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On-Line Blind Multichannel Equalization
Based on Mutually Referenced Filters

David Gesbert, Pierre Duhamedenior Member, IEEEand Sylvie Mayrargue

Abstract—This paper presents a novel approach to the blind  Conventional blind equalization (BE) methods implicitly
linear equalization of possibly nonminimum phase and time- assume a symbol-rate monochannel transmission model and,
varying communication channels. In the context of channel diver- yn~refore  are based on the use (explicit or not) of higher

sity, we introduce the concept ofmutually referenced equalizers - . . .
(MRE’s) in which several filters are considered, the outputs of order statistics (HOS) of the received signals. Hence, adaptive

which act as training signals for each other. A corresponding techniques are typically designed as stochastic gradient descent
(constrained) multidimensional mean-square error(MSE) cost schemes based on the minimization of various nonquadratic
function is derived, the mlnlmlzatlon of WhICh is _shown to_be nonunimodal error functions [1]_[6], resumng in a possib|e
a necessary and sufficient condition for equalization. The links q4\il_convergence [7]. Recently, the use of fractionally
with a standard linear prediction problem are demonstrated. The . .
proposed technique exhibits properties of important practical SPaced (FS) and/or multisensor (MS) reception arrays was
concern: recognized as a powerful means to solve the convergence-
1) The proposed algorithm is globally convergent. related problems of BE algorithms for two reasons. First,
2) Simple closed-form solutions exist for the MRE's, but the some of the HOS-based techniques such as the constant
MRE's also lend themselves readily to adaptive imple- modulus algorithm (CMA) are found to be globally conver-
mentation. In particular, the recursive least-squares (RLS) gent in the FS or MS context [27], [28], and second, blind
algorithm can be used to offer optimal convergence rate. o . . .
3) The MRE method provides a solution for all equalization €dualization is shown to be feasible, assuming FS or MS
delays, which results in robustness properties with respect arrays, based on the sole second-order statistics of the received
to SNR and ill-defined channel lengths. signals [8], [9].
Building on the results found in [8] and [9], several second-
order time-domain methods were developed that generally

I. INTRODUCTION rely on one (or more) subspace decomposition of either the

RANSMISSION over high-speed digital communicatiofeceived data matrix (“deterministic methods” [14], [15], [24])
channels is subject to inter-symbol interference (ISP the data correlation matrix (“stochastic methods” [9], [11],
inducing channel distortion, which has to be compensatEkR]). For frequency-domain approaches, see [8], [10], and
for by an equalization device. In the context of digital radiolL3]. All these methods assume FS or MS arrays but can
communications, the problem is very challenging due to ti@ssentially be referred to amultichannel(MC) equalization
length of the ISI that stems from the data transmission at higtethods, building on the concept of channel diversity, for
rates in a mu|t|path propagation environment. which the transmitted source is seen through more than one
Traditional equa”zation schemes re|y on the periodic trangymbol-rate linear filter. The MC second-order methods above
mission of training sequences, which are known from tmg"fer an interesting alternative to the conventional HOS-based
receiver and are used to acquire and update either the chafffeldlgorithms. However, they suffer from several drawbacks.
or the equalizer coefficients. This strategy, however, resultsl) Most are computationally intensive and/or are unsuited
in a significant reduction of the effective communication rate. ~ to an adaptive implementation,
The need for very high bit rates that arises in the field of digital 2) They only provide channel coefficient estimates and
communications makes very attractive the methods that do not need to be further linked with an equalization device
resort to such training sequences (blind equalization). (although this does not apply to [15] and [24]).
3) They require exact knowledge of the channel order,
although this condition is never met in practice.
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are considered, the outputs of which act as training signals
for each othetf. A multidimensional mean-square error MRE
criterion for blind MC equalization is derived, and certain min-
imization procedures are discussed. The obtained algorithm m
is shown to meet several conditions of important practical @
concern: S h,

1) The MRE criterion is unimodal; hence, the algorithm
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exhibits global convergence. b, o
2) The MRE criterion is a mean-square error. Full flex- A Xn
ibility is gained for the implementation. In contrast, x
flexibility of design is difficult to obtain with subspace (L
decomposition methods as well as with adaptive BE by,
methods relying on a high-order nonlinear cost (this Fig. 1. Baud-rate digital multichannel model.
includes the Godard'’s algorithms).
3) The method directly provides channel inverses with all .
: - 0 all-zero matrix;
possible delays, hence, yielding robustness w.r.t. theE() statistical expectation
noise amplification problems that may be related to a '
specific delay (typically the minimum and maximum
delays yield poor results if the channel has coefficients ll. MULTICHANNEL EQUALIZATION
that taper off at the ends).
4) Finally, the MRE method shows empirical robustness fit- Background
the presence of channel length mismatch. Consider the continuous-time signal observed at the output
Following a short review of multichannel background if & noisy PAM/QAM communication channel
Section Il, we investigate the theoretical properties of the +o0
MRE criterion in the noise-free case and show that its min- z(t) = Z sph(t — KET) + b(t) (1)
imization is necessary and sufficient for linear MC equal- k=—o00

ization (Section IlI). We show that the MRE criterion is a,
multidimensional MSE that has to be constrained in ord

to avoid the convergence toward undesirable solutions. T
optimization under different types of constraints leads f
various algebraic solutions for the MRE, which are indicat

in Section IV. Quadratic and linear constraints are consider(?
The choice of an optimal constraint with respect to the

here {s;.}, {b(t)}, and {h(¢)}, respectively, denote the
ansmitted symbols sequence with rafd", the additive noise
fsumed to be uncorrelated wifs}), and the baseband
uivalent channel, including the equipment filtering, modula-
n, and demodulation effects. The transmitted sequence is not
guired to be white. Channel diversity may be represented as

performance/implementation issue is discussed. @) I () @) .
In Section V, we elaborate on this result by demonstrating In® = Z skhpZy by, i=1---L (2)
k=—oc

that under a linear constraint and under mild assumptions about
the transmitted symbols, the proposed method can be putwhere
the form of a certain linear prediction problem. A standard j(9) 7-sampled impulse response of tith channel;
RLS implementation of the method is proposed that offers an,() payd-rate signal measured at the outpub6t;

optimal convergence rate. . . _ v corresponding noise sequence;
In Section VI, the MRE method is evaluated in a multipath 7 umber of channelsI( > 1).

propagation environment with signals impinging on a circulz?\lrOte that thesamesequencels;} is observed through the

antenna array. Batch simulations for various sample and arayY  ont filters RU, BD .. D),

sizes and signal-to-noise ratios (SNR’s) show the consistenc;in the context of multisensor arrays?) represents the link

of the proposgd cnltenon ar?dllllustrate the .good behav'or.ﬁ]fetween the transmitter and thil sensor. In the fractionally
the MR equalizers in a realistic context (noisy channels wi

. . ) aced scenario, the channél§) correspond to sampled
unwell-defined orders). The behavior of the adaptive MREp . ' . L
method is also investigated. We show that the MRE bas\\(lév rsions (at ratd’) of the same continuous-time chanigt),

on the RLS algorithm reaches convergence in 100 iteratio, th various sampling phases — 1)T/L, i =1---L (see

under certain conditions. Throughout the paper, the followi for details). The multichannel formalism is also easily
. ’ 9 paper, &ktended to the case of oversampled multisensor arrays. The
notations are adopted:

baud-rate multichannel setup is displayed in Fig. 1. Through-

Xt tran_spose ofX; out the paper, we assume that the ISl is causal with length
X* conjugate transpose of; M (M > 0).

|X| Ls-norm of X;
X* complex conjugate ofX;

) . ; . B. Vector Representation
I identity matrix of sizek;

Assume thatN measurements are performed per trans-
1A similar idea was later and independently obtained by Giannakis [22]mitted symbol on each channel. THeV-long data vector
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at time n, which is denoted byX, = [a:ﬁll), ---,a:SZNH, equalizers, so that the symbol recovery can be perfect in the
o, 2tB), ...wglL_)NH]t, satisfies the linear equation absence of noises{ = s,,). Algebraically, these ZF equalizers
are provided by any left inverse of the channel convolution
X, =HS,+ B, (3)  matrix H since
where B, = [bgll)v T bgllzN—l—lv T bglL)v Ty bglL—)N-l—l]t U+Xn = PSn—d (5)

is the corresponding noise vector at time and S,
contains the set of symbols involved in the output medISO reads
surements. Since the channels have length+ 1, we  ,+tH = p(0,---,0,1,0,---,0), ford=0---K —1 (6)

haVén = (3n7 Sp—1, """, Sn_]\f—]\l+1)t, and H |S the . . . i A .
channel convolution matrix in the noise-free case under a sufficient excitation condition on

the transmitted sequence. That the transmitted sequence can be

K=M+N . - ) ‘
1 (1) — linearly recovered, up to a fmng set. of time delays, ranging
ho” - hyy o - 0 from O to K — 1 symbol durations is also clear from (6).
: . .0 Hence, channel diversity induces delay diversity. Note also
0 0 ey e that undesirablélocking solutions that suppress the desired
o T M signal with p = 0 may appear whef{* has a nontrivial null
H= : : cee : TLxN. space LN > K case). Then, for each possible delay, various
R0 D) 0 .. 0 equalizers can theoretically be computed, lying in a subspace
0 M of dimension1 + dim[null(H1)].
(') N héL) h;\)? lll. THE MUTUALLY REFERENCEDEQUALIZERS

Let K = M + N denote the number of columns iH. A. Noise-Free Case

‘H is a Sylvester matrix built fromZ vertically stacked In the previous section, we have noted the existence of
Toeplitz blocks, each one of siz&¥ x K. The condition of independent linear equalizers associated with different recon-
blind equalizability of the multichannel model (3) is also thetruction delays. We attempt now to show how this delay
condition under whicl¥ is left invertible. Therefore, we will diversity can be exploited to permit the blind determination
assume throughout this paper that of the full set of channel inverses.
H1) H has full column rankk. The simple idea of the mutually referenced equalizers
Note that H1) requireddN > K so that is vertical, evolyes as fOIIOWS,: Cons'idefr_zi (resp.'vi+1), W_hiCh is a
?Z_A4 multichannel equalizer satisfying (5), in the noise-free case,

(-1 = D 4 ..y p

or square, at east. Lef (7.: ) = ho' A+ By with d = ¢ (resp.d = ¢ + 1). In the following, v; is referred
be the » transform of theith channel impulse responset _del lizerTh bvi ton |
When N > M, H1) can also be reinterpreted as [13here 0 as ani-delay equalizerThen, an obvious assertion is
should not exist any, such thath(?(z;') = 0 for all . In v X, = v X
practice, the performances of second-order methods criticall¥1 . . ,
depend orhow closethe zeros of the various channels aréV/"r¢ the outputs of thedelay and th¢:+1)-delay equalizers
Practical concerns include the possibility of 1) channels havirzﬂn be said to be “referenced” to each other up to a symbol
quasizeros ino, i.e., very small coefficienta,) ; — 1.7, duration delay. Other similar relations can be found, involving

H oy M - b)

and 2) channels having quasizeros dg, i.e., very small other equalizers and delays. We have, in general

coeﬁicientshé”), ¢+ = 1, L. Both cases correspond to a likely v,an = v Xptick, fori, k=0.---K—1, andk > i
situation in which the multichannel order is not well defined @)
or is overestimated. This problem is discussed in more detaihere thew; are also defined a#-delay equalizers. As
in Section VI. can be seen from (7), a redundant set {K — 1)/2
simple relationships may serve as necessary condition& for
C. Linear Equalization filters vg, vy, -+, v _1 t0 be ideal ZF multichannel equalizers

Here, we focus on the problem of blind adaptive symbé)rl1 the_: noiseless case. _S_urprisingly, we can demonstrate the
recovery using linear multichannel filters. Each channel %JfolmencygfliL&ch COI‘I(IZI(ItI_OfLS. L b
filtered by anN-tap filter, and theL resulting outputs are Nemma : .Issumle dls nown. Aetvo’vl"r']"z.”‘;j—l ed
added to form a symbol estimate. Let the filter coefficients’Y > 1 complex-valued vectors. Assume the independent

i ibgyT — ot i=0..- K —
be listed in theLN x 1 complex-valued vector. At time n, relatlongh!p&/i Xn - Uiy X4 fOF aII' " andL._ 0---K—2
we have are satisfied. Rewrite the vectors in matrix form ®s =

(vo,v1,+++,vK—1). Then, we have
v X, = pdn_d (4) i) V+H = aly for some complex numbex or equiv-
alently

whered and p are, respectively, arbitrary constant time delay .. .
P b y y yII) vj'Xn:ozsn_i,z:O---K—l.

and gain. A main advantage of the multichannel structure
Qver the C|§SSIca| On.eL_( = 1) lies 'n_ the ava'lab'l'_ty of 2A similar result can be obtained by using conditions @nand vy _;
linear equalizers achieving zero ISI, i.e., zero-forcing (ZFenly.
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Proof: Let S, = (sn+1,55)t. The conditions on the
equalizers{v;} are easily rewritten as
(Ix_1,00VTX, =(0,Ix_1)VFXnp
then, from (3)
(Ix_1,0)VTHS, = (0, Ix_1)VTHS 11
(Uie—1,0)VFH(0, I10) S0 = (0, L)V H(Ix,0)80. (8) %

Provided{s, } is persistently exciting of order at leakt+ 1,
(8) yields

(Ix—1,0)VTH(o,Ix) = (0,Ix_1)VTHIK,0) (9)

which reads equivalently

Fig. 2. MRE setup forlk = 5.

0 Wiy Wik
: : : desirable feature of a BE criterion. From the results in 3.1,
a minimum of the MRE criterion is attained, in the noise-free
0 Waeony - Woe-ni case, if and only it/(V)) = 0, which in turn leads to
Wo - Wag O ' '
— : : : VIH = alk. (10)
Wi1 -+ Wk O This shows that any column &f can be chosen to equalize

) ~ the system with a predetermined delay. In a practical situation,
whereW;; stands for the(i, j) term of V*7. Itis now easily however, the channel additive noise modifies the performance
found thatW = «l for some complexy. Step ii) follows gyface of the MRE function in such a way that (10) is no
immediately from (3). L Jonger strictly valid. Hence, the mutually referenced equalizers

Comments:By Lemma 3.1all solutionsvo, v1, -+, vk—1  differ from ZF equalizers in the presence of noise. The

to our problem in (7) are ideal ZF multichannel equalizers WitBerformances of the noised MRE are checked by simulations
delay0, 1, ---, K'—1, respectively. Hence, the MRE criterionjn thjs paper.

provides the full set of channel FIR inverses. Note that as
usual in a blind context, a gain factarremains undetermined. C. Choice of a Constraint

This problem is usually solved by resorting to differential o main role of the constraint is to disqualify undesirable
modulation in order to cope with the phase shift, whereas gflnima such ag” = 0. as well as other nonzero blocking ma-
automatic gain control device may be used to compensate {Qtes v (i.e.,V +H = o) in order to achieve true equalization.

the amplitude. In addition, the choice of’(V) should preserve the convexity
property so that the constrained criterion exhibits no spurious

local minimum. Last but not least, this choice should keep the

In the presence of channel additive noise, perfect symk@jnimization procedure as simple as possible. Typical choices
recovery is an impossible task. However, (7) may be trangg|ude linear and quadratic constraints:
formed into a quadratic criterion measuring the distance toCl) C(V) = |V| - 1 (quadratic)

equality in all these equations. Lemma 3.1 then suggests E2) O(V) = trace(U+V) — 1, whereU is an arbitrary
simple MSE-like equalization criterion LN x K matrix (linear) '

B. Noisy Case

minimize Note that C1) and C2) cannot theoretically prevent the MRE
J(V)=E|E,|? from converging toward undesirable blocking matrices when
with the noise level is close to zero. The reason is that we can

T fyv ’ T generally find a minimizing matri¥%’ in the null space of<*

En __(II‘_I’OV Ko = (0 L)V X satisfying |V| = 1 or tracéU+V) = 1. Poor choices of/

under constraint are then characterized Hy € null (H*) (which is unlikely
cC(V)=0 to occur since nufH*) has a much smaller dimension than

where V is the LN x K equalizers matrix to be updated,the_”umber of variableg in the equalizatipn problem). In suph
andC(V) = 0 is a nontriviality constraint. Throughout the® situation, we may think of other choices for a constraint
paper, this criterion is referred to as the mutually referencelch as

equalizers (MRE) criterion since it involves several linear C3) C(V) = E|V*X,|* — 1 (keeps the equalizers output
equalizers with different delays and measures the closeness Power to a constant).

between their properly delayed output signals. Fig. 2 displai#®owever, we notice that blocking matrices move away from
the MRE equalization structure whdi = 5. It is seen that the criterion global minimum in the noisy situations; thus, C1)
the output of each filter serves as a training signal to updated C2) can always be used in practice. Since the quadratic
another filter. The fact thaf (V") is merely aK-dimensional constraint preserves all generality in the solution to the BE
minimum mean-square error (MMSE) cost constitutes omeoblem, it may appear to be more natural than the linear
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constraint, which is subject to possible poor choiceg/oin A. Quadratic Constraint Case

fact, we note in the next sections that the linear constraintyhe MRE criterion under unit-norm constraint (denoted by

offers both more flexibility in the implementation and bette{:l—MRE) corresponds to a Rayleigh quotient minimization

conditioned solutions within the class of channels simulate%romem involving the Hermitian positive matri®. The
unique stable minimum of the C1-MRE criterion is readily

- _ _ found by extracting the smallest eigenvector7of
A set of conditions that fully characterize the solutions to the

multichannel equalization problem have peen written in (7). 8. Linear Constraint Case

nonredundant subset of these relationships has been exploited q h . | h L f th

in the derivation of a basic stochastic criterion (MRE). Several Based on t.e previous resu.ts,_t € mlnl_mlza'uon of the
other variations may also be considered, which will not gihearly constrained (C2-MRE) criterion is equivalent to that of

— yt i +y — i -
detailed here due to the lack of space. These include tHgY) = V'RV subject ta/*V = 1, wherel{ is the column
wise version of matriX/. The solution to this problem is well

D. Variations on the Criterion

following: K
. . o . nown as
« Adding memory in the criterion using the whole set .
of possible relationships in order to introduce more ro- Vopt = R™U (11)
bustness to noise. This amounts to referencing each UTR-U

equalizer output to all the remaining ones, with propevhich requires solving a linear system instead of extracting
delays, whereas the primitive version of the criterion onlgin eigenvector.
involves “neighbors.”

» Weighting the contributions of the filters associated witlC. Practical Implementation

different delays in the criterion, since an_equalizer_ per- 1) Batch ImplementationsA practical batch implementa-
formance generally strongly depends on its delay in they,'of the mutually referenced equalizers goes as follows:

noisy context. . . .
e Using a deterministic version of the MRE criterion 1) Compute _f|n|te sample estlmgtest) anq iy using
standard time-domain averaging expressions.

when, for instance, only short data records are available. .
. T . . : 2) Form an estimate of the matriR based on the formula
This version is easily obtained since the MRE approach . :
does not rely on specific assumptions concerning the input shown in Lemma 4.1. According to the chosen method,
extract its smallest eigenvector (C1-MRE method) or

statistics. solve the linear system (11) (C2-MRE method). Denote

IV. ASYMPTOTIC SOLUTIONS OF THE MRE CRITERION Vopt 0 be the obtained solution.

3) Reshap¢/,,; into the LN x K matrix V,,;, and choose
one column ofV,,, as a linear combiner for equaliza-
tion. Avoid choosing the O-delay ang — 1)-delay
equalizers, which generally provide very poor noise en-
hancement properties when the channel ends are “small”

Section Il introduced the MRE criterion as a means to solve
the blind equalization problem. Here, we focus on the algebraic
expressions for the criterion minimizers. Although adaptive
equalization is our main goal, closed-form expressions for
fmlte-:_sam_ple and_asymptotu:_ _s_olut|ons are interesting tools for or when the multichannel order is not well defined.
investigating the intrinsic abilities of the proposed method. )

The MRE criterion was first presented as a matrix opti- Note that the use of the output power constraint C3) would

mization problem. However, a formalism using vectors Onlgnly slightly modify the calculations into the extraction of a

greatly simplifies algebraic developments. Recall that ea Wal|estgenera||zede|genvector.

column (amongK) of matrix V' consists of an equalizér = 2) , Adaptive  Implementations (Inlthl Formula-
tion): Different schemes can be used to implement the

vo, V1, vic—1. NOow, considel) = (vf, vt, .-+, vh ), . ) , L
;IIOEhe1 lelerr;erﬁs 1of/ being strung out i(n(glolr;g véctgr éf) sizeadapt've_3 mutually referenced equgllzers W't_h the criterion
LNK. In the following lemma, a simple expression of th f Section III-B._ Constrained gradient technlql_Jes give the
MRE error function is provided in terms af. The proof is owest computatlopal cost and are thu; attractive. Here, we
have the expressions for the constrained LMS updates in

provided in Appendix A. both th drati d li : K th
Lemma 4.1: Let Ry = E(XnX;H) andR; = E(X,41 X)) oth the quadratic and linear constraint cases. Remark that

be, respectively, the zero- and first-order covariance matrié’(g% directly update the matrix of equalize¥s rather than its

of the observed signals. LeR denote theLNK x LNK column-wise versiorV’. Let 1 be a small stepsize arid, be
matrix given by the equalizer matrix estimate at time

Ry —Rf o o E, =(Ix_1,0)V; X,y = (0, Ix_1)V,;F Xy
. aJ
- 2Ry 8V—+(Vn) =X, Ef(Ix1,0) = X1 E;f (0, Ik 1)
R=| , - - . | ) o
2R, —-Rf Var =Vo =gy (Va)
[0} o —-R; Ro f/n-l—l

Then, the unconstrained MRE cost function is also found to be  Vnt1 = Vet (unit-norm constraint)

J(V)=J(V) =V RV. Vi1 (i, §) =y (4, ) and V4 1(1,1)=1 (linear constraint)
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Comments:The C1-MRE method is implemented using a An unconstrained C2-MRE criterion is easily derived from
simple scaling to maintain unit-norm iW,. The reason for (12). For the sake of simplicity, we choose agdih =

this simplification is that scaling coincides with an orthogondl, 0, ---, 0)*, and we adopt the notations
projection on the surface of the constraint (the unit-sphere).
The C2-MRE method is shown here with= (1, 0, -- -, 0)* Y, W ztyr pE —why (13)

but can readily be extended to arbitrduy

As we simultaneously track > 1 filters in the MRE crite- Now, the(LN K —1)-tap filterVV can be updated to minimize
rion, the overall complexity is i)(LN K ) instead ofO(LN) the prediction variance
for a classical gradient-based equalization algorithm. As shown
in the simulations, the convergence of such gradient algorithms TW) = Elzf) - W Z,|%. (14)
is rather slow due to 1) the large number of parameters to be

updated and 2) the lack of persistent excitation in the dataln this.new formuIaFio_n, the mutually referenced equa!izers
vector X,,, which is structural in multichannel equalizatior"® oPtained by predicting a channel output from the signals

methods. In fact, since the signal model in (3) is low ranchomipg on all channels. Note the difference from the linear
the correlation matrixR, is exactly singular in the noise- Prediction problem of [16], [18], and [19]. Here, the present
free case. As a remedy, other types of optimization technigiR@nple on all but the first channels are also used in the
may be considered that show better performances in termsPggdiction. '”1[16] and [18], the minimum prediction error is
convergence speed. In particular, since the computation of fRgnd to beh{"s,., and the practical equalization performance
mutually referenced equalizers involves that of some minimeliitically depends Orhél). In contrast, the MRE prediction
eigenvector in the quadratic constraint case, several exist@igor in (14) turns out to be zero in the absence of noise,
eigenvector tracking methods can be used to perform the blingependent of the channel characteristics. Note also that
equalization with the MRE criterion (see, for example, [29]}12) is not a very restrictive assumption in the sense that a
The conjugate gradient algorithm (CGA) used in [20] wagorrelation between symbols within any finite neighborhood
extended to the case of complex signals/systems and wmgy be tolerated. Only an extra processing delaffof-2)D
particularly suitable [23]. The CGA induces a noticeable gais the price to be paid for exploiting this formulation in terms
in the convergence rate because it is much less sensitive waftthe modified data vectdf,.

the input signal statistics. Recall that the CGA theoretically

converges in a finite number of steps when used to minimizexa Adaptive Implementations (New Formulation)

fixed quadratic cost [30]. The computational cost of the CGA

. 5 - . X
in O(LNK)? is, however, prohibitive and cannot easily b reat flexibility for a practical implementation since several

redu%ed. Ir_1 tf:je_netxht s_ecﬂi)n, wetz ?hovzhthat P:ore erX|b|I_| qown algorithms can be used to solve the prediction problem
can be gained In the implementation through a conveni 4) adaptively. Among those, an optimal convergence rate
reformulation of the MRE criterion into a monodimension

. - an be obtained using a standard RLS algorithm
linear prediction problem.

The formulation of the C2-MRE algorithm above offers

_ Sn—IZn
B Y + ZrTSn—IZn
Sp =71 = GuZN)Sn1, Wi =W +Gyel,

en =20 -W*H Z,, G,
V. LINKS WITH LINEAR PREDICTION

Flexibility in the adaptive implementation of our method is
typically possible if the matrix underlying the quadratic critewhere Z,, is the modified data vector defined as in (13), and
rion (R) can be put in the form of a mathematical expectatiowhere the vectorV, contains all the equalizers coefficients but
of a rank-one form. We provide such an expression in thise at timen (the missing coefficient being forced to one).
section. While doing so, we show that the mutually referencésla forgetting facto(y < 1). S,, corresponds to the inverse of
equalizers under the linear constraint can be computed usihg correlation matrixz(Z, Z;7) estimate. Like for the CGA,
standard linear prediction techniques. the initial complexity of an RLS implementation (LN K )?

Lemma 5.1: Assume white noise and that HZyn such seems prohibitive at the first glance. However, recent advances
that Vn, the symbolss,, and s,;,, are uncorrelated (the in the field have permitted the development of fast stabilized
transmitted sequence has finite memory). Det K +m be multichanneRLS versions that exploit displacement structures
a time-shifting parameter, and &}, denote the modified datain the data vectors. In the context of our work, data vedor

vector:Y,, = (X}, - X} + X! o, —Xfl+(K_3)D+1 + consists of LK subblocks with a full displacement structure.
XfH_(K_Q)D, —X2+(1(—2)D+1)t- Then, Y, is a LNK x 1 This allows the complexity to be cut to roughty(LNK)
stationary process with covariance matfiXY; Y;") = R. operations [25].

A proof for Lemma 5.1 is provided in Appendix B. Based

on this result, the vector-wise C2-MRE criterion now reads VI. SIMULATIONS

. Here, we evaluate the performances of the MRE method

—yt '

win (V) =V 7?} y . in a digital wireless communications situation at 900 MHz
=E|VTY,[%, under the constrain{™V = 1. \jth I sensors distributed on an uniform circular array. The

(12) propagation channel is generated based on the model of Clarke
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Fig. 3. Channels impulses responses.

TABLE |
“TU” CHANNELS PATH PROFILE

path 1] 2 3 4 5 6 7 8 9 110 | 11 | 12

delay (us) 0/02|04/06|08|12|1.4|18[24|30/32] 5

attenuation dB) | -4 -3 | 0 | -2 | -3 |6 |-7 -5 |-6|-9|-11{-10

[32]. At sensori, the multipath channel is obtained through 100
Nhpatis Nhrays 1 _
k(i)(t) = Apé(t - Tp) 76j(¢71’P+A¢z1’P) 101 |5

(15)

where pathp has amplituded,, and delayr,. nb.qy, = 20
is the number of rays impinging on the sensor within each
path. ¢, , is an i.i.d. uniform process if0; 2x]. Assuming
planar wavefrontsA¢:, , = 2rd/X cos(0y, , — (i —1)27/L) is
the propagation delay of a ray with random angular incidence
6., from the array origin to sensat d denotes the array
radius and\ the wavelength £ 33 cm). The symbols are
unit-variance white QPSK with duration 3.%. Root—Nyquist BT To0 200 3000 4000 5000 6000 7000 #000 9000 10000
filters are used for pulse shaping and reception filters (0.5 samples
rolloff). The equalizer order i&/ = 5. The overall continuous- o, \jized variance of the MRE estimates at 10 dB output SNR. A
time channels are sampled at the baud rate and are normalﬁ%%ﬁ‘e unit-norm constraint, and B is the linear constraint.
to have unit gain. White Gaussian noise is added with variance
o2 chosen according to SNR. (SNR —101log (¢7) since the . ) ) , o
channels have unit gain). (1, Q, -++, 0)* as this ch0|ce. provided satisfying results over

In the first set of simulations, we work on a single realizatiod Wide range of channels/signals.
of the channel model above in the case of two sensors spacefiig: 4 checks the consistency of the MRE method. A Monte
by a half wavelength. The path profile is drawn from th&arlo experiment on 100 independent trials is conducted to
typical urban (“TU”) model recommended by COST [33] (se€ompute the normalized variance (NV) of the estimated matrix
Table 1). The channel impulse responses are plotted in FigoB MRE, which is denoted/(S), for various sample sizes
and are seen to span over more than five symbols but taperdffiWe defineNV = < [V (S) — V|2 >|V|?, whereV is the
at the ends. The theoretical channel length (noiseless casdju¢ MRE matrix obtained with the procedure Section IV-C1,
M +1 = 5. However, the practical length is not well definedssuming exact statistics;> denotes the average over the
and typically depends on the noise level. Monte Carlo runs. The noise level is 10 dB SNR, and the

Figs. 4-6 illustrate the intrinsic behavior of the MRE critesimulations are run witli’ = 6 mutually referencgd equalizers
rion based on the batch implementations described in Sectmnresponding to a practical channel lengthMdf+ 1 = 2
IV-C1). The linear constraint is implemented with = (corresponding to the number of coefficients above the noise

102

normalized variance (NV)
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Fig. 5. BER achieved by batch blind methods, assuming the practidah. 6. BER achieved by batch blind methods in the large sample limit,

channel length ’(I + 1 = 2). A is the C1-MRE (unit-norm constraint), B assuming the theoretical channel IengMe— 1 = 5). Ais the C2-MRE

is the C2-MRE (linear constraint), C is the subspace method (MUSIC-likeyethod, B is the subspace method (MUSIC-like), C is the C2-MRE method

and D is the reference provided by the nonblind MMSE equalizer. with overestimated channel lengtff(+ 1 = 10), and D is the C2-MRE
method with largely overestimated channel lengtti 4 1 = 15).

level). The linear problem in Section IV-B seems better
conditioned than the minimal eigenvector problem in Sectidanger be used in this case. The observed robustness can be
IV-A. This was also observed for most channel realizationgtuitively explained: 1) The method solves for all possible
with the model used above. Note that Fig. 4 does not represgatays and is not directly dependent on “small channel ends.”
the convergence rate of tlegualizationmethod. In fact, in the 2) Overestimating the ISI length amounts to trying to solve
noiseless case, a full subspace of solutions (hence, with lagje overdetermined set of conditions in (7) since the set of
NV) would be satisfactory. delays for channel inverses is not sufficient for these conditions

Fig. 5 plots the symbol error rate (SER) after linear equdle be satisfied. Of course, some of the MRE (typically the
ization and decision for a range of SNR. We compare the MRExtremal” MRE) are unable to invert the channel. Due to
method with another second-order based technique, namég particular form of the criterion, each of the MRE’s is
the subspace identification plus equalization technique of [Lpfedominantly determined by its neighbors, hence, extremal
We use 20000 samples. In this experiment, the estimafddRE are only seen as side effects by the middle MRE. The
channel length equald/ + 1 = 2 in this range of SNR. larger M gets (the larger the number of equalizers is), the
This “practical” channel length provided the best results fénore side effects vanish at least seen from middle MRE.
both blind methods even if the subspace method cannot Beis explains why some of the filters become unaffected
statistically consistent in this case. For reference, we provillg the overdetermination and may still be used to equalize
the SER achieved by the optimal MMSE equalizer given e channel.
Ry'E(X,s%_,). Note that in all experiments/methods, we We now focus on the adaptive equalization problem. The
choose to pick the result provided by the best equalizatiéhannel is unchanged. The practical channel length is assumed.
delay. This delay was found to be the same regardless @nvergence is shown in terms of the mean-square error
the equalization technique. The MRE criterion performs weafletween the equalized and the transmitted data. Note that
under severe SNR conditions due to the MSE-like form of tHdSE is used here for the sake of simplicity: Unlike the SER,
cost function. Perfect equalization is achieved in the abseribe MSE has closed-form expressions and does not need to
of noise. The linear constraint provides the best results. Heg¢ estimated. Since blind equalization is achieved up to an
high SNR, the MRE and subspace methods are found to yi@ebitrary gainp, we define for ai-delay equalizew
similar performances. vt X 2

Fig. 6 investigates the behavior of the batch MRE (with MSE(v) = E -
linear constraint) and subspace methods in the case the al- P
gorithms are implemented with various overestimated channeFig. 7 shows the C1-MRE (quadratic constraint) and C2-
lengths (i.e., greater than the practical Iength).ﬂ)t 4 (i.,e., MRE (linear constraint) methods implemented with the LMS
the theoretical length), both blind techniques yield degradathorithm described in Section IV-C2. The stepsize is 0.01.
performances compared with the practical length case. ThisTise SNR is 10 dB. Slow convergence can be noticed, due to
not surprising since small channel coefficients are difficult e large number of parameters to be updatedy & = 60)
distinguish or estimate in a noisy context. The MRE methaghd to ill-conditioning effects. A better convergence rate is,
seems to show more robustness toward this problem thamwever, obtained with the linear constraint.
the subspace method, which is known to require well-definedFig. 8 shows the learning curves obtained with the RLS
noise/signal subspace dimensions. The MRE criterion evimmplementation of the proposed algorithm based on the predic-
shows robustness toward a large overestimation of the chantieh scheme described in Section V-A. Soft-start initialization
length (W = 9, M = 14), whereas the subspace can ni used withS, = 100 I, andy = 0.99. The time shift

— Sn—d
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Fig. 7. Learning curves of the LMS-MRE method (10 dB SNR) Fig. 9. Learning curves of RLS-MRE method (5 dB SNR).
4 T T TABLE I

“EQX” EQUALIZATION TEST PATH PROFILE

path 1 2 3 4 5 6

delay (us) 00]22|44]6688](11.0

multichaninel CMA attenuation (dB) | 0 | 0 | 0 | 0 | 0 | ©

output mean square error (dB)

- MRE method (batch)
— MMSE (optimal)

-12F RLS-MMSE (optimal) v

100 200 300 400 500 600 700 800 900 1000
itcrations

Fig. 8. Learning curves of the RLS-MRE method (10 dB SNR).

parameter i) = 10. The SNR is 10 dB. For a comparison, the

learning curves obtained with a HOS-based technique (namely, o 0::::::: \‘\\ ]
the multichannel CMA [26], [28]) and with the optimal RLS- +:4 sensors

based MMSE equalizer are also plotted. Both blind algorithms 107 “\\ 1
are tuned to offer comparable residual error. Fig. 9 shows a R
similar experiment under more severe conditions (SNR 10 e
dB). A high convergence rate is achieved with the R&S1(0 SNR (08)

IteratIOHS at 10 dB SNR), Wh'Ch |S C|Ose to the Convergence F|g 10. Results versus the number of sensors and SNR.
rate of the nonblind RLS algorithm. The CMA is faster than
the LMS-based MRE algorithm; however, it is outperforme

o . ) i
by the RLS—MRE because it is essentially gradient-based ach
subject to ill-conditioning effects. In contrast, the convergené'ﬁ)mh methods. As we would expect, two sensors does not

rate of the RLS-MRE algorithm is only bounded by &2 Te ® S8 B STOU P el T O
convergence rate of second-order moments. P ' q gin.

Finally, we study the impact of channel diversity on théncreasmg the number of sensors consistently provides better

performances of the proposed method. Only batch implemerﬁ-suns’ mainly due to better noise averaging. An extra sensor

tation in the large sample limit (20 000 samples) is considers approximately required fo'r the performances'of the blind
here. The path profile is the Equalization Test (“EQx”) mod E _method to catch up with those of the optimal MMSE
for highly dispersive channels, which is shown in Table llgquahzer.
Monte Carlo simulations are conducted on the basis of 100
independent channel/signals trials.

Fig. 10 provides the results obtained with two, three, or four This paper has presented a potential solution to the problem
sensors, spaced by a half-wavelength, for a range of SNR. Tdfeblind adaptive equalization of multiple FIR filters, which
results of the MRE method are plotted along with those dfas applicability in the context of wireless communications

optimal MMSE equalizer. Again, the best delay is picked

VII. CONCLUSION



2316

equipped with channel diversity. The proposed method im-
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a simple (constrained or not) mean-square error. This ensures

global convergence and, more importantly, provides flexibility
for a practical implementation since many known adaptive
filtering techniques, including a standard RLS, can be used tél
implement the method. The initial computational load is high;

however, due to the particular form of the criterion, standard

fast adaptive filtering techniques are applicable here to redudd
complexity. Furthermore, the complexity/performance tradeoff

can be optimized by resorting to affine projection algorithmsy3z]
The algorithms were tested and validated in a wireless commu-
nications context with various amounts of channel diversity,

the crucial problem of channels having not well defined or[5]
even unknown lengths. A utilization of the proposed criterion
in the context of blind multiuser deconvolution seems also
possible and is currently under investigation [31]. [6]

APPENDIX A (7]
PROOF OFLEMMA 4.1

The proof is easily conducted using the Kronecker produci,S]
as this formalism allows the conversion of matrix equationgg)
into vector equations. First, the error vectgy in the criterion
is rewritten in terms of the vectoy

[10]
E, =(Ix-1,0VTX, — (0,Ix_1)VT X1,
Er =X V(Ix_1,0)" = X1 V(o Ix_1)t, (11
Ef =[(Ik-1,0) @ X;t — (0, Ix_1) @ X} |]V. (16)
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