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Abstract

We construct cooperative diversity coding schemes that mitigate the effects of symbol

asynchronicity among network users. We do so by modifying, at the expense of implementa-

tion practicality, the signaling complexity of well behaved existing schemes. The modifica-

tion allows the same good performance (DMT optimality) in the presence of synchronicity,

and almost-surely permits full-diversity gains for any event of symbol asynchronicity.

1 Introduction

Cooperative-diversity in wireless networks addresses the need for fast, reliable, and power ef-

ficient communication between independent users with no antenna arrays. In the absence of

antenna arrays, cooperative diversity protocols seek to reproduce the reliability gains that are

provided by the use of multiple-input multiple-output (MIMO) systems, by having the indepen-

dent users relay messages for one another in a manner that exploits fading. One way to do so

is to have the relays transmit signals that jointly form a distributed space-time code (DSTC).

The choice of this DSTC partially defines the error-performance of communication among the

network users.

It is the case though that the absence of a central clock-oscillator causes the network users to

transmit non-synchronously, resulting in performance degradation due to the misalignment of

the corresponding DSTC. Li and Xia address this problem [1] and suggest cooperative diversity

coding schemes which provide for diversity gains even for the case where the different nodes are

not synchronized on the symbol level. This is achieved by providing DSTCs which maintain

their full-rank (full-diversity) property for specific cases of code misalignment. Based on the
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asynchronicity model presented in [1], we will present DSTCs that mitigate the effect of symbol

asynchronicity.

We follow the model in [1] and in Section 2 we describe the effect of asynchronicity on the

diversity provided by a general DSTC. In Section 3 we present the first modified DSTC, the

construction of which involves an existing code and a modification that is motivated by the

full-diversity criterion. Codes from this first construction are empirically shown to mitigate the

effects of symbol asynchronicity. We then present a second modified DSTC, the construction

of which involves another existing code and the same modification as above. The transition,

from the first to the second class of codes, is motivated from insight gained through analysis

based on the diversity multiplexing gain tradeoff (DMT) [17]. Codes from this second class are

empirically shown to have further improved error performance.

1.1 Describing the general cooperative wireless network

The general setup of a cooperative network involves a set

R = {R0, R1, R2, · · · , Rn, Rn+1}

of n + 2 cooperating relays, each with a single transmit-receive antenna, where each relay

Ri, in order to communicate with some relay d(Ri), broadcasts over frequency νi from a set

F = {ν0, ν1, ν2, · · · , νn, νn+1} of n + 2 orthogonal frequencies. Each Rj from the set of relays

D(Ri) ⊂ {R \ {Ri ∪ d(Ri)}} (1)

that cooperate with Ri, sends a possibly modified version of the received signal over frequency

νi. Performance analysis focuses on a snapshot of the network, as shown in Figure 1, where S is

now the information source, D the final destination, R1, R2, · · · , Rn are the intermediate relays,

gi is the fading coefficient between S and intermediate relay Ri, and hi is the fading from Ri to

D. We consider hi, gi to be independently distributed, circularly symmetric, complex-normal

CN (0, 1) random variables, with common density function

p(u) =
1
π

e−|u|
2
.

The fading coefficients remain constant throughout the transmission of a single packet, and

change in an i.i.d. manner, for every packet. In the same Figure, vi and w represent noise vectors

containing the elements vi,j and wj corresponding to the additive receiver noise respectively

affecting Ri and D at time t = j. All vi,j and wj are independently distributed CN (0, 1)

random variables.
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Figure 1: Snapshot of the wireless network where terminal S utilizes its peers (R1, R2, · · · , Rn)

for communicating with D.

Notation: SNR represents the ratio of the signal power to the variance of the noise at the

receiver of D, and will be denoted by ρ. The notation =̇ and ≤̇, ≥̇ corresponds to the exponential

equality and inequalities describing the equivalence of y =̇ ρx to lim
ρ→∞

log(y)
log(ρ) = x. Matrices,

vectors, and scalars are respectively denoted by capital letters, underlined small letters, and

small letters. x∗ represents the complex conjugate of a scalar x, and X† represents the conjugate

transpose of some matrix X. ‖X‖2
F represents the Frobenius norm of X, |x|2 the square of the

magnitude of some vector x, and |x|2 denotes the square of the magnitude of some scalar x.

For Y a set, |Y| is its cardinality. Furthermore, if Y is a set of scalars, vectors or matrices with

entries from the complex numbers, ∆Y denotes the set of all differences of such elements, where

the difference is taken in a component-wise manner. Yn denotes the set of all n-tuples with

elements from Y. The symbol Z represents the sets of integers, Q represents the rationals, and

ı :=
√−1, ωp := e

2πı
p . Z[ı] denotes the Gaussian integers and Z∗p denotes the multiplicative

group of units of the integers modulo p without zero.

Performance measure: For a DSTC operating over a MISO channel at rate R bits per

channel use (bpcu) and at asymptotically high SNR ρ, performance analysis will be in terms

of the diversity gain

d(r) := − lim
ρ→∞

log(Pr(e))
log(ρ)

describing the negative SNR exponent of the probability of codeword error Pr(e), as a function

of the multiplexing gain

r :=
R

log(ρ)
.

In the presence of asynchronicity, performance analysis also includes the rank criterion, i.e.,
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analysis of the minimum rank among all difference matrices corresponding to the DSTC.

1.2 The distributed space-time code

A common cooperation scenario asks for the source’s single antenna to sequentially transmit a

vector

k = θz = θ ·
[

z(1) z(2) · · · z(n)
]

(2)

of n complex numbers, where z is a codeword from a 1× n coding scheme and where θ is the

scalar normalization factor such that

|θz(i)|2 ≤̇ ρ.1

Each intermediate relay Ri, i = 1, 2, · · · , n then receives the n-length vector

ri = θgiz + vi, (3)

independently performs an action Fi on ri and transmits xi = Fi(ri). The signal received at

the final destination D, is then of the following form.

y =
n∑

i=1

hixi + w. (4)

We consider the case where each Fi is a one-to-one mapping, from the information set, to

distinct rows xi of codematrices X from some DSTC X . We limit our focus to analyzing

the performance of such a DSTC, over the Rayleigh fading MISO channel. Consequently, we

consider the following equivalent channel-code model

y = θhX + w, X ∈ X . (5)

2 Cooperative diversity in the presence of asynchronicity

Recently, several coding schemes have been proposed (see for example [14],[15]), for a variety

of cooperative diversity protocols. The near-optimal performance provided by these coding

schemes has been empirically and analytically validated, but only for the case where the nodes

are perfectly synchronized, both on the symbol level as well as on the codeword level. The

construction methodology of these schemes ignores the issue of asynchronicity. We proceed to

give some insight on the nature of this problem, and describe the effects of symbol asynchronicity

on the underlying DSTC.
1 The use of the above approximation is sufficient for a high-SNR scale of interest.
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2.1 Problem formulation

We follow the model proposed in [1, 2] and assume that the users are not synchronized on the

symbol level but are synchronized on the frame-codeword level. The latter synchronization

guarantees that the beginning and the end of each vector are aligned for the different users.

Furthermore, the timing errors are considered to be integer multiples of the symbol duration

and are only expected to be known at the receiver of node D. All other timing errors are

expected to be absorbed in the channel dispersion.

To describe the effect of asynchronicity on the structure of some n× T DSTC Xs, we first

consider the code in the presence of synchronicity,

Xs =
{

Xs =




x1(1) x1(2) · · · x1(T )

x2(1) x2(2) · · · x2(T )
...

xn(1) xn(2) · · · xn(T )




}

where xi(k) represents the transmission of relay Ri at time slot k. Asynchronicity comes in the

form of delays. Consequently, due to asynchronicity, signal xi(k) k > 1 may be transmitted

some τ time-slots after xi(k − 1) was transmitted. This has the effect that the ith row of the

corresponding codematrix is padded with τ−1 zeroes which are placed after the entry xi(k−1).

The new codematrix now belongs to a misaligned code Xa. Zero-padding corresponds to the

absence of signal or to the use of a fixed ‘waiting’ symbol. Finally, the representation of

asynchronicity asks that the first and last elements of the rows of the codematrices are padded

with an appropriate number of zeroes in order to align their beginning and ending. This is best

explained with an example.

Example: Consider the case of having 3 relays, each relay transmitting for a duration of 3

time-slots. In the synchronous case, this would imply a 3× 3 DSTC Xs of the following form

Xs =
{

Xs =




x1(1) x1(2) x1(3)

x2(1) x2(2) x2(3)

x3(1) x3(2) x3(3)




}
.

Let relay R1 delay its second signal by two time-slots and let relay R3 delay its first signal by

one time-slot and its second signal by one more time-slot. Then the misaligned DSTC Xa will

be of the form:

Xa =
{

Xa =




x1(1) 0 0 x1(2) x1(3)

x2(1) x2(2) x2(3) 0 0

0 x3(1) 0 x3(2) x3(3)




}
.
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One performance measure that can be affected by asynchronicity is that of full-diversity.

This would happen when the resulting zero padding causes a difference matrix, corresponding to

Xa, to have linearly dependent rows. According to the above model, lack of symbol synchronicity

also increases the duration of the transmission and thus causes reduction in the code’s rate.

3 Construction of DSTCs that mitigate the effects of symbol

asynchronicity

Our task is to construct codes that perform well both in the presence and in the absence of

symbol synchronicity. We do so by modifying, at the expense of implementation practicality,

the signaling complexity of well behaved existing DSTCs. The modification allows the same

good performance (DMT optimality) in the presence of synchronicity, and almost-surely results

in full-diversity for any event of symbol asynchronicity.

3.1 First class of modified codes - improving diversity under asynchronicity

The constructed codes are a modification of existing low-rate codes that are based on cyclic

division algebras (CDA). Such codes can be found for example in [15].

To construct the new codes, starting with odd n, we let G be a unitary, circulant, lattice

generator matrix with first row

G(0, j) =
1
p
ωλi

p

p−1
2
−1∏

k=0

(1− ωrk

p )

p−1
n∑

k=1

(−1)kn+j(1− ωrkn+j

p )

where j = 0, .., n− 1, p ≡ 1 (mod n) is a prime, r is a primitive element of Z∗p, and λ(r− 1) ≡ 1

(mod p). Such matrices were constructed for all dimensions in [21]. For clarity of exposition,

we limit our attention to codes that map information symbols from an M2-QAM (M is even)

constellation given by

A = {a + ıb | |a|, |b| ≤ M − 1, a, b odd} . (6)

The code then takes the form

X =
{

U · (diag(f ·G)
)
, ∀f ∈ An

}
(7)

where U is a unitary matrix that is chosen randomly from the space of all unitary matrices with

complex coefficients. For a given vector x, the expression diag(x) describes the diagonalization
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of x. Generalization to any n is achieved by Kronecker multiplication of the above G, now

having some arbitrary odd-dimension n1, with the unitary Z[ı]-lattice generator matrices of

some dimension 2e0 , such that n = 2e0n1. (see Fig. 2). Such 2e0-dimensional matrices are

L
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n
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Figure 2: The tower of number fields providing for the lattice generator matrix G.
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Figure 3: Structure of a Cyclic Division Algebra

again explicitly constructed in [16, 21]. The above constructed codes satisfy the following.

Proposition 1. In the presence of symbol synchronicity, the above modified DSTC X is DMT

optimal over Rayleigh fading MISO channels. In the absence of symbol synchronicity, the code

almost-surely provides full diversity gains.

Proof: The idea behind the proof is that in the presence of symbol synchronicity and

Rayleigh fading, the code X has the same performance as the diagonal code

Xd =
{

diag(f ·G)
, ∀f ∈ An

}
, (8)

which has been shown in [15] to be DMT optimal. This is because the unitary matrix U , that

distinguishes X from Xd, is fixed and independent of SNR, and is consequently absorbed in the

rotationally-invariant MISO Rayleigh fading channel. More specifically, the MISO channel-code

model

y = θhX + w, X ∈ X (9)
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is the same as the channel-code model

y = θ (h · U)︸ ︷︷ ︸
q

X + w, X ∈ Xd (10)

with

hU =
[

q1 q2 · · · qn

]
, qi ∼ CN (0, 1)

since the statistical distribution of the qi is the same as that of the hi.2 The proof then follows

directly from the results in [15], and is reproduced here for completeness and to offer insight

on the properties of the code.

The mutual information

I(y; X | h) = H(y)−H(y|X)

=̇ log(1 + ρq(q)†)

= log(1 + ρh(h)†)

defines the outage region

O =
{
h : I(y; X | h) ≤̇ R

}

=
{
h : log

(
1 + ρ|h|2) ≤̇ r log ρ

}

=
{
h : (|h|2 ≤̇ ρ−(1−r))

}
.

For |qi|2 := ρ−vi , the probability of outage

Pout := Pr(h ∈ O) =̇ ρ−dout(r)

is given by Varadhan’s Lemma (see [23]) to be the dominant integrant in the integral
∫

{vi}∈Rn

ρ−
∑n

i=1 vidv1 · · · dvn.

Given that

lim
ρ→∞Pr

(|qi|2 ≥ ρε
)

= e−ρε
=̇ ρ−∞, ε > 0,

we have that

Pout =̇ max
{vi}∈O+

ρ−
∑n

i=1 vi

where

O+ =
{{vi} : min{vi} > 1− r, 0 ≤ vi ≤ 1

}
. (11)

2The case where the hi are not necessarily rotationally invariant, is handled in [13].
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The optimal diversity gain is then given by

dout(r) = inf
{vi}∈O+

n∑

i=1

vi (12)

with minimization occurring when vi = 1− r. This results in an optimal diversity gain of

dout(r) = inf
n∑

i=1

vi = n(1− r).

We now focus on the distance properties of X and observe that any difference matrix (after

the action of the fading vector) is of the form

hθ∆X ′ = hθ(UXi − UXj), UXi, UXj ∈ X

= qθ(Xi −Xj) = qθ∆X, ∆X ∈ ∆Xd

=




x1,1h1 0 0 0

0 x2,2h2 0 0
...

0 0 · · · xn,nhn




and has Euclidean distance

d2
E(h, ∆X) = ‖θh′∆X‖2 = θ2

n∑

i=1

|xi,i|2|hi|2.

This Euclidean distance is bounded as

d2
min,E(h) ≥̇ θ2

( n∏

i=1

|xi,i|2|hi|2
) 1

n

= θ2

( n∏

i=1

|xi,i|2
) 1

n
( n∏

i=1

|hi|2
) 1

n

≥̇ θ2

( n∏

i=1

|hi|2
) 1

n

= θ2ρ−
∑n

i=1
vi
n .

The last inequality holds because
n∏

i=1

|xi,i|2 ≥̇ ρ0,

which derives from the fact that the {xi,i} are algebraic conjugates whose product is an algebraic

norm with elements in the Gaussian integers Z[ı] (see for example [21]).

When the channel is not in outage, we see from (11) and (12) that

d2
min,E(h /∈ O) ≥̇ θ2ρ−(1−(r+ζ)), 0 < ζ << 1. (13)

To find the value of the normalizing factor θ, we combine the fact that

|X | = 2RT = 2Rn = ρrn = |A|n
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with the fact that

‖X‖2
F ≤̇ |A| (as G does not scale with SNR).

This gives the desired

θ2 =̇
ρ

|A| =
ρ

|X |1/n
= ρ1−r. (14)

Consequently, (13) and (14) give that

d2
min,E(h /∈ O) ≥̇ ρ1−rρ−(1−(r+ζ)) = ρζ

and the corresponding worst-case pairwise-error probability, in the presence of additive white

noise, is given by

PPE,max(h /∈ O) ≤̇ e−d2
min,E ≤̇ e−ρζ

=̇ ρ−∞.

Finally the entire probability of error, given any transmitted codeword, takes the form

Pe ≤ |X | · PPE,max(h /∈ O) =̇ ρrnρ−∞ =̇ ρ−∞,

which completes the proof of DMT optimality for X for the case of symbol synchronicity.

We now consider the effect of symbol asynchronicity on the rank of the code. For this

we note that the randomly chosen U will have elements which will almost surely (i.e., with

probability one) be algebraically independent over the cyclotomic field extension Q(ωp, ω2e0+2)

and in fact over the algebraic closure of Q in the complex numbers (see [22]). This is because

the algebraic numbers are countable and have cardinality equal to aleph-null ℵ0, whereas the

complex numbers, from which the elements of U are chosen randomly, are not countable and

have cardinality aleph-one ℵ1, where ℵ1
ℵ0

= ∞. Consequently the determinant is of the general

form

det(∆X∆X†) =
∑ ∏

h,i,j1,k1,j2,k2

[xh,h]ph [x∗i,i]
pi [Uj1,k1 ]

pj [Uj2,k2 ]
pk (15)

where ph, pi, pj , pk are non-negative integers, and where Ui,j are the elements of U . Then with

probability one, the different products [Uj1,k1 ]
pj [Uj2,k2 ]

pk are algebraically independent over the

set of algebraic numbers. With the conjugates and products of algebraic numbers being also

algebraic [22], the above expression takes the form:

det(∆X∆X†) =
∑

i

αi

∏

j

∏

k

βj,iβk,i (16)

where the αi are algebraic and the
∏

j

∏
k βj,iβk,i are almost-surely algebraically independent,

non-algebraic elements. Consequently, the determinant expression in (15),(16) almost surely

evaluates away from zero. ¤
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3.2 DMT performance bounds in the presence of asynchronicity

The above analysis related the code’s signaling complexity to the rank-distribution in the ab-

sence of synchronicity. The following bounds on the DMT performance will relate the number

of degrees of freedom that the constructed DSTC can sustain, to the reduction in rate due to

asynchronicity.

We again focus on the case where the above constructed code X operates over the Rayleigh

fading MISO channel. We begin with the case of symbol synchronicity. For a certain normalized

rate

r :=
R

log2(ρ)
,

the code, being DMT optimal, is expected to provide for an optimal negative SNR exponent of

the probability of error

d(r) :=
− log(Pr(error))

log(ρ)

:= lim
ρ→∞

− log(Pr(outage))
log(ρ)

= n(1− r).

Without loss in the generality of the analysis, we set R =̇ log2(ρ), ρ → ∞ and equivalently

ρ = 2R. Consequently the code operates at normalized rate r = 1, and the probability of error

is

Pr(error, ρ, r = 1) =̇ ρd(1) = ρ0.

Again for the synchronous case, an increase of SNR to ρ2 = ρ1+ε, ε > 0, translates to a

reduction of the normalized rate to

r2 =
R

log2(ρ2)
=

1
1 + ε

,

which in turn corresponds to a negative SNR exponent of

d(r2) = n(1− 1
1 + ε

) = n
ε

1 + ε

and a probability of error

Pr(error, ρ2, R) =̇ ρ
−d(r2)
2 = (ρ1+ε)−n ε

1+ε = ρ−nε.

This error performance will now be matched with the error performance when the rate has

decreased due to asynchronicity. For exposition purposes, it is sufficient to choose asynchronicity

to appear in the form of an insertion of a single ‘0’ at random locations in each codematrix

row. We will therefore be analyzing a misaligned DSTC Xa of dimension n × (n + 1). Given

that |X | = |Xa|, Xa operates at rate Ra = R n
n+1 and again maps n information symbols from a
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discrete QAM-like constellation. It is not difficult to see that the optimal DMT da(r) of such

a code is bounded by

da(r) ≤ d(r
n + 1

n
) = n(1− r

n + 1
n

).

Again for the asynchronous case, we consider the same SNR increase to ρ2 = ρ1+ε, ε > 0, which

now translates to a normalized rate

r2,a =
Ra

log2(ρ2)
=

n

n + 1
R

(1 + ε) log2(ρ)

=
n

(n + 1)(1 + ε)
,

which in turn corresponds to a maximum negative SNR exponent of

da(r2,a) ≤ d(
n + 1

n
r2,a) = d(

1
1 + ε

) = n
ε

1 + ε

and a best-case error probability of

Pe(ρ2, Ra) = ρ
−d(r2,a)
2 ≥̇ (ρ1+ε)−n ε

1+ε = ρ−nε.

This is at best, the same as in the case of symbol synchronicity.

Interpretation of the bound: The above bound tells us that an n×T DMT optimal space-

time code, mapping linear combinations of T symbols from a discrete information constellation,

is unable to translate the decrease in multiplexing gain, brought about by symbol asynchronicity,

into an increase in the diversity gain. Consequently, such a code cannot translate the rate

reduction that asynchronicity introduces into a reduction in the order of the probability of

codeword error.

In Figure 4, the above observations are empirically validated. We compare the performance

of the 2 × 2 modified (asynchronicity tolerant) code X from (7), with the performance of the

original (asynchronicity intolerant) diagonal code Xd from (8). The specific asynchronicity event

that we are considering is described by the two matrices below.

 x1,1 0

0 x2,2


 −→


 0 x1,1 0

0 x2,2 0


 .

3.3 High-rate codes for exploiting rate reduction

Drawing from the above interpretation of the DMT bound, we proceed to construct asynchronicity-

tolerant codes with a larger number of information elements. Towards this we construct codes

that derive from the full-rate CDA codes of [20, 21] and which are again modified by pre-

multiplying with a randomly chosen and fixed unitary matrix.
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The construction asks for a Gaussian integer γ ∈ Z[ı] that divides q ≡ 1(mod 4), q a prime

that generates Z∗p. The next step is to construct the matrix

Γ =

0 0 0 · · · 0 γ

1 0 0 · · · 0 0

0 1 0 · · · 0 0
...

0 0 0 · · · 1 0

.

The number of information elements is now increased and more specifically the information is

now distributed in n independent QAM n-tuples {f
j
}n−1

j=0 . The n× n modified code is then of

the form

X = U ·
(∑n−1

j=0
Γj

(
diag

(
f

j
·G)))

.

In the presence of symbol synchronicity, pre-multiplication by U does not affect the eigen-

value distribution of the original CDA code. As a result the above modified DSTC is DMT

optimal for all fading statistics (see [19]). In the absence of symbol synchronicity, almost-sure

non-singularity is established as in Proposition 1.

Figure 5 shows the improved error performance due to the rate reduction caused by asyn-

chronicity.

4 Conclusion

This work touched upon the duality that exists between, on one hand, the ability of a code to

maintain low signaling complexity and to achieve optimal performance with a reduced number

of degrees of freedom, and on the other hand, the ability of the code to mitigate the effects

of symbol asynchronicity. By increasing the constellation complexity and the degrees of free-

dom, we constructed cooperative diversity schemes that perform well in the absence of symbol

synchronicity.
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Figure 4: Modified, low-rate CDA code (diag-restricted, tolerant) at 4-QAM (upper) and 16-

QAM (lower) in the 2 × 1 Rayleigh fading channel. The modified code maintains the same

error performance with (solid line) or without symbol synchronicity. Before modification (diag-

restricted, intolerant - U is the identity matrix), the performance is degraded.
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Figure 5: Modified, full-rate CDA code (full-rate tolerant) at 16-QAM (upper) and 36-QAM

(lower) in the 2×1 Rayleigh fading channel. Performance in the presence of symbol synchronicity

is described by the solid line. In the absence of symbol synchronicity, the rate is reduced and

the code provides for improved error performance, which is described by the dotted line.
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