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2229 route des Crêtes, 06904 Sophia Antipolis, France
Email:souilmi, knopp@eurecom.fr

Abstract— In this work we investigate the achievable rates of
ultra-wideband (UWB) systems using a m-ary pulse position
modulation (PPM) with non-coherent receivers in multipath
fading environments. We derive a random coding bound on the
achievable information rates and highlight the influence of system
parameters (bandwidth, delay spread). We also investigate the
effect of the use of hard decisions prior to channel decoding and
characterize its impact on system performance.

I. INTRODUCTION

In this work, we consider transmission strategies for Ultra-
wideband (UWB) systems based on m-ary Pulse-Position Mod-
ulation (m-ary PPM) and focus on the achievable data rates
for non-coherent receivers (i.e. those which do not perform
channel estimation). Here we take a UWB system to be loosely
defined as any wireless transmission scheme that occupies a
bandwidth of at least several hundreds of megahertz and more
than 25% of it’s carrier frequency in the case of a passband
system.

The most common UWB transmission scheme is based
on transmitting information through the use of short-term
impulses, whose positions are modulated by a binary infor-
mation source [1]. This can be seen as a generalized form
of binary-PPM. Similar to direct-sequence spread-spectrum,
the positions can further be modulated by an m-ary sequence
(known as a time-hopping sequence) for mitigating inter-user
interference in a multiuser setting [2]. This type of UWB
modulation is a promising candidate for military imaging
systems as well as other non-commercial sensor network
applications because of its robustness to interference from
signals (potentially from other non-UWB systems) occupying
the same bandwidth. Based on recent documentation from the
FCC [8], it is also being considered for commercial ad-hoc
networking applications based on peer-to-peer communica-
tions, with the goal be to provide low-cost high-bandwidth
connections to the internet from small handheld terminals in
both indoor and outdoor settings. Proposals for indoor wireless
LAN/PAN systems in the 3-5 GHz band (802.15.3) are also
considering this type of transmission scheme as a high bit-rate
alternative to existing signaling methods.

In this work, we focus on the case of non-coherent detection
since it is well known [3], [4] that coherent detection is not
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required to approach the wideband AWGN channel capacity,
C∞ = PR

N0 ln 2 bits/s, where PR is the received signal power
in watts, and N0 is the noise power spectral density. In [4]
Telatar and Tse showed this to be the case for arbitrary channel
statistics in the limit of infinite bandwidth and infinite carrier
frequency. Their transmission model was based on frequency-
shift keying (FSK) and it was shown that channel capacity is
achieved using very impulsive signals. The main goal of this
work is to examine under what conditions m-ary PPM with
non-coherent detection can approach the wideband channel
capacity subject to a large but finite bandwidth constraint and
different multipath delay-spread values.

In [5] Verdu addresses the spectral efficiency of signaling
strategies in the wideband regime under different assumptions
regarding channel knowledge at the transmitter and receiver.
The characterization is in terms of the minimum energy-per-bit
to noise spectral density ratio (Eb/N0)min and the wideband
slope S0. The latter quantity is measured in bits/s/Hz/3dB
and represents growth of spectral efficiency at the origin as a
function of Eb/N0. Verdu’s work is fundamental to our prob-
lem since it shows that approaching C∞ with non-coherent
detection is impossible for practical data rates (>100 kbit/s)
even for the vanishing spectral efficiency of UWB systems.
This is due to the fact that S0 is zero at the origin for non-
coherent detection. To get an idea of the loss incurred, consider
a system with a 2GHz bandwidth and data rate of 20 Mbit/s
(this would correspond to a memoryless transmission strategy
for channels with a 50ns delay-spread) yielding a spectral-
efficiency of .01 bits/s/Hz. For Rayleigh statistics the loss in
energy efficiency is on the order of 3dB, which translates into
a factor 2 loss in data rate compared to a system with perfect
channel state information at the receiver. The loss becomes
less significant for lower data rates and/or higher bandwidths.

Section II deals with the underlying system model for
transmission and reception as well as the block-invariant
channel model. In section III we evaluate expressions for the
achievable information rates using random codebooks on an
m-ary PPM alphabet as a function of the channel delay-spread
and system bandwidth. Section IV deals with the effects of
hard symbol decisions. We present conclusions in Section V.

II. SYSTEM DESCRIPTION

A. Notation

Throughout the paper, small letters ′a′ will be used for
scalars, capital letters ′A′ for vectors, and bold capital letters
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′A′ for matrices.

B. Channel Model

We consider a general multipath fading channel, namely
when the channel input waveform is x(t), the channel output
y(t) is given by

y(t) =
L∑

l=1

al(t)x(t − dl(t)) + z(t) (1)

where L is the number of paths, al(t) is the gain of path l
at time t, dl(t) is the delay of the path l at time t, and z(t)
is white Gaussian noise with power spectral density N0/2.
Let Tc be the coherence time of the considered channel. For
simplicity, we assume that the channel processes {al(t)} and
{dl(t)} are piecewise constant, with their values remaining
fixed on time-intervals [nTc, (n + 1)Tc), n ∈ Z. We further
assume that {al,nTc

} and {dl,nTc
} are stationary and ergodic

discrete-time stochastic processes, and independent of each
other. In this work we focus on the case where the delay
spread, Td, is much less than the coherence time of the
channel. The average transmitted power is constrained to PT ,
and the bandwidth of the baseband input signal is constrained
to be approximately W Hz.

The large bandwidths considered here (>1GHz) provide a
high temporal resolution and enable the receiver to resolve a
large number of paths of the impinging wavefront. Providing
that the channel has a high diversity order (i.e. in dense
multipath environments), the total channel gain

∑L
l=1 a

2
l is

slowly varying compared to {al(t)} and {dl(t)}. It has been
shown [6], [7], [10] through measurements that in indoor
environments, the UWB channel can contain several hundreds
of paths of significant strength. We may assume, therefore,
that for all practical purposes, the total received energy should
remain constant at its average path strength, irrespective of the
particular channel realization. Variations in the received signal
power will typically be caused by shadowing rather than fast
fading. For all the following developments we will assume
that the total channel gain is constant and, without loss of
generality, equal to 1.

For the sake of determining some numerical guidelines,
recent FCC proposals [8] suggest a maximum of 7.5GHz of
bandwidth (3.1-10.6 GHz) and maximal transmitted power
spectral density of 10−6PT = −42dBm/MHz. Worst case-
path loss measurements on the 3-5GHz indoor channel for
non-line-of-sight transmissions are on the order of 80dB [9]
at a 10m separation between transmitter and receiver. If
we consider a transmit power of PT = −10dBm across a
2GHz bandwidth, which is close to the maximum transmitted
power level proposed by the FCC, we may obtain a worst-
case received signal power to noise-spectral density ratio of
PR/N0 = 84dB yielding an AWGN channel capacity of
C∞ = 362.3 Mbits/s. This operating point, however, cannot
really be considered as being in the “ultra-wideband regime”,
since the processing gain W/C∞ is small (< 10 dB). In
a multiuser (ad-hoc) setting and because of interoperability

with narrowband systems, the target operating point will likely
be a substantially lower PR/N0. This operating point can
nonetheless be thought of as a high-SNR benchmark for the
numerical results in this paper.

C. PPM Transmitter Structure

As a practical implementation of asymptoticaly optimal
flash-signaling [5], we use a base-band PPM signal to transmit
the information bits. The data is encoded using a randomly
generated codebook C = {C1, C2, . . . , CM} of cardinality M
and codeword length N . Each codeword Cw is a sequence
Cw = (c1,w, c2,w, . . . , cN,w) corresponding to the emission
timeslot indexes within each of the N symbol-times used
for it’s transmission. With ci,j ∈ {0, . . . ,m − 1}. m is later
optimized according to the target received SNR. A guard
interval of length at least Td is left at the end of each symbol
time in order to avoid inter-symbol interference. The assigned
signal for codeword Cw is

xm(t) =
N∑

n=1

√
Esφ(t − (n − 1)Ts − cn,mδ) (2)

where δ is the spacing between two consecutive emission
timeslots, Es = PTs is the pulse energy, Ts = mδ + Td the
symbol duration, and φ(t) a unit energy pulse of duration Tp.
This transmission scheme can be seen as a coded-modulation
strategy with an outer block code of rate Rc and inner code
(modulation) of rate log2(m)/m as shown in figure 1. It is
assumed that the system bandwidth is roughly 1/Tp.

log2(M) bits
modulo-m

Code Code

rate log2(m)
m

xm

∑
δ(t − nTs − cn,mδ)

rate Rc

Cm xm(t)

φ(t)

Fig. 1. Transmitter block diagram.

D. Receiver Structure

The received signal is r(t) = (xm ∗h) |t +z(t) where ∀t ∈
[(n − 1)Ts, nTs], h(t) = hn(t) =

∑L
i=1 ai,nδ(t − di,n) is the

channel impulse response and ′.∗ .′ stands for the convolution
operator.

At the receiver, the received signal is first projected on
the subspace spanned by the set of orthonormal functions
{φ0,n, φ1,n, . . . , φTs−Td−Tp

Tp
,n

} where φi,n(t) = φ(t − (n −
1)Ts − iTp). This allows us to reduce the number of degrees
of freedom of the received signal while capturing the majority
of it’s information bearing part1. In fact, the sent signal is
spread in time due to the multipath effect of the channel and
by consequence the received signal lies in a signal-space of
higher dimensionality than the emitted signal one. A more
refined treatment of front-end receiver structures can be found
in [11]. Let < ., . > be the scalar product defined by the

1due to the finite duration of φ(t), this projection is incomplete since φ(t)
does not form a complete basis for the transmitted signal space. If φ(t) were
of infinite duration (e.g. for band-limited pulses) then we could use a finite-
dimensional basis but suffer from interference from adjacent symbols.
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following 〈h(t), g(t)〉 =
∫ +∞

−∞ h(t)g(t) dt. ∀n ∈ [1, N ] and
∀k ∈ [1,M ] let

Rn,cn,k
=

[
i ∈

[
0,

Td

Tp

]
, 〈r(t), φi,n(t − cn,kδ)〉

]
(3)

= Hn,cn,k
+ Zn,cn,k

where Hcn,k,n (resp. Zcn,k,n) is the signal part (resp. the noise
part) of Rcn,k,n.

Zn,cn,k
=

[
i ∈

[
0,

Td

Tp

]
, 〈z(t), φi,n(t − cn,kδ)〉

]
(4)

Zcn,k,n is a Gaussian random vector with mean zero and
covariance matrix Kz = N0

2 I. A non-coherent energy detector
is then used

sk,n = (Hn,cn,k
+ Zn,cn,k

)(Hn,cn,k
+ Zn,cn,k

)T (5)

=
∥∥∥
√
EsAnRφ,n(cn,k − cn,m) + Zn,cn,k

∥∥∥
2

(6)

where An = [an,1, an,2, . . . , an,L], RT
φ,n(t) is given by

equation 7, and rφ(t) is the autocorrelation function of φ(t).
A similar energy-based detector can be implemented using
analog technology [11].

III. ACHIEVABLE RATES

In this section we focus on calculating the achievable rates
of the system described in Section II when using an optimal
soft-decoding strategy. This will be achieved through the
derivation of an upper-bound on the decoding error probability.
For the sake of simplicity of the following developments, and
without loss of generality, we assume that ∀i, j |di−dj | ≥ Tp.

A. Decoding Error Probability

The decoder forms the decision variables

sk =
1
N

N∑

n=1

sk,n

and uses the following threshold rule to decide on a message:
if sk exceeds a certain threshold ρ for exactly one value of k,
say k̂, then it will declare that k̂ was transmitted. Otherwise,
it will declare a decoding error. This is the same sub-optimal
decoding scheme considered in [4]. An upper bound of the
decoding error probability is given by the following theorem:

Theorem 1: The probability of codeword error is upper
bounded by

Pr[error] ≤ M min
t>0

e
−N

[
tρ+ r

2 ln(1−N0t)−ln

(
(1−p+)+p+e

t
1−N0t

αEs

)]

(8)

with p+ = min((2Td+Tp)/δ,m)
m , r = Td

Tp + 1, α =
E

0≤t≤Tp

[rφ(t) + rφ(Tp − t)], and ρ = (1 − ε)Esα + rN0
2 .

Proof: The decision variable for the transmitted code-
word Cw is given by

1
N

N∑

n=1

∥∥∥
√
EsAnRφ,n(0) + Zn,cn,w

∥∥∥
2

(9)

by the ergodicity of the noise process, this time-average will
exceed the threshold with probability arbitrarily close to 1 for
any ε > 0 as N gets large. For all k = w We bound the
probability Pr [sk ≥ ρ] using a Chernoff bound

Pr [sk ≥ ρ] = Pr [Nsk ≥ Nρ]

≤ min
t>0

e−tNρ
N∏

n=1

E [exp(tsn,k)] (10)

The next lemma is needed to end the proof of Theorem 1.
Lemma 2: Let Cw be the transmitted codeword, then

∀k ∈ [1,M ], n ∈ [1, N ] E [exp(tsk,n)] ≤ E [exp(tsw,n)]
(11)

The proof of the lemma is derived in the Appendix. Returning
to the error probability calculation, the probability p of having
a collision at slot n between the sent codeword Cw and a
candidate codeword Ck (i.e. the probability that |cn,w−cn,k| ≤
�Td

δ �), is upper bounded by p+ = min((2Td+Tp)/δ,m)
m . We have

now that for all cn,k such that |cn,w − cn,k| ≤ �Td

δ �

E [exp (tsn,k)]
(c)
≤ E

[
exp

(
t
∥∥Hn,cn,m + Zn,cn,m

∥∥2
)]

= E
H

E
[
exp

(
t
∥∥Hn,cn,m + Zn,cn,m

∥∥2
)

/ H
]

= E
H

[
(1 − N0t)

−r
2 exp

t

1 − N0t

∥∥Hn,cn,m

∥∥2
]

(d)
= exp

(
t

1 − N0t
αEs

)
(1 − N0t)

−r
2 (12)

and for all cn,k such that |cn,w − cn,k| > �Td

δ �

E [exp (tsn,k)] = (1 − N0t)
−r
2 . (13)

In the above, (c) follows from lemma 2, and (d) from the
fact that

∥∥Hn,cn,w

∥∥ is constant and independent of particular
realization of the channel by assumption. Let l be the number
of collisions between codewords Cw and Ck, then we have
that

Pr [sk ≥ ρ] ≤ min
t>0

e−tNρ exp
(

t

1 − N0t
lαEs

)
(1 − N0t)

−Nr
2

(14)

Averaging over all the realizations of the randomly generated
codebook we obtain

E
code

[Pr [sk ≥ ρ]]

≤ E
code

[
min

tl∈R+
e−tlNρ exp

(
tl

1 − N0tl
lαEs

)
(1 − N0tl)

−Nr
2

]

(e)
≤ min

t∈R+
E

code

[
e−tNρ exp

(
t

1 − N0t
lαEs

)
(1 − N0t)

−Nr
2

]

= min
t∈R+

(
N∑

l=0

(
l
N

)
pl(1 − p)N−l

e−tNρ exp
(

t

1 − N0t
lαEs

)
(1 − N0t)

−Nr
2

)

= min
t∈R+

e−tNρ(1 − N0t)
−Nr

2

(
(1 − p) + pe

t
1−N0t

αEs
)N

(15)

note that in (e) we perform a less optimal minimization opera-
tion for the sake of feasibility of the analytical developments.
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RT
φ,n(t) =





rφ(d1,n − t) rφ(d2,n − t) . . . rφ(dL,n − t)
rφ(d1,n − t − Tp) rφ(d2,n − t − Tp) . . . rφ(dL,n − t − tp)

...
...

...
...

rφ(d1,n − t − Td) rφ(d2,n − t − Td) . . . rφ(dL,n − t − Td)



 (7)

Noticing that expression (15) is an increasing function of p
and using a union bound we obtain the desired result.

B. Achievable Rates

The decoding error probability depicted in (8) decays to
zero exponentially in N as long as the transmission rate R
satisfies

R =
1

NTs
log(M) (16)

≤ max
t∈R+

1
Ts

(
tρ +

r

2
ln(1 − N0t)−

ln
(
(1 − p+) + p+e

t
1−N0t

αEs
))

(17)

Due to the finite cardinality of the symbol alphabet for a given
Td, Tp, and Ts, our information rate is bounded by

R ≤ 1
Ts

log2(m) bits/s (18)

By numerically optimizing the achievable rate R over t and
symbol duration Ts we obtain it’s variation as function of
system parameters PR

N0
, Td, Tp. Typical delay spreads for UWB

channel are of the order of 50 ns, for indoor environments, and
several hundreds of ns for outdoor environments [12], [13].

As can be seen in figures 2 and 3, obtained for δ = Td+Tp,
the PPM based energy detector achieves data rates of the order
of C∞ for an optimaly chosen modulation size. Decreasing
Tp (i.e. increasing the bandwidth) degrades the performance
in the low SNR region. This can be explained by the fact
that augmenting the bandwidth increases both the number of
degrees of freedom of the system and the amount of noise
collected by the receiver. In the low SNR region the effect
of the increased receiver noise is dominant. The same kind of
behavior was observed for spread-spectrum white-like signals,
also called uniform in time and frequency signals, (typically
standard CDMA signals) over fading channels, for which
the capacity decreases to zero when the system bandwidth
increases to infinity if no side information about the channel
is used [4], [14], [15]. In the high SNR region the system does
not take advantage of the increase in the number of degrees of
freedom because Ts can not be made smaller than Td + 2Tp

(guard interval).
The optimization of the modulation size, as a function of

the system operating SNR, leads to a constant received peak
SNR and outer code rate on the order of 1/2 irrespective of
average received SNR. It should be noted, however, that the
modulation size may be limited due to peak-power emission
requirements [8], and thus it may not be possible to satisfy
the optimality condition in practice.

IV. EFFECTS OF HARD DECISION DECODING

Due to implementation constraints related to the large sys-
tem bandwidth, we may be obliged to use hard decisions when
decoding. We investigate the effect of such a modification
on the achievable rates in the simpler case of orthogonal
(at the receiver i.e. δ = Td + Tp) PPM modulation using
a maximum likelihood decoding rule. Such a system can
be viewed as a discrete memoryless channel (DMC) with
transition probabilities ∀i = j ∈ 1 . . .m

P (i|i) =
m∏

k=1

Pr [si ≥ sk]

=
(
Pr

[
‖H + Zi‖2 ≥ ‖Zj‖2])m−1

(19)

P (i|j) =
m∏

k=1

Pr [sj ≥ sk]

=
(

1
2

)m−2

Pr
[
‖Zj‖2 ≤ ‖H + Zi‖2] (20)

where ‖Zj‖2 is a chi-square random variable with r =
Td

Tp
+ 1 degrees of freedom, zero mean and variance N0/2

and ‖H + Zi‖2 a non-central chi-square random variable with
r = Td

Tp
+ 1 degrees of freedom, variance N0/2, and non-

centrality parameter ‖H‖2 = αEs. The capacity for the
considered channel with equal probability inputs is then given
by [16]

∀k = 1 . . .m C =
∑

j

P (j|k) log
P (j, k)

1
m

∑
i P (j|i)

(21)

Evaluating numerically this capacity and comparing it with
the achievable rate of orthogonal PPM modulation with soft
decoding we obtain the results shown in Figure 4. We note
that a very harsh penalty can be expected when using hard
decision decoding.

V. CONCLUSION

We studied the achievable rates of a general m-ary pulse
position modulation (PPM) modulation with non-coherent
detection over a time-varying multipath fading channel. We
showed that with the considered modulation scheme and
bandwidths in line with current UWB proposals we may
achieve information rates close to C∞ for moderate SNR. We
also showed that the use of hard decisions prior to decoding
leads to extremely large performance losses. These results
are strengthened in [11] where average mutual information
of generalized flash signaling [5] with non-coherent detection
is computed for the same target system parameters. This
analysis has been extended to a multiuser ad-hoc network
setting. Future work will focus on practical coding schemes
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for achieving these rates and obtaining realistic UWB system
capacity for various network topologies.
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APPENDIX

Proof:

E [exp(tsk,n)] = E
[
exp

(
t
[
Hn,cn,kHT

n,cn,k
+ Hn,cn,kZT

n,cn,k
+ Zn,cn,kHT

n,cn,k
+ Zn,cn,kZT

n,cn,k

])]

(a)
≤ E

[
exp

(
t
[
Hn,cn,mHT

n,cn,m
+ Hn,cn,kZT

n,cn,m
+ Zn,cn,mHT

n,cn,k
+ Zn,cn,mZT

n,cn,m

])]

(b)
≤ E

[
exp

(
t
[
Hn,cn,mHT

n,cn,m
+ Hn,cn,mZT

n,cn,m
+ Zn,cn,mHT

n,cn,m
+ Zn,cn,mZT

n,cn,m

])]

= E [exp(tsm,n)]

(a) Hn,cn,m
HT

n,cn,m
≥ Hn,cn,m

HT
n,cn,k

because variance is the maximum value taken by an autocorrelation function, and
Zn,cn,k

, Zn,cn,m
are identically distributed. (b) because Zn,cn,m

HT
n,cn,k

and Zn,cn,m
HT

n,cn,m
are distributed according to the

same law with the same mean and a higher variance for ZHT
n,cn,m

.
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