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Abstract: We consider LDPC codes with Belief
Propagation decoding algorithm for packetized data
transmission over block-fading channels. We propose
a simple method to reduce the average decoder com-
plexity detecting if successful decoding can be achieved
with high probability. We evaluate the average com-
plexity of the proposed algorithm and compare it to
that of a conventional decoder in the context of a type
11 Hybrid-ARQ protocol.
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1. INTRODUCTION

In [1] the authors analyzed criteria to stop the
iteration process in turbo decoding; here we propose
a simple method to compute implicitly an approxi-
mated region of convergence of the Belief Propaga-
tion (BP) decoder for a given LDPC code. By using
our method, we can check very efficiently if the vec-
tor of received SNRs is such that successful decoding
is expected with high probability. Then, the itera-
tive decoder is triggered only if the vector of received
SNRs is in the region. This reduces dramatically the
expected complexity of the decoder, with very impor-
tant savings in both computation time and battery
energy.

Our scheme is suited for the Incremental Redun-
dacy (IR) HARQ protocol: the rationale for using
LDPC codes for this IR-HARQ scheme, and the rel-
ative performance analysis, are provided in [4].

2. CONTEXT AND PROBLEM

We consider slotted transmission where each slot
is affected by an independent fading coefficient, ac-
cording to the block-fading channel model [2].

In the following, because of space limitations, we
assume that the reader is familiar with message pass-
ing iterative decoding and Density Evolution (DE),
for further details see [3] and references therein. An
LDPC ensemble is defined bgf its left and right de-
gree distributions A(z) = >3%, \pzF~! and p(z) =

Z?sz pjzi=!, where A (p;) represents the fraction
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of edges emanating from a variable (check) node of
degree k (j). The performance of BP iterative decod-
ing for a randomly selected LDPC codes in the en-
semble with a random realization of the channel noise
can be predicted by DE with high probability, for
large blocklength. For standard time-invariant chan-
nels (e.g., the binary-input AWGN channel), it can
be shown that DE converges either to zero bit-error
rate (BER) or to some BER bounded away from zero
depending on the channel parameter measuring the
noise level, known as the iterative decoding thresh-
old. This idea does not carry over straightforwardly
for a time-varying channel such as in the case of the
TIR-HARQ protocol considered here. Let

y, =VEcixs + vy, s=1,...,m (1)

define the block fading channel in slot s, where vy
is an i.i.d. complex circularly-symmetric Gaussian
noise vector with per-component variance Ng, cg is
the (complex scalar) fading coefficient during slot s
with power gain a; = |cs|?, x4 is the s-th sub-block
of the LDPC codeword! (for simplicity, we assume
BPSK modulation) and £ is the energy per symbol.
The fading is normalized so that E[as] = 1. There-
fore, the instantaneous received SNR in slot s is given
by B 2 asy with v = £/Np.

The BP decoder at slot m “sees” a time-varying

channel defined by the instantaneous SNRs {f1, ..., 8m}

and by the fact that the symbols in slots m+1, ..., M
are erased (i.e., the corresponding channel outputs
are zero). Clearly, no simple threshold criterion for
convergence of BP can be applied here. Indeed, we
might define a region of convergence for the decoder
in slot m as an m-dimensional region R,, C R,
such that if (51,...,8m) € Rum, then DE converges
to vanishing BER and the BP decoder applied to
the actual finite-length code with channel observa-
tions {y1,...,¥m} yields successful decoding with
high probability. In order to overcome this prob-
lem, we propose to use an on-line low-complexity
approximation of DE and run it in real-time at each
newly received slot before activating the BP decoder.

INote that under IR-HARQ scheme, the LDPC codeword
is divided into M bursts, each burst being transmitted as long
as the decoding is erroneous.



Hopefully, the approximate DE is able to approxi-
mate accurately the convergence region R,, for all
m = 1,..., M. Therefore, if the approximate DE
converges to zero error probability, the BP decoder
is triggered and actual decoding is performed, oth-
erwise a NACK is sent without actually performing
decoding. Here we use an approximation of DE based
on Gaussian Approximation [3], expressed by [4]

outv_ ZFAl_ Iéutlm )7ﬂ8) (2)

with initial condition I3, , = 0; Iéut » 1s the average
mutual information at the output of a variable node,
and for a general distribution g(z) = Y ,o, giz" "

and b > 0 we define the function

Zgz 'L_l

i>2

)+ (3)

where J(fBs) is the instantaneous mutual informa-
tion per input symbol on slot s. The recursion for
a given number of received blocks m with fading
gains a1, . .., ay,, is obtained by letting s = yay for
s=1,...,mand B, =0for s=m+1,..., M in (2).

When we consider infinite blocklength codes, in
principle vanishing BER implies vanishing FER. In
[4] we show that the condition of vanishing BER for
given instantaneous SNRs (81,...,08m,) can be ap-
proximated by the condition that the one-dimensional
dynamical system in (2) has a unique fixed-point
I3, = 1 otherwise the iterative decoding is said to
be non convergent. In the case of finite blocklength
codes, the presence of cycles in the graph makes DE
only an approximation method to evaluate the BP
performance.

3. AVERAGE THROUGHPUT AND
COMPLEXITY

It is important to note that this method may,
in general, decrease the average throughput since it
declares a decoding failure whenever DE does not
converge, while there is a chance that the actual BP
decoder is successful even if DE does not converge.
The average throughput is a function of the frame
error probability, p(m) for a given number of received
blocks m; in [4] we show that

n=RM 1_—1)(]\4) (4)
1+ Y p(m)
where R is the code rate, M is the number of sub-
blocks and where p(m), for a given LDPC random
ensemble with degree distributions (}, p), is expressed
by

p(m) = s, a[Pr(Al, As, ooy Am o, (N, p))]
(5)

where A,, is the event of successful decoding at step
m and where the code parity-check matrix is ran-
domly generated with uniform probability over all bi-
partite graphs with degree distributions A, p (see [3]).
We define pB¥(m) and p’(m) as the outage proba-
bility obtained when running always the BP algo-
rithm and when using the DE-test, and ¢B%(m),
q"(m) as the probability of successful decoding at
step m for the two methods; thus, redefining A,, as
Ay, = {The BP algorithm converges at step m}, and
By, = {The DE test converges at step m} it follows
that ¢BF(m) = Pr(Ay, .., A1, 4,) = pPP(m —
1) — pPF(m) and

¢"(m) = Pr(Bi,... Bic1, By, Ai ... Am—1, A
=1

m

=>4l (mli)-¢"F(i) =p"(m = 1) = p"(m) (6)
=1
where we have defined ¢"”¥ (i) = pP¥(m—1)—p"* (m)
Pr(Bl, .. .Bi,l,Bi) and
qZ(m|z) :Pr(]i,..,]m_l, |81,.., i— 1,B )

We call n5:4 the average throughput obtained when
using always BP algorithm and 7;.s; when using the
DE-test based decoder; they can be obtained sub-
stituting pBF (m) and p(m) in (4) repectively. Let
us consider the simple case when we let the BP de-
coder run for a maximum number of iterations with-
out stopping criterion, and for DE we search for the
solution of the fixed point equation

3 oma-

corresponding of the fixed points of the recursion
(2), over a fine grid of points over the interval [0, 1].
Under these simplifying hypothesis, figure 1 shows
the comparison between 7s:q and 7.5t vs rate for
v = 3dB, the length of the code n = 10000 and the
number of bursts M = 10. As we expect, the DE-
test method does not affect the average throughput,
q®F(m) = ¢PF(m) = Nsta = Mhest-

»(1—2,0), as) (7

Average Complexity: Simple Case. In the fol-
lowing we demonstrate that using this method the
average complexity is greatly reduced with respect
to the case when we perform always the BP decoder.
We consider the simple case described before when
the complexity of both BP and DE are independent
on the fading realization and on the index m. We
compute the average complexity under the following
hypothesis: 1) Look-up table cost zero (i.e., evalua-
tion of J(.) and J1(.)), 2) We consider only addi-
tions, comparisons (we suppose they cost the same



O,), multiplications (O,,) and logarithm and expo-
nential (Or). Let Cpg and Cpp be the complexity
of the DE test and BP algorithm. Calling ¢ and d
the number of different degrees in the check node and
variable node degree distribution, n. the number of
edges in the graph, and n the length of the code, it
follows that

Cpr ~[(2c+d(1 +2M))O4 + (2c+ d(1 + M))Op] 14
(8)
Cgp >~ [4neOL +2n.,0,, +(10ne + 2n) Oa] I (9)
where I; is the number of points used to evaluate
equation (7) and I, is the maximum number of it-
erations of BP algorithm. Let 7 be the RV denot-
ing the number of slots needed to stop the trans-
mission of the current codeword, h = 1,...M the
number of slots needed to have DE convergent, ¢ =
0,... M —h+1 the number of slots after DE have con-
verged (including the slot for which DE converges)
until BP converges, thus 7 = h+ ¢—1. We call Cita
and Cyeq: the average complexity when using BP al-
ways and when using the proposed method. We can
always write the expected complexity conditioning
on the value of 7, thus E[C] = E[E[C|7]], yielding

Cista = E[Cs4]) = E[E[Cy1a|7]] = E[CBp 7]

M—-1
1+ pBP(m)] (10)

m=1

= CBPE[T] (g)CBP

where (a) follows from equation (4) noticing that n o
1/E[7], with pBP(m) defined above. The average
complexity of the DE-test method can be obtained
averaging over the value of h and ¢, yielding

Ctest = E[Ctest] = E[E[E[ Ctest |ha QS] ] ]
= CprE[h] + CpprE[¢] (11)

where [E[h] is the average number of slots after which
DE converges E[h] = 1+ E%;ll pP¥(m) By defini-
tion E[¢] = Yizy" ¢Pr(¢ = i) and

M
Pr(p=i) = g7 (k+i—1k)-¢""(h)  (12)
k=1

The quantities ¢2¥(m), ¢! (m|i) and ¢”F(m) are
computed by Monte Carlo simulations.

Figure 2 gives the average complexity Cyes; and
C,tq as a function of the rate when we consider I; =
100 and I, = 200 and for the same setting as figure 1.
As we can see the average complexity is drastically
decreased when using DE-test based method.

Average Complexity: BP Stopping Criteria.
Consider now the case when Cgp and Cpg are not
constant but depend on the fading realization and

index m. This includes cases when we consider stop-
ping criteria to reduce the number of iterations of
the BP algorithm. [1] considers stopping criteria
for HARQ and Turbo Codes based on Cross-Entropy
(CE) computation, whose complexity costs roughly
as an additional iteration, per iteration. Since we
use LDPC codes, here we introduce another simple
stopping criterion based on syndrome computation.
As far as the evaluation of the fixed points of DE
are concerned, instead of numerically solving equa-
tion (7), we can iterate recursion (2) and declare the
fixed points when the difference between two itera-
tions is less then a certain threshold: this is shown
to provide some saving.

In this case the average complexity has been com-
puted through Monte Carlo simulations. Figure 1
shows results in terms of average throughput for all
the methods considered here, BP without any coun-
termeasure (1s+4), BP with stopping criteria based on
Cross Entropy and Syndrome computation (9stqc e,
Nstasy ), the DE-test based method for the three cases
above (Ntest, MtestCEs Mtestsy ) As we can see all
these methods do not significantly modify the through-
put. However the average complexity shown in figure
2 shows that DE-test based system decreases consid-
erably the average complexity. It is interesting to
notice that even if CE based stopping criterion in-
troduces more complexity per iteration, on the other
hand it reduces considerably the average number of
iterations when choosing the correct threshold value.
On the contrary the syndrome computation, used
with the standard algorithm, does not significantly
reduce the complexity, while on the contrary it per-
forms well when used in conjunction with the DE-
test: this can be explained considering the fact that
when the BP does not converge, the probability of
finding a codeword (syndrome equals to zero) is small
while this probability is much higher if conditioned
on convergence of BP.

Modified DE-Test. In this section we modify the
DE-test in order to find a trade off between through-
put and complexity. Clearly if we use a test with a
very high rejection rate the average complexity can
be made as small as we want but the throughput
will also go to zero. Therefore by penalizing the DE-
test we can reduce the complexity at the price of
accepting some throughput degradation. In order to
control the trade off  vs C' we introduce the penal-
ized SNR va|aB = V|as — A|ap where the parameter
A can be interpreted as an SNR margin of the ac-
tual BP decoder over the ideal BP decoder applied
to an infinite length LDPC code. In order to find
the fixed points of DE, we now iterate the recursion
(2) substituting ya to 7. The introduction of the pa-
rameter A > 0, reduces the probability of having DE



convergent for a certain vector (a1, ..., a,,) at step
m, thus reducing the average number of bursts pro-
cessed with BP algorithm. Figure 3 and 4 show the
average throughput and complexity as a function of
A when R = 0.3bit/symbol and v = 3dB. It is inter-
esting to notice that using this simple method there
are values of A ~ 2dB for which the throughput loss
is negligible (~ 0.55bit/sec/Hz vs ~ 0.53bit/sec/Hz)
while reducing the complexity of a factor of about
50%.
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Figure 1: Throughput (1std, NstacEs NstdSY, TMeests
TtestCE and ntestSY) for Y= 3dB.
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Figure 2: Complexity (Csiq, Crest, CstacE, Cstdsy
CtestCE and CtestSY) for vy = 3dB.

4. CONCLUSIONS

In this paper we have shown easy to implement
methods to speed up the iterative decoding tech-
nique. The principal method consists on introduc-
ing a test based on Density Evolution prior to de-
code that prevent using the iterative decoder if it is
likely to be non convergent. We have shown that the
proposed algorithm reduces considerably the average
complexity without degrading the performances, and
modification of the same algorithm allows to achieve

all range of trade offs between throughput and com-
plexity.
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Figure 3: Throughput of the modified DE-test
method vs A (dB) for R = 0.3bit/symbol and v =
3dB.
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Figure 4: Complexity of the modified DE-test
method vs A (dB) for R = 0.3bit/symbol and v =
3dB.
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