination of both, to smoothe the incurred traffic [15].

This data protection mechanism implies data transfers, and
therefore nonmonetary costs due to resource consumption
(CPU, bandwidth utilization, etc.). A peeri is concerned by
those data transfers in two situations: when she comes back
online after an offline period (new data load), and when other
peers enter and leave the system (upload traffic if useri
stores replicates of the leaving user’s data, download traffic
when useri has to store more data). The mean data transfer
associated to the first situation is thus proportional to the
amount of capacityCi she offers to the system, and to
the mean number of online-offline cycles per unit of time:
denoting byton

i (resp.toff
i ) the mean duration of online (resp.

offline) periods of useri, the corresponding mean amount of
data transferred is then proportional toCi/(ton

i + toff
i ). The

mean amount of data transferred to and from useri per unit
of time in the second situation is proportional to the weighted
(by the offered capacity) mean̄µ of peer status changes per
unit of time2. This term appears only at those peers who offer
storage space (proportionally to their offered capacity since the
probability that useri be concerned by a peer’s departure is
proportional toCi), and only during the time they are online
(it is therefore also proportional to the mean availabilityof
useri, πi := ton

i /(ton
i + toff

i )).
Consequently, the transfer cost perceived by useri for

offering capacityCi with the mean availabilityπi expresses
Ciπi (δi/ton

i + γiµ̄), whereδi andγi are parameters that reflect
the user characteristics such as sensitivity, access bandwidth,
or hardware profile.

B. User preferences

We describe the preferences of a useri in the user set
denoted byI by a utility function, that reflects the benefit
of using the service by storing an amountCs

i of data in the
system, the cost of offering storage spaceCo

i := πiCi for

2Actually peer i should only be sensitive to the status change rate of
all other peers but hers. However we consider here a system with a very
large number of users, so that taking the mean of the change rates over all
participants but one is equivalent to considering all participants.
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other users, and the monetary transactions, if any. We suggest
to use a separable additive function.

Definition 1: The utility Ui of a useri ∈ I is of the form

Ui

(
Cs

i , Ci, t
on
i , toff

i , ǫi

)
=

Vi(C
s
i ) − Oi(Ciπi) − Ciπi (δi/ton

i + γiµ̄)
︸ ︷︷ ︸

:=Pi(Ci,t
on
i

,toff
i

)

−ǫi, (1)

where
• Vi(C

s
i ) is useri’s valuation of the storage service, i.e. the

price she is willing to pay to store an amountCs
i of data

in the system3. We assume thatVi(·) is positive, continuously
differentiable, increasing and concave in its argument, and that
Vi(0) = 0 (no service yields no value).
• Pi(Ci, t

on
i , toff

i ) is the overall non-monetary cost of useri
for offering capacityCi to the system with mean online and
offline durations respectively equal toton

i and toff
i , i.e. with

availability πi =
ton
i

ton
i

+toff
i

. It consists of two distinct costs:

• an opportunity costOi(Ciπi) of offering storage capacity
for other users (during online periods) instead of using
it for her own needs4, whereOi(·) is assumed positive,
continuously differentiable, increasing and strictly con-
vex, and such thatOi(0) = 0 (no contribution brings no
cost);

• data transfer costsCiπi (δi/ton
i + γiµ̄) due to the data

protection mechanism implemented by the system as
described in the previous subsection.

• ǫi is the monetary price paid by useri. This term is0 in
case of a symmetric scheme, and otherwise equals the price
difference between the charge for storing her data into the
system and the remuneration for offering her disk space.

Remark that we implicitly say that the storage space nec-
essary to safely store some data in the system equals the size
of those data. This is done without loss of generality, taking
into account the redundancy factorr added by the system
in users’ cost function: a user considered to offer space to
store an amountCi of data actually devotes more of her disk
space (rCi) to the service. Likewise, prices are then per unit
of “protected data”.

C. Incentive schemes for cooperation

Users selfishly choose strategies that maximize their utility.
We assume here that apart fromCs

i andCo
i , each useri can

also decide about her behavior related to availability. In this
subsection, we describe the two types of incentive mechanisms
that we intend to compare in this paper. Both schemes may
imply the existence of a central authority or clearance service
to supervise the peers behavior and/or manage payments: as
the model aims to give hints for commercial applications, we
do not try to avoid such a centralized system control.

3We assume here that data replication ensures a given availability, so that
this availability does not appear in the utility function.

4We implicitly assume here that the opportunity cost depends only on the
mean capacity offered over time, since during offline periods the user can use
the disk space for other purposes than the service.

1) Symmetric schemes:We follow here the ideas suggested
in the literature for schemes without pricing. As evoked in the
introduction, the principle of those schemes is that users are
invited to contribute to, at least as much as they take from, the
other users. The availability of the peer is therefore checked
(e.g. at randomly chosen times) to ensure thatCo

i = πiCi

exceeds the peer’s service useCs
i .

We assume in this paper that this verification is technically
feasible. Determining whether and how it can be done remains
an active topic of research and is beyond the scope of this
paper, since we only focus here on incentives.

2) Payment-based schemes:We consider a simple payment-
based mechanism where users can “buy” storage space in the
system for a unit priceps (per byte and per unit of time) and
“sell” some of their (time-average available) disk capacity for
a unit pricepo.

The (possibly negative) amount that useri is charged is then

ǫi = psCs
i − poCo

i .

In this paper, we assume that prices are set by the system
operator so as to maximize her revenue, knowing a priori the
reactions of the users. The operator can thus drive the outcome
of the game to the most profitable situation for herself, and
in this sense, she acts as the leader of a Stackelberg (or
leader-follower) game [1]. In a real implementation of the
mechanism, the operator may not perfectly know the user
reactions, but an iterative tâtonnement of prices can converge
to those profit-maximizing prices.

D. User behavior related to availability

In the game we study, a peeri ∈ I has four strategic
variables, namely her offeredCi and storedCs

i capacities,
and her mean onlineton

i and offline toff
i period durations.

Equivalently, we can also consider that the four strategic
variables areCs

i , Co
i , ton

i , and toff
i . From (1), whenCs

i and
Co

i are fixed, the utility of each user is increasing inton
i , so

ton
i will be set by useri to a maximum value. We denote by

t̄on
i that maximum value, which is only limited by uncontrolled

events (power black-out, accidents, hardware failures, etc) that
may force the user off the network.

Notice that this selfish decision is profitable to the whole
network: longer online periods mean fewer data protection
transfers and therefore smaller costs for the system (the pa-
rameterµ̄ in (1) being small). Remark also that sincetoff

i does
not appear in (1), there remain only two decision variables,
namelyCs

i andCo
i (that equalsCit̄

on
i /(t̄on

i + toff
i )). From now

we will therefore writePi(C
o
i ) instead ofPi(Ci, t

on
i , toff

i ), and
will also use the notation

pmin
i := δi/t̄on

i + γiµ̄, (2)

so that the transfer costs simply writeCo
i pmin

i .

E. User supply and demand functions

Supply and demand functions are classically used in eco-
nomics [12], and are respectively derived from the valuation of
consumers and cost functions of providers. Notice however the
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particularity here that peers can be consumers and providers
at the same time.

Definition 2: For a useri ∈ I, we callsupply function(resp.
demand function) the functionsi(·) (resp.di(·)) such that for
all p ∈ R+,

si(p) := inf{q ≥ 0 : P ′
i (q) ≥ p},

di(p) := inf{q ≥ 0 : V ′
i (q) ≤ p},

whereg′ stands for the derivative function ofg, and with the
conventioninf ∅ = +∞.

For a givenp ≥ 0, si(p) (resp. di(p)) is the amount of
storage capacity that useri would choose to sell (resp. buy)
if she were paid (resp. charged) a unit pricep for it.

For the sake of simplicity, our main results in the following
consider a particular form of supply and demand functions
described in the assumption below.

Assumption A:For all i ∈ I, the supply and demand
functions of useri are affine. More precisely, there exist
nonnegative valuesai, bi, andpmax

i such that

si (p) = ai[p − pmin
i ]+, (3)

di (p) = bi[p
max
i − p]+, (4)

wherepmin
i is given in (2),x+ := max(0, x), and we assume

that maxi pmin
i < mini pmax

i .
This actually corresponds to quadratic functions for the

valuation and opportunity cost (with∧ denoting themin):

Oi(C
o
i ) =

1

ai

Co
i
2

2
,

Vi(C
s
i ) =

1

bi

(

−
(Cs

i ∧ bip
max
i )2

2
+ bip

max
i (Cs

i ∧ bip
max
i )

)

.

Under Assumption A, a useri is entirely described by four
parameters (see Figure 1):

• two price thresholds, namelypmin
i andpmax

i , that respec-
tively represent the minimum value of the unit pricepo

such that useri sells some of her disk space and the
maximum value of the unit priceps such that she buys
some storage space,

• two price sensitivitiesai and bi, that respectively corre-
spond to the increase of sold capacity with the unit price
po ≥ pmin

i and the decrease of bought storage space with
the unit priceps ≤ pmax

i .

Consequently, the total supply functionS :=
∑

i∈I
si is a

(piecewise affine) nondecreasing convex function on the inter-
val [mini pmin

i ,maxi pmin
i ], and is affine on[maxi pmin

i ,+∞).
Likewise, the total demand functionD :=

∑

i∈I
di

is nonincreasing, affine on[0,mini pmax
i ] and convex on

[mini pmax
i ,maxi pmax

i ], as illustrated in Figure 2 displayed
in subsection III-C.

III. SOCIAL WELFARE PERFORMANCE OF INCENTIVE

MECHANISMS

In this section we introduce the performance measure used
in this paper to compare incentive schemes, and study its value
for the social optimum and the outcomes of the two incentive
schemes that are the object of this paper.

pmin

i
pmax

i

unit price

qu
an

tit
y

utility Ui

Co

i

Cs

i

C∗

i

p∗
i

slope−b
isl

op
ea

i

di(p)

si(p)

ppo ps

Fig. 1. Reactions to prices and utility of a useri ∈ I under Assumption A.

Definition 3: We callsocial welfare(or welfare) and denote
by W the sum of the utilities of all agents in the system:

W :=
∑

i∈I

Vi(C
s
i ) − Pi(C

o
i ). (5)

Notice that no prices appear in (5), since all system agents
are considered, including the operator that receives or gives
payments, if any, and whose utility is her revenue. The
operator being a member of the society, all money it exchanges
with the users stays within the system and therefore does not
influence social welfare.

A. Optimal value of social welfare

The optimal situation (in terms of social welfare) that the
system can attain corresponds to the maximization problem
maxCs

i
,Co

i

∑

i∈I
Vi(C

s
i ) − Pi(C

o
i ), subject to the feasibility

constraintsCo
i ≥ 0, Cs

i ≥ 0 for ∀i and
∑

i Co
i ≥

∑

i Cs
i .

This classical convex optimization problem can be solved by
the Lagrangian method: ifp∗ andC∗ are the (unique) solutions
of the demand-supply equation

C∗ :=
∑

i

si (p∗) =
∑

i

di (p∗), (6)

then the maximum social welfare is attained whenCs
i =

di (p∗), and Co
i = si (p∗) for all i ∈ I. Under Assumption

A, the optimal social welfareW ∗ is then

W ∗ =
1

2

∑

i

bi

(

pmax
i

2 − p∗2
)

− ai

(

p∗2 − pmin
i

2
)

. (7)

This maximal valueW ∗ as well as the so-called “shadow
price” p∗ are illustrated in Figure 2 displayed in Subsec-
tion III-C. Remark that this optimal situation can be attained
with a payment-based scheme wherepo = ps = p∗.

B. Performance of symmetric schemes

Under a symmetry-based management scheme, each user
i choosesCo

i and Cs
i so as to maximizeVi(C

s
i ) − Pi(C

o
i ),

subject toCo
i ≥ Cs

i . As Pi(·) is increasing inCs
i , it is in

each user’s best interest to choose a strategy withCo
i = Cs

i .
Useri then maximizes her utility at the pointCs

i = Co
i = C∗

i
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where V ′
i (C∗

i ) = P ′
i (C

∗
i ), as illustrated in Figure 1. Under

Assumption A, this corresponds to every user “exchanging”
capacityC∗

i = aibi

ai+bi

(pmax
i − pmin

i ) at the virtual unit price

p∗i :=
aip

min

i
+bip

max

i

ai+bi

. Compared to the socially optimal situa-
tion, each and every user loses1

2 (p∗ − p∗i )
2(ai + bi) of utility

if maxi pmin
i ≤ p∗ ≤ mini pmax

i . In that case, the welfare loss
of the system is

W ∗ − Wsym =
∑

i

ai + bi

2
(p∗ − p∗i )

2
. (8)

Remark thatp∗ =
∑

i
(ai+bi)p

∗

i∑

i
ai+bi

is then the weighted mean
of p∗i , therefore the loss of welfare only depends on the
heterogeneity of users’p∗i . In particular, in the case when all
users have the samep∗i , then symmetric management schemes
maximize social welfare.

C. Performance of profit-oriented pricing schemes

We now study a pricing mechanism where the system
operator strives to extract the maximum profit out of the
business by playing on pricesps and po. Knowing that each
useri will sell si(p

o) and buydi(p
s), the operator faces the

following maximization problem.

max
ps,po

(

ps
∑

i

di (ps) − po
∑

i

si (po)

)

, (9)

subject tops ≥ 0, po ≥ 0 and the feasibility constraint
∑

i si(p
o) ≥

∑

i di(p
s).

Let us examine the best choices for such a profit-driven
monopoly. Figure 2 plots two curves: the total supplyS =
∑

i si and the total demandD =
∑

i di as functions of the
unit price p. First remark thatpo and ps must be chosen
such thatS(po) = D(ps): otherwise it is always possible for
the operator to decreasepo (if S(po) > D(ps)) or increase
ps (if S(po) < D(ps)) to strictly improve its revenue. The
operator revenue with such prices is then the area of the
rectangle displayed in the left hand side of Figure 2, embedded
within a zone whose area is the maximum value of social
welfare. While po > maxi pmin

i and ps < mini pmax
i , the

largest revenue is attained whenS(po) = D(ps) = C∗/2.
However we are not guaranteed that suchpo and ps indeed
verify po > maxi pmin

i and ps < mini pmax
i , nor are we

assured that such a choice yields the maximum revenue (that
maximum might actually be attained withpo < maxi pmin

i or
ps > mini pmax

i ).
To be able to predict the choices of the profit-oriented

monopoly, we therefore make the following assumption re-
garding user price thresholds, that fixes those two points.

Assumption B:The repartition of price thresholdspmin and
pmax is such that

max
i

pmin
i ≤

p∗ + mini pmin
i

2
, (10)

min
i

pmax
i ≥

p∗ + maxi pmax
i

2
, (11)

wherep∗ =
∑

i
aip

min

i
+bip

max

i∑
ai+bi

from (6). Moreover user profile
valuesai (resp. bi) of all usersi ∈ I are independent and
identically distributed, andai andbi are independent.

Remark that this straightforwardly imply thatmaxi pmin
i ≤

p∗ ≤ mini pmax
i , so under Assumptions A and B, (8) holds as

noticed in the previous subsection.
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i
) mini(p

max

i
)

unit price
qu

an
tit

y

Maximal
welfareW ∗

Operator’s
profit

User welfare

C∗

C∗/2

p∗

D
(p) = ∑

i d
i (p) S

(p
)
=
∑

i
s i

(p
)

ppo ps

Fig. 2. Total supplyS and demandD functions, maximum social welfare
and surplus repartition with a revenue-driven monopoly under Assumption A.

maxi(p
min

i
) mini(p

max

i
)

unit price

qu
an

tit
y

C∗

p∗ p

D
(p) S

(p
)

Fig. 3. Illustration of the proof of Proposition 1.

We can now quantify the performance of pricing mecha-
nisms designed to maximize revenue.

Proposition 1: Under Assumptions A and B, a profit-
oriented pricing yields a social welfareWmon such that (with
C∗ given in (6)):

W ∗ − Wmon =
1

8
C∗2

(
1

∑

i ai

+
1

∑

i bi

)

. (12)

Proof: We first establish that the monopoly chooses the
profit-maximizing unit pricespo and ps such thatS(po) =
D(ps) = C∗/2, where p∗ is the welfare-maximizing price
given in (6). To do so, we compute an upper bound of the rev-
enue that can be attained when choosing the prices in the non-
linear part ofS or D. Since both functions are convex, we can
upper bound them by their cords on[mini pmin

i ,maxi pmin
i ]

for the supply function, and on[mini pmax
i ,maxi pmax

i ] for
the demand function. We extend these segments until the
vertical line p = p∗ to form two triangles (with the abscissa
axis). Under Assumption B, the largest rectangle embedded
in each triangle is indeed embedded in the triangle formed by
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extending the affine parts ofS andD, as illustrated in Figure 3.
Therefore the sum of their areas is smaller than the revenue
yielded by the prices verifyingS(po) = D(ps) = S(p∗)/2,
which are thus the profit-maximizing prices.

As illustrated in Figure 2, the differenceW ∗−Wmon is then
simply the area of the hatched triangle above the horizontal
line C∗/2, which gives (12).

IV. W HICH MANAGEMENT TO PREFER?

In this section we compare the outcomes of the two practical
schemes, i.e symmetric and payment-based schemes. From (8)
and (12) we immediately have the following result.

Proposition 2: Under Assumptions A and B, symmetric
schemes socially outperform profit-oriented pricing mecha-
nisms if and only if

1

4
C∗2

(
1

∑

i ai

+
1

∑

i bi

)

≥
∑

i

(ai + bi) (p∗ − p∗i )
2
,

whereC∗ and p∗ are given in (6), andp∗i =
aip

min

i
+bip

max

i

ai+bi

.
That condition is equivalent to

1

4

(

p∗ −
∑

i

αip
min
i

)(
∑

i

βip
max
i − p∗

)

≥
∑

i

ωi (p∗i − p∗)
2
,

(13)
with the weights for alli ∈ I : αi := ai∑

i
ai

, βi := bi∑

i
bi

, and

ωi := ai+bi∑

i
ai+bi

.
Proof: Relation (13) comes after some algebra, using the

equalitiesp∗ =
∑

i ωip
∗
i and C∗ =

∑

i ai(p
∗ − pmin

i ) =
∑

i bi(p
max
i − p∗).

Proposition 2 combines the four user heterogeneity factors,
namely the price thresholdspmin, pmax and price sensitivities
a, b, to determine the best mechanism in terms of social
welfare. Whereas the right-hand term of (13) is the variance of
thep∗i with weightswi, the left-hand term is hard to interpret.
We thus suggest to have a look at the particular cases where
user heterogeneity lies entirely on prices sensitivities (resp. on
price thresholds).

A. Homogeneous price thresholds

We consider here that users only differ by their price
sensitivitiesai andbi. That simplified model has been studied
in a previous work [13], we therefore recall the main results
and refer the interested reader to [13] for details.

Assumption C:All usersi ∈ I have the same price thresh-
olds pmin

i andpmax
i . Without loss of generality (via a change

of abscissa in Figure 2), we can therefore assume that

∀i ∈ I, pmin
i = 0 and pmax

i = pmax.

Notice that under Assumptions A and C, Assumption B
always holds. It can then be proved (see [13]) that







Wsym =
(

1∑

i
ai

+ 1∑

i
bi

)
∑

i

[

1
1

ai
+ 1

bi

]

W ∗,

Wmon = 3
4W ∗.

This yields the following comparison (which can also be
directly obtained from Proposition 2 after some algebra).

Proposition 3: Under Assumptions A and C, symmetric
schemes socially outperform profit-oriented pricing mecha-
nisms if and only if

(
1

∑

i ai

+
1

∑

i bi

)
∑

i

1
1
ai

+ 1
bi

≥
3

4
. (14)

Moreover, if the couples(ai, bi) are independently chosen for
all users and identically distributed, then when the numberof
users tends to infinity, (14) writes

E[f(a, b)]

f(E[a], E[b])
≥

3

4
, with f : (x, y) 7→

1

1/x + 1/y
. (15)

Since the functionf is strictly concave, from Jensen’s
inequality the left-hand term of (15) is always smaller than
1, and decreases as the dispersion of(a, b) increases. Remark
that when(a, b) are deterministic then the left-hand term of
(15) equals1 and symmetric schemes are better than profit-
oriented ones, as we remarked in subsection III-B.

Let us have a look at (15) for two simple examples of
distributions for(a, b), assuming thata andb are independent
variables.
• Uniform distribution. If a (resp.b) is uniformly distributed
over [0, amax] (resp.[0, bmax]),

E[f(a, b)]

f(E[a], E[b])
=

2

3

(
1

amax

+
1

bmax

)(

amax + bmax

−
a2

max

bmax

ln(1 +
bmax

amax

) −
b2
max

amax

ln(1 +
amax

bmax

)

)

. (16)

This expression is minimum whenamax = bmax, in which case
it equals8(1− ln(2))/3 ≃ 0.82. Consequently inequality (15)
always holds.
• Exponential distribution. If a (resp.b) follows an exponential
distributions with parameterµa (resp.µb), i.e. P(a > x) =
e−µa x, then we obtain after some calculation

E[f(a, b)]

f(E[a], E[b])
≥

3

4
⇔ α ≤

µa

µb

≤
1

α
,

where α ≃ 0.179 is the smallest positive root ofx 7→
1+x

(1−x)3 (1−x2+2x ln(x))−3/4. In that case, either a symmetric
or a profit oriented mechanism is socially preferable depending
on the relative values ofµa andµb .

B. Homogeneous price sensitivities

We now consider the case where the price thresholdspmin
i

and pmax
i can be user specific, but the price sensitivitiesai

andbi are identical for every user.
Assumption D:All users have the same price sensitivity of

supply (resp. demand), i.e.∀i ∈ I, ai = a and bi =
b. Moreover, the couples(pmin

i , pmax
i ) are independent and

identically distributed among users, andpmin
i is independent

of pmax
i for all i ∈ I.

In that case, we establish that one mechanism is always
preferable to the other.

Proposition 4: Under Assumptions A, B and D, manage-
ment mechanisms based on symmetry are always socially
better than profit-oriented pricing mechanisms.
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Proof: Assumption D implies that for alli, the weights
αi, βi andωi introduced in (13) all equal1

n
, wheren is the

number of users. Moreover we havep∗ = ap̃min+bp̃max

a+b
, where

p̃min :=
∑

i
pmin

i

n
and p̃max :=

∑

i
pmax

i

n
. So whenn tends to

infinity, (13) is equivalent to

ab

4

(
p̃max − p̃min

)2
≥ a2Var(pmin) + b2Var(pmax),

where Var denotes the variance, and where we used the
independence assumption ofpmax and pmin to develop the
right-hand term.

Since the variance of a real variable with support lengthy
is always smaller thany2/4, and using (10)

Var(pmin) ≤
(p∗ − max pmin

i )2

4
≤

(p∗ − p̃min)2

4
,

where the last inequality comes from̃pmin ≤ max pmin ≤ p∗.
Likewise, Var(pmax) ≤ (p̃max − p∗)2/4. Therefore by replac-
ing the optimal shadow pricep∗ by (ap̃min + bp̃max)/(a + b)
and applying the inequality(a + b)2 ≥ 2ab, we get

a2Var(pmin) + b2Var(pmax) ≤
ab

4
(p̃max − p̃min)2,

Therefore Relation (13) is always satisfied and symmet-
ric schemes always outperform profit-maximizing pricing
schemes.

V. CONCLUSIONS AND FUTURE WORK

In this work we have addressed the problem of user incen-
tives in a peer-to-peer storage system. Using a game theoretical
model to describe selfish reactions of all system actors (users
and the operator), we have studied and compared the outcomes
of two possible managing schemes, namely symmetry-based
and profit oriented payment-based. Not only the size of the
offered storage space was targeted with incentives, but as
the availability and reliability are particularly important issues
in storage systems, the model also aimed to reduce churn.
By comparing the social welfare level at the outcome in the
two cases, under some assumptions on user preferences we
exhibited a necessary and sufficient condition for a type of
management to be preferable to the other: it appears that profit
oriented payment-based schemes may be socially better than
symmetric ones under some specific circumstances, namely if
the heterogeneity among user profiles is high.

There are different ways to extend the results we have
obtained. First of all, in reality the perceived utility of auser
should not only depend on the amount of stored data and the
associated availability, but also on the rapidity to accessthose
data. Therefore the available bandwidth of a storage space
offerer should be taken into account in addition to the amount
of space proposed. Another interesting direction would be to
consider demand and supply functions that are not affine, but
can have any form, or eventually to carry out experiments to
estimate the form of those functions. Finally, since a more
complete and realistic model may not be solvable analytically,
a simulation testbed could be built in order to study the
behaviour of a peer-to-peer storage system in a more complex
setting and eventually exhibit other phenomena that are not
captured by our model.
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