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Precoding of Space-Time Block Coded Signals for

Joint Transmit-Receive Correlated MIMQO Channels

Are Hjgrungnes, David Gesbert, and Jabran Akhtar
Abstract

A memoryless linear precoder is designed for orthogonal space-time block codes (OSTBC) for improved
performance over block-fading flat correlated Rayleigh fading multiple-input multiple-output (MIMO) channels.
Original features of the proposed technique include 1) the precoder can handle both transmit and receive correlation,
and 2) the precoder handles any arbitrary joint correlation structure, including the famous so-called non-Kronecker
(non-separable) correlation models. The precoder is designed to minimize a symbol error-based metric as function of
the joint slowly-varying channel correlation coefficients, which are supposed to be known to the transmitter. Several
useful properties of the optimal precoder are given, evidencing the impact of receive correlation on transmitter
optimization in certain situations. An iterative fast-converging numerical optimization algorithm is proposed. Monte

Carlo simulations over fading channels are used to validate our claims.

Index Terms: MIMO, orthogonal space-time block code, precoder optimization, minimum pairwise error probability based metric, power

constraint.

I. INTRODUCTION
In the area of efficient communications over non-reciprocal MIMO channels, recent research [2], [3], [4]
has demonstrated the value of feeding back to the transmitter information about channel state observed
at the receiver, especially in non-ideal (that is non-i.i.d.) channel cases. Clearly, the type of feedback
may vary largely, depending on its nature, e.g., required rate, instantaneous, or statistical channel state
information (CSI), leading to various transmitter design schemes, e.g., [2], [3], [5]. Among those, there
has been a growing interest in transmitter schemes that can exploit low-rate long-term statistical CSI
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in the form of antenna correlation coefficients. So far, emphasis has been on designing precoders for
space-time block coded (STBC) [2] signals or spatially multiplexed streams that are adjusted based on
the knowledge of the transmit correlation only while the receiving antennas are uncorrelated [4], [6].
These techniques are well suited to downlink situation where one elevated access point (situated above
the surrounding clutter) transmits to a subscriber placed in a rich scattering environment. However, to
the best of our knowledge, little attention has been put on the precoding problem in the case where the
receiving antennas are correlated. This fact is surprising since the correlated receiver case only depicts a
common situation met in the uplink of the corresponding scenario above. More generally, the case where
both transmit and receive antennas exhibit some correlation has not been addressed, except implicitly
in [3], where it is generally the instantaneous channel state information that is fed back of the transmitter.
This can be explained from the widespread belief that detrimental effects caused by receiver correlation
cannot be dealt with by the transmitter. However, this is not generally true as we show in this letter.

Here, we assume that only the joint transmit-receive correlation matrix is fed back to the transmitter
and we address the question of how to deal with the correlation using a linear precoder posterior to
the OSTBC module such that a metric based on the pairwise error probability (PEP) is minimized. We
show that, unlike common intuition, the precoder at the transmitter can have a compensating effect on
the degradation due to correlation observed at the receiver at least in two important cases: a) There
IS non-zero receiver correlation and transmitter correlation in the Kronecker model, and b) there is no
transmitter correlation but there is receiver correlation, and the overall correlation does not follow the
so-called Kronecker model.

Although most previous models for the joint transmit-receive correlation are based on the Kronecker
structure [2], the accuracy of these models has recently been questioned in the literature based on
measurement campaigns [7]. Therefore, there is interest in investigating the precoding of OSTBC signals
for MIMO channels that do not necessarily follow the Kronecker structure. Precoding of uncorrelated
channel with mean feedback for quasi-orthogonal codes was considered in [6].

The main contributions of this letter are: (i) We propose a technique in which we minimize certain
bounds on the PEP of the OSTBC signal, where the choice of the OSTBC is given in advance. In that
respect, our approach is reminiscent of [3], [4], however, our expressions are also valid for the case of
a singular correlation matrix and a full correlation matrix. We propose a new, fast converging iterative

algorithm which uses the knowledge of the full transmit-receive correlation, regardless of whether the
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Kronecker structure is valid or not. (ii) Some properties of the optimal precoder are found. In the case
uncorrelated transmit antennas and an arbitrary number of correlated receive antennas, we show that the
optimal precoder boils down to a power allocation strategy across the transmit antennas. We show that
in the case that correlation happens to be Kronecker based and the transmit antennas are uncorrelated,
then the receive antenna correlation does not have any impact on the precoder design for OSTBC signals,
which makes good intuitive sense since in this case every transmit antenna leads to an independent and
identically distributed channel vector at the receive array and thus has no reason to be treated differently.
In contrast, we point out that if the Kronecker model holds and the transmit antennas are correlated, then
the receive correlation does generally play a role in the precoder design and can be compensated for to

some extent, both in the Kronecker and non-Kronecker correlation cases.

II. SYSTEM DESCRIPTION
A. OSTBC Sgnal Model

Figure 1 shows the block MIMO system model. The original bits b; are first modulated into a vector x =
[z0, 21, ..., 251" of size K x 1, and where x; € A, where A is a signal constellation set such as uniform
M-PAM, M-QAM, or M-PSK. K log, M bits are used to produce the vector x. The vector x is transmitted
by means of an OSTBC matrix C(x) of size B x N, where B and N are the space and time dimension
of the given OSTBC, respectively, followed by the precoder F' of size M,; x B. Then the signal is sent
over the MIMO channel H of size M, x M,. The channel is corrupted by the additive block noise V,
of size M, x N, which is complex Gaussian circularly distributed with independent components having

variance Ny. The M, x N receive block signal Y becomes

Y = HFC(z)+ V. 1)

The receiver is assumed to know the channel matrix H exactly and it performs a maximum likelihood
decoding (MLD) of blocks Y of size M, x N to find an estimate of = denoted &. This vector is
demodulated into the decoded bits b;.

Let E [|z;|*] = o2. Since a OSTBC is assumed, the following holds
K-1
C(z)C"(x) =a)  |i|Ip, )
1=0

where a =1 if C(x) =G5, C(x) = HI, or C(xz) =HI in[8] and a = 2 if C(x) = G or C(x) = G
in [8]. The rate of the code is K/N. Any OSTBC can be used.
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B. Arbitrarily Correlated Channel Models

A block-fading flat correlated Rayleigh fading channel model [2] is assumed. Most previous works
consider transmit correlation only, and look at the so-called Kronecker assumption in case of joint transmit-
receive correlation. Here, let the channel H have zero mean, complex Gaussian circularly distributed with
positive semi-definite autocorrelation given by R = E [vec (H) vec” (H)) of size M, M, x M,M,, where
the operator vec(-) stacks the columns of the matrix it is applied to into a long column vector [9]. Let us
now examine two possible models for the correlation R.

1) Kronecker Model: In the Kronecker model [2], the full autocorrelation matrix R is given by

R=R'®R,, 3

where the operator (-)” denotes transposition, @ is the Kronecker product, the matrices R, and R; are
the correlation matrices of the receiver and transmitter, respectively, and their sizes are M, x M, and
M; x M,. This widely used channel model was used in [4], to find a linear precoder when R, = I, .

2) Non-Kronecker Model: The Kronecker model shown in (3) can be interpreted through the idea
that the receive (or transmit) correlation does not depend on at which transmit (or receive) antenna the
channel measurements are performed. Recently, it was pointed out that this model does not properly
describe general propagation scenarios, in which the multipath structure does change depending which
transmit antenna is used [7]. Hence, in general, R # R! ® R,.

Uncorrelated transmit antennas: In the case where the transmit antennas are uncorrelated, the total

correlation matrix can be expressed as

R,, Ounoxnm, - Ongoxn,
Onr xn, Ry <o Onrxn,
R - 9 (4)
LA VAR V) VAS VARSI S

where R,, is the receive correlation matrix seen when the signal is launched from transmitter number ¢

and the matrix 0., has size k£ x [ containing only zeros.

I11. PROBLEM FORMULATION AND PROPERTIES
A. Optimal Precoder Problem Formulation
The goal is to find the matrix F' such that a PEP based metric is minimized under an appropriate power
constraint. The autocorrelation matrix R, unlike the instantaneous channel matrix H, is assumed to be

known, via slow feedback, to the transmitter.
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Using (2), the power constraint on the transmitted block Z = FC(x) is given by

aKo: Tt {FF"} =P, (5)

where P is the average power used by the transmitted block Z.
Let x; and x; be two different realizations of the K x 1 vector x. Suppose codeword C(xy) is
transmitted while C(x;) is detected. Let E; ;(x) = C(x)) — C(x;) be the error matrix of size B x N. If

it is assumed that no mean value nor side information is present, the PEP criterion proposed in [3] can

FEy () E (x)F!
4N

be written as: det (R_1 + ® IMT>. Unfortunately, this criterion is not able to handle the
case of singular R. In [4], only transmitter correlation in the Kronecker model was considered and the
criterion used was det <IMt + ﬁRi/QFEEHFHRW), where R}’? is the unique positive semi-definite

matrix square root [9] of R, and E = argmin det (EklEkHl) For OSTBC, the following property [8]

{Ex1.k#ln}
holds: EE" = ad2,, 15, where d2,, — 22 for M-PAM, where d2,, = 40%sin® = for M-PSK, and
602
where d2,, = 175 for M-QAM.

An upper bound of the PEP was used as the optimization criterion in [3], however, the criterion that
was used was not able to handle singular correlation matrices. In [10], an exact expression was proposed
for the SER which could handle singular correlation matrices. Modifying the upper bound expression for
the PEP from [3] such that the objective function has a resembling shape to the expressions in [10], we

propose to consider the optimal precoder given by the following optimization problem:

Problem 1:

a2
{ max ” det (IMtMT + %RW [(F*F") @ I,,] R1/2>
FeCMex 0

subjectto  aKo.Tr {FF"} = P.

The objective function in Problem 1 is equivalent to the criterion in [3] when R is non-singular.

B. Properties of the Optimal Precoder

In this subsection, properties characterizing the optimal precoder in various scenarios are presented. In
particular, Theorem 1 allows for a useful simplification of the precoder in the special case of uncorrelated
transmitters. Theorem 2 gives the optimal precoder in the special case of Kronecker correlation with

uncorrelated transmitters.
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Lemma 1. If F is an optimal solution of Problem 1, then the precoder FU, where U € CB*5 is
unitary, is also optimal.

Proof: Let F be an optimal solution of Problem 1 and U € C?*Z, be an arbitrary unitary matrix.

It is then seen by insertion that the objective function and the power constraint are unaltered by the unitary

matrix, hence FU remains optimal in the sense of Problem 1. [

Theorem 1: Let B = M,. If the transmit antennas are uncorrelated, the autocorrelation matrix is
given by (4), then, the optimal F' can be chosen diagonal up to a unitary matrix. Without loss of optimality,
the precoding matrix can also be chosen real.

Proof: Let the eigenvalue decomposition of R,, be given by R,, = VHA”VZ , Where V.. €
CMxMr s unitary and A,, € RM M- js diagonal with non-negative diagonal elements \;,. It follows

that the eigenvalue decomposition of R = VAV ¥ is given by the matrices

Ve o Oapxnr, o0 O, Ay Onrsnr, -+ Ongox,
v OMT.xMT ‘/.7“1 OMT.xMr A= OMr.xMT A.Tl UMT.xMT )
LA VAN V) VANS VAR 2V | O, Ongoxns, o0 Apyy
The objective function of Problem 1 can now be rewritten as:
d?.
det <IM% + %A”QVH [(F*F") @ I,,] VA1/2) : ©)
0

Block element number (k, 1) of size M, x M, of the second addend within the determinant of (7) can be
expressed as: % (F*F"),, APVEV, A2 Let the second addend within the determinant of (7) be
denoted A. This matrix is positive semidefinite!, and then it follows that I 5, + A is positive definite. By
using Hadamard’s inequality [9] on det (I 5;, 5, + A), this determinant is maximized when A is diagonal.
From the structure of A and due to the fact that the matrices V., are unitary, it follows that F*F7 is
diagonal. Hence, F is diagonal up to a unitary matrix, see Lemma 1. Since we can ignore the unitary
ambiguity, see Lemma 1, F' can be chosen diagonal, real, and non-negative. Thus, it is important to note
that optimal precoding in this case 1) is not identity, being instead a function the receive correlation (even
though transmitters are uncorrelated!), and 2) boils down to a power allocation strategy over the transmit

antennas. |

Lemma 2. Let B = M,, and let the total correlation matrix be given by (4). Diagonal element

number i of the optimal diagonal product F*F' is denoted f2, where f; € R. Let eigenvalue number k

2
1 A can be written as A = BB where B = 'IZ%Q"AI/QVH [F* ® I,], and, therefore, it is positive semidefinite.
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of the correlation matrix R,, be denoted \,, . The optimization problem that must be solved is the

following: Find f; such that the following product is maximized:
R L 1 a’d?ninfzzATik 8
I I (v —— 8)
=0 k=0

subject to
Mi—1

P
;fiz:a[(ag' (9)

The proof of this lemma is given in Appendix I.
Interestingly, an analytical precoding method that solves this precoding problem in certain practical

situations is presented in a companion publication [10] due to lack of space here.

Theorem 2: Let the correlation model of the channel follow the Kronecker model in (3). If R, =

I,,,, then the optimal precoder is independent of the receiver correlation matrix R, and given by F =

/ P
aKa%Mt IMt )

The proof of this theorem is given in Appendix II.

IV. ITERATIVE OPTIMIZATION ALGORITHM
Unfortunately, in the general case of joint transmit-receive correlation, a closed form solution is difficult

to obtain. In this case, a fast-converging iterative algorithm can be proposed in the following theorem.

Theorem 3: Let the matrix K, be the commutation? matrix [9] of size ki x kl. The precoder that

is optimal for Problem 1 must satisfy
T
vec (F) =p [F" @ I, IT [R”Q ® <R1/2> }

ad?

X vec ({IMtMT ST <R1/2)* [(FF") @ I,,] (Rl/g>*]—1) | (10)

where (-)* means complex conjugation, IT = (IMtz ® vecl (IMT)) (Ipr, @ Kpgyor, @ Ipy,), and g is a

positive scalar chosen such that the power constraint in (5) is satisfied.

The proof of this theorem is given in Appendix Il1. (10) can now be used in a fixed point iteration for

finding the precoder that solves Problem 1.

The commutation matrix K ; is the unique kI x ki permutation matrix satisfying K ; vec (A) = vec (AT) for all matrices A € C**',



Accepted for publication in |IEEE Transactions on Wireless Communications 8

V. RESULTS AND COMPARISONS

In this section, Monte Carlo simulation results are presented for two different non-Kronecker correlation
scenarios using 4 000 000 bits. Since there is no precoder in the literature up to our knowledge capable
of handling arbitrary correlation models, comparisons are simply made against a system not employing
precoding, i.e., F = , /#éMtIMt' The following parameters are used in the examples: N = B = M, = 2,
P =1, and M, € {4,6}. The SNR is defined as: SNR = 10log,, Nio. The signal constellation is Gray-
coded 4-QAM with o2 = 1/2. The Alamouti code C(x) = GI is used.

Scenario 1: Let the correlation matrix R be singular and given by (4) with R,, = I, and R, =
15, <01, Where the matrix 14, has size k& x [ containing only ones.

Scenario 2: Let the non-Kronecker correlation matrix R be given by (R),, = 0.99*~!I, where the
notation (-), , picks out element with row number & and column number I. Although this is not necessarily
a practical case, this serves as a test-case for the proposed algorithm.

Results: Figures 2 and 3 show the BER versus SNR performance for the non-precoded reference system
and the proposed precoded system when the trivial identity-based precoder was used as the initial value
in the fixed-point iteration. From the figures, it is seen that proposed precoder outperforms the reference
system. For Scenario 1, the performance gain is bigger for M, = 6 than for M, = 4 and for Scenario 2,
it is bigger for low values of SNR. It is observed from the results that the gain of precoding is lost when
SNR approaches infinity. This can also be observed from the objective function since when N, — 07, the
term inside the determinant containing Vo will be dominating, and by utilizing rules for the determinant
of a matrix- and Kronecker- product and the Hadamard inequality, it is seen that as Ny — 07, the optimal
precoder will be proportional to the identity matrix. In all cases, the gain due to precoding (about two
dB) in the presence of receive correlation appears clearly.

Figure 4 shows the empirical convergence rate for SNR = 8 dB for Scenario 2 with M, = 4. It is
seen from the plot that the algorithm converges very fast. Typically, within one to two iterations the
algorithm has converged to a satisfactory performing precoder. In Figure 4, the algorithm converged after

one iteration.

VI. CONCLUSIONS
A precoder is proposed that minimizes a certain PEP based metric for transmission of OSTBC over flat

block-fading correlated Rayleigh MIMO channels. Several features of the optimal solution were derived for



Accepted for publication in |IEEE Transactions on Wireless Communications 9

special cases. For the case where the autocorrelation matrix is given, a fast converging iterative numerical

optimization technique was proposed.

APPENDIX |
PROOF OF LEMMA 2

Proof: Under the assumptions in the lemma, the determinant on (7) can be written as

Mi—1
dmln 1/2y/H * T 1/2 adfmn i
4N0A VI(F'F")®I,]VA H det { T, + =0 An ) (A1)

det <IMt]\/[r
The right hand side of (11) can be rewritten as the objective function shown in (8). The power constraint

reformulation follows directly by inserting the diagonal matrix product F.F into (5). [

APPENDIX Il
PROOF OF THEOREM 2
Proof: If the Kronecker model holds, then R, = R,. From Lemma 2, it follows that the

unconstrained Lagrange function for the problem that should be solved can be written as

M—1 2.
1 1 min; A 2 12
> (et (1w, + “odig, ) 4g2), 12

=0
where y is a Lagrange multiplier for the power constraint. It is seen that the unconstrained objective

function in (12) is symmetric in the variables f;. Therefore, in the optimum solution of the maximization

problem, all the independent variables f; must be equal. This leads to the following optimal precoder F' =

\/ aKo'QMtIMf u

APPENDIX |1
PROOF OF THEOREM 3
Proof: The constrained maximization Problem 1 can be converted into an unconstrained optimiza-
tion problem by introducing a Lagrange multiplier x. This is done by defining the following Lagrange

function:

%RW [(F*F") ® Iy,] R1/2) — )/ Tr {FF"}. (13)
0

L(F) = det (IMtMT +

Since the objective function should be maximized, x" should be positive.
The necessary condition for the optimality of Problem 1 is found by setting the derivative of the
Lagrangian in (13) with respect to vec (F'*) equal to the zero vector of the same size. Finding the derivative

with respect to the complex valued vector vec (F*) can be done by generalizing the works in [9], [11]



Accepted for publication in |IEEE Transactions on Wireless Communications 10

when the differentials of F' and F'* are treated as independent. The following two expressions, which are

found after several matrix manipulations, are useful for finding the necessary conditions:

0 Hy
WTr{FF }—Vec(F), (14)

and

0 ad?.
d t I min R1/2 F*FT TI R1/2 —
e () Ot (T + R (PP )

ad? i, 1/2 « T 1/2 adiiy
det I]\/[t]\/[r+4—JVOR |:(F F )@IMT}R 4—]\[0 [F ®IMt:|H

% [<R1/2>* 2 RI/Q] vec (IMtMT 1 Zd_;\r;ion <R1/2>* [(F*FT) 2 IMT} <R1/2> *) -1 )

where the M? x M2M? matrix IT is defined in the theorem statement. The necessary conditions for
optimality can be found by utilizing the results from (14) and (15) and setting the derivative of the
Lagrangian multiplier in (13) equal to zero. If this is done, and scalar factors are collected into the scalar
named ., the result in (10) is found. Since the precoder matrix F' should be scaled according to (5), it is
not necessary to decide the exact value of the scalar p. This scalar can be found by adjusting the norm

of the precoder according to (5) after each time the fixed point iteration is used. |
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Fig. 1. Block model of the linear precoded OSTBC MIMO system.
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Fig. 2. Scenario 1: BER versus SNR performance of the proposed system — o — using the numerical optimization method in Theorem 3

and a system not employing a precoder — x —. In the upper plot, M, = 4 and in the lower plot M,. = 6.
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Fig. 3. Scenario 2: BER versus SNR performance of the proposed system — o — using the numerical optimization method in Theorem 3

and a system not employing a precoder — x —. In the upper plot, M, = 4 and in the lower plot M, = 6.
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Fig. 4. Empirical convergence for Scenario 2, SNR = 8 dB, M, = 4. Zero iteration correspond to the system not employing a precoder.



