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Abstract { Multiple-input multiple-output (MIMO) antenna systems employ spatial multiplexing to

increase spectral eÆciency or transmit diversity to improve link reliability. The performance of these

signaling strategies is highly dependent on MIMO channel characteristics which in turn depend on an-

tenna height and spacing and richness of scattering. In practice, large antenna spacings are often required

to achieve signi�cant multiplexing or diversity gains. The use of dual-polarized antennas (polarization

diversity) is a promising cost- and space-e�ective alternative where two spatially separated uni-polarized

antennas are replaced by a single antenna structure employing orthogonal polarizations. This paper in-

vestigates the performance of spatial multiplexing and transmit diversity (Alamouti scheme) in MIMO

wireless systems employing dual-polarized antennas. In particular, we derive estimates for the uncoded

average symbol error rate of spatial multiplexing and transmit diversity and identify channel conditions

where the use of polarization diversity yields performance improvements. We show that while improve-

ments in terms of symbol error rate of up to an order of magnitude are possible in the case of spatial

multiplexing, the presence of polarization diversity generally incurs a performance loss for transmit diver-

sity techniques. Finally, we provide simulation results to demonstrate that our estimates closely match

the actual symbol error rates.
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I. Introduction and Outline

The use of multiple antennas at both ends of a wireless link (MIMO technology) has recently

been shown to have the potential to drastically increase spectral eÆciency through a technique

known as spatial multiplexing (SM) [1]-[5]. This leverage often referred to as multiplexing gain

permits the opening of multiple spatial data pipes between transmitter and receiver within the

frequency band of operation for no additional power expenditure, leading to a linear (in the

number of antennas) increase in capacity. Multiple antennas at both ends of a wireless link can

also be used to improve link reliability through the use of transmit diversity (TD) techniques. TD

techniques such as space-time coding [6]-[10] are particularly attractive since they do not require

channel knowledge in the transmitter. The resulting diversity gain improves the reliability of

fading wireless links and hence results in improved quality of transmission.

The performance of SM and TD depends strongly on the overall MIMO channel which in

turn is a function of transmit and receive antenna characteristics such as height and spacing and

the scattering environment. In general, antenna spacings of tens of wavelengths at the base-

station and up to a wavelength at the subscriber unit are required in order to achieve signi�cant

multiplexing or diversity gains. Unfortunately, large antenna spacing increases both size and

cost of base stations and renders the use of multiple antennas in handsets very diÆcult. The

use of dual-polarized antennas is a promising cost- and space-e�ective alternative where two

spatially separated uni-polarized antennas are replaced by a single antenna structure employing

two orthogonal polarizations.

Contributions. In this paper, we investigate the performance of uncoded SM and TD (in

particular the Alamouti scheme [10]), in systems employing dual-polarized antennas. Although

our techniques are generally applicable, for the sake of simplicity and clarity of exposition, we

consider a link with one dual-polarized transmit and one dual-polarized receive antenna. Our

contributions are as follows.

� We introduce a channel model for wireless links employing dual-polarized antennas tak-

ing into account cross-polarization discrimination (XPD), Ricean K-factor, and fading signal

correlation.

� We propose a new method for computing estimates of the uncoded average symbol error

rate of SM and the Alamouti scheme in the presence of polarization diversity.

� We identify channel conditions where the use of polarization diversity is bene�cial from an

May 22, 2002 DRAFT



3

error-probability point of view, and we show that improvements in terms of symbol error rate of

up to an order of magnitude are possible depending on the transmission scheme.

� We demonstrate that our symbol error rate estimates closely match the actual error rates.

Our method can therefore be used to predict performance trends analytically and helps avoid

time-consuming computer simulations.

Organization of the paper. The rest of this paper is organized as follows. Section II intro-

duces the channel model and states our assumptions. In Sections III and IV, we derive estimates

for the uncoded average symbol error rate of SM and the Alamouti scheme, respectively, as

a function of the propagation parameters. Section V provides simulation results and demon-

strates that our estimates closely match the simulation results. Finally, Section VI contains our

conclusions.

II. The Channel Model

We consider a system with one dual-polarized transmit and one dual-polarized receive antenna.

The channel is assumed to be frequency-
at over the band of interest. A channel model for this

antenna con�guration for the Rayleigh fading case was �rst introduced by the authors in [11].

Guided by insights gained through the measurement results reported in [12], we extend this

channel model to include Ricean fading as well. We have the following input-output relation1

r =
p
EsH x+ n;

where

� x = [x0 x1]
T is the 2 � 1 transmit signal vector (also called codevector) whose elements

are taken from a �nite (complex) constellation chosen such that the average energy of the con-

stellation elements is 1

� r = [r0 r1]
T is the 2 � 1 received signal vector

� n is the 2 � 1 temporally i.i.d. zero-mean complex gaussian noise vector satisfying

EfnnHg = �2nI2

� H =

2
4 h0;0 h0;1

h1;0 h1;1

3
5 is the 2 � 2 channel transfer matrix or polarization matrix

1The superscripts T and H stand for transpose and conjugate transpose, respectively. E is the expectation

operator and Im is the identity matrix of dimension m � m.

May 22, 2002 DRAFT



4

� Es is the average energy available at each of the transmit antennas over a symbol period.

The polarization matrix H describes the degree of suppression of individual co-and cross-

polarized components, cross-correlation, and cross-coupling of energy from one polarization state

to the other polarization state. In practice, two polarization schemes are typically used: horizon-

tal/vertical (0Æ=90Æ) or slanted (+45Æ= � 45Æ). In this paper, we assume that both transmitter

and receiver employ the same polarization scheme, i.e., both of them employ either +45Æ=� 45Æ

(see Fig. 1) or 0Æ=90Æ. The signals x0 and x1 are transmitted on the two di�erent polarizations,

and r0 and r1 are the signals received on the corresponding polarizations. We emphasize that

although we are dealing with one physical transmit and one physical receive antenna, the un-

derlying channel is a 2�input 2�output channel, since each polarization mode is treated as a

separate physical channel. The elements of H are (in general correlated) complex gaussian ran-

dom variables. We decompose the channel matrix into the sum of an average (or �xed, possibly

line-of-sight) component and a variable (or scattered) component as follows

H =

r
K

1 +K
H +

r
1

1 +K
fH , (1)

where EfHg =
q

K
1+K

H and
q

1
1+K

fH are the average and variable components of the channel

matrix, respectively. The factors
q

K
1+K

and
q

1
1+K

in (1) are energy normalization factors and

are related to the Ricean K-factor as will be described later in this section. The elements of

the matrix fH , denoted as ehi;j (i; j = 0; 1), are zero-mean circularly symmetric complex gaus-

sian random variables whose variances depend on the propagation conditions and the antenna

characteristics. Throughout this paper, we set

Efjeh0;0j2g = Efjeh1;1j2g = 1

Efjeh0;1j2g = Efjeh1;0j2g = �;

where 0 < � � 1 is directly related to the XPD (or separation of orthogonal polarizations) for

the variable component of the channel. Good discrimination of orthogonal polarizations amounts

to small values of � and vice versa. We note that � is not only a function of the antenna

elements' ability to separate orthogonal polarizations but also of the propagation environment

(coupling between orthogonal polarizations due to scattering). Measurements conducted in the

2:5 GHz band [13] have shown that even if antennas with good XPD are used scattering in the

propagation environment changes the polarization states and hence � which describes the joint
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e�ect of antenna characteristics and the channel may be close to 1. In particular, it was found

in [13] that for ranges beyond 1:6 km � is always close to 1. The elements of the matrix H ,

denoted as hi;j (i; j = 0; 1), do not vary and are complex numbers satisfying

jh0;0j2 = jh1;1j2 = 1; jh0;1j2 = jh1;0j2 = �f ;

where 0 � �f � 1 is directly related to the XPD for the �xed component of the channel. It

is important to note that the presence of a �xed channel component does not always imply

line-of-sight conditions. For pure line-of-sight conditions �f unlike � is solely a function of the

antennas' ability to separate the orthogonal polarizations.

The Ricean K-factor for a fading channel is generally de�ned as the ratio of the power in the

�xed component to the power in the variable component [14]. Under the assumptions made

above, the K-factor for each element of the channel matrix, Ki;j (i; j = 0; 1), can be expressed as

follows

K0;0 = K1;1 = K; K0;1 = K1;0 =
�f

�
K:

For the remainder of this paper, we shall refer to K as the K-factor of the channel. Note that

K = 0 corresponds to the case of pure Rayleigh fading. Experimental data collected in [12],

[13] reveals that the elements of H are in general correlated. We therefore de�ne the following

correlation coeÆcients2

t =
Efeh0;0 eh�0;1gp

�
=
Efeh1;0 eh�1;1gp

�

r =
Efeh0;0 eh�1;0gp

�
=
Efeh0;1 eh�1;1gp

�
;

where t is referred to as the transmit correlation coeÆcient and r is the receive correlation

coeÆcient. Recall that we assumed that � > 0, which ensures viability of the above de�nitions.

Experimental data also reveals that the correlation between the diagonal elements of the channel

matrix, eh0;0 and eh1;1, and the o�-diagonal elements, eh0;1 and eh1;0, is typically very small. For the

sake of simplicity, throughout the paper, we therefore assume that Efeh0;0eh�1;1g = Efeh1;0eh�0;1g = 0.

Measured values of XPD, K-factor, and correlation coeÆcients can be found in [13], [15], [16],

[17], [18].

We conclude this section by noting that the above assumptions on the propagation conditions

lead to a certain symmetry in the channel model, simplifying the ensuing analysis, and better
2The superscript � stands for complex conjugate.
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describe the case where the signals are launched and received on orthogonal polarizations of �45Æ.
This is due to the symmetry in re
ections o� the earth's surface for both polarizations, which

is not the case for other polarization con�gurations such as 0Æ=90Æ. We shall therefore focus on

the �45Æ polarization con�guration (see Fig. 1) for the remainder of this paper, keeping in mind,

however, that the techniques presented are more generally applicable (with slight modi�cations

of the channel model).

III. Symbol Error Rate Estimate for Spatial Multiplexing

In this section, we �rst brie
y review spatial multiplexing (SM), and then present a new

method for estimating the average (over the random channel) uncoded symbol error rate of SM

as a function of the propagation parameters.

Spatial Multiplexing. Multiple antenna systems employ SM [1]-[5] to increase spectral

eÆciency. Fig. 2 shows a schematic of SM for the dual-polarized antenna system under consid-

eration. The symbol stream to be transmitted is divided into two sub-streams, which are then

launched simultaneously from the two orthogonal polarizations. We assume that the receiver has

perfect channel knowledge and performs maximum-likelihood (ML) detection.

Average Symbol Error Rate Estimate. Assuming perfect channel state information, the

ML decoder computes the vector x̂ according to

x̂ = argmin
x




r �pEsHx




2 ;
where the minimization is performed over the set of all possible codevectors x. Let f = [f0 f1]

T

and g = [g0 g1]
T be two di�erent codevectors of size 2 � 1 and assume that f was transmitted.

For a given channel realization H, the probability that the receiver decides erroneously in favor

of the vector g is given by [19]

P (�jH) = Q

 s
Es

2�2n
d2(�jH)

!
; (2)

where d2(�jH) = kH�k2 with the vector error event � = f � g = [�0 �1]
T . Upon de�ning

y = H�, we get d2(�jH) = kyk2 and using the Cherno� bound Q(x) � e�
x
2

2 , it follows from

(2) that

P (�jH) � e
� Es

4�2n

kyk2
: (3)
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Since H was assumed to be complex gaussian it follows that the 2 � 1 vector y is complex

gaussian as well. Furthermore, using (1) the vector y can be decomposed into a deterministic

component y and a fading component ey as follows

y =

r
K

1 +K
H�

ey =

r
1

1 +K
fH�:

The average over all channel realizations of the RHS in (3) is fully characterized by the eigenvalues

of the 2 � 2 covariance matrix C
ey = Efey eyHg = U�UH where � = diagf�ig1i=0, and the �xed

component y [20]. Speci�cally,3

P (�) � e
� Es

4�2n

kyk2
r(C

ey)�1Y
i=0

e

 
Es

4�2n

jdij�i

!2

1+
Es

4�2n

�i

1 + Es
4�2n

�i
; (4)

where P (�) = EHfP (�jH)g is the pairwise error probability (PEP) averaged over all channel

realizations and

d = [d0 d1]
T =

2
4 1p

�0
0

0 1p
�1

3
5UHy;

in the case of full-rank C
ey and

d0 =

�
1p
�0

0

�
UHy; d1 = 0;

in the case of rank-de�cient C
ey. We remark that in the absence of a �xed component (pure

Rayleigh fading) y = 0 and hence d0 = d1 = 0 which implies P (�) �
Qr(C

ey)�1
i=0

1

1+
Es

4�2
n

�i
.

Furthermore, we note that (4) includes the results for the correlated Rayleigh fading case

reported in [21], [22], [23] and the results for the case of independent Ricean fading in [8] as

special cases. Straightforward manipulations reveal that4

C
ey =

1

1 +K

2
4 a b

b� d

3
5 ;

3r(A) stands for the rank of the matrix A.
4<(x) stands for the real part of x.
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where

a = j�0j2 + �j�1j2 + 2<f�0��1t
p
�g

b = r
p
�(j�0j2 + j�1j2)

d = �j�0j2 + j�1j2 + 2<f�0��1t
p
�g;

and the eigenvalues of C
ey are given by

�0;1 =
a+ d�

p
(a� d)2 + 4jbj2

2(1 +K)
:

From the expressions developed so far, it is interesting to note that transmit and receive cor-

relation have asymmetric impacts on the probability of error associated with a particular error

event. We shall refer to this observation in Sec. V.

Consider a situation where no polarization diversity is used (i.e. � = 1) and the channel

matrix is i.i.d. with pure Rayleigh fading (K = 0). In this case �0 = �1 = j�0j2 + j�1j2 and the

error rate behavior is governed by error events where only one out of the two scalar symbols is in

error, say �0 6= 0 with j�0j2 = d2min where dmin denotes the minimum Euclidean distance of the

(complex) scalar constellation used. Clearly, the error rate will decay for increasing dmin. In the

general case the error events governing the performance of SM exhibit signi�cant dependence on

the channel geometry induced by the channel statistics. In order to avoid having to �nd those

error events for a particular channel geometry, we average over all possible error events including

a weighting which takes into account that di�erent vector error events cause a di�erent number

of scalar symbol errors. It is important to note that di�erent vector error events have potentially

di�erent frequencies of occurrence and that this must be accounted for in the averaging. To

capture this e�ect we �nd the relative frequencies of the various error events by enumerating

all possible codeword di�erence vectors5 � 6= 0 and calculating the percentage of occurrence of

each vector error event. We shall refer to the i-th element of the set of vector error events as

�i = [�i;0 �i;1]
T .

For the remainder of this section, we shall consider the case of 4-QAM transmission, where

the individual scalar error events �i;k (k = 0; 1) can take values from the set f0;�dmin;�jdmin;

� dmin(1 + j);�dmin(1� j)g. Now, the relative frequency of an error event �i, denoted as n(�i),

5
0 stands for the all zeros matrix of appropriate dimension.
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is given by

n(�i) =
!(�i;0)!(�i;1)

240

with

!(x) =

8>>><
>>>:

4; x = 0

2; x = � dmin;� jdmin

1; � dmin(1 + j);� dmin(1� j):

We also de�ne a function s(�i) which re
ects the number of scalar symbol errors that the error

event �i is associated with. In particular, we have

s(�i) =

8<
: 2; �i;0 6= 0 and �i;1 6= 0

1; �i;0 = 0 or �i;1 = 0:

We can now estimate the average symbol error rate of spatial multiplexing as

�Pmux �
X
�i

n(�i)P (�i)s(�i); (5)

where P (�i) is the RHS of (4). In Sec. V, �Pmux is shown to reveal the correct performance trends

with varying channel statistics and a close match between the exact symbol error rate and �Pmux

is found.

We note that in some cases (4) and (5) can be used to study the impact of channel statistics

on the uncoded symbol error rate analytically. For example, it follows immediately from (4) and

(5) that for t = r = 0 and pure Rayleigh fading (K = 0), the quantity �Pmux will be minimum for

� = 1, i.e., for the case where no polarization diversity is employed. Indeed, we will �nd in Sec. V

(Simulation Examples 2 and 3) that for pure Rayleigh fading, polarization diversity improves

the multiplexing gain only in the presence of high fading signal correlation. We will furthermore

see that in the Ricean case the use of polarization diversity can improve the performance of SM

signi�cantly.

IV. Symbol Error Rate Estimate for Transmit Diversity

In this section, we shall brie
y review the Alamouti scheme, and then present the corresponding

uncoded symbol error rate estimate as a function of the channel statistics.

Alamouti Scheme. TD schemes exploit spatial diversity inherent in MIMO systems to

improve link reliability. We consider the performance of a simple TD scheme, the Alamouti
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scheme [10], for the polarization diversity channel under consideration. A schematic of the

transmission strategy for the Alamouti scheme is shown in Fig. 3. Unlike SM, TD schemes

introduce redundancy in the transmitted symbol stream to exploit spatial diversity. Thus, if

symbols s0 and s1 are transmitted at +45Æ and �45Æ, respectively, during one symbol period,

then during the following symbol period, symbols �s�1 and s�0 are launched at +45Æ and �45Æ,
respectively. We assume that the channel remains constant over at least two symbol periods

and that the receiver performs ML detection on the received signals. As for the case of SM, we

assume that the receiver maintains perfect channel knowledge.

Average Symbol Error Rate for the Alamouti Scheme. The ML receiver for the

Alamouti scheme is much simpler than that for SM. This is due to the fact that the structure

of the transmitted signal orthogonalizes the channel irrespectively of the channel realization.

Appropriate processing at the receiver e�ectively collapses the vector detection problem into

simpler scalar detection problems. Denoting the squared Frobenius norm6 of the channel matrix

H by kHk2F , the input-output relation for the Alamouti scheme for either of the transmitted

scalar symbols, s0 or s1, is given by [10]

eri =pEskHk2F si + eni; i = 0; 1;

where eri is the scalar processed received signal corresponding to transmitted symbol si(i = 0; 1)

and eni is scalar zero-mean complex gaussian noise with variance Efjenij2g = kHk2F�2n. Standard
scalar ML detection can be performed on eri according to

bsi = argmin
si

jeri �pEskHk2F sij2;

where bsi is the estimated data symbol and the minimization is performed over all possible scalar

constellation points. Assuming that si is taken from a QAM constellation, the probability that

the receiver decodes the transmitted symbol in error for a given channel realization may be

approximated by [24]

P ( bsi 6= sijH) � N eQ

0
@
s
d2min

EskHk2F
2�2n

1
A ; (6)

where N e and dmin are the average number of nearest neighbors and minimum distance of the

underlying QAM constellation, respectively. Again, using the Cherno� bound we can upper-

6The squared Frobenius norm of a matrix A is given by kAk2F = Tr(AAH), where Tr is the trace operator.
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bound the RHS of (6) as

P ( bsi 6= sijH) � N e e
�
Esd

2
min

4�2n

kyk2
; (7)

where7 y = vec(H). As for the case of SM, the vector y can be decomposed into a �xed

component y and a variable component ey as follows

y = vec

 r
K

1 +K
H

!

ey = vec

 r
1

1 +K
fH
!
:

Again, since H is complex gaussian the vector y is also complex gaussian and the RHS of (7)

averaged over all channel realizations is completely characterized by the eigenvalues of the 4 � 4

covariance matrix C
ey = Efey eyHg = U�UH where � = diagf�ig3i=0 and by the �xed component

y [20]. Speci�cally, de�ning

d = [d0 d1 d2 d3]
T = diag

8<
: 1p

�0
; :::;

1q
�r(C

ey)�1

; 0; :::; 0

9=
;UHy;

we get

P ( bsi 6= si) � N e e
�
Esd

2
min

4�2n

kyk2
r(C

ey)�1Y
i=0

e

 
Esd

2
min

4�2n

jdij�i

!2

1+
Esd

2
min

4�2n

�i

1 +
Esd

2
min

4�2n
�i

; (8)

where P ( bsi 6= si) = EHfP (bsi 6= sijH)g is the probability of symbol error averaged over all

channel realizations. We note that (8) correctly re
ects the trends of the actual symbol error

rate for varying channel statistics (see Sec. V, Simulation Examples 5, 6, and 7 ). However,

these expressions may not serve as accurate estimates of the average symbol error rate �Pdiv .

This limitation may be overcome by scaling (8) by an empirically determined constant k which

is obtained by �tting the function ke�
x
2

2 to Q(x) in a least squares sense, over the desired range

of SNR.

Unlike SM, averaging over vector error events is not required to calculate the symbol error

rate for the Alamouti scheme. This is due to simpli�cation of the vector detection problem into

independent scalar detection problems, as mentioned earlier. One might argue that the nearest

7For an m� n matrix A = [a0 a1 : : : an�1], vec(A) =
�
a
T

0 a
T

1 : : : a
T

n�1

�T
is a vector of dimension mn� 1.
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neighbor based approach that is used to determine symbol error rate for scalar constellations

could be extended to vector constellations and used for SM. However, a matrix channel preserves

the relative geometry of the elements of a vector constellation only if every realization of the

channel is orthogonal (i.e. HHH = �I2, where � > 0), which is de�nitely not the case in practice.

Thus, the calculation of nearest neighbors is channel dependent and hence very tedious. It is for

this reason that we resorted to the weighted average pairwise error probability approach for SM.

We note that in some special cases (8) may be used to study the e�ect of polarization di-

versity and fading signal correlation on the Alamouti scheme analytically. Consider the case of

pure Rayleigh fading where K = 0. We would like to identify channel characteristics that min-

imize the uncoded average symbol error rate �Pdiv . Minimizing �Pdiv is equivalent to maximizing
Qr(C

ey)�1
i=0

�
1 +

Esd
2

min

4�2
n

�i

�
. Restricting our attention to full rank C

ey, we observe that since the

logarithm is a strictly monotonic function we can equivalently express the objective function for

the maximization as

max
�i

3X
i=0

log

�
1 +

Esd
2
min

4�2n
�i

�
: (9)

Performing the maximization in (9) under the constraint of �xed total average channel power

which is equivalent to constraining Tr
�
C

ey

�
to be constant, it is easily seen that (9) is maximized

when all the eigenvalues �i (i = 0; 1; 2; 3) are equal. Equivalently, C
ey must be an orthogonal

matrix to achieve minimum symbol error rate under a total average channel power constraint.

For our channel model, we get

C
ey =

2
6666664

1 r
p
� t

p
� 0

r�
p
� � 0 t

p
�

t�
p
� 0 � r

p
�

0 t�
p
� r�

p
� 1

3
7777775
: (10)

It is now easy to verify that C
ey is orthogonal if and only if t = r = 0 and � = 1. Thus, under

a total average channel power constraint, �Pdiv is minimized for spatially uncorrelated fading

and in the absence of polarization diversity (i.e. � = 1 or equivalently two uni-polarized anten-

nas rather than one dual-polarized antenna should be used), which corresponds to the classical

i.i.d. Rayleigh fading MIMO channel model. Presence of fading signal correlation and/or the

use of dual-polarized antennas necessarily lead to a performance loss. Now consider a situation

where fading signal correlation is present, i.e., r > 0 or t > 0. For high SNR, maximizing
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Q3
i=0

�
1 +

Esd
2
min

4�2n
�i

�
is equivalent to maximizing8 det

�
C

ey

�
. Straightforward manipulations re-

veal that

C
ey =

2
6666664

1 0 0 0

0
p
� 0 0

0 0
p
� 0

0 0 0 1

3
7777775

2
6666664

1 r t 0

r� 1 0 t

t� 0 1 r

0 t� r� 1

3
7777775

2
6666664

1 0 0 0

0
p
� 0 0

0 0
p
� 0

0 0 0 1

3
7777775
:

Using the identity det(AB) = det(A) det(B), it is easily seen that for given fading signal corre-

lation, the symbol error rate estimate is minimized when � is maximum, or equivalently, � = 1.

Thus, even in the presence of fading signal correlation, polarization diversity leads to a perfor-

mance loss of the Alamouti scheme at high SNR. Simulation Examples 2 and 3 in Sec. V will

show that this is in general not the case for SM.

We conclude this section by noting that for the Alamouti scheme the use of polarization

diversity always leads to a performance loss and that transmit and receive correlation have

symmetric e�ects on the symbol error rate. The latter statement is easily veri�ed through an

analysis of the eigenvalues of C
ey in (10).

V. Simulation Results

In this section, we provide simulation results demonstrating the performance of SM and the

Alamouti scheme for varying channel statistics. We simulated a system with 1 dual-polarized

transmit and 1 dual-polarized receive antenna. In order to keep the data rates in both systems the

same, the data symbols for SM were drawn from a 4-QAM constellation while the data symbols

for the Alamouti scheme were drawn from a 16-QAM constellation. ML decoding with perfect

channel knowledge was performed. The SNR was de�ned as SNR = 10 log10
2Es
�2n

(dB). Unless

otherwise speci�ed, the �xed component of the channel was chosen as H =

2
4 1

p
�f

p
�f 1

3
5. All

simulation results were obtained by averaging over 1:5� 105 independent Monte Carlo trials.

Simulation Example 1. The �rst simulation example serves to demonstrate that �Pmux

provides an accurate estimate of the symbol error rate for SM. For t = 0:5; r = 0:3; � = 0:4, and

�f = 0:3, Fig. 4 shows the symbol error rate obtained using Monte Carlo simulations along with

the estimated symbol error rate, �Pmux, for K = 0 and K = 10. It can be seen that especially

in the high SNR regime (SNR� 8 dB) the symbol error rate estimate �Pmux closely matches

8det(A) stands for the determinant of the matrix A.
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the actual symbol error rate. Note, however, that �Pmux is neither a strict upper- nor a strict

lower-bound on the symbol error rate.

Simulation Example 2. The second simulation example demonstrates the bene�t of polar-

ization diversity under pure Rayleigh fading conditions for SM. For an SNR of 15 dB, Fig. 5

shows the symbol error rate along with �Pmux as a function of � for various values of t and for

r = 0. Noting that � = 1 can be interpreted as having two uni-polarized antennas on each side

of the link all of which employ the same polarization, we can draw the following conclusions. If

the transmitter can not a�ord large antenna spacing and/or scattering in the channel is not rich

enough and hence the use of two physical antennas results in high transmit antenna correlation,

it is always better to use one dual-polarized antenna even if the two polarizations are highly

correlated. In practice, however, the use of dual-polarized antenna elements will reduce transmit

correlation so that the improvement over the case of two physical antennas will be even more

pronounced. In fact, if the transmit correlation is very high, it follows from Fig. 5 that the use

of SM is not possible any more (due to the high error rates), whereas replacing the two antennas

by a dual-polarized antenna with small � yields error rates that are acceptable. In fact, the use

of polarization diversity can improve the average uncoded symbol error rate by up to an order

of magnitude. We can furthermore conclude from Fig. 5 that if the transmitter can a�ord large

antenna spacings and/or scattering in the channel is rich enough, the use of dual-polarized an-

tennas will always result in a performance loss. The physical interpretation of these results is as

follows. When the transmit correlation starts to increase and hence the condition number of the

channel matrix realizations increases or equivalently the angle between the realizations of the two

columns decreases, polarization diversity yields improved spatial separation and hence increases

the multiplexing gain. More speci�cally, consider the case of t = 1. In the absence of polarization

diversity (� = 1) vector error events such as [dmin � dmin]
T lie in the null-space of the channel,

resulting in a high error rate. This e�ect subsides with the introduction of polarization diversity

and good XPD. Through simulations, we found that starting at t = 0:85, polarization diversity,

i.e., � < 1, starts improving the multiplexing gain.

Simulation Example 3. In this simulation example, we study the performance of SM with

polarization diversity in the presence of receive correlation only. For an SNR of 15 dB and

K = 0, Fig. 6 shows the symbol error rate along with the estimate �Pmux for t = 0 and various

values of r. We observe that for high receive correlation the use of polarization diversity can
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lead to a slight improvement in terms of symbol error rate. This e�ect, however, is much less

pronounced than in the case of transmit correlation only. The asymmetry in the impact of

polarization diversity in the cases of transmit correlation only and receive correlation only for

SM has been noted in Sec. III. The reason for the pronounced di�erence is that in the presence

of high transmit correlation only the use of polarization diversity improves the spatial separation

of the two independent data streams which does not happen in the case of receive correlation

only. A more detailed description of this observation is provided in [22]. To summarize, in the

presence of receive correlation only the use of dual-polarized antennas is generally not advised.

Simulation Example 4. This simulation example shows the potential bene�t of dual-

polarized antennas at high K-factor for systems employing SM. For high K-factor, the symbol

error rate is governed primarily by the characteristics of the �xed component H . In Fig. 7, we

plot the symbol error rate as a function of �f for t = 0:5; r = 0:3; � = 0:4, K = 10 and an SNR of

15 dB. Again noting that �f = 1 corresponds to the case of two physical uni-polarized antennas,

the plot reveals that system performance improves by over an order of magnitude with the use of

dual-polarized antennas. Similar to Simulation Example 2, when XPD for the �xed component

is poor, there are vector error events which tend to excite the null-space of the channel matrix

in the presence of high K-factor, leading to a high symbol error rate. The use of dual-polarized

antennas mitigates this problem. We would like to note that this conclusion is a consequence

of our choice of channel model, namely a rank de�cient H for �f = 1. This model has been

veri�ed through measurements in [25] and re
ects the fact that the use of polarization diversity

improves spatial separation.

The improvement in performance that polarization diversity o�ers with increasing K-factor

can also be analyzed from the point of view of channel capacity [26], [27]. At high K-factor,

in the absence of polarization diversity (�f = 1), the channel H tends to be ill-conditioned.

Hence, only one signi�cant spatial sub-channel is present between transmitter and receiver. With

the introduction of polarization diversity (�f < 1) the rank of the channel is restored and

two signi�cant spatial data pipes are available between transmitter and receiver resulting in

multiplexing gain.

Simulation Example 5. This example serves to demonstrate that �Pdiv provides an accurate

estimate of the symbol error rate for the Alamouti scheme. For t = 0:7; r = 0:1; � = 0:2, �f = 0:6

and scaling constant k = 0:25, Fig. 8 shows the symbol error rate obtained using Monte Carlo
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simulations along with the estimated symbol error rate �Pdiv for K = 0 and K = 10. It can be

seen that the symbol error rate estimate closely matches the actual symbol error rate (even for

small SNR values).

Simulation Example 6. In this example, we demonstrate that the use of polarization

diversity in the context of TD employing the Alamouti scheme leads to a performance loss.

We furthermore show the symmetric impact of transmit and receive correlation on the Alamouti

scheme's error rate performance. (Recall that in the case of SM this impact is asymmetric).

Fig. 9 depicts the symbol error rate as a function of � for K = 0 and SNR = 17 dB (left plot

shows t = 0 and various values of r, right plot shows r = 0 and various values of t). It is clearly

seen that � = 1 results in the lowest symbol error rate for all scenarios. This corroborates the

observation made towards the end of Sec. IV. Moreover, we can see that transmit and receive

correlation have an identical impact on the performance of the Alamouti scheme (as opposed

to SM), as mentioned in the last paragraph of Sec. IV. Additionally, Fig. 9 shows how the

performance of the Alamouti scheme degrades with increasing fading signal correlation.

Simulation Example 7. In the last simulation example, we investigate the in
uence of K-

factor on the Alamouti scheme. We consider a channel with � = �f . This corresponds to a

situation where kHk2F = EfkfHk2F g. As described in Simulation Example 4, at high K-factor, H

governs the behavior of the system, while fH dominates at low K-factor. Fig. 10 shows the symbol

error rate for the Alamouti scheme as a function of K for t = 0:5; r = 0:3; and � = �f = 0:6

for an SNR of 17 dB. It is clear from Fig. 10 that system performance improves with increasing

K-factor. This conforms with intuition { at high K-factor, the system \looks more like an AWGN

link" and outperforms a fading channel with the same average channel power. This result does

not extend to SM, where system performance at high K-factor is primarily a function of the

geometry of H relative to the geometry of the transmitted vector constellation. If the geometry

of H is not conducive (in the uncoded case typically when the condition number of H is high),

then high K-factor will result in a signi�cant performance loss in the case of SM.

VI. Conclusions

We studied the use of dual-polarized antennas for spatial multiplexing and the Alamouti

scheme. While dual-polarized antennas typically yield a performance degradation for the Alam-

outi scheme, they can be quite bene�cial to spatial multiplexing under a wide variety of channel

conditions, some of which we have highlighted in the paper. For instance, for pure Rayleigh fad-
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ing, and in the presence of high transmit fading signal correlation dual-polarized antennas can

yield signi�cantly improved multiplexing gain. Also, for high K-factor the use of dual-polarized

antennas was found to be generally highly bene�cial for spatial multiplexing. We proposed new

techniques to estimate the uncoded average symbol error rates for spatial multiplexing and the

Alamouti scheme. These techniques allow a numerical (and often also analytical) study of the

impact of polarization diversity on the performance of spatial multiplexing and the Alamouti

scheme for arbitrary channel statistics. We veri�ed the accuracy of our symbol error rate es-

timates through comparison with numerical results and studied the impact of varying channel

conditions on the performance of the two transmission strategies. The proposed techniques reveal

all trends of the actual symbol error rate for varying channel characteristics correctly without

having to resort to time-consuming computer simulations and provide insight into channel suit-

ability for each of these schemes.

Acknowledgments

R. U. Nabar's work was supported by the Dr. T. J. Rodgers Stanford Graduate Fellowship.

The work of H. B�olcskei was supported by FWF grant J1868-TEC and by NSF grants CCR

99-79381 and ITR 00-85929.

References

[1] A. J. Paulraj and T. Kailath, \Increasing capacity in wireless broadcast systems using distributed transmis-

sion/directional reception," U. S. Patent, no. 5,345,599, 1994.

[2] G. J. Foschini, \Layered space-time architecture for wireless communication in a fading environment when

using multi-element antennas," Bell Labs Tech. J., pp. 41{59, Autumn 1996.

[3] I. E. Telatar, \Capacity of multi-antenna Gaussian channels," European Trans. Tel., vol. 10, no. 6, pp.

585{595, Nov./Dec. 1999.

[4] G. G. Raleigh and J. M. CioÆ, \Spatio-temporal coding for wireless communication," IEEE Trans. Comm.,

vol. 46, no. 3, pp. 357{366, March 1998.

[5] H. B�olcskei, D. Gesbert, and A. J. Paulraj, \On the capacity of OFDM-based spatial multiplexing systems,"

IEEE Trans. Comm., vol. 50, no. 2, pp. 225{234, Feb. 2002.

[6] N. Seshadri and J. Winters, \Two signaling schemes for improving the error performance of frequency-

division-duplex (FDD) transmission systems using transmitter antenna diversity," Int. J. Wireless Informa-

tion Networks, vol. 1, no. 1, pp. 49{60, Jan. 1994.

[7] J. Guey, M. Fitz, M. Bell, and W. Kuo, \Signal design for transmitter diversity wireless communication

systems over Rayleigh fading channels," in Proc. IEEE VTC, Atlanta, GA, April/May 1996, vol. 1, pp.

136{140.

May 22, 2002 DRAFT



18

[8] V. Tarokh, N. Seshadri, and A. R. Calderbank, \Space-time codes for high data rate wireless communication:

Performance criterion and code construction," IEEE Trans. Inf. Theory, vol. 44, no. 2, pp. 744{765, March

1998.

[9] V. Tarokh, H. Jafarkhani, and A.R. Calderbank, \Space-time block codes from orthogonal designs," IEEE

Trans. Inf. Theory, vol. 45, no. 5, pp. 1456{1467, July 1999.

[10] S. M. Alamouti, \A simple transmit diversity technique for wireless communications," IEEE J. Sel. Areas

Comm., vol. 16, no. 8, pp. 1451{1458, Oct. 1998.

[11] H. B�olcskei, R. U. Nabar, V. Erceg, D. Gesbert, and A. J. Paulraj, \Performance of spatial multiplexing in

the presence of polarization diversity," in Proc. IEEE ICASSP, Salt Lake City, UT, May 2001, vol. 4, pp.

2437{2440.

[12] R. U. Nabar, V. Erceg, H. B�olcskei, and A. J. Paulraj, \Performance of multi-antenna signaling strategies

using dual-polarized antennas: Measurement results and analysis," in Proc. IEEE WPMC, Aalborg, Denmark,

Sept. 2001, vol. 1, pp. 175{180.

[13] D. S. Baum, D. A. Gore, R. U. Nabar, S. Panchanathan, K. V. S. Hari, V. Erceg, and A. J. Paulraj,

\Measurement and characterization of broadband MIMO �xed wireless channels at 2.5 GHz," in Proc. IEEE

Int. Conf. on Personal Wireless Comm., Hyderabad, India, Dec. 2000, pp. 203{206.

[14] G. L. St�uber, Principles of Mobile Communication, Kluwer Academic Publishers, Norwell, MA, 1996.

[15] T. Neubauer and P. C. F. Eggers, \Simultaneous characterization of polarization diversity matrix components

in pico cells," in Proc. IEEE VTC - Fall, Amsterdam, The Netherlands, 1999, vol. 3, pp. 1361{1365.

[16] J. J. A. Lempi�ainen and J. K. Laiho-Ste�ens, \The performance of polarization diversity schemes at a base

station in small/micro cells at 1800 MHz," IEEE Trans. Veh. Tech., vol. 47, no. 3, pp. 1087{1092, Aug. 1998.

[17] R. G. Vaughan, \Polarization diversity in mobile communications," IEEE Trans. Veh. Tech., vol. 39, no. 3,

pp. 177{186, Aug. 1990.

[18] P. C. F. Eggers, J. T�ftg�ard, and A. M. Oprea, \Antenna systems for base station diversity in urban small

and micro cells," IEEE J. Sel. Areas Comm., vol. 11, no. 7, pp. 1046{1057, Sept. 1993.

[19] J. G. Proakis, Digital Communications, McGraw-Hill, New York, 3rd edition, 1995.

[20] R. U. Nabar, H. B�olcskei, and A. J. Paulraj, \Outage performance of space-time block codes for generalized

MIMO channels," IEEE Trans. Inf. Theory, March 2002, submitted.

[21] M. P. Fitz, J. Grimm, and S. Siwamogsatham, \A new view of performance analysis techniques in correlated

Rayleigh fading," in Proc. IEEE WCNC, New Orleans, LA, Sept. 1999, vol. 1, pp. 139{144.

[22] H. B�olcskei and A. J. Paulraj, \Performance analysis of space-time codes in correlated Rayleigh fading

environments," in Proc. of Asilomar Conf. on Signals, Systems, and Computers, Paci�c Grove, CA, Nov.

2000, vol. 1, pp. 687{693.

[23] M. Uysal and C. N. Georghiades, \E�ect of spatial fading correlation on performance of space-time codes,"

Electronics Letters, vol. 37, no. 3, pp. 181{183, Feb. 2001.

[24] J. M. CioÆ, Class Reader for EE379a { Digital Communication: Signal Processing, Stanford University,

Stanford, CA. Available online at http://www.stanford.edu/class/ee379a.

[25] V. Erceg, P. Soma, D. S. Baum, and A. J. Paulraj, \Capacity obtained from multiple-input multiple-output

May 22, 2002 DRAFT



19

channel measurements in �xed wireless environments at 2.5 GHz," in Proc. IEEE ICC, New York, NY,

April/May 2002, vol. 1, pp. 396{400.

[26] M. Godavarti, A. O. Hero, and T. L. Marzetta, \Min-capacity of a multiple antenna wireless channel in a

static Rician fading environment," in Proc. IEEE ISIT, Washington, DC, June 2001, p. 57.

[27] M. Godavarti, T. L. Marzetta, and S. Shamai, \Capacity of a mobile multiple-antenna wireless link with

isotropically random Rician fading," in Proc. IEEE ISIT, Washington, DC, June 2001, p. 323.

May 22, 2002 DRAFT



20

45-45 45-45

Tx Rx

Fig. 1.

s
2i

s
2i+1

DECODE
and

DEMUX

Output Symbol StreamInput Symbol Stream
MUX

s
0

s
4

s
2

s
1

s
3

s
4

s
0
s

1
s

2
s

3

Fig. 2.

May 22, 2002 DRAFT



21

DECODE

s2i

s
   2i+1 Output Symbol StreamInput Symbol Stream

s4s0 s1 s2 s3

-s
2i+1
*

 s
2i
*

ALAMOUTI
ENCODERs0s4 s2 s1s3

Fig. 3.

0 2 4 6 8 10 12 14 16 18 20
10

−4

10
−3

10
−2

10
−1

10
0

S
y
m

b
o

l 
e

rr
o

r 
ra

te

SNR/dB

Simulated K = 0
Simulated K = 10
Estimated K = 0
Estimated K = 10

Fig. 4.

May 22, 2002 DRAFT



22

0.10.20.30.40.50.60.70.80.91
10

−3

10
−2

10
−1

10
0

α

S
y
m

b
o

l 
e

rr
o

r 
ra

te

Simulated t = 0.1
Simulated t = 0.7
Simulated t = 1  
Estimated t = 0.1
Estimated t = 0.7
Estimated t = 1  

0.02 

Fig. 5.

0.10.20.30.40.50.60.70.80.91
10

−3

10
−2

10
−1

α

S
y
m

b
o

l 
e

rr
o

r 
ra

te

Simulated r = 0.1
Simulated r = 0.7
Simulated r = 1  
Estimated r = 0.1
Estimated r = 0.7
Estimated r = 1  

0.02

Fig. 6.

May 22, 2002 DRAFT



23

00.10.20.30.40.50.60.70.80.91
10

−3

10
−2

10
−1

10
0

S
ym

b
o

l e
rr

o
r 

ra
te

α
 f

Simulated
Estimated

Fig. 7.

0 2 4 6 8 10 12 14 16 18 20
10

−3

10
−2

10
−1

10
0

S
y
m

b
o

l 
e

rr
o

r 
ra

te

SNR/dB

Simulated K = 0
Simulated K = 10
Estimated K = 0
Estimated K = 10

Fig. 8.

May 22, 2002 DRAFT



24

0.20.40.60.81
10

−3

10
−2

10
−1

α

Sy
m

bo
l e

rro
r r

at
e

Simulated r = 0.1
Simulated r = 0.7
Simulated r = 1
Estimated r = 0.1
Estimated r = 0.7
Estimated r = 1

0.20.40.60.81
10

−3

10
−2

10
−1

α

Sy
m

bo
l e

rro
r r

at
e

Simulated t = 0.1
Simulated t = 0.7
Simulated t = 1
Estimated t = 0.1
Estimated t = 0.7
Estimated t = 1

0.02 0.02 

Fig. 9.

0 2 4 6 8 10 12 14 16 18 20
10

−4

10
−3

10
−2

10
−1

S
ym

bo
l e

rr
or

 r
at

e

K

Simulated
Estimated

Fig. 10.

May 22, 2002 DRAFT



25

Figure Captions

Fig. 1 Schematic of a dual-polarized +45Æ=� 45Æ antenna setup.

Fig. 2 Schematic of a spatial multiplexing system.

Fig. 3 Schematic of the Alamouti scheme.

Fig. 4 Symbol error rate for spatial multiplexing as a function of SNR for varying K-factor. For

high SNR, the estimate closely matches the actual symbol error rate.

Fig. 5 Symbol error rate for spatial multiplexing as a function of � for various values of transmit

correlation t. The use of polarization diversity can yield signi�cant improvements in terms of

symbol error rate if the transmit correlation is high.

Fig. 6 Symbol error rate for spatial multiplexing as a function of � for various values of receive

correlation r. The use of polarization diversity in the presence of receive correlation only is gen-

erally not advised.

Fig. 7 Symbol error rate for spatial multiplexing as a function of �f . For high K-factor, the use

of polarization diversity can yield signi�cant improvements in terms of symbol error rate.

Fig. 8 Symbol error rate for the Alamouti scheme as a function of SNR for varying K-factor.

The estimate closely matches the actual symbol error rate (even for small SNR values).

Fig. 9 Symbol error rate for the Alamouti scheme as a function of � for varying receive or trans-

mit correlation. The use of dual-polarized antennas leads to a performance loss.

Fig. 10 Symbol error rate for the Alamouti scheme as a function of K-factor. The performance

improves with increasing K-factor.
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