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Abstract—This paper considers the exploitation of unmanned
aerial vehicles (UAVs) in wireless networking, with which
communication-enabled robots operate as flying wireless relays
to help fill coverage or capacity gaps in the network. We focus on
the particular problem of (automatic) UAV positioning, which is
known to crucially affect performance. Existing methods typically
rely on statistical models of the air-to-ground channel, and thus,
they fail to exploit the fine-grained information of line-of-sight
(LOS) conditions at some locations. This paper develops an
efficient algorithm to find the best position of the UAV based
on the fine-grained LOS information. In spite of the complex
terrain topology, the algorithm is able to converge to the optimal
UAV position to maximize the end-to-end throughput without
a global exploration of a signal strength radio map. Numerical
results demonstrate that in a dense urban area, the UAV-aided
wireless system with the optimal UAV position can almost double
the end-to-end capacity from the base station (BS) to the user as
compared to that of a direct BS to user link.

I. INTRODUCTION

The throughput demand in wireless cellular networks has
dramatically increased in recent years. Along with the rapid
development of traditional cellular network infrastructure,
there have been tremendous research efforts and commercial
applications of UAVs. One promising application is to exploit
communication-enabled UAVs as relays in the air to expand
the coverage and capacity of the cellular network when and
where it matters the most [1], [2].

Clearly, the position of the UAV affects the link strength on
both the BS-UAV and UAV-user links. Prior works considered
various strategies for optimal UAV positioning. The works
[3]-[5] optimized the position of the UAV to balance the
links to the BS and to the users assuming LOS propagation.
In addition, the works [6]—[8] developed a statistical channel
model to capture the insights that the higher the UAV is, the
higher probability it might experience in LOS propagation to
the user. With that, they optimized the UAV position to balance
the coverage and the power consumption.

However, most existing works are based on macroscopic
statistical channel models, which do not capture the fine struc-
ture of the LOS propagation due to the urban topology. For
example, the works [3]-[5] assumed LOS propagations with
global averaged path loss models. Such an assumption may
hold true when the UAV flies at very high altitude, in which
case, the ground user is unlikely blocked by local obstacles.
However, this may not be an interesting UAV application in

cellular networks, because the path loss due to high altitude be-
comes the performance bottleneck. In addition, the works [6]—
[9] considered a statistical model, where the probability that
the UAV-user link experiences in LOS propagation depends on
the height of the UAV and the elevation angle at the user. Such
an assumption may hold true only when the obstacles, such as
buildings and trees, are uniformly distributed. In addition, they
fail to exploit the actual propagation at specific UAV and user
locations. To our best knowledge, none of the existing works
exploit the fine-grained structure of the LOS propagation for
UAV positioning. For example, a slight change of the UAV
position may result in a significant difference in the channel
gain because the UAV may enter from LOS to non-line-of-
sight (NLOS) propagation to the user due to building edges.

This paper tries to optimize the UAV position by exploiting
the fine structure of the UAV-user propagation, where the
UAV relay the message from the BS to the user based
on a simple decode-and-forward strategy. The fundamental
challenge is that since the ground obstacles surrounding the
user may have irregular shapes and random locations, a UAV-
user signal strength radio map may have irregular structure of
the LOS propagation segment, leading to a global exploration
problem. Considering online UAV positioning, where the UAV
needs to move to the desired spot to explore the propagation
opportunity, global exploration of the entire area would require
an unacceptably long time. To the best of our knowledge, none
of the existing work attempts to find the global optimal UAV
position to the fine-grained propagation structure.

In this paper, efficient search algorithms for the opti-
mal UAV position are developed. We exploit a segmented
propagation model to capture the air-to-ground channel and
discover a radiation property for the UAV-user propagation.
Conceptually, when the UAV moves at a fixed height straightly
towards the user, the number of obstacles between the UAV
and the user keeps decreasing and the channel gain improves.
Exploiting such a property, the global optimal UAV position
can be found without a global exploration,. and only linear
complexity is required by the proposed algorithm as compared
to the quadratic complexity by a global exploration. Numerical
results demonstrate that the optimal UAV position brings in
40% throughput gain for the edge users over a simple UAV
position algorithm, and 100% throughput gain over the direct
BS-user link.



II. SYSTEM MODEL

Consider a cellular network deployed in a dense urban
environment, where the BS locates on the rooftop of a building
with height Hp above the ground. Denote the coordinate of
the BS as xg = (0,0, Hg). Suppose the BS serves a user
with fixed position surrounding by some obstacles, such as
buildings or trees. The user can be considered as a wireless
device with temporary fixed position or a relay BS without a
backhaul. A UAV flies in the sky with a fixed height Hp to
relay the signal between the BS and the user. Similarly, denote
the coordinates of the UAV and the user as xp = (Xp, Hp)
and xy = (Xu, Hy), respectively, where Xp, %Xy € R2.

A. The Air-to-ground Channel Model

1) BS-UAV Channel: Consider that the heights Hg and Hp
are large enough such that there is always LOS propagation
between the BS and the UAV. Define the channel as the power
response averaged over the small scale fading. The BS-UAV
channel is modeled as

gs(xp) = Pol/xp — x| ~*° (D

where a9 > 1, Bo > 0 are some parameters known by the
system.

2) UAV-user Channel: We consider a segmented ray-tracing
propagation model for the UAV-user channel [10], to distin-
guish different propagation segments, such as LOS, obstructed
LOS [11], and NLOS, according to the UAV and user loca-
tions.!

Specifically, let D C R® be the domain of all possible UAV-
user location pairs (xp,xy). Consider a partition of I into
K disjoint segments; i.e., D = Dy UDy U --- U Dk, where
D) NDj; = @, for k # j. The UAV-user channel is modeled
as

K
go(xp) =Y Billxp — xul| " I{(xp,xv) € Dk} (2)
k=1

where aj, > 1, B > 0, and I{A} is an indicator function
taking value 1 if condition A is satisfied, and 0 otherwise.
The parameters «y, and S, describe the model of the average
path loss incorporating the shadowing effect for the kth
segment. Assume that the functions (1) and (2) are completely
known; i.e., the segments {Dy} and the parameters {«, SOk }
are known by the system. Note that these parameters can be
estimated on the fly during an online implementation.

B. Assumptions and the Polar Coordinate

We make the following mild assumptions in order to focus
on the first-order effect of the propagation (e.g., whether it is
a LOS propagation).

Let dop be the minimum distance between the UAV and the
user.

'Note that with more segments to be classified, the shadowing in each
segment has less variance [10], [11], and the segmented model (2) becomes
more accurate to the actual channel.
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Figure 1. Illustration of a polar representation of Xp.

Assumption 1 (Ordered propagation segments): Given d >
dy, the following holds

Brd™* > Bid™

forl1<k<j<K. |

For example, under K = 2, the propagation can be char-
acterized by k = 1 for LOS segment and £ = 2 for NLOS
segment, and the above assumption says that given the same
distance d, the LOS scenario yields a higher channel gain
compared to the NLOS scenario.

The physical meaning of Assumption 1 can be interpreted
as follows: a small k corresponds to the propagation where the
signal penetrates light obstacles, such as trees, whereas a large
k corresponds to the propagation where the signal penetrates
heavy obstacles, such as concrete walls. In addition, £ = 1
implies the LOS propagation.

Consider a polar representation of the UAV position Xp on
the xy-plane as illustrated in Fig. 1. Let
—sind }

cosf

Xg — Xy

% — xul|

cos
sin 6

xp(p,0) =Xy +p [ (3)
where p denotes the projected UAV-user distance on the xy-
plane, @ is the angle projected on the zy-plane towards the user
using the BS-user direction as the reference, and xg = (0, 0) is
the position of the BS on the xy-plane. Given 6, as p decreases,
the UAV moves towards the user under a fixed height. As we
consider a fixed UAV height Hp, the polar coordinate (p,0)
can fully describe the UAV position Xp.

With the polar representation, we make the following mild
assumption on the propagation.

Assumption 2 (No significant reflection): Let
(xp(p,0), Hp) and x o= (xp(p, 0), Hp). Suppose
(xp, xy) € Dy. Then for p > p, it holds that (xp,xy) € D;,
where 7 > k. By contrast, for 0 < p/ < p, it holds that
(X;),XU) € Dj, where j < k. [

For example, under two propagation segments, when the
UAV moves away from the user with a fixed 6, it may probably
enters from LOS propagation to NLOS propagation. As it
moves further away, it only stays in the NLOS segment. A
geometric illustration is given in Fig. 2. When the UAV passes
the critical point p7 ,(#) and moves towards the left, the UAV-
user signal will be blocked by more and more obstacles. When
the UAV moves towards the right from p? ,(6), it always has
LOS propagation to the user. '

XD =
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Figure 2.  Illustration on the absence-of-significant-reflection assumption,
where the UAV moves under a fixed 6.

Assumption 2 can be justified by the nonexistence-of-
significant-reflection argument. From the geometry as in Fig.
2, as p increases, the number of obstacles between the UAV
and the user also increases. This contributes to larger path
loss exponent « or smaller gain coefficient 3, if there is no
strong enough reflective or diffractive signals to compensate
for the additional loss due to penetrating through additional
obstacles. By contrast, when p decreases, the number of
obstacles between the UAV and the user decreases. Note
that such observation is roughly consistent to the channel
measurement results reported in [11].

C. Problem Formulation for Optimal UAV Position

The objective of the UAV positioning is to establish a good
relay channel from the BS to the user via the UAV. Specifically,
a power minimization for UAV positioning is formulated as
follows:

(P1) minimize wpp + (1 —w)pp 4)
XD, PB,PD
subject to  log, (1 + pB 'gB(XD)) >Rg (5
log, (1 + pp - gD(XD)) >Rp (6)
pB;Pp = 0

where 0 < w < 1 is the parameter to weight the power
consumption pg at the BS and the power consumption pp at
the UAV, the parameters Rp and Rp are the rate requirements
for the BS-UAV link and the UAV-user link, respectively.

In addition, an end-to-end rate maximization for UAV
positioning is formulated as follows:

(P2) maximize min {rg(xp),p(xp)} @)

where
TB(XD) = 1Og2 (1 —+ PB . gB(XD))
’I’D(XD) = 1Og2 (1 + PD . gD(XD))

in which, the parameters P and FPp are the transmission
powers at the BS and the UAYV, respectively.

Moreover, this paper focuses on the outdoor scenario for
the users.

Assumption 3 (Outdoor scenario): There is a LOS propa-
gation from the UAV to the user when the UAV locates on top
of the user, i.e., Xp = Xy. [ |

The above assumption is to avoid discussing the compli-
cated scenario where there may be a good propagation link to
the user inside a building through a window.

It is worthy to point out that even with the above assump-
tions, it is still highly non-trivial to find the optimal UAV
position. A numerical example is given in Fig. 3, where a
user surrounded by a number of buildings is depicted in Fig.
3 (a). Fig. 3 (b) simulates the received power of users 1 at
the UAV corresponding to every UAV position. The irregular
pattern is due to the shapes of the buildings. Fig. 3 (c) shows
the corresponding capacity from the BS to the user via the
UAV. By considering the actual blockage of the buildings, it
is not straight forward to identify the best position of the UAV.

III. OPTIMAL UAV POSITION VIA
SMART EXPLORATION

We first derive algorithms for the power minimization prob-
lem (P1). We then show that the same algorithm can solve the
rate maximization problem (P2) under problem reformulations.

A. Problem Reformulation for (P1)

Observed from (P1) that under optimal power allocation pg
and pp, the two rate constraints (5) and (6) must be active; i.e.,
the equalities hold. This is because if the channel capacities
on the left hand side of (5) and (6) are greater than the rate
requirements on the right hand side, then either pg or pp can
be reduced to yield a lower objective value. With this insight,
solving the equations from (5) and (6), the minimum power
to satisfy the rate constraint is given by

p(xp) = (2™ — 1)ga(xp) "
and

pp(xp) = (2% — 1)gp(xp) .

In addition, let dg £ ||xp — xg|| and dy £ ||xp — xu]|.
Applying the polar representation in (3), we obtain

dg(p,0) = \/p? + L2 —2pLcosf + (Hp — Hg)2 (8)
dy(p) = \/p*+ (Hp — Hy)? ©)

where L £ ||xy] is the projected distance between the user
and the BS on the xy-plane.

Exploiting the channel models (1) and (2), problem (P1)
can be reformulated as follows,

e —1 o
minimize w d g)°
20,0 BBO B (pa )

K
+ wp Z Bi Hdu(p)**I{(p, 0) € Pi}
k=1
where wp = w(2f® — 1), wp = (1 — w) (2% — 1), and
Pr = {(p,0) : (xp(p,0),xv) € Dy }.

When the UAV-user pair (xp(p,0),xy) is in the kthe
propagation segment, the objective function is given by

Fr(p,0) £ wpBy ' d(p, 0)* + wpBy 'du(p)™. (10)
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corresponding to every UAV position. (¢) The end-to-end capacity map.

The power minimization problem can be further simplified as
follows:

/ o
(P19 mlf)nzllg};ze F(p,0)

where

K
F(p.6) = 3" Fulp.6)I{(p. ) € Py}.
k=1

B. Properties

We study several important properties of problem (P1’).

Proposition 1 (Convexity): Given 6, the functions Fj(p, 6)
are convex in p.

Denote p;(f) as the optimal solution to the following
problem

inimize Fy(p,0).
mlmpngloze x(p, 0)

Due to the convexity of Fj(p,6) in p, the function pj(6)

can be computed efficiently. For example, a bisection search

algorithm can be applied to compute pj (¢) for a given 6.
Proposition 2: Given p and 6, the following holds

Fi(p.0) < Fy(p,6)

for1<k<j<K.

The result in Proposition 2 is straight forward, and it
confirms that in terms of power minimization, the propagation
segment with smaller %k is more favorable.

Proposition 3 (Search region): The optimal solution to
(P1’) is in the region

T ™
= 0<p< —— << =3,
P {(p,@) 0 <p< Lcosh, 5 <0< 2}

The above property establishes a stopping criterion for the
search algorithm. In addition, we derive another stopping
criterion as follows.

Proposition 4 (Local optimality): For 6 >0, the following
property holds
min

min Fi(p,0) < min !
p>0,0<0<3

p>0 >k

Fj(p,0) (11
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(a) A map of a dense urban area, where the rectangles denote the building with colors representing their heights. (b) The received power map

for 1 < k < K. Similarly, for 6 < 0,
min Fi(p, 6 min
min F (p, 0) oo™

< min

min F(p,0)

2<0<0

12)

Proposition 4 implies the following. If a UAV locates itself
at (p;(é)7 0) that is found to minimize FJ(p, #), and it is at the
kth propagation segment, i.e., (p}(0),0) € Py, then it is not
possible to further lower the objective F(p,0) in the region
9>9 f0r9>0(0r9<9 f0r9<0) unless it finds a
propagation segment j < k in 6 > 0, for 6 > 0 (or 6 < 6, for
0 < 0). In particular, for k = 1, there is no need to search in
thereg10n6‘>6‘ for 6 > 0 (or 6 < 0, for 6 < 0).

Let p? j(0), k < j, denote the boundary point that separates
the kth and jth propagation segments; i.e., for p = p]C ;(0)—¢,
we have (p,0) € Py, and for p = pj ;(0) + ¢, (p,0) € Py,
where € > 0 is a sufficiently small positive number. Following
Assumptions 2 and 3, it is found that the propagation segments
follow radiated patterns centered at the user. In addition, the
radiated propagation segments do not overlap but contain one
and the other.

Proposition 5 (Radiated propagation pattern): For 0 < p <
p}ij(b‘), we have (p,0) € P,,, m < k, and for p > p],37j(9),
we have (p,0) € P, n > j.

A numerical example of the radiated propagation pattern is
illustrated in Fig. 3 (b).

For mathematical convenience, we define the boundary

point (pp ;(0),0) € Pg.
C. Algorithm for K =2 Case

In this paper, we study the case of two propagation seg-
ments, and the general case is left for future works. The
algorithm for optimal UAV positioning is derived using the
intuitions from Propositions 1-5.

For easy elaboration, we call the first segment as the LOS
segment and the second segment as the NLOS segment. The
basic idea is to discover the LOS segment and find a good
position in it. Towards this end, the algorithm searches along
the contour Fy(p, #) = C when (p, 0) is in the NLOS segment
Ps. When (p,0) is in the LOS segment P;, the algorithm
moves under a fixed 6. Specifically, the procedure is described
in Algorithm 1.



Algorithm 1 Optimal UAV positioning for minimum power
consumption for K = 2

o Initialization: Let 6 = 0. Choose p €
{p1(0), p5(0),p%5(0)} that yields the minimum
objective value F(p,0). Choose a step size § > 0.
Repeat the following two search phases until one of the
stopping criteria is met.

o Phase I (Search in the NLOS segment): When (p, ) €
Pa, search along the contour Fi(p,0) = C i.e., update
the position p < p + dp, 6 < 0 + df, where dp and df
are unique solutions to the following equations

aFl(pve) aFl(pae) _
—g, o+ —gg—d0 =0 (3
p* + (p+dp)* = 2p(p + dp) cos(df) = 6*  (14)
>0 (15

o Phase II (Search in the LOS segment): When (p,0) €
Pi, change p towards pf,(0) by 8; ie., p < p+ 6 if
p < pto(0), and p < p — 4, otherwise.

o Stopping criteria: (i) p > L cos#, and (ii) |p—p3(6)] < 6.

o Optimal position: For each step, the algorithm keeps a
record of the minimum objective value Fiin;i.€., Finin <

F(pv 9)’ (ﬁaé) — (pv 9)’ lf F(pv 9) < Fmin-

It turns out that the above algorithm terminates after finite
steps, and it converges to the neighborhood of the optimal
UAV position as summarized in the following theorem.

Theorem 1 (Convergence): For every € > 0, there exists a
§ > 0, such that for § < 8, the iterate (j,6) in Algorithm 1
converges to an e-neighborhood of the optimal point (p*, 6*)
as the solution to

minmize  F(p,6)

p>0,0<0<%
in O(L6~1) steps.

Similarly, if we change the search direction constraint (15)
in Algorithm 1 to df < 0, we can obtain the optimal solution
(p*,0") as minimizing F'(p,0) over p > 0 and —F5 < 0 < 0.
To compare the minimum objective value Félllzl and Fg]?ﬂ
obtained under df > 0 and df < 0 from Algorithm 1,
respectively, we can obtain the global optimal solution to
problem (P1).

Theorem 1 demonstrates the efficiency of the algorithm,
which is linear in the geographical scale L. Note that without
a smart design, an exhaustive search algorithm may need
O(L?6~1) steps. Therefore, the proposed algorithm has sig-
nificantly reduce the complexity for the online search for the
optimal UAV position.

D. UAV Position Algorithm for (P2)
Let r5(p,0) = logy (1 + P - Bods(p, ) ~*°) and rp x(p) =
logy(1 + Pp - Brdu(p)~*). In addition, let

Fi(p,0) = —min{re(p,0),rp,x(p)} (16)

and

=

F(p.0) = 3" Fulp. O)I{(p,6) € Pi}.
k=1
Then problem (P2) can be equivalently transformed into
problem (P1).

For the capacity optimization (P2), although the function
Fi(p,0) defined in (16) is not concave, the optimal solution
pr(6) that maximizes Fy(p,8) over 0 < p < Lcos# can still
be found using bisection search. This is because for a fixed 6,
rg(p,0) is an increasing function over 0 < p < Lcos#, and
rD,k(p) is a decreasing function over p > 0. Moreover, the
optimality condition for pj(0) is r5(p5, ) = o,k (p})-

One can easily verify that Propositions 2—4 still hold. In ad-
dition, Proposition 5 is independent to the objective functions.
With these insights, Algorithm 1 can be applied to find the
optimal UAV position for the capacity maximization problem
(P2). In addition, we can show that the same convergence
result in Theorem 1.

IV. NUMERICAL RESULTS

Consider a dense urban area with buildings ranging from
5-45 meter height as illustrated in Fig. 3 (a). The user is
represented by a red circle and the BS locates at the top right
corner denoted by a blue triangle. The heigh of the BS is
45 meters, and the UAV moves at 50 meter height. As a
result, there is always LOS propagation between the UAV
and the BS. Consider two propagation scenarios depending
on whether there is LOS propagation between the UAV and
the user. Correspondingly, the parameters for the channel
models (1) and (2) are chosen as (ag, 8o, a1, 81, @2, f2) =
(2.2, 1074, 2.3, 1074, 3.6, 10~3) according to some proper
scenarios chosen from the WINNER II channel model.

We evaluate the UAV positioning algorithm for the end-
to-end capacity maximization problem (P2). The transmission
powers are chosen as P3 = 30 dBm and Pp = 36 dBm,
and the noise power is —70 dBm. The corresponding power
map and end-to-end capacity map for every UAV position are
illustrated in Fig. 3 (b) and (c).

In Fig. 4 the green curves show the search path for the
optimal UAV position, where the two branches correspond
to the searches over df > 0 and df < 0 in Algorithm
1, respectively. The other curves represent the contour for
equal end-to-end capacity, where the red contour represents
the highest capacity. The optimal UAV position is found at
the purple diamond.

Consider that a user locates randomly and uniformly on the
streets depicted in Fig. 3 (a). A UAV is placed at the optimal
position from Algorithm 1 to relay the BS and the user. The
proposed scheme is compared to the following baselines:

o Direct BS-user transmission: The BS directly transmits
to the user without relaying via the UAV.

o Offline UAV positioning: First, obtain the empirical
distribution of the LOS propagation P{LOS |p} given the
elevation angle ¢ at the user placed at a uniformly random
location on the streets in Fig. 3 (a). Then, for each UAV
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Figure 4. Search path (greed lines) towards the optimal UAV position (purple
diamond). The curves in other colors represent the contour of the end-to-end
capacity (7) in (P2).

position xy, calculate the elevation angle ¢ (xp,xy), and
compute the average UAV-user channel as [8], [9]

gp(xp) = P{LOS |¢} 51 ||xp — xu|| ™™
+ (1= P{LOS |9} ) Ba lxp — xu)| 2.

Based on the above average channel, obtain the optimal
UAV position by maximizing the end-to-end capacity (7).

o Simple UAV positioning: Obtain the optimal UAV po-
sition by searching along with the line segment between
the BS and the user (i.e., implement only the initialization
step in Algorithm 1).

Fig. 5 compares the average end-to-end throughput over
10,000 user drops on the streets in Fig. 3 (a). The cell edge
users are recognized as those within the 20th percentile of
the throughput under direct BS-user transmission. First, across
all the three user categories, the proposed scheme with the
optimal UAV placement achieves the highest throughput. In
particular for the cell edge users, the proposed scheme doubles
the throughput. Second, the proposed scheme achieves over
40% throughput gain at cell edge users over the simple UAV
positioning scheme without significantly extending the search
trajectory. Third, the offline UAV positioning scheme does not
perform well since it only exploits statistical information.

V. CONCLUSION

This paper studied optimal UAV positioning problems for a
UAV-relayed wireless communication system in a dense urban
area. The UAV searches and exploits the opportunity of a
LOS propagation towards the user, while maintaining a good
connection with the BS, such that transmission power is min-
imized or the end-to-end capacity is maximized. By studying
several properties of the problems, an efficient algorithm was
derived to search for the global optimal UAV position in a few
number of steps that scales linearly to the geographical scale

Il Direct BS-User link 413
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Figure 5.
schemes.

Comparison of the average end-to-end throughput over different

of the search area. Numerical results demonstrated significant
throughput gain over simple UAV position algorithms.
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