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ABSTRACT ever, the optimal algorithms for this task are known for their

A multiuser CDMA systems with both the transmitting and Prohibitive complexity. The linear MMSE detector has been
the receiving sites equipped with multiple antenna elementfoposed as a suboptimal approach able to attain good per-
is considered. The multiuser MIMO channel is correlated aformance with a substantial reduction in complexity. How-
the transmitting and the receiving sites. Multistage detector8Ver, when applied to large CDMA systems, i.e. systems
achieving near-linear MMSE performance with a complexityWith large spreading sequences and large number of users,
order per bit linear in the number of users are proposed. Thiés complexity is still very demanding for real-time imple-
large system performance is analyzed in a general framewofRentations.

including any multiuser detector that admits a multistage rep-  With the aim of finding a good trade-off between com-
resentation. The performance of this large class of detectopdexity and performance, also in the challenging scenario of
is independent of the channel correlation at the transmittefarge CDMA systems with random spreading, linear multi-

It depends on the direction of the channel gain vector of thetage detectors with universal weights have been proposed

user of interest if the channel gains are correlated. in [4,5]. They are obtained as asymptotic approximation
of the multistage Wiener filter (MSWF) [6]. These mul-
1. INTRODUCTION tistage detectors consist of a projector onto a Krylov sub-

. : : space and a subsequent filter using universal weights as fil-
The seminal works in [1] and [2] on multiple antenna eIe'ter coefficients instead of tailored weights depending on the

ments at the transmitter and the receiver show a huge increaﬁﬁnsmitted spreading sequences. The design of universal

in throughput of this point-to-point channel, referred to alsoWeights benefits from the asymptotic self averaging proper-

as multiple input multiple output (MIMO) system. These o "¢ random matrices and reduces the computationally de-
promising results motivated the introduction of multiple an-\- iy hart of the detector into a computation of a polyno-
tenna elements in the standardization of third generation Syxsia| jenending on the statistical properties of random matri-

tjm_ls_sbased on code division multiple access (CDMA), €-ces via few essential system parameters. The assumption of

Thé beneficial effects of spacial diversity. eventuall Ob_independent channel gains underlies the design of universal

tained by multiole antenna elgments ata si¥1' le base é’tatioweights in both works. Thanks to the additional feature of de-

y muftip , 9 fécting jointly allK active users, the multistage detectors pro-

on code division multiple access (CDMA) systems have beeBosed in [4, 7] achieve near-LMMSE performance with the

investigated in [3]. Modelling the spreading matrices as rang, q complexity order per bit as the single user matched fil-
dom matrices and focusing on linear minimum mean squar.

fer, also in the uplink. In fact, by processing jointly all users,
error (MMS.E) detectors, Hanly and Tse [3] found a VerY most of projection computations becomes identical and the
simple relaqon b_etween ;he degrees of freedom |ntroducegomplexity drops by a factor &. In [4] an asymptotic ap-
?y spatial diversity|( receiving antennas) and the degree of o ination of the polynomial expansion detectors [8] is also
reedom in frequency given by spread spectrum technlque%,oposed
(spreading factoN), when the channel gains are indepen- o , .
dent and identically distributed. The multi-antenna system N this work we generalize the results in [4] to a synchro-
behaves like a system with a single receive antenna but withous CDMA system with correlated spatial diversity and/or
spreading factor multiplied by the number of receiving antenline of sight components. We refer to the asymptotic ap-
nas, and the received power of each user being the sum of tREoximation of the MSWF detector as detector Type J-I to
received powers at the individual antennas. This behaviodtnderline the joint projection of the received signal for all
is known asresource poolingeffect. It shows the possibil- USers and the asymptotic individual optimization of the fil-
ity to trade bandwidth (spreading factor) with antennas ander coefficients for each user. The asymptotic approximation
viceversa according to the peculiarity of the communicatiorPf the polynomial expansion d(_etgctor is refer_red to as Type
system. J-J d_et_ector to emphasize the joint optimization of the filter

The interchangeability between degrees of freedom igoefficients.

frequency and space suggests the idea of treating the two The design of the universal weights relies on (i) the con-
effects in the same way performing antenna array processergence of the diagonal elements of the system correlation
ing and multiuser detection jointly. Joint processing outperiatrix R and of its positive powers when the system dimen-
forms techniques that try to exploit separately the degreesions go to infinity with constant ratio, for detector Type J-I,
of freedom in space and frequency significantly [4]. How-(ii) the convergence of the traces Bf and its powers for



detector Type J-J. /" receive antenna and will be denotedby in the follow-

To compute the diagonal elementsRf, mc Z* orthe  ing. The channel gains can be, in general, correlated and con-
trace of R™ we propose a recursive algorithm for the gen-tain line of sight components as in Rice channelsis the
eral case and a simplified version for the correlated Rayleigh-dimensional unit column vector whose elements are zero
fading channels. except the/" that equalsl, i.e. e, = (6“)'1-21. In order to

As shown in [7], the knowledge of the asymptotic diag-simplify notation, it will be helpful in the foIIowingrto de-
onal elements oR™ enables the asymptotic analysis of anyfine thel-dimensional vectork = Ak[Ask; A2k, Ak T, K=
linear multiuser detector that can be expressed as linear mul- ... K and the diagonal square matricks = DA, ¢ =
tistage detector with projection in the same Krylov subspacei . .. L.
A part from the MSWFs and the polynomial expansion de- et us consider the empirical joint distribution function
tectors, this class of detectors includes the parallel interfefof the random variabled i, Iox, ...l k), k=1,...,K
ence cancellers (PIC), the weighted PICs, asymptotically as ' '
the number of stages goes to infidityhe linear MMSE de- K 1 X
tectors, and the matched filter. FL(l,)LZ,...LL(l) =K > 11-1L) 3)

The large system analysis shows that the asymptotic per- k=1
formance of this large class of detectors is independent of the@here 1(-) is the L-dimensional indicator function. In the
correlation of the channel gains at the transmitters. In conasymptotic design and analysis carried out in this work, we
trast to the case of a system with a single receive antennassume that the sequence of the empirical joint distribution
the multiuser efficiency does not characterize univocally th@ynctions{F é*i)LZWLL(l)} converges weakly with probability
system performance and varies from user to user accordlrpto a limit distribution functiory, (1) with bounded
to the direction of the vector of the channel gains. This alsq phz Ly
has the following implication. While the MSWFs and the upport. - : R

. . . : In the following, the spreading matrix is modelled as a

polynomial expansion detectors are equivalent for SynChror'andom matrix whose elements are independent and iden-
nous CDMA with single antennas [7] or multiple receiving ,. S e . .
antennas with independent and identically distributed cha ically distributed (i.i.d.) with ZE€ro mean and vananée
nel gains, in case of perfect power control, the MSWFs outMOreover, we assume the transmitted symbols to be uncorre-
perform the polynomial expansion detectors also in case ted random variables with zero mean and unit variance, i.e.

i ; {bb"} = 1.
perfect power control if the channel gains are correlated. For clarity sake, we adopt the following notation:
2. SYSTEM MODEL e B = is the system load;

We consider a CDMA system with spreading fackbrand o by denotﬁs thé" column of H;

K’ users. Each user employs a transmit antenna array witt T= HEI ?

Nr elements sending independent data streams through each R = H"H.

of the elements. Thus, we may speak of a system with

K = K'Nr virtual users. The signal is received hyreceive 3. MULTISTAGE DETECTION

antennas. These antennas can be part of an array or canigs design of multistage detectors with universal weights

placed at different locations, but processed jointly. for multiuser MIMO systems with correlated spatial diver-
The baseband discrete-time system model, as the channgjy, ojlows along the design of multistage detectors for syn-

is flat fading and the system is synchronous, is given by ~hronous CDMA systems with single antenna in [7]. The
multistage detectors Type J-1 perform the projection onto the
Krylov subspacequ «(H) = sparfT™hy)|M-7 jointly for all
wherey is theNL-dimensional vector of received signats, USers and the subsequent filtering individually for each user.
is theK-dimensional vector of transmitted symbols, anis 1€ Type J-1 detector for uséris defined as

y=Hb+n 1)

discrete-time, circularly symmetric complex-valued additive M_1
white Gaussian noise with zero mean and variamt¢eThe b= Z Wimh! T™y (4)
influence of spreading and fading is described byNhe< K =
matrix
L whereM < K is an integer andy  are the universal weights.
H= ; (SDA)) @ €y (2)  The universal weightei , are obtained as
=1

whereS is theN x K spreading matrix whose" column is Wom = N!&nlwwk’m(N)
the spreading sequence of tk virtual user. The diago- N—B
nal square matrifDd € CK*K contains the transmitted ampli- here N are  the tailored filter  coefii
tudes of all virtual users such that K& diagonal elemenrt \gents r\;wi(hni]r(niz)ing the mean Isquare Ierrror (Mé-E)
!séhe e:jmbp;llitu?ﬁ 0(];_the siglnal ttrangﬁmit/t\ed by/tbe vi(rjt}tgg}l(use%{”bk _ ZMfokam(N)hE TMy|2). The tailored weight
indexe . The diagonal matriceA1,Ay, ..., AL € £m=0 K : .
take into account thegeffect of the fllat fzading cL:hanneI. Them(N) is the (m+ 1) element of the vectowy(N) given
k-th diagonal element ok, is the channel gain between the °Y — 1
transmitting antenna element of tk# virtual user and the wi(N) =Z, 7(N)&k(N)

1+

where Z(N) = ((R*)+ a?(RHI1)). and
INote that the convergence to the linear MMSE performance is very fast k( ) (( )kk ( )kk) hji=1.M
[9], exponential in the number of stages [10]. k(N) = ((Rl)kk) —1.M




The matrix form of Type J-1 detector for the joint projec- The recursion is initialized bRy(1) = 1and I =1,.
tion is given by .
- The proof is in [11].
~ - This theorem vyields the following corollary to compute
m=0 '
Corollary 1 LetS, H, R, andli be defined as in Theorem
element coincides Wit . 1. Let theT assumptilons of Theore;nhl be satisfieq. Thgn, the
Type J-J detectors perform the projection ofigx(H) asymptotic eigenvalue moments of the maiare given by

and subsequently filter all projections with the same filter co- Ml — E(R"(1)}

efficients. They are defined as
. M-1 H whereR™(1) is obtained by the recursion in Theorem 1 and
bpe = z WnR™H "y the expectation is taken over the limiting joint distribution
m=0 F(l,l2,...,IL) defined in Theorem 1.

whereW, is aK x K diagonal matrix whos&™ diagonal

where the scalaw,, are the universal weights of Type J-J

detectors. The universal weights are obtained as Theorem 1 and Corollary 1 yield a simple algorithm for

the computation oRy(1) andm, me Z*.
N—B
wherewm(N) are the tailored filter coefficients minimizing 1% step Letpo(l) = 1andpo =L

the MSE E{||b — M- 1wn(N)R™H"y|2}. The tailored (" step e Defineu; 1(1) =1, 41.
weight Wy (N) is the (m+ 1)St element of the vectow(N) e Definev,_1(1) = p,_1(1)I1" and write it as a polyno-

Algorithm 1

given by ) mial in the monomial§?...I[" 1. .. T}

o Wk(N) == Z(N)E(N_) » o Definem|"t"St-%) — E(L_1"[¥} and replace
with Z(N) = (tracgR"™)) + o“tracgR"™" 1)), ,_; , and all monomials[]%_,1;T;" in v, 1(1) by the corre-
&(N) = (tracgR/));_; - spondingm{"*"-%--%)  Assign the result t&,_;.

The design of universal weights reduces to the compu- o Set
tation of the asymptotic valudé{{‘kym = limg_gn—eo (RM)kk
for Type J-I detectors and to the computation o = 1 1 Dol
limy_pn_ ztracéR™), the asymptotic eigenvalues mo- (D) = &Zbu“sfl( )Ps(1)
ments ofR, for Type J-J detectors. ‘1

The following theorem shows théaR™),x converges al-

most surely to a deterministic value conditionallylgn
Theorem 1 LetS be anN x K complex matrix with random
Li.d. zero mean entries with variand&{|s;[?} = &, and
limn—w E{N3|5j[8} < +o. Let i be the vector of the re-

He=" BVis ils.
S; S S

e Assignp(1) to R(1).
e Write py(1) as a polynomial iny,...1.,Iy,...I. and

ceived amplitudes of the virtual uskr Let us assume that,
almost surely, the empirical joint distribution &f, 15, .. .1k
converges to some limiting joint distributiéf(¢1, 45, ..., ¢)
with bounded support ak — «. Ly, £ =1,....L, is a
K x ﬁ diagonal matrix yvhosekth element coincides with ¢ the channels at the receiving site are independent, the pre-
thLe 7 component oy, i.e. (L¢kk = (I)k- DefineH = yiq 5 algorithm simplifies since the matris, s € Z*, is
> —1SLy®e; and assume that the spectral radius of the maiagonal. If the coefficients are asymptotically independent
trix R = H"H is upper bounded. Then, &K — o with  and identically distributed as in the micro-diversity scenario
% — B andL fixed, the diagonal elements of the mafR®'  analyzed in [3] the limiting diagonal elements of the matrix
corresponding to the virtual usdg, with given fading am- R, and the eigenvalue momerr[é{ can be derived from Al-
plitude Iy, converges with probability 1 to the deterministic gorithm 1 in [7] for synchronous single receiving antenna
value as systems by replacing

Rm(lk) = lim (Rm)kk

K=BN—sco (i) Bwith B = [;
with R(1) determined by the following recursion

replace all monomial§]b_, /Ty in py(1) by the cor-
respondent moments," "% and assign the

result tomy .

(i) The received energy of us&rat a single antenna, by
the total received energy of udeat all antennad!1;

(i) The moments of the received energy at a single antenna
by the moments of the total received energy at all an-
tennas={ 1715} .

This result can be obtained directly from Theorem 1 in [3]

as proposed in [4] or, alternatively, from Algorithm 1 noting

that Vs is proportional to the identity matrix ari (1) is a

function of 1"1.

m-1
R(lk) = 20 9(T™ = LR

—1
Tm= Zo BE{Rm_s_ 1()I"} T

S=

(T m1,1) =1"Tl.



In practice, fading amplitudes are often complex
Gaussian distributed and correlatezhd their limiting joint SNR=30 dB
distribution is given as P U B

SNR=15dB

_ _HE-1
fi(1) = L deiC, exp(—1"C; ). (5)

In the absence of power control, i.8) = I, C; is the 14l
correlation matrix of the fading at the receiving side with

entriesrij = E {)\i)\j*}. Consider the eigenvalue decompo-

SNR=10dB

siton C; = MPM" with ¥ = diag(yx,..., ) and the 0 SNR=508

change of variableg = M"1 and gx = [gik,...,0k]" =

M1y creating statistically independent components in the 6l

random vectog. Then, substituting = Mg, Iy = Mgy and SNR=0dB

taking into account thag;,g;...g., the components of;, T e

are independent complex Gaussian variables with variances ) S S SR S SN U N SR N

Y1, b, ... ¢y, Algorithm 1 can be simplified as follows: 0 01 02 03 04 05 06 07 08 09 1
'fslggtrétgml_%tpo(g) —landpg,=1,fort=1,...L. Figure 1. Output SINR in decibel of a Type J-1 detector with
h . "L 5 M = 4 versus the coefficient of the linear combinatior =

/M step e Defineun_1,(g) = 351 tn_1.]ar|?. uvmax + (1 — u)vmn for several values of the input SNR

e Define vy_1(g) = pn_l(g)_|g¢|2, ¢ =1,...L and and correlated Rayleigh fading (solid lines) or independent
write them as polynomials in the monomials and identically distributed fading (dashed lines).

i1 e[ o _ .
, With = = limg_gN_.e =(N) and§ = limg_gn_. & (N).
o Definemy" ") = M\, E{|g/|*} and replace al The asymptotic SINR at the output of a MSWF is given
monomials[]y_; |9/|%* in vn_14(g), £=1,...L by by

the Correspondingn(grl Assign the result to

T=-1
Vno1¢, £ =1,...L, respectively. SIN _ K=k Sk )
. set Ruswrk T
n-1
pon(g) = %Unfsfl(g)f)s(g) 5. NUMERICAL RESULTS
S= The numerical results presented in this work were obtained
n-1 using L = 3 receiving antennas at the base station and as-
Hne = Z)BVH*S*M“% suming a system loal = 3. The channel was flat Rayleigh
= fading with limiting joint distribution (5) and correlation ma-
e Assignp,(MH1) to R(1). trix L 05 03
e Write pn(g) as a polynomial in the monomials Ci—1| 05 1 05
M51/9,/%¢ and replace all monomial§]}_, |g.|* 103 o5 1|

in pn(g) by the correspondent momemgl"“’“) and

assign the result ta?}. In case of correlated fading channel, the output SINR

of a linear MMSE depends on the direction of the chan-
nel gain vector of the user of interest [12]. For correlated

4. PERFORMANCE ANALYSIS Rayleighfading the performance is maximum or minimum
The asymptotic signal-to-interference and noise ratio (SINRyhen the channel gain vector is parallel to some of the eigen-
of userk at the output of a multistage detector with weightingvectors of the correlation matrik, [12]. The same property

vectorwy is given by holds also for Type J-1 and Type J-J detectors, as verified
B B numerically. Let us denote biyyax andlyn the eigenvec-

SINR, = WEEkE-ker tors correspc_)nding to the maximum and minimum eigenval-

- VNVE (Ek _ fkfl) Wi ues, respectively. Figure 1 shows the performance of a Type

_ _ _ J-I detector withM = 4 as the channel gain vectbrspan
where=y = limg_pn—o=k(N) and§k = lim_pgn .« k(N).  the subspacdluin,lvax }, i.e. it is a linear combination
It specializes for the polynomial expansion detector to T=ulyax + (1—u)lyin . The solid lines plot the output SINR

1 as a function oy, the coefficient of the linear combination
SINRpek = T——1= =—1 1, for different values of the input SNR. The performance is
% -1 maximum when the channel gain vector is parallelyig
(55_15) and minimum when the the channel gain vector is parallel

- — o ) to Iyax . The gap between maximum and minimum SINR

2

Rayleigh fading violates the demand for a distribution with boundedincreaseS as the input SNR increases. The dashed lines il-
support ianheqrem 1. However, it can be approximate(_j arbi_trary cIoser_bX trate th f fth d. tector f It

a distribution with bounded support. Thus, from an engineering perspectivéUStraté the periormance or the same detector for a muluuser
we need not worry about that fact. MIMO system with independent Rayleigh fading for the sake



Polynomial expansion detectors versus MSWF
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Figure 2: Asymptotic output SINR in decibel of polynomial
expansion detectors (dashed lines) and MSWF (solid linegb]

with M = 4 versus SNR for several coefficientsf the linear
combinationv = uvpyax + (1 —U)vuin-

of comparison. For independent Rayleigh fading, the SINIi
does not depend on the direction of the channel gain vecto gl
and it has an intermediate value between the maximum and
the minimum SINR for a correlated fading channel.

In Figure 2 the asymptotic output SINR of polynomial [7]
expansion detectors or Type J-J detectors (dashed lines) and
of MSWF or Type J-I detectors (solid lines) is plotted as a
function of the input SNR for three different channel gain

vectorsl (u= 0,0.5,1) and perfect power control. In case [8]
of single receive antenna or multiple antennas with indepen-
dent and identically distributed fading gains, the MSWF and
the polynomial expansion detectors are equivalent if perfect
power control is performed [4, 7]. On the contrary, for cor- [9]
related fading channels, even in case of perfect power con-
trol, the MSWF outperforms the correspondent polynomial
expansion detector. The gap between the performance of the
two detectors increases as the input SNR increases amd/o
decreases.

6. CONCLUSIONS
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