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Abstract—We compare space—time coding (transmit diversity)
and random ‘“opportunistic’ beamforming in a space-division
multiple access/time-division multiple access single-cell downlink
system with random packet arrivals, correlated block-fading
channels, and non-perfect channel state information at the trans-
mitter due to a feedback delay. Our comparison is based on
system stability. The ability of accurately predicting the channel
signal-to-noise ratio dominates the performance of opportunistic
beamforming, even under the optimistic assumption that the
sequence of beamforming matrices is perfectly known a priori by
the receivers. Our results show that the relative merit of oppor-
tunistic beamforming versus space-time coding strongly depends
on the channel Doppler bandwidth. Therefore, previous naive
conclusions on the fact that transmit diversity always hurts the
system performance under multiuser-diversity scheduling should
be taken with great care.

Index Terms—Non-perfect channel state information at the
transmitter (CSIT), opportunistic beamforming, space-time
coding (STC), stability.

1. INTRODUCTION

E CONSIDER the downlink of a wireless system where
Wthe base station with M antennas serves K users, each
one equipped with a single antenna. Transmission is slotted and
each slot comprises 1" channel uses (complex dimensions). In-
formation bits arrive randomly at the transmitter and are locally
stored into K queues, each associated with one user.

The base station operates in space-division multiple access
(SDMA )/time-division multiple access (TDMA) mode: at each
slot, B < M streams of coded signal are generated by encoding
packets of information bits from the K queues. Each stream is
destined to one user. Hence, the system simultaneously serves
B users at any point in time. The B streams are transmitted by
using some beamforming algorithm, that is generally referred
to as the signaling strategy. For a given signaling strategy, the
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resource-allocation policy formed by queue selection (sched-
uling) and rate allocation is referred to as an SDMA/TDMA
policy.

Systems that serve the user enjoying the best instantaneous
channel conditions have been proposed for high-data-rate data
packet downlink in evolutionary 3G system standardization
[1]-[3]. When the base station has multiple antennas, random
“opportunistic” beamforming has been proposed in [4] and [5].
These systems generate 1| < B < M random time-varying
beams. The scheduling algorithm allocates the best user on each
beam at any point in time. The ability of a system to serve a user
in its peak rate conditions is referred to as “multiuser diversity.”

A different use of the M antennas consists of improving the
reliability of transmission for each user by space-time coding
(STC). In this case, we have B = 1 (TDMA), since all antennas
are used to achieve transmit diversity to a single user. Compar-
isons between STC (TDMA) and opportunistic beamforming
(SDMA/TDMA) have been provided, for example, in [6]-[8].
These works, as well as many others, indicate that transmit di-
versity always decreases the downlink throughput if sufficient
multiuser diversity (sufficiently large K)) is available.

The conclusions of these works strongly depend on the key
assumption that decoding errors never occur, i.e., once a user is
scheduled and it is allocated a given (channel-dependent) rate,
the message will be successfully received with probability 1.
This assumption is valid for sufficiently large 7', if the maximum
rate supported by the channel in each slot is perfectly known at
the transmitter.

We take a different look at the problem and compare STC
with opportunistic beamforming in the case of random bit ar-
rival and non-ideal channel state information at the transmitter
(CSIT) due to a delay in the channel state feedback loop. Under
random arrivals, system stability (defined formally later) sub-
sumes any reasonable “fairness” criterion. Furthermore, under
non-perfect CSIT, the probability of decoding error cannot be
arbitrarily small: there is a non-zero probability that the sched-
uled rate is above the actual channel instantaneous capacity.
This makes the comparison between transmit diversity and mul-
tiuser diversity non-trivial.

In our setting, the ability of accurately predicting the channel
signal-to-noise ratio (SNR) clearly emerges as one of the main
limiting factors of multiuser diversity schemes, even under some
optimistic assumptions (see later) in favor of the random beam-
forming schemes. While for slowly varying channels the oppor-
tunistic beamforming with B = M beams achieves the best
average delay, STC performs better for larger channel Doppler
bandwidth.
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II. SYSTEM MODEL AND DEFINITION OF STABILITY

We assume a frequency nonselective block-fading channel [9]
where the signal received at user & terminal in slot ¢ is given by

Y, () = X (Db (1) + wi (1) ()

where X (t) € CT*M is the transmitted codeword, hy(t) €
CMx1 denotes the M -input 1-output channel response, assumed
constantin time and frequency overeach slot, andwy, () € CT*1!
is a complex circularly symmetric additive white Gaussian noise
(AWGN) with components ~ CA/(0,1). The base station has
fixed transmit energy per channel use denoted by -, that is,
tr(X(t)X (t)#) < T for all . Due to the noise variance
normalization, ~y takes on the meaning of transmit SNR.

The base station has K queues, one for each user in the system.
The arrival process of queue k, denoted by A (), is an ergodic

process with arrival rate Ay, e (1/T)E[A(t)] (bits per channel
use). The buffer size of queue k is denoted by S (t) (bits).

An SDMA/TDMA policy is generally a function of the CSIT
and of the state of the transmitter queues. For the systems con-
sidered in this paper, specific idealized models for CSIT and for
the signaling strategies will be specified in Section III. We as-
sume that at the beginning of each slot ¢, both a CSIT signal
a(t) and the queue buffer states {Si(¢t) : k = 1,..., K} are
revealed to the transmitter.

Weletay, . ; = {a(r): 7 =1,...,t} denote the sequence
of CSIT signalsup totime ¢,and 871 ¢+ = {S1(7),...,Sk(7) :
7 =1,...,t} denote the queue buffer state sequence up to time

t. An SDMA/TDMA resource allocation policy is defined by a
sequence of resource and rate allocation functions

P(t):{pkvj(t)Zk‘:L...?K;j:l,...?B}
and
R(t)={Ri;(t): k=1,... Kij=1,... B}

fort = 1,2,..., such that user k£ on each slot ¢ transmits at
rate Ry, ;(t) bits per channel over a fraction py, ;(¢) of dimen-
sions of stream j = 1,..., B, where both py, ;(t) and Ry, ;(¢)
location functions depend causally on the CSIT and queue state
sequences. Furthermore, P(t) must satisfy the SDMA/TDMA
feasibility constraint

K
> prt) <1 )
k=1

foreach j = 1,..., B and for all ¢.

Coding and decoding is performed on a slot-by-slot basis.!
Decoding errors are handled by a standard automatic-repeat re-
quest (ARQ) protocol such that the unsuccessfully decoded in-
formation bits are left in the transmission buffer and shall be
rescheduled for transmission at a later time. For a given sig-
naling strategy and SDMA/TDMA policy, let Cy, ;(t) denote
the supremum of the coding rates supported by the channel for

'We assume that T is large enough such that the probability of decoding error
is essentially characterized by the information outage probability [9].
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user k on stream j in slot ¢. This rate depends on the instan-
taneous channel realization, and is therefore a random variable.
The probability of decoding error for user & scheduled on stream
Jj attime ¢, with rate Ry, ;(t), is given by the information outage
probability P(Cy ;j(t) < Ry ;(t)). Under the above assump-
tions, the queue buffer states evolve in time according to the
stochastic difference equation

B
Sk(t+1) = | Sk(t) =T prj (D) Ri (1) -
L{Rk;(t) < Cr (1)}, + Ac(t) (3

forall k = 1,..., K, where []+ 2 max{-, 0}. The indicator
function 1{ Ry, ;(t) < Cy ;(t)} reflects the fact that, due to the
ARQ protocol, the corresponding information bits are removed
from the transmission buffer only if decoding is successful.

Following the definition of system stability of [10], we define
the buffer overflow function

gx(S) = limsup%21{5k(7) > S}

t—oo

and say that the system is stable if limg_,~ gx(S) = 0 for all
k=1,..., K. The SDMA/TDMA stability region (2 is the set
of all arrival rates K-tuples XA € Rf such that there exists a
feasible SDMA/TDMA policy for which the system is stable.
We introduce two further technical assumptions: Al) the
channel vectors {h(¢t) : k = 1,..., K}, the CSIT «(t), and
the arrival processes {Ax(t) : k = 1,..., K} are jointly sta-
tionary ergodic and Markov; A2) for a given signaling strategy,
for every sufficiently large ¢, the following Markov chain holds:

a1 —at) = {Cyt):k=1,...,K,j=1,...,B}.

“)
In particular, A2) implies that for all k, 7, and sufficiently large
t, the conditional outage probability depends only on the current
CSIT value, i.e., it satisfies

P(Cy,;(t) < Rlay, ) =P (Cr (1) < Rla(t)). (5)

We have the following result.

Theorem 1 [Stability Region]: Under Assumptions Al and
A2, for any fixed signaling strategy, the system stability region
is given by

Q:cohU

B
AERY : A <D E [pr(@) Ry (a)]
PcP j=1
(0)
where “coh” means closure of the convex hull, P is the set of
stationary SDMA/TDMA policies P = {p;, ;} that map the
current CSIT a(t) = a into an array [p; ;(a)] satisfying (2),

and where we define the “conditional outage rate”

Rﬁ?}(a) =sup R(1-P(Ci; < Rla=a)). @)
R>0
The stability region is achieved by the stationary rate-allocation
policy R*(a) achieving the supremization in (7).
Proof: See Appendix A O
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The following comments are in order: 1) under the conditions
assumed in this paper, we have that the rate-allocation function
R* is optimal for any stationary P € P and any SDMA/TDMA
signaling scheme. This reduces the problem of the stability-op-
timal resource-allocation policy to the determination of P € P
alone; 2) under any stationary policy (P, R*), the user average
service rates [i(t) = Tzle i, (a(t)) R} (a(t)) (bits per
slot) are linear functions of P € P, and P is a convex set. It
follows that the convex hull in (6) can be removed; 3) we can in-
troduce the class Pop-off Of randomized on—off SDMA/TDMA
policies such that for every P € P, there exists P’ € Pop-of
defined as follows: for all CSIT vectorsa and j = 1,..., B, let
user ~; be served on the whole slot on stream j where x; €
{1,..., K} is a random variable generated according to the
probability mass function (p1 j(a),...,pk, ;(a)). Clearly, Q is
achieved by restricting the union to the policies in Py —of. In
practice, randomized on—off policies are preferable, since han-
dling a single user per slot per stream is much easier. There-
fore, we shall subsequently restrict to these policies; 4) from
the convexity of {2, points on the region boundary 92 can be ob-
tained by letting @ = (01, ...,0x) € RY and finding A\, (8) =
Zle E[px,; () R}"f (@)], for the policy P € P that solves the
maximization problem

B
max ij O ; E [prj(@) R (a)] . ®)

All such points A(8) lie on 99. For given 8 € R%, the solution
of (8) is readily obtained as

~ 1, k = argmaxy Hk,RZ}l_tj(a)
P.j(@) = { 0, k# argmaxy Oy R, (a). ®)

This means that, as expected, the points on Jf) are achieved
either by deterministic on—off policies that schedule the best
user, given by k = arg maxy, Hk/R‘,gﬁ‘fj(a) on each stream 7, or
by convex combinations thereof (time sharing). Notice also that
time sharing of deterministic on—off policies yields the class of
randomized on—off policies Po,p-oft, as expected.

For given A € (2, by definition, there exists some memory-
less stationary policy Py € Pon-of that stabilizes the system.
However, in order to determine Py, the a priori knowledge of
A is generally required. This might not be available in practice.
Hence, a policy that achieves stability for all A € Q adaptively
(i.e., without prior knowledge of the arrival rates) is of great
practical interest [10], [11]. This adaptive policy, referred to as
“max-stability adaptive policy,” is established by the following.

Theorem 2 [Max-Stability Adaptive Policy]: Under the above
system assumptions, for any fixed signaling strategy, the max-
stability adaptive policy is given by

~ 1, k= arg maxgs gk’Sk’RZ}Hj (a)
pk,j(aq S) - { 0, k 7& arg maxy ek’Sk'Rz}ttj(a) (10)
for any strictly positive weights 6, > 0. O

Theorem 2 follows by applying the theory of Lyapunov drift
[10], [11] and follows closely the proof of [10, Th. 3]. It is
omitted for the sake of space limitation.

III. STC VERSUS OPPORTUNISTIC BEAMFORMING

In this section, we make use of the general theory illustrated
before to compare random opportunistic beamforming and STC.
We assume that the channel vectors hy(¢) are mutually statis-
tically independent for different index k£ and independent and
identically distributed (i.i.d.) for different antennas. Focusing
without loss of generality on a scalar channel coefficient h(t),
where we drop the user and antenna index because of the i.i.d.
assumption, we assume that h(t) evolves from slot to slot ac-
cording to a stationary ergodic L-order Gauss—Markov process,
given by

L
h(t) == geh(t =) + (1) (1n)
=1

where v(t) ~ CN(0,02). We assume that the receivers can
estimate exactly their channel vector and feed back the corre-
sponding value without distortion (unquantized and noiseless).
However, due to a fixed delay of d slots in the feedback link, the
CSIT is given by

alt) = {hy(t—t—d):k=1,... . K,{=0,...,L—1}.

We hasten to say that this CSIT model is just a convenient ide-
alization for which the assumptions yielding the stability region
and max-stability policy obtained in Section II hold exactly. In
practice, many other sources of uncertainty are present, such
as noisy channel observations [12], a rate-constrained feedback
link [13], [14], or an unquantized but noisy feedback link [12].
As a matter of fact, for a fixed signaling strategy and a fixed
delay d in the feedback, any degraded version of a(t) defined
above can only worsen the performance. This is an easy im-
mediate consequence of the Markov nature of the channel pro-
cesses. Hence, our assumption yields an optimistic scenario in
favor of the opportunistic schemes.

STC: In this case, X(t) € CT*M denotes the transmitted
space—time codeword. STC yields only M-fold transmit diver-
sity and no spatial multiplexing (B = 1). In this case, we drop
the stream index j for notation simplicity. The instantaneous
capacity for user k at time ¢ is given by Ci(t) = log(l +
v|hi(t)|? /M) and the corresponding conditional outage proba-
bility is

P (C(t) < Rla(t) = a)
B [ 2B—1  [|g,(t)]?
=1-Qu Y TTR 53/2 (12)

where Q) denotes generalized Marcum’s Q-function, o2 de-
notes the prediction minimum mean-square error (MMSE)?2 of
hi(t) from «(t), and where g, (t) is the MMSE predictor of
hi(t) from a(t). Expression (12) is easily obtained by using
the fact that hy(¢) and a(¢) are jointly Gaussian (see [15]). Each
user sends back (a suitably quantized version of) the estimated

2We define 02 = E[|h(t) — E[R(D)|h(t — d), ..., h(t —d — L + 1)]|?],
which is the same for all components of k. (t) and all users, under the symmetry
assumptions considered.
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channel gain |g,(¢)|>/M. Hence, the amount of feedback re-
quired by this scheme is very small.

Opportunistic Beamforming: We consider opportunistic
beamforming using 1 < B < M mutually orthogonal pseu-
dorandom beams, as proposed in [4] and [5]. The transmitted
signal is given by

X(t) = Zsj(t)qsf(t) (13)

where 8;(t) € CT*! is the signal associated with beam (stream)
J. ¢;(t) € CM*1 is the beamforming vector for beam 7 in slot
t, and it is assumed that ¢f(t)¢m(t) = 6 m. The signal-to-
interference-plus-noise ratio (SINR) of user & in beam j is equal
to

- 2
67 (Oha (1)

B/ + Xz S () (D)

Assuming user codes drawn from an i.i.d. Gaussian distribu-
tion (or making a Gaussian approximation of interference), the
supremum of the rates supported by beam 5 for user £ is given
by Cy ;(t) = log(1 + SINR ;(t)). In the schemes analyzed
in [4] and [5], each user measures its received SINR for each
of the B transmit beams and feeds back its best SINR and the
index of the beam achieving it. In these works, it is not clear
how the SINRs are estimated and at what rate the random beam-
forming vectors change. For the sake of simplicity, we make the
optimistic assumption that the beamforming vectors sequence
{@,..} is perfectly known a priori by the receivers that make use
of this knowledge in order to estimate the channels.3 Further-
more, they feed back all their B SINR values and not only the
best one. Under this assumption, the ability of estimating the
channel is independent of the speed of variation of the beam-
forming vectors, and we let the matrix [@,, ..., ¢ 5] drawn i.i.d.
according to the Haar measure (the beamforming vectors form a
random orthonormal B-dimensional basis at any point in time).

Computation of the conditional outage probability in this
case is also possible by using standard methods of Hermitian
quadratic forms of Gaussian random variables. The details of
this calculation are given in [15]. This probability depends only
on B real numbers that must be fed back by each user. Hence,
also in this case, the amount of feedback required is moderately
small.

SINRy, ;(t) = (14

y

IV. NUMERICAL RESULTS

We considered mutually independent arrival processes given
by Ax(t) = Zﬁ-\i‘i(t) bk, ;(t), where My(t) is an i.i.d. Poisson
distributed sequence that counts the number of packets arriving
at the kth buffer at the beginning of slot ¢, and by ;(t) are
i.i.d. exponentially distributed random variables expressing the
number of bits per packet. We take E[by ;(t)] = T (T = 2000
in our simulations), so that \j coincides with the average
number of packets arriving in a slot (7' channel uses). We

3Notice that in practical code-division multiple-access (CDMA) systems,
each user is synchronized with the random spreading/scrambling code of the
base station. Therefore, this assumption is, indeed, realistic also in a practical
implementation.
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Fig. 1. Maximum sum-rate versus the number of users (STC).
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Fig. 2. Maximum sum-rate versus the number of users (beamforming with
B = M).

considered a Gauss—Markov process of order L = 5, where
the coefficients in (11) are chosen in order to approximate (see
[16] and [17]) Jakes’ autocorrelation model, typical of wireless
mobile channels. Inspired by the high-data-rate (HDR) system
[1], we let the duration of a slot be 1.67 ms, and the feedback
delay d = 2 slots. Under this setting, the mobile speeds v =
0, 25, 40, 60, 80 km/h yield a channel prediction MMSE
o2 = 0.00,0.05,0.10,0.40, 0.60, respectively. The average

SNR is set equal to v = 10 dB.

A. Maximum Sum-Rate

We evaluate the maximum sum-rate of STC and opportunistic
beamforming. Since the maximum sum-rate is given by the in-
tersection between the boundary of the stability region and the
symmetric arrival vector Ay = --- = k. This allows us to
know exactly the total arrival rate where the buffer size diverges
under the max-stability adaptive policy. The maximum sum-rate
is obtained by scheduling at each time and stream the user with
the largest outage rate, irrespectively of the buffers state.

Figs. 1 and 2 show the maximum sum-rate versus the number
of users for mobile speed v = 0 km/h and v = 25, 60 km/h
by using STC and opportunistic beamforming, respectively. In
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Fig. 3. Average delay versus mobile speed for the case of X' = 50 users and
M = 4 transmit antennas. The cases of random beamforming with B = 1 and
B = 4 beams, and STC are compared. The case M = 1 (single antenna) is
also included for comparison.

Fig. 2, we let B = M. The case M = 1 in both figures is
the same and coincides also with the performance of the oppor-
tunistic single beamforming [4] with M > 1 and B = 1.

In Fig. 1, we observe that the number of users after which
transmit diversity becomes harmful depends heavily on the
CSIT quality. We have K = 2 for ideal CSIT (02 = 0),
and K = 5,28 for 02 = 0.05,0.40, respectively. In Fig. 2,
we observe large gain with M = 2,4 beams, especially for
K > 10,15, for the case of perfect CSIT. Unfortunately, the
advantage of multiple beams decreases dramatically as the
quality of the CSIT worsens. For 02 = (.40, multiple beams
seem to be harmful even for a large number of users in the
system, i.e., multiuser diversity has completely disappeared.

B. Average Delay Versus Mobile Speed

We evaluated the average delay of STC and opportunistic
beamforming as a function of the mobile speed by letting the
total arrival rate fixed (to 2.5 bit/channel use in this case). The
average delay is obtained from the average buffer size by Little’s
theorem. We consider the symmetric arrival case. Fig. 3 shows
the average delay versus the mobile speed for a system with 50
users with M = 4 antennas, in the cases of STC, random beam-
forming with B = 1, and random beamforming with B = 4,
respectively. The case M = 1 is included for comparison and
is referred to as a standard single-antenna system.

For a very slowly varying channel (close to v = 0 km/h),
the STC system becomes non-ergodic and there is a positive
probability of buffer overflow. This probability is reduced by
increasing transmit diversity, thanks to the channel-hardening
effect: ergodicity which is lost in time is eventually recovered
in the spatial domain by increasing the number of transmit an-
tennas.

When the channel varies slowly, so that the CSIT quality
is good, opportunistic random beamforming decreases the
average delay by making the channel vary almost i.i.d. and
choosing the best set of users at each time. In our example,
for speeds below 40 km/h, opportunistic beamforming with
B = M beams achieves the smallest delay. As the speed

increases (i.e., the quality of CSIT degrades), STC outperforms
random beamforming due to its better outage rate. Interestingly,
the opportunistic beamforming systems become unstable (the
average delay diverges) with M = 4 and speed v larger than
60 km/h. This means that at this speed, users are essentially
allocated on the wrong beam with high probability. It is also
noticed that with the parameters of this simulation, the M -an-
tenna B = 1 random beamforming scheme proposed in [4] is
outperformed by the B = M random beamforming scheme
for low mobile speed and by STC for higher mobile speed.
Therefore, it is not useful in any mobile speed range.

V. CONCLUSION

We have compared transmit diversity (STC) and oppor-
tunistic random beamforming for downlink transmission in a
mobile wireless system where the base station has multiple
antennas and the user terminals have one antenna. Beyond
their simplicity, these schemes are also relevant since they
are currently considered for standardization in evolutionary
3G systems. Our comparison assumes random arrivals and
considers the transmission average delay and system stability,
under a general max-stability SDMA/TDMA scheduling and
rate-allocation policy. Moreover, unlike previous works, we
took into account the key aspect of non-perfect CSIT, which
allows for decoding errors, and a simple ARQ protocol that
retransmits packets that are not successfully decoded.

Our results showed that the ability of accurately predicting
the channel (or beams) SINRs has a fundamental impact on
the performance of opportunistic beamforming schemes. In the
case of mobile communications with a feedback delay, the trans-
mitter cannot have perfect CSIT due to the channel non-zero
Doppler bandwidth. Hence, there exists a non-trivial tradeoff
between multiuser diversity and transmit diversity. It clearly
appears that the multiuser diversity gain disappears as soon as
the channels change too rapidly. Hence, while random beam-
forming with B = M beams should be chosen for very slow
channels, STC should be chosen for faster mobility terminals.
This result cannot be observed under the somehow naive as-
sumption of no feedback delay made by other works.

APPENDIX

A. Proof of Theorem 1
For a fixed policy { P(t), R(t) }, the instantaneous service rate

?

(information bits per slot) for user k is given by [see (3)]

pi(t) =T pr () Rie j()1{Ra j(£) < Cr (1)}

i=1

The results in [10] applied to our setting yield that under the
assumption of Section II, the system is stable if and only if

t—o0

t
1

)\kSEkzliminfﬁ E pe(t), k=1,...,K. (15)
T or=1

Let  denote the stability region of a new system with channel
state a(t) and feasible rate R°" (). The instantaneous service
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rate (information bits per slot) of user k in the new system is
given by

szm (R (a(1))

which is linear (hence, concave) and non-decreasing in the el-
ements py, () of P(t). [10, Th. 1] yields that the stability re-
gion € of the new system is given by (6). Hence, the theorem is
proved if we show that the two stability regions coincide.

By restricting to the stationary resource-allocation policies
P € P and to the rate-allocation policy R* given in Theorem
1, the arrival processes { Ax(¢)} and the service rates {p(t)}
become jointly Markov modulated [10], and it is immediate to
show, by ergodicity, that

B

lim 1nf — Z pr(T) = Z Elpr,;(a )Rom( a)].

t—oo

Hence, any point A € € is also in €2, and it is stabilized by a
policy { P, R} for some P € P. This shows that Q C Q.

In order to show that Q C €2, we assume that the channels
and CSIT signals take on values in finite discrete sets H and A,
respectively (the proof can be extended for well-behaved contin-
uous processes by using standard discretization and continuity
arguments). By ergodicity and from the definition of lim inf, for
any € > 0, there exists a sufficiently large ¢, such that, simulta-
neously

[Na(to)]

B 3
S

TeNa,p.r(te)
<1-

< P,(a)+¢

1 Tk,j <Ek" T
Nape ()] (s < Bs(7)}

P(Ek,j < rk7j|a = d) +e€ (16)

where we define the sets Ny p»(t) {r e {1,...,t} :
a(r) = a.P(r) = p,R(r) = r}, Nap(t) = U, Napr(t),
and Ng(t) Up Nap(t), and where Py(a) = P(a = a)
denotes the stationary probability of a(t), which exists
by assumption, and where we use the shorthand notation
pr,j(t) = Tk j(t)Re,;(6)1{ R ;(t) < Ci ;(t)} to denote the
instantaneous service rate for user k on stream j in slot .

The last inequality in (16) follows, since, by assumption, any
feasible resource-allocation policy is a causal function of the
CSIT process, the CSIT process is ergodic, and Cy, () is inde-
pendent of 1, -_1 given a(7).

Consider any stable arrival-rate vector A. By the necessary
condition of [10, Lemma 1] (see above), there exists some not
necessarily stationary policy { P(t), R(t)} such that, for all k =
1,...,K

*

te

B
1
A Sy S > > i(r) +e
T r=1j4=1

a7)
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By using (16), we have

M <D Pal@) D Zp,w

acA TGN (te)
1{Ry (T ) < ij( )}-l—e

| Ne P 1
<D Pl Z V(i |Na,p,r<te>|

acA

> Zpk,ﬂ“k,jl {rr; < Crj(r)}+¢€

TENa p,r(te) =1

SZP Z|N7P7

acA
> prirr (1= P(Crj < i jla=a)) + ¢

Rk]( )

(a)
< ZP Rout( ) e

acA
=X+ €’

Zpk,]
(18)

where (a) follows from the definition of R} (a) [see (7)], and
by letting

pk]

Z| t|J_

Since, by assumption, Zle pr,j < 1forallj=1,...,B on
every slot, and since »_ (| Nap(te)|/|Na(te)]) = 1, it follows
that Zszl Pr,j(a) < 1forall janda € A, i.e., the stationary
policy {px; } defined above is feasible. Hence, A with kth com-
ponent given by the last line of (18) is a point in Q. Since € > 0
is arbitrary, and €’ — 0 as e — 0, we have that A < /\ € Q
which eventually implies that Q and Q coincide.
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